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Summary. Piezoelectric actuators can be used to generate high-frequency elastic waves for damage

identification of materials. This paper provides a comprehensive theoretical study of the electromechanical

behavior of surface-bonded or embedded piezoelectric actuators under inplane electric fields. A modified

one-dimensional actuator model is introduced, from which arbitrarily distributed electric fields along the

actuator can be considered. The model is used to simulate the dynamic load transfer between the actuator

and the host medium and the resulting elastic wave propagation by using the integral transform method

and solving the resulting singular integral equations. Of particular interest is the generated waveform away

from the actuator under different electric fields. An asymptotic analysis is conducted to obtain the far-field

solution of the wave field. The property of the resulting waveform is studied, and the simulation shows that

the direction of wave propagation can be adjusted by controlling the phase distribution of the applied

electric field along the actuator.

1 Introduction

The development of new piezoceramic materials with high electromechanical coupling has

revived intense research and development of new piezoelectric actuators for different structural

applications, e.g., the vibration and noise control of space and aircraft structures, the smart

skin system for submarines, smart sports products, and the non-destructive evaluation (NDE)

of materials [1]–[4]. These new piezoceramic actuators can be easily fabricated in different

desired shapes and can be used in different applications to achieve the highest possible

deformation or force for lowest possible applied voltage. They have the advantages of low cost,

quick response, low power consumption, compactness, and high sensitivity over a large range

of loading frequencies. As a result, in addition to the application in monitoring and controlling

the global behavior of structures, they also show the potential to induce high-frequency wave

propagation in the host structure for damage identification. Unlike the process of vibration

control, damage detection using high-frequency elastic waves usually involves wavelengths

comparable to the size of the actuator and, therefore, requires a detailed understanding of the

local electromechanical field around the actuator.

Due to the presence of the material discontinuity between the actuators and the host med-

ium, complicated stress fields will be generated when external electric fields are applied to the

actuators, which are usually difficult to deal with analytically. Simplified actuator models have

been developed to simulate the actuation process. Crawley and de Luis [5] first analyzed a
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beam-like structure with surface-bonded and embedded thin-sheet piezoelectric actuators to

study the load transfer from the actuators to the host structure. In this analysis, the axial stress

in the actuator was assumed to be uniform across its thickness. Crawley and Anderson [6]

developed a Bernoulli-Euler model of a piezoelectric actuator by considering the linear stress

distribution across the thickness. A refined actuator model based on the plane stress condition

was further studied to investigate the electromechanical behavior of a beam with symmetrically

surface-bonded actuator patches [7]. Plate and shell models have been extensively used in

modelling the electromechanical behavior of piezoelectric structures [8]–[12]. To simulate the

actuation process for cases where the size of the actuators is smaller than the thickness of the

host structure, Wang and Meguid [13] studied the static behavior of a thin-sheet piezoelectric

actuator attached to an infinite elastic medium using a one-dimensional model to investigate the

load transfer between the actuator and the host medium and the stress concentration near the

ends of the actuator. The static electromechanical field of a piezoelectric layer bonded to an

elastic medium with both interfacial and normal stresses being considered has also been studied

[14], [15].

Using elastic waves induced by piezoelectric actuators to detect damage in structures has

received significant attention from the research community. Many researchers have studied

the techniques of generating and collecting diagnostic elastic waves using these actuators to

realize continuous monitoring of structures. Distributed piezoelectric ceramic (PZT) disks

were used as surface actuators/sensors to generate and receive signals to detect damage in

composite structures due to impact [16]. The experimental results showed very promising

features of integrated piezoelectric sensor/actuator systems in structural health monitoring.

The electro-mechanical impedance method was developed [17] for identifying damage by

monitoring the impedance of the structure. This method was used in the health monitoring

of thin-wall structures based on the usage of embedded piezoelectric wafer active sensors

[18]. The results indicated that the developed electro-mechanical impedance method is

suitable for near field damage detection, while guided ultrasonic Lamb waves in conjunction

with the pulse-echo technique are suitable for far-field damage detection.

