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Summary. In this paper the unsteady Couette flow of a generalized Maxwell fluid with fractional deriv-
ative (GMF) is studied. The exact solution is obtained with the help of integral transforms (Laplace
transform and Weber transform) and generalized Mittag-Leffler function. It was shown that the distri-
bution and establishment of the velocity is governed by two non-dimensional parameters #, b and frac-
tional derivative a of the model. The result of classical (Newtonian fluid and standard Maxwell fluid)
Couette flow can be obtained as a special case of the result given by this paper, and the decaying of the
unsteady part of GMF displays power law behavior, which has scale invariance.

1 Introduction

The non-Newtonian fluids are increasingly being considered more important and appropriate
in technological applications than the Newtonian fluids. Strictly speaking, the linear relation
between stress and the rate of strain does not exist for a lot of real fluids, such as blood, oils,
paints and polymeric solution. In general, the analysis of the behavior of the fluid motion of the
non-Newtonian fluids tends to be much more complicated and subtle in comparison with that
of the Newtonian fluids. There has been a fairly large number of flows of Newtonian fluids for
which a closed form analytical solution is possible. However, for non-Newtonian fluids such
exact solutions are rare. In order to describe the rheological properties of wide classes of
materials, the rheological constitutive equations with fractional derivatives have been intro-
duced for a long time, which are discussed in the papers given by Friedrich [1], Bagley [2],
Glockle and Nonnenmacher [3], Rossikhin and Shitikova [4], [5], Mainardi [6], Mainardi and
Gorenflo [7], Makris and Coustantinous [8] and the references therein. And they obtained the
ideal results which are in good agreement with the experimental data. The starting point of the
fractional derivative model of non-Newtonian fluid is usually a classical differential equation
which is modified by replacing the time derivative of an integer order by the so-called
Riemann-Liouville fractional differential operator.

The fluid considered in this paper is a generalized Maxwell fluid with fractional derivative
(GMF). In one dimension its constitutive equation may be expressed in terms of scalar form [1],
[91, [10]
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T+ kDIt = GQKBOva, (1)

where 7 is the shear stress, y is the shear strain, k = u/Gy is the relaxation time and Gy is a
shear modulus, u is a viscosity constant (kx > 0 and u > 0), a, f are fractional parameters
such that 0 <a < f <1. And (D} is the Riemann-Liouville (R-L) differential operator
defined as:

oD/ (1)) :% r(ll, 2 / (tf_(zz))idz (0<a<1). 2)
0

Furthermore, Friedrich [1] proved that this kind of rheological constitutive equation shows
fluid-like behavior only in the case that the derivative of stress is fractional and one of the
strains is first order in time. Therefore, the following constitutive equation of GMF is used in
this paper:

T+ KD = i, (3)
where y = dy/dt is the rate of shear strain.

The unsteady Couette flow problem has been considered in several works for a long time
containing various effects as in the book and paper given by Joseph [11], Bernardin [12] and
Demirel [13]. In this paper we use the constitutive equation (3) to study the unsteady Couette
flow of GMF. By using the Laplace transform, Weber transform and generalized Mittag-Leffler
function, we get the exact solution of the problem. It was shown that the result of classical
Couette flow can be contained as a special case of the result given by this paper, and the decaying
of the unsteady part of GMF displays power law behavior, which has its scale invariance.

2 The model and the basic equations

Consider a GMF with constant density between two very long concentric circular cylinders of
radius Ry and R;(> Ry), set in motion by the inner cylinder’s rotation about the common axis
with the constant angular velocity w, and the outer one is stationary. Obviously, the motion of
GMF is axial symmetric, so we choose the cylindrical coordinates (7, 6,2). And the components
of the velocity can be written as V. = 0, Vy = u(7,t), V, = 0. Under the above assumptions, the
constitutive equation of GMF is

0 + k%D 1,0] = p [r% (%)} . (4)

And the momentum equation is

ou 10
Por = 2 or
where p is the density, 7,9 is the component of the shear stress. The initial and boundary
conditions are as follows:

(rr0), ()

w(r,t) =0, t<0, (6)
u(r,t) =Uy, r=Ry, >0, (7)
U/(V, t) = 07 r= R17 (8)

where Uy = wRy denotes the inner cylinder’s rotation velocity.
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3 The exact solution of the model

