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Summary. The objectives of the present paper are to find solutions for axisymmetric flow of pressure-
dependent material between two rough conical walls and to compare the qualitative behavior of the
solutions based on two models of pressure-dependent plasticity, the coaxial model and the double-shearing
model. The constitutive equations of each model reduce to classical plasticity of pressure-independent
material at specific values of the input parameters. Nevertheless, the solution behavior essentially depends
on the model chosen, independently of how close the input parameters are to these specific values. In
particular, such features of the solutions as the friction regime and singularity are emphasized. It is
concluded that the double-shearing model only retains all features inherent to classical plasticity.

1 Introduction

Flow of plastic material through an infinite conical channel is one of the classical problems of
plasticity theory. For rigid perfectly plastic material obeying different pressure-independent
yield criteria the solutions to this problem have been proposed in [1]-[4]. The main assumption
accepted in these works is that the radial velocity in a spherical coordinate system is the only
non-zero velocity component. Attempts to extend this assumption to other material models
have been made in [5]-[8]. However, it is possible to verify by inspection that the solutions [5],
[6] for viscoplastic materials and the solution [7] for linear/hardening materials do not exist in
the case of the maximum friction law. For such material models this law postulates that the
friction stress is equal to the local shear yield stress. On the other hand, the solution based on
the double-shearing model (both the model and solution are described in [8]) retains all
qualitative properties of the solutions given in [1]-[{4]. For this material model the maximum
friction law requires that the friction surface coincides with an envelope of characteristics.
However, many theories of pressure-dependent plasticity have been proposed (reviews can be
found, for example, in [8] and [9]) but none of them has found general acceptance. Moreover,
though most of these theories reduce to classical plasticity at specific values of input parame-
ters, the solution behavior essentially depends on the model chosen, independently of how close
the input parameters are to these specific values [10]-[12]. It seems that comparison of the
qualitative behavior of solutions based on different models can help to choose an appropriate
model for specific applications. For instance, some metal alloys reveal pressure-dependence of
the yield condition [13], [14]. For such materials, it is natural to require that main features
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inherent to solutions of classical plasticity are retained in the corresponding solutions based on
a pressure-dependent theory of plasticity. In [10]-[12], several plane-strain closed-form solu-
tions have been compared and in [11] and [12] the difference in solution behavior has been
explained by the structure of characteristic curves. Therefore, it is of interest to compare
solutions based on models whose equations are not hyperbolic. In the present paper the axi-
symmetric flow between two rough conical surfaces where the maximum friction law is assumed
is considered. Solutions based on the double-shearing and coaxial models are proposed and
analyzed.

In the case of the double-shearing model the solution is singular, as also follows from the
general theory [15]. The same singular behavior of solutions occurs in the classical plasticity of
rigid perfectly plastic solids [16]. Using this feature of solutions the strain rate intensity factor
has been introduced in [16] for rigid perfectly plastic materials and in [17] for materials obeying
the double-shearing model. The concept of the strain rate intensity factor can be used to
describe physical processes in a narrow layer near frictional interfaces and to predict the
thickness of the layer of intensive deformation in the vicinity of frictional interfaces [18], [19].
An advantage of the problem under consideration is that there are two maximum friction
surfaces. Therefore, it is possible to reveal a qualitative effect of the strain rate intensity factor
on physical processes in the vicinity of the friction surfaces, according to the theories [18], [19],
without having numerical values of parameters involved in the theories. In general, this effect
can be observed experimentally.

2 Statement of the problem

The geometry of the process and the spherical coordinate system pf¢ are shown in Fig. 1. The
material flows between two rough conical surfaces whose equations are 0 = 6 and 0 = 0.

i Fig. 1. Notation for flow between two conical walls
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Because of axial symmetry, the solution is independent of ¢. The friction stresses, 1, are
directed as shown in Fig. 1. It is supposed that the friction stress attains its maximum possible
magnitude admissible by the material model (maximum friction law). Note that in the case of
pressure-independent plasticity this magnitude can be directly found from the yield criterion
and is simply the local shear yield stress, independently of the state of stress at the point of
interest. However, yield criteria of pressure-dependent plasticity permit infinite shear stresses
and, therefore, the aforementioned definition for the maximum friction law is not valid. On the
other hand, solutions to particular problems show that there is a maximum possible shear stress
at the friction surface (no solution exists for a higher friction stress) [10]-[12], [20]-{24]. In all of
these cases, however, a system of hyperbolic equations has been solved and the maximum
friction law has been introduced by the condition that the friction surface coincides with an
envelope of characteristics. In the present paper, the equations of one of the models adopted are
not hyperbolic. Therefore, the maximum friction law will be formulated separately for each of
the models considered. There are no other stress boundary conditions.