To study the high-frequency dynamic behavior of a piezoelectric thin-sheet actuator with

the typical wavelength being comparable to or shorter than the length of the actuator, a

one-dimensional model was developed and used to simulate the dynamic actuation process

of an embedded actuator [19]. This model was further extended to surface-bonded actuators

[20] and to include transverse deformation of the actuator [21]. Since the study was targeted

at piezoceramic thin-sheets with electrodes on both sides, the model was limited to the cases

where the applied electric field is uniform along the actuator.

The objective of the present paper is to provide a comprehensive analytical study of the wave

propagation induced by piezoelectric actuators bonded to or embedded in an elastic medium

subjected to different high-frequency electric fields. A modified one-dimensional actuator

model, which can simulate arbitrary electric fields along the actuator and contains the effect of

both the longitudinal and the transverse deformations of the actuator, is introduced. Numerical

simulations were conducted to evaluate the property of the resulting elastic wave propagation.

Specifically, two aspects of the work were examined. The first was concerned with the effect of

the geometry, material mismatch, loading frequency and especially the distribution of the

applied electric field along the actuator. The second was concerned with the property of the

resulting waveform at the far-field. An asymptotic analysis was conducted to obtain the explicit

analytical solution of the far-field waveform. The numerical result shows that the propagation

direction of the resulting wave can be controlled by adjusting the phase distribution of the

applied electric field along the actuator.
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2 Formulation of the problem

Consider the plane strain problem of piezoelectric actuators surface-bonded to or embedded in

homogeneous and isotropic elastic planes, as illustrated in Fig. 1. The actuators considered are

piezoelectric elements in the form of thin sheets. For these elements, the so-called poling

direction is usually along the thickness to enhance the actuating/sensing effect. For the current

problem, the poling direction of the sensor is assumed to be in the direction of the z-axis. The

half length and the thickness of the actuator are denoted as a and h, respectively. The actuator

is subjected to an applied electric voltage across its thickness, which varies along the actuator

and results in an electric field with a frequency x along the poling direction,

Ez ¼ ðV� � VþÞ=h, as shown in Fig. 1. The steady-state response of the system, including the

displacement, strain, stress and electric fields, will generally involve a time factor expð�ixtÞ. In
the following discussion, for convenience, this factor will be suppressed and only the amplitudes

of the electromechanical field will be considered.

2.1 Modelling of the actuator

For a thin-sheet piezoelectric actuator, when its thickness being small in comparison with its

length and the typical wave length of the generated elastic wave, the axial stress and defor-

mation can be assumed to be uniform across its thickness. The actuator can then be regarded

as a one-dimensional electromechanical element deformed in both longitudinal and transverse

directions. The interfacial normal and shear stresses transferred between the actuator and the

host medium can be replaced by distributed body forces acting along the actuator, as shown

in Fig. 2, in which s and rz represent the shear and normal stresses, respectively. For a

surface-bonded thin-sheet actuator, the transverse interfacial stress between the actuator and

the host medium can be ignored since the actuator is under the traction free condition at the

upper surface.

Ez

2a y

z

h

Ez

2a
y

z

h

a b

Fig. 1. Surface-bonded and embedded actuators

sz

DV t

sz

Fig. 2. A one-dimensional actuator

model
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The current study will be focussed on the case where high-frequency electric fields are applied

to the actuator, which result in elastic waves in the host medium with their typical wave length

being comparable to the length of the actuator. Therefore, the inertia effect of the actuator must

be considered in the modelling of the actuator. Based on the assumptions discussed above, the

equation of motion of the actuator along the axial direction can be expressed as

dea
y

dy
þ s=hþ qax

2ua
y ¼ 0; ð1Þ

where qa is the mass density of the actuator. Making use of the constitutive relation of the

actuator given in Appendix A, the axial deformation (strain) of the actuator can be obtained by

solving this ordinary differential equation, which can be expressed in terms of the applied

electric field, the interfacial stress and the transverse deformation of the actuator as

ea
yðyÞ ¼ e0ðyÞ �

Zy

�a

cos kaðn� yÞpðnÞ
hEa

dnþ sin kaðaþ yÞ
hEa sin 2kaa

Za

�a

cos kaðn� aÞpðnÞdn; ð2Þ

where

e0ðyÞ ¼
ea

2Ea

(
½EzðaÞ þ Ezð�aÞ� cos kay

cos kaa
þ ½EzðaÞ � Ezð�aÞ� sin kay

sin kaa

)
; ð3Þ

pðyÞ ¼
sðyÞ þ hE0a

dea
z

dy
� hea

dEzðyÞ
dy

embedded

sðyÞ � hea

dEzðyÞ
dy

surface-bonded,

8>><
>>:

where ea
z is the transverse strain given by

ea
z ¼ ðuaþ

z � ua�
z Þ=h ð4Þ

with uaþ
z , ua�

z being the transverse displacements at the upper and lower surfaces of the

actuator. In these equations, Ea, E0a and ea are effective elastic and piezoelectric constants of the

actuator given in Appendix A, and

ka ¼ x=ca; ca ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ea=qa

p
ð5Þ

with ka and ca being the wave number and the axial wave speed of the actuator, respectively.

The transverse normal stress of the actuator, ra
z , can be determined using the constitutive

relation as

ra
zðyÞ ¼

ca
31e0ðyÞ þ

ca
31 sin kaðaþ yÞ
hca

11 sin 2kaa

Za

�a

pðnÞ cos kaðn� aÞdn

� ca
31

hca
11

Zy

�a

pðnÞ cos kaðn� yÞdnþ ca
33e

a
z � ea

33EzðyÞ embedded

0 surface-bonded,

8>>>>>>>><
>>>>>>>>:

ð6Þ

where ca
11, ca

31, ca
33 and ea

33 are elastic and piezoelectric constants of the actuator defined in

Appendix A.

The interfacial shear stress s and the transverse deformation ea
z of the actuator will deform

the host medium and result in elastic wave propagation. Since the actuator is integrated into the

host medium, to determine s and ea
z , the coupling between the actuator and the host medium

must be considered.
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The stress and displacement fields of the host medium can be represented in terms of s and ea
z

by solving an elastodynamic problem with s and ea
z being regarded as the applied boundary

load and deformation. For convenience, the derivative of ea
z with respect to y will be used in the

following discussion and is denoted as

/ðyÞ ¼ dea
z

dy
: ð7Þ

By using the Fourier transform with respect to y, which is defined as

gðsÞ ¼
Z1

�1

gðxÞeisydy; gðyÞ ¼ 1

2p

Z1

�1

gðsÞe�isyds; ð8Þ

this problem can be solved and the dynamic stress and strain fields in the host medium induced

by the applied s and ea
z can be determined,

eyðy; 0Þjmatrix ¼ �
1

2pl

" Za

�a

sðnÞn1ðy� nÞdnþ l
Za

�a

/ðnÞn2ðy� nÞdn

#
; ð9Þ

rzðy; 0Þjmatrix ¼ �
1

2p

" Za

�a

sðnÞn2ðy� nÞdnþ l
Za

�a

/ðnÞn3ðy� nÞdn

#
; ð10Þ

where l is the shear modulus of the host medium and n1ðyÞ, n2ðyÞ and n3ðyÞ are known

functions given in Appendix B.

/ and s can be determined from the continuity condition between the actuator and the host

medium, given by

ea
yðyÞ ¼ eyðy; 0Þ; ra

zðyÞ ¼ rzðy; 0Þ; jyj < a; ð11Þ

where eyðy; 0Þ, rzðy; 0Þ are the resulting dynamic fields in the host medium and the superscript

‘‘a’’ represents the actuator. Substituting (3), (6), (9) and (10) into (11), the continuity condition

between the actuator and the host medium can be expressed in terms of integral equations as

� 1

2pl

Za

�a

½sðnÞn1ðy� nÞ þ l/ðnÞn2ðy� nÞ�dn� sin kaðaþ yÞ
hEa sin 2kaa

Za

�a

pðnÞ cos kaðn� aÞdn

þ 1

hEa

Zy

�a

pðnÞ cos kaðn� yÞdn ¼ e0ðyÞ; jyj < a; ð12Þ

� 1

2p

Za

�a

½sðnÞn2ðy� nÞ þ l/ðnÞn3ðy� nÞ�dn� ca
33

h

Zy

�a

/ðnÞdn

� ca
31 sin kaðaþ yÞ
hEa sin 2kaa

Za

�a

½sðnÞ þ ca
31/ðnÞ� cos kaðn� aÞdn

þ ca
31

hEa

Zy

�a

½sðnÞ þ ca
31/ðnÞ� cos kaðn� yÞdn

¼ ca
31e0ðyÞ � ea

33EzðyÞ; jyj < a embedded. ð13Þ
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Detailed evaluation of the kernels indicates that these equations are singular integral

equations of the first kind, which involve a square-root singularity of s and / at the ends of

the actuator. The general solution of s and / can be expressed in terms of Chebyshev

polynomials as

sðyÞ ¼
X1
j¼0

AjTjðy=aÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� y2=a2

q
;