Let us define the dimensionless variables u* = u /Uy, v = 7/Ry, t* = ,ut/pR% and 7}y = 7,9/ 70,
where 19 = pUp /Ry is the characteristic shear stress. In view of the definition of R-L fractional
operator, it is obvious that the operator (D? has the fractional dimension [u/pR3]*. Then
the fractional non-dimensional equations and the initial-boundary conditions read as follows:
(for simplicity, the dimensionless mark “*”” will be neglected hereinafter)

" 0w
T + VIOD; [TVH] = 7‘5 (;): (9)
ou 10 ,
E = T—Za (7” T7~9)> (10)
u(r,t) =0, t<0, (11)
u(r,t)y=1, r=1, t>0, (12)
u(r,t)=0, r=Ri/Ry=b, t>0, (13)

where n = [ku/pR3)".

We define the Laplace transform and its inverse by

oo

a(r,s) = L{u(r,1),s} = / e~ 1), (14)
0
u(V,t):L‘l{a(r,s),t}:% / w(r,s)e ds. (15)

From [9] we have the Laplace transform of the fractional derivative

L{oDPu(t),s} = sPL{u(t)} — D! u(0). (16)

Applying the Laplace transform to Eqgs. (9)—(13), we get

o u
o+ 1S 00 = 50— (17)
10, ,_
st = 25, (r*Trp), (18)
u(r,s) =0, s=0, (19)
u(r,s)=1/s, r=1, s>0, (20)
u(r,s)=0, r=Ri/Ry=b, s>0. a1

From Egs. (17) and (18), we arrive at
1 (82u 10u a)

i\ T rar 2 (22)

Su =

In order to obtain the exact solution of the model, we define the Weber integral transformation
and its inverse as [14]
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b

l2i,8) = [ ratr.s)oti (23)
1

_ o = = (p(/li,V)

u(r,s)—Zu(ﬂz,s) NG (24)

where ¢(4;,7) = J1(4)Y1(ir) — J1(4ir)Y1(4), and A; are the positive roots of the equation
¢(4;,b) =0, and

1 ZJi(b)
N(ii) 2 J3 (k) — J3(b)’
where J;(x) and Y;(2) are Bessel functions of the first kind and second kind of order one,
respectively. Applying the above transform to Eq. (22), we get

(25)

b

! / (82a+18ﬂ a)wp(/l?;,r)d% (26)

i

M) o Trar e
1
Now, we calculate the integration in the RHS of the formula (26),

b
[ (Pu 10u u ,
1:/(W+;Efﬁ>m)(%7)dr
1

b

b
ou b do _ U
=ro—| — —du — —d
“"aw 1 /Vdaf u /(pr "
1 1

b
ou _del” d*¢ lde o\ _
=7r|p——u—— — 222D i ar
T[(pc’)r udr]1+/<d72+rd7 z)er

1

From the boundary condition and the Wronskian relationship of the Bessel function [14], we get

715)77‘
Thus,
on _del”  _de, 2

From the eigenvalue problem

d?p 1lde s 1

TP LB 2o e =0
olerrrerr(Z 72)<p ’

we get

b

b

d?¢ ldo ¢\ _ - 2=

/(W—i—;%—ﬁ)rum":—/@ruq)dr:—ﬂuiu,
1 1

so we have

1 2

2=
E — /l,b-u),
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and then have
2 1 2 1+ ns* 2
sms(1 + ns*) + 2 _snﬂf s(1+ns*) + 22 mnid

INqR

(28)
Making use of the inverse Weber transform to the above relationship, we obtain the expression

o - ng (A:b)o(2i,7)
U = Uuo 7" S ; iyS m, (29)

where
b2 —r2 1 - 1+ ns*
ug(r,s) = ————-—, Ally,S)=—m——. 30
0( ) (b2—1)7"8 ( 1 ) S(1+]181)+)u% ( )
Obviously,
i b2 _ 72
uo(r,t) = {to(r,s)} = W

We can obtain the exact solution to the model if the inverse Laplace transform of A(4;,s) is
known. A(Z;,s) can be rewritten as Taylor series, and then using the inverse Laplace transform
term-by-term [15], [16], we get