Let u,, up and u, be the velocity components in the spherical coordinate system. The
velocity boundary conditions are ug = 0 at 0 = 0y and 0 = 0. A typical assumption to find a
solution for flow through infinite channels is uy = 0 and u,, = 0 everywhere, for example [1],
[2]. Therefore, the velocity boundary conditions are automatically satisfied. Moreover, the
solution to the incompressibility equation is

uy = %h((}), 1)

where @ is the volume flux and /(0) > 0 is an arbitrary function of 0.

3 Double-shearing model

A complete description of the model is given in [8]. Let 6,,, 6g, 04y, and g,y be the stress
components in the spherical coordinate system. In the case under consideration g, is also
one of the principal stresses, and the state of stress should correspond to the edge of
Coulomb-Mohr yield surface defined by the following equations [8]

o1(1 +sing) =2ccos P + 0pp(l —sing), 02 = 040, (2.1,2)
where o1 and g9 are the principal stresses in the pf planes, ¢ is the angle of internal friction and
c is the cohesion. Using the standard substitution [§]

Opp = —D+qcos2y, oG9 =—D—qcos2y, 0pp=—D—q, 0p=qgsin2y, (3.1-4)
it is possible to show that Eq. (2.2) is automatically satisfied and Eq. (2.1) reduces to

psing =q — ccos . (4)
In (3) and what follows,  is the angle the o, principal stress direction makes with the direction

of p and g > 0. Equations (3) and (4) should be complemented with the equilibrium equations
in the form

Jda,, 0oy

o0 L T 96— Ggp — Gpp + Gapcot O = 0,

P ap a0 Gpp — 090 — Gpp + 050 CO (5)
(90',){) 80'0()

0 ap + 0 + (000 - a(p(,,) cot 0 + 30,9 = 0.
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Fig. 2. Variation of n-value with the angle 0; at different values of ¢ and 0, = 15°

A typical assumption to find a solution for flow through infinite channels is that y is inde-
pendent of p, for example [1], [2]. Equations (3) through (5) are compatible with this
assumption if

q = exp[f(0)]p", (6)
where f is an arbitrary function of 6 and 7 is an arbitrary constant. Then, Egs. (5), with the use
of (3) and (4), transform to

Ay nmcos® ¢ —sinP[3sind + 1 + cos2y(3 + sin §) + cot Osin 2y (1 + sin ¢)] )
a0 2 sin G(sin ¢ + cos2) ’

90 = 150 and 91 = 300

-1.5+

Fig. 3. Variation of the dimensionless stress o,,/c with the angle 0 at p =1
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0'99/C
0.6 +
0.4 +
$=05
02—+ $=03
0 : : ; 6
1 15 20 25 30
8= 15" and 6, = 30°
-0.2 —

Fig. 4. Variation of the dimensionless stress ggg/c with the angle 0 at p = 1

df _ msin2y —sin ¢lcot (1 — cos2y) + sin 2y]
do sin ¢ + cos 2y

These equations should be solved numerically. It is known that the system of equations con-
sisting of (3) through (5) is hyperbolic and its characteristics are inclined to the p-direction at
W+ (n/4+ ¢/2) [8]. Since an envelope of characteristics is a natural boundary of analytic
solutions, the maximum friction law can be formulated as the condition that the friction surface
coincides with an envelope of characteristics. Such a formulation of the friction law has already
been used in plane strain and axisymmetric problems for materials obeying the double-shearing
model [10}-{12], [20]-[24]. Moreover, in the case of rigid perfectly plastic materials, this for-
mulation is equivalent to the conventional formulation of the maximum friction law that the

: (8)

0.7 T Opy/c
=05
$=0.3 T 0
0 : : . |
10 15 20 25 30
N~
$=0.1
0.7+
144+
6= 15° and 6, = 30°
214+

Fig. 5. Variation of the dimensionless stress g,,/c with the angle 0 at p =1
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Gpg/c

6y=15°and 6, = 30°

Fig. 6. Variation of the dimensionless stress a,9/c with the angle 6 at p =1

friction stress is equal to the maximum shear yield stress. Therefore, taking into account the
direction of the friction stresses (Fig. 1) and Eq. (3.4) it is possible to get the following con-
ditions on :

n ¢
¢:—<Z+§> 9)
at 0 = 0y and
n ¢
!//214‘5 (10)