/ðyÞ ¼
X1
j¼1

BjTjðy=aÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� y2=a2

q ð14Þ

with Tj being Chebyshev polynomials of the first kind and Aj and Bj being unknown constants

to be determined.

If the expansions in Eq. (14) are truncated to the (N � 1)th term and Eqs. (12) and (13) are

satisfied at the following collocation points along the actuator:

yl ¼ a cos
l� 1

N � 1
p; l ¼ 1; 2; . . . ;N; ð15Þ

2N linear algebraic equations in terms of Aj and Bj can be obtained, from which the unknown

coefficient fcg ¼ fA0;A1; . . . ;AN�1;B1;B2; . . . ;BN�1gT and s and / can be calculated.

2.2 Elastic wave propagation resulting from the actuator

The resulting elastodynamic field and the wave propagation in the host medium due to the

actuator can be obtained in terms of fcg as discussed in the previous subsection. By

applying the inverse Fourier transform, the stress field in the host medium can be deter-

mined such that

ryðy; zÞ ¼ �
1

k2

XN

j¼0

Aj

Z1

0

H1ðs; zÞP1
j ðs; yÞds� l

k2

XN

j¼1

Bj

Z1

0

H2ðs; zÞP1
j ðs; yÞds; ð16Þ

rzðy; zÞ ¼ �
1

k2

XN

j¼0

Aj

Z1

0

H3ðs; zÞP1
j ðs; yÞds� l

k2

XN

j¼1

Bj

Z1

0

H4ðs; zÞP1
j ðs; yÞds; ð17Þ

ryzðy; zÞ ¼
sgnðzÞ

k2

XN

j¼0

Aj

Z1

0

H5ðs; zÞP2
j ðs; yÞdsþ sgnðzÞl

k2

XN

j¼1

Bj

Z1

0

H6ðs; zÞP2
j ðs; yÞds; ð18Þ

where P1
j ðs; yÞ, P2

j ðs; yÞ, H1ðs; zÞ, H2ðs; zÞ, H3ðs; zÞ, H4ðs; zÞ, H5ðs; zÞ and H6ðs; zÞ are known

functions given in Appendix B.

The resulting elastic wave given by Eqs. (16)–(18) is very complicated. To evaluate the

property of wave propagation, the asymptotic behavior of the wave at far-field is studied. A

polar coordinate system ðR; hÞ will be used in the analysis, which is related to (y; z) by

y ¼ R cos h; z ¼ R sin h ð19Þ

with the origin of the coordinate system being at the centre of the actuator. Let us consider the

resulting ryðy; zÞ in the host medium for the case involving a surface-bonded actuator. In the

far-field, when R� 1, ryðy; zÞ can be written as
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rf
yðy; zÞ ¼

XN

j¼0

Aj

( Z1

�1

2N1
j JjðsaÞsbðk2 þ 2a2Þe�Rða sin h�is cos hÞ

ð2s2 � b2Þ2 � 4s2ab
ds

�
Z1

�1

2N1
j JjðsaÞð2s2 � k2Þe�Rðb sin h�is cos hÞ

ð2s2 � b2Þ2 � 4s2ab
ds

)
; ð20Þ

where Jj is the Bessel function of the first kind and

N1
j ¼

ð�1Þn

2
j ¼ 2nþ 1

ð�1Þnþ1

2i
j ¼ 2n,

8>><
>>:

ð21Þ

where a and b are defined in Appendix B. It is well-known that FðsÞ ¼ ð2s2 � b2Þ2 � 4s2ab will

be zero at s ¼ þx=cR; �x=cR with cR being the speed of the Rayleigh wave. As a result, the

integrand has two singular points, which correspond to the Rayleigh wave propagating along

the free surface. Since the Rayleigh wave will decay exponentially with the distance from the

free surface, it will be ignored in the far-field solution.