[
-1 1+ ys*
Al t) =L {s(l—}—ns“)—i—if}

1 00 77 )2 _1)7’L
EZ (1+ ns*)”

n=0

{ 1 Z n+1 /12 1)’n+1}

1 + V]S“)'H—l
0 ;2 71)7L+1 —(n+2)
— 1 _|_L71 ﬂ+1—
{wz; (7t 45"
= 1
=1+ Z( 1)‘ﬂ+1 n')l ﬂ+1)’,]7 7I+1)t(n+1 )(1+4a) E1];?+2+1(*1171t1), (31)
n=0

where FE, g(2) is the generalized Mittag-Leffler function [17] defined as:

o Zﬂ
2) = — a>0, peC, zeC.
;F(an—k,ﬁ)

Here, we used an important formula of the Laplace transform of generalized Mittag-Leffler
function [15]

1gA—H )
L o i =T e, Re(s) > el (32)
(s*Fo) !
Thus, the exact solution of the model is
%ib) (i, 7)
N ALy t) — = 33
ulrt) = Z g ) J2(:b)’ (33)

where A(4;,¢) is expressed in Eq. (31).
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4 Discussion

The establishment of flow in an annular cylindrical space after impulsive start of the rotation of
the inner cylinder may be visualized via a plot of % vs. » for various values of non-dimensional
time ¢t when b =R, /Ry =2, « = 0.5 and 5 = [lc,u/pl{%]l/z = 1 as shown in Fig. 1. We can find
that the fluid is essentially at rest for small ¢ except very near the moving cylinder and that the
motion is propagated by viscosity from the moving toward the stationary cylinder. Moreover,
as can be seen from Fig. 2, the establishment of flow in an annular cylindrical space after
impulsive start of the rotation of the inner cylinder for different values of o when ¢ = 0.10, the
propagation of the motion for larger « is faster than for smaller one. In particular, when o = 1,
the model represents the standard (integer order) Maxwell fluid, the solution given by Eq. (33)
becomes:

wlrt) = LTS By 1) < IGO0 (34)

2
(b*=Dr %
171 1 ;
— {w xp(a;t) — mexp(aigt)} for 4o/ < 1
Mo Qi1 — A2 A1 — A2
where B(4;,t) = . /4’10)72: 1 ) . /4’10)3 1 ) ,
exp o cos L+ sin t| for 4ngld; > 1
Mo

219 /4,10;3 -1 21

in which 1y = xu/pR3, ;1 and a; are roots of the equation 1ys® + s + )72 = 0 when 4110)v72;< 1.
And both a;; and a;o are less than zero.

Some positive roots 4; of the equation ¢(/;,2) = J1(4;)Y1(24;) — J1(24;)Y1(4;) = 0 are listed
in [19]. The first six roots are as follows:

7 1 2 3 4 5 6
Ai 3.1966 6.3124 9.4445 12.6812 15.7199 18.8599

From Eq. (34) it is obvious that to draw a diagram of velocity distribution of Maxwell fluid
two different values of 7, should be distinguished, namely ny< 1 /4)3 and ny > 1 /4112- which
correspond to the first and second expression of B(Z;,t) in Eq. (34), respectively. Without loss
of generality, due to the monotonicity of 4, we can choose n, =1 (11, > 1/427) and
o = 0.02 (1/159.24 ~ 1/4)3< ny< 1/4)3 ~ 1/40.96) as model parameters to draw the velocity
distribution. According to Eq. (34) and the second expression of B(/;,t), the flow development

17
0.8 1
0.6 1
0.4 1

021 Fig. 1. Flow development of GMF in

an annular cylindrical space for
different times ¢ when o = 0.5 and
n=1.0. M¢=0.03, At=0.10,

r ¢/ 0
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In
0.8 1
0.6 1
u
0.4 1
0.2 1 Fig. 2. Flow development of GMF in
an annular cylindrical space for
0 different values of o when ¢ = 0.10