90 =15"and 91 =30°

1.2 +

1 I I }
15 20 25 30

Fig. 7. Variation of & with the angle 0 at ¢ = 0.1
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at 0 = 0;. Solving Eq. (7), with the use of the conditions (9) and (10), it is possible to find 7 and
the distribution of . It is seen from the structure of Eq. (7) that |dy/d0] — oo as 0 — 0y and
0 — 0;. Therefore, it is more convenient to solve (7) for 6 as a function of . Figure 2 illustrates
the dependence of 7 on parameters of the process and material. It is seen from this figure
that 7 > 0. Therefore, as follows from Eq. (6), ¢ — 0 as p — 0. Then, Egs. (3) show that
Opp = 0go = 0y = —p at p = 0. Thus the state of stress at this point corresponds to the vertex
of the yield surface. In order to find the stress distribution, it is necessary to solve Eq. (8). It is
seen from the structure of this equation that |df/d0] — oo as 0 — 0y and 0 — 0. To exclude
this singularity, it is possible to represent the left hand side of (8) in the form (df /dy)(dyr/d0)
and, then, to replace dys/d0 with the right hand side of (7). It is also necessary to replace 0 with
a function of y by means of the solution to Eq. (7). The resulting equation can be solved
numerically with no difficulty. However, there is no natural boundary condition for this
equation. It is typical for this kind of problems, for example [1]-[4]. Therefore, to illustrate the
dependence of stress components of the angle 6, Eq. (8) has been solved with the condition
f =0at 0= 0y and, then, Egs. (3) and (4) have been used. The variation of dimensionless stress
components with 0 is shown in Figs. 3-6 at p = 1. The parameters of the process and material
used are shown in the figures.

The velocity equations of the double-shearing model are given in [§]. In the case under
consideration, those are reduced to the incompressibility equation and the following equation:

2&pp cos 2y — (Cfpp — 500) sin2y + 2 sinq’)(w,,g + dw/dt) =0, (11)

where &,,, {9 and ¢,y are the strain rate components in the spherical coordinate system, w,y is the
component of spin in the same system, and di/dt is the time derivative of . The incompressibility
equation is satisfied due to (1). Since the flow is steady, uy =0, u, =0 and OY/dp = 0, the
derivative diy /dt vanishes everywhere. Then, Eq. (11) can be rewritten, with the use of (1), in the form

dh 3h sin 2y

bt i S 12
ao (sin ¢ + cos 2¢) (12)
Using Eq. (7), this equation can be transformed to

dh _ 6 sin ¢h sin 2y (13)

Ay~ mcos? ¢ —sin d[3sin g + 1 + cos2(3 + sin ¢) + cot Osin 2 (1 + sin @)]

The solution to (7) should be used to exclude 6 on the right hand side of this equation. Since the
volume flux is defined by

0,

Q = 2np* / u, sin 0d0, (14)
0o

the substitution of Eq. (1) into (14) gives

0
1= 27r/ h(0)sin 6 do. (15)
0o

Using Eq. (7), this equation can be rewritten in the form

n/4+¢ /2
1 h(y)(sing+cos2y)sinf

4zsin¢ - n.cos? ¢ —sin@[3sing + 1 +cos2y(3+sing) +cot Osin2y) (1 +sin )]
—n/d—¢/2

dy. (16)
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The solution to (7) should be used to exclude 0 in the integrand on the right hand side of
(16). The solution to Eq. (13) should satisfy (16). The numerical solution for £ is illustrated in
Fig. 7. The difference between the curves for ¢ = 0.1, ¢ = 0.3 and ¢ = 0.5 is very small.
Therefore, the single curve in Fig. 7 corresponding to ¢ = 0.1 represents, in fact, all three cases.