and n=1.0. B o =0.3, A o = 0.5,
r ® =038

for Maxwell fluid as a function of # for different times ¢ when #, = 1 is shown in Fig. 3. From
Fig. 3 we can find that at small times a velocity step jump exists in the flow field and it travels
nearly at a constant speed, and its amplitude decays rapidly in time. At the same time it can be
seen that at small times there are reflected waves in the flow field. According to Eq. (34) and the
first expression of B(4;,t), the flow development as a function of » for different times ¢ when
1o = 0.02 is shown in Fig. 4. The same characteristics of the flow field as we saw in Fig. 3 can
be found in Fig. 4. However, it can be seen that there is a discrepancy between Fig. 3 and Fig. 4
due to the different values of the parameter #,. Actually, because an exponential decaying term
from the first expression of B(4;,¢) is added to B(4;,t), the establishment of processes is so fast
as to approach to steady state when ¢t = 0.4 as shown in Fig. 4. In fact, because the condition
Ny >1 /41? can always be satisfied due to the property of monotone increasing 4;, from the
second expression of B(/;,t) in Eq. (34) it can be seen that for a fixed time the oscillation of
velocity distribution along the radial direction exists due to the existence of sine and cosine
terms as shown in Figs. 3 and 4. All of the above mentioned visualized characteristics of the
flow field coincided with the results given by Joseph [11] and Preziosi et al. [20]. In fact, the
unsteady Couette flow considered in our paper is related to the well-known Stokes’ first
problem and theoretical model for the wave-speed meter which have been studied in the
literature.

Fig. 3. Flow development of Maxwell
fluid in an annular cylindrical space
for different times ¢ when 5, = 1.0.
®:=0050t=02,%x1=04,
wt=0.60t=08 At=009,
Ot=12,At=30,®t— 0
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0.8 7
0.6 7

0.4 1
. Fig. 4. Flow development of Maxwell
0.2 7 h * £ fluid in an annular cylindrical space
for different times ¢ when 1, = 0.02.
®:=0.02,0¢=0.03, % t =0.04,
Yot =0.05, At=0.06, At=0.07,
-0.2- r M:=04,0¢—>

In particular, if & = 0, the model represents the complete viscous Newtonian fluid,

A1) = L7 A ) —Ll{ 2 } - p(é )

2s + 17

and the exact solution of the model can be written as

P22 & 7\ 3 (2ab)e(di,r)
u(r,t) b2 —1)yr ;exp< 2 > Jf(/li) —Jf(iib) )

which is another form of the analytic solution for the equation of Couette flow of a classical
Newtonian fluid.

From Eq. (33) we find that the solution of the model is resolved into two parts. ug(7,t) is
the steady part and the rest is the unsteady one. Comparing Eq. (35) with Eq. (33) we see
that the steady part of the result of GMF has the same expression as that of the classical
Newtonian fluid. Now, let us consider the establishment of steady state of GMF. In order
to get the asymptotic expression of A(/;,t) in Eq. (33) for ¢ — oo, on the basis of the
operational calculus theory we calculate the asymptotic expression of A(/;,s) in Laplace
space for s — 0. By means of Eq. (30) it is obvious that the following expression can be
obtained:

- 1
A(2iy8) x ?{1 — " ™ ...} (0<a<l,s —0). (36)
(3

Hence in virtue of [18] we arrive at
AQgyt) o t™1F) (1 = 0). (37)

It is of interest to note that comparing (37) with (35) we can find that the decaying of unsteady
part of GMF displays power law behavior, which has a typical property of its scale invariance.

To sum up, from Figs. 1 to 4 and from the formula (33) we can draw such a conclusion that
for the unsteady Couette flow introducing and utilizing the model of GMF do not effect the
steady state distribution of the velocity which coincides with the Newtonian fluid. In contrast
with this, the establishment of a steady process is effected by the model of GMF. In particular,
when o = 1 for the Maxwell fluid this effect may be divided into two different types governed by
the parameter 7, of the model. When 5, = ku/pR% > 1/42? ~ 1/40.96, the establishment of
flow is shown in Fig. 3, when 1/4A?+1< no< 1/472 (i =1,2,3,...) the establishment of flow is
shown in Fig. 4.
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5 Conclusion

With the help of fractional calculus and Laplace and Weber transforms, we get the exact
solution on unsteady Couette flow of GMF in this paper. Then we compare the solutions
for different values of «, and analyze the effect of the fractional parameter o« on the
establishment of flow. The solution in the present paper contains some results of classical
Couette flow.
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