4 Coaxial model

The original model has been proposed for plane strain deformation. In this case the only
difference from the double-shearing model is that the coaxial model including the condition of
coaxiality of the stress and stain rate tensors instead of an equation similar to (11). To extend
the coaxial model to three-dimensional deformation, it is necessary to choose a corresponding
yield criterion. An appropriate yield criterion is

00 + Goq = 00, (17)

where o is the hydrostatic stress, o, is the equivalent stress defined by o0 = 1/(3/2)84584, Sij
are the deviator portions of stress components, o and oy are material constants. The condition
of coaxiality of the stress and strain-rate tensors can be written in the form

Eij = ASyjs (18)
where 4 > 0 is the factor of proportionality. Thus the system of equations to be solved consists
of the incompressibility equation and Egs. (5), (17) and (18). It is of course necessary to take

into account the condition of axial symmetry.
Using Eqgs. (1) and (18) it is possible to find that

Spp = —2899 = —28¢¢. (19)
Substituting Eq. (19) into (17) gives

o0 +V/3(3s5, + 539)12: a0. (20)
It is convenient to introduce k and y by

sgp =K cosy/3 and s, =«ksiny/V3, K >0. (21)
Then, Eq. (20) transforms to

0o + K = 0. (22)

As before, assume that y is independent of p. Then, substituting Egs. (21) and (22) into (5)
shows that the latter equations have a solution if and only if

ln(l - oc£> =Alnp + P(0), (23)
00

where A is an arbitrary constant and P(f) is an arbitrary function of 6. Moreover, Egs. (5)

reduce to

V3u(o — 3cosy) gz =®(y,0), (24)

where
®(y,0) = o?(A + 3)(2+ sin? 7) — 30A cosy — V3 cosysinycot § — 94

+3v/3u (sinycot 0 — 2v/3 cos y) (25)
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A
15 +
10 +
5 4
—
0 | | ] = o
15 30 45 60 75 90

Fig. 8. Variation of A-value with the angle 0; at different values of o and 6y = 15°

and

apP . .
V3(o — 3 cos /)@ =siny {A(S —ocosy) — \/§fx(smycot 0+ V3cos y)] . (26)
It follows from Eq. (18) that
Soo _ Seo
L 27
érl) Sro ( )
Substituting Eq. (1) and (21) into (27) gives
dh
— =2 . 2
a0 V3h tany (28)

Equations (24), (26) and (28) should be solved numerically to find the distribution of stress and
velocity.

The condition %, < 0 implies that £y < 0 and, then, Eq. (18) that sgy < 0. The latter con-
dition and (21) result in cosy < 0. Therefore, the angle y should be within the interval
n/2 <y < 3n/2 and the maximum friction law requires that

- (29)
at 0 = 6; and

3n
y=2 (30)

at 0 = 0p. Then, it follows from (28) that the velocity field is singular near the friction surface.
In particular, in the vicinity of the surface 0 = 0y Eq. (28) can be rewritten in the form
dh  2V/3h ( 1 )

] o

a0~ (3m/2—y 31/2 —y

31)
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and Eq. (24) in the form

d 3
\/:Eazd—g — @(3”700) =, (32)

Combining Eqgs. (31) and (32) it is possible to find that
h = Hy(0 — 00) " +o [(9 - 90)*30} as 0 — 0,, By = 602 /®y, (33)

Since the condition 7 — oo has no physical sense, By must satisfy the condition By < 0. The
latter condition will be checked a posteriori. If By < 0 Eq. (33) shows that 2 = 0 at the friction
surface and thus sticking occurs. Nevertheless, the equivalent strain rate can approach infinity
at the surface if my = —1 — By < 0. Using similar arguments it is possible to show that

h=Hi(0y - 0) o[ (0 = 0) ], Br=622/01, & =(Z,01) (34)

in the vicinity of the friction surface 6 = 0;. As before, a necessary condition for the existence of
the solution is By <0 and the equivalent strain rate approaches infinity at 0 = 0; if
my = —1 — By < 0. The numerical solution to Eq. (28) in the interval n/2 + 6 < 6 < 31/2 — 4,
where 0 < 1, should be matched with the asymptotic expansions (33) and (34).

Equation (24) has been solved with the boundary conditions (29) and (30). This solution
determines the value of A and, with the use of (25), the values of ®; and ®;. The variation of
A with 0, at different values of o and 6y = 15° is illustrated in Fig. 8. As before, there is no
natural boundary condition for Eq. (26). Therefore, to illustrate the dependence of stress
components of the angle 0, Eq. (26) has been solved with the condition P = 0 at 0 = 6, and,
then, Egs. (21)—(23) have been used. The variation of dimensionless stress components with 6
is shown in Figs. 9 through 11 at p = 1. The parameters of the process and material used are
shown in the Figures. The solution to Eq. (28) satisfying the condition (15) is shown in
Fig. 12 for different values of o.

0.9 +

03 —

Fig. 9. Variation of the dimensionless stress o,,/0o with the angle 0 at p =1
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5 Analysis of the solutions

Consider the solution based on the double-shearing model. It is of interest to study the solution
behavior in the vicinity of the frictional surfaces. It is known that the velocity field is singular
near the maximum friction surfaces [15], [17]. Moreover, its asymptotic behavior is the same as
in rigid perfectly/plastic solutions [16]. Using this property of the velocity field, the strain rate
intensity factor has been introduced in [16] in the theory of rigid perfectly plastic solids. The
concept of the strain rate intensity factor has been extended to material obeying Spenser’s
model in [17]. This concept can be used to describe the material behavior in the vicinity of
surfaces with high friction [18], [19]. A distinguished feature of the problem under consideration
is that there are two maximum friction surfaces. Therefore, it is possible to compare the two
strain rate intensity factors and, based on this comparison, to make a conclusion on the
intensity of physical processes in narrow layers near the frictional interfaces.
Using Egs. (1) and (12) the shear strain rate is expressed as

3Qh sin 2y
= . 35
<00 2p3(sin ¢ + cos 2y) (35)
Obviously, ip{,‘ — oo as 0 — 0y and 0 — 0. By definition [16], the strain rate intensity factor is

the coefficient of the main singular term in the expansion

2 D 1
Coq = \[5 %55 = N O(7§> as s — 0, (36)

where &, is the equivalent strain rate, D is the strain rate intensity factor and s is the distance
from the friction surface. Equation (7) in the vicinity of the friction surface 0 = 0, can be
represented in the form

Oge/0p and Oyy/0y
024
a=0.5
0.14
a=0.3
0
0 ' ' |
1Is 30
0.14
02t 8= 15° and 6, = 30°
03+

Fig. 10. Variation of the dimensionless stresses agp/ao and 6,,/0o with the angle 6 at p =1
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0.6 +%p6/%0

0.3 +

0.3 T

6y =15 and 6, = 30°

-0.6 —

Fig. 11. Variation of the dimensionless stress o,9/co with the angle 6 at p =1

dy A 1
w_¢+n/4+¢/2+°<¢+n/4+¢/2>’ (37)
where
_cos ¢p(n — sin ¢) 4 cot Oy sin ¢(1 + sin )
Ao = 4sin ¢ ' (38)

Integrating Eq. (37) gives

h
1.6 +
1.2+
0.8 +
04T 0y =15 and 6, = 30°
6
0 | :
10 15 20 25 30

Fig. 12. Variation of & with the angle 6
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2
(lﬁ +g+§) = 240(0 — 0o) (39)

to leading order. On the other hand, Eq. (35) can be expanded in the vicinity of the point
Y =—(n/4+ ¢/2) to give

. 3Qhy N O( 1 ) (40)
T4 n/at 92) )\ /T 9/2)
where hy is the value of 2 at = —n/4 — ¢/2. Combining Egs. (39) and (40) leads to
3Qho

P 41
to leading order. Since all strain rate components, except ¢, are bounded at
Y =-n/4—¢/2

2
éeq = \/_5 |ép0| (42)

as 0 — 0y. Moreover, in the case under consideration s involved in (36) is s = p(0 — 0o).
Therefore, combining Egs. (36), (41) and (42) gives

__V3Qho
2 /2A0p5/2’

where D is the value of D at the friction surface 8 = 6. In the same manner it is possible to find
that

Dy (43)

_ V3l

o2
where D; is the value of D at the friction surface 0 = 01, h; is the value of & at Yy = n/4 + ¢/2
and

Dy (44)

_cos ¢(sin ¢ —n) + cot 0 sin ¢(1 4 sin ¢)
- 4sin ¢

The variation of the strain rate intensity factors with p is obvious from (43) and (44). It is of
interest to find the ratio d = Dy/D; at the same value of p. It follows from (43) and (44) that
g ="ovAL (46)

hivAg

The value of d has been calculated by means of the solution to Egs. (15), (38) and (45). The
dependence of d on process and material parameters is shown in Fig. 13. It is interesting to
mention that the value of d can be either less or larger than 1. According to the concept of
strain rate intensity factor [18], [19], this means that physical processes are more intensive in the
vicinity of the friction surface 6 = 6, at 0; > 6, and in the vicinity of the friction surface 6 = 6,
at 0; < 0,. Here 0, is the value of 0; at which d = 1. Another possible interpretation of this

A . (45)

result is that the thickness of the layer of intensive deformation is larger at the surface 6 = 0,
than at the surface 0 = 0, if 6; > 0, and vice versa.

Consider the solution based on the coaxial model. As in the case of the previous solution, it is
of main interest to study the solution behavior in the vicinity of the friction surfaces. Figure 14
demonstrates the dependence of my and m; on process and material parameters. In particular,
it is seen from this figure that the inequalities By < 0 and B; < 0 are satisfied. Therefore,
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Fig. 13. Variation of the ratio of strain rate intensity factors with the angle 0; at different values of ¢
and 0y = 15°

sticking occurs at the friction surfaces, as follows from (33) and (34). It is one of essential
differences of the solution based on the coaxial model from the solution based on the double-
shearing model. In the latter case, sliding occurs at the friction surfaces (Fig. 7). In the vicinity
of the friction surfaces the equivalent strain rate is proportional to dh/d0, since |dh/d6| — oo
and the other terms involved in the expression for the equivalent strain rate are bounded.

~0.88 : : | | 16,

-0.92 +

-0.96 +

a4 a=0.1
m

Fig. 14. Variation of m-value with the angle 0; at different values of o and 0y = 15° (solid curves
correspond to my and dashed curves to ;)
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Figure 14 shows that the order of singularity in the solution based on the coaxial model is
dependent on process and material parameters whereas in the case of the solution based on the
double-shearing model the order of singularity is always equal to —1/2. It is the second
essential difference between the two solutions. It is also seen from Fig. 14 that the order of
singularity in the solution based on the coaxial model is much higher than that in the solution
based on the double-shearing model, and that the order of singularity at 6 = 6, is always higher
than at 0 = 0y. A very high order of singularity in the solution based on the coaxial model
results in extremely high velocity gradients in the vicinity of the friction surfaces (Fig. 12).

6 Conclusions

Using two models of pressure-dependent plasticity, the double-shearing model and the
coaxial model, the solutions for the flow of material between two rough conical walls have
been proposed. Special attention has been devoted to the solution behavior near the friction
surfaces where the maximum friction law has been assumed. A comparative study has shown
that the qualitative behavior of the solutions is quite different in the vicinity of the friction
surfaces, though the models are supposed to describe the same class of materials. In par-
ticular, the solution based on the double-shearing model requires the sliding regime whereas
the solution based on the coaxial model requires the sticking regime. Combining this result
and experimental observations can constitute a basis for selecting the specific model of
pressure-dependent plasticity for particular applications. Moreover, the former solution is
singular such that the equivalent strain rate follows an inverse square root rule in the vicinity
of the friction surfaces (see Eqs. (41) and (42)). The latter solution is also singular. However,
the order of singularity depends on the process and material parameters (Fig. 14). Combining
this result and the known asymptotic behavior of rigid perfectly/plastic solutions near the
maximum friction surfaces [16] can constitute another basis for selecting the specific model of
pressure-dependent plasticity. For instance, the solution based on the double-shearing model
(but not the solution based on the coaxial model) and rigid perfectly/plastic solution show the
same qualitative behavior in the vicinity of maximum friction surfaces. Since models of
pressure-dependent plasticity are sometimes used to describe traditional metals (such metals
are a typical area of applications of classical plasticity), for example [13], the double-shearing
model has an advantage over the coaxial model.

The problem considered includes two surfaces of maximum friction. It is an advantage for
verifying theories based on the concept of strain rate intensity factor, for example [18], [19],
because it is possible to reveal a qualitative effect of the magnitude of the stress intensity factor
on physical processes in a narrow material layer near the friction surface without determining
parameters involved in the theories. In particular, Fig. 13 demonstrates that the physical
processes are more intensive in the vicinity of the surface 0 = 0 at larger 0; and in the vicinity
of the surface 0 = 0; if the value of 0; is close to the value of 0.

Results obtained can be useful in numerical simulation of more complicated problems. In
particular, the qualitative behavior of solutions near the friction surface is solely controlled by
the conditions at this surface. Therefore, it may be important for developing numerical codes
that the maximum friction law leads to sticking when the coaxial model is adopted and to
sliding when the double-shearing model is adopted. It may also be important that the solutions
are singular near the maximum friction surfaces, and the order of singularity is determined by
(36) and (41). It may require special numerical methods. Moreover, the velocity gradient is very
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high at the friction surface (especially in the case of the coaxial model), which can lead to

additional numerical difficulties.
The solutions can be adopted for approximate analysis of tube drawing [25].
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