The steepest descent approximation [22] is used to evaluate the far-field behavior of the stress

field. For the integration given in Eq. (20), for a large R the dominant contribution to the

integration comes from the vicinity of the saddle points of the exponents, which can be

determined by dða sin h� is cos hÞ=ds ¼ 0 and dðb sin h� is cos hÞ=ds ¼ 0. This is because the

real parts of the exponential functions are relatively small except in this area. The accuracy of

this approximation improves with increasing R. For k0ðsÞ ¼ a sin h� is cos h, the saddle point

s0 can be determined as s0 ¼ K cos h. In applying the steepest descent approximation, the

original path of integration is deformed to that along the path of steepest descent of k0ðsÞ
running through its saddle point. Along the path of steepest descent k0ðsÞ can be expanded in a

Taylor series

k0ðsÞ ¼ kðsÞjs¼s0
þ 1

2
ðs� s0Þ2k00ðsÞjs¼s0

þ . . . ð22Þ

It can be proved that, along this path, the value of k0ðsÞ � kðsÞjs¼s0
will always be real and

positive. Therefore, a real variable t0 can be introduced as

1

2
ðs� s0Þ2k000ðsÞjs¼s0

¼ t2
0: ð23Þ

k0 can then be expressed as

k0ðsÞ ¼ kðsÞjs¼s0
þ t2

0: ð24Þ

Similarly, for the function k1ðsÞ ¼ b sin h� is cos h, the saddle point can be determined as

s1 ¼ k cos h, and k1 can be expressed along the path of steepest descent as

k1ðsÞ ¼ kðsÞjs¼s1
þ t2

1 ð25Þ

with t1 being real and given by

1

2
ðs� s1Þ2k001ðsÞjs¼s1

¼ t2
1: ð26Þ
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Substituting Eqs. (23) and (26) into Eq. (20), the integration can be reduced to

rf
yðy; zÞ ¼

XN

j¼0

Aj

(
FjðsÞjs¼s0

e
�Rk0ðsÞjs¼s0

Z1

�1

e�Rt2
0

 
ds

dt0

!
dt0

)

�
XN

j¼0

Aj

(
GjðsÞjs¼s1

e
�Rk1ðsÞjs¼s1

Z1

�1

e�Rt2
1

 
ds

dt1

!
dt1

)
; ð27Þ

where

FjðsÞ ¼
2N1

j JjðsaÞsbðk2 þ 2a2Þ
ð2s2 � b2Þ2 � 4s2ab

; ð28Þ

GjðsÞ ¼
2N1

j JjðsaÞð2s2 � k2Þ
ð2s2 � b2Þ2 � 4s2ab

: ð29Þ

To calculate ds=dt0 for the first integration in (27), the direction of the integral path in the

s-plane should be determined. In general, s can be expressed as

s ¼ s0 þ r0eih0 : ð30Þ
Since

k000ðsÞjs¼s0
¼ 1

K sin2 h
eip=2; ð31Þ

from Eq. (23), t2
0 can be expressed as

t2
0 ¼

1

2
r2

0e2ih0
1

K sin2 h
eip=2: ð32Þ

Because t2
0 is real, it can be concluded that

h0 ¼ �p=4; r2
0 ¼ 2K sin2 ht2

0: ð33Þ

Therefore,

ds

dt0
¼ dr0

dt0
e�ip=4 ¼

ffiffiffiffiffiffiffi
2K
p

sin he�ip=4: ð34Þ

Similarly, ds=dt1 in the second integration can be determined as

ds

dt1
¼

ffiffiffiffiffiffi
2k
p

sin he�ip=4: ð35Þ

Making use of the following result:

Z1

�1

e�Rt2

dt ¼
� p

R

�1
2

; ð36Þ

the analytical solution for the far-field elastic wave can be determined as

rf
y ¼

XN

j¼0

Aj

h
f1ðj; hÞ

ffiffiffiffiffiffiffiffiffi
2pK

R

r
eiðKR�p

4Þ þ f2ðj; hÞ
ffiffiffiffiffiffiffiffi
2pk

R

r
eiðkR�p

4Þ
i
N1

j

þ
XN

j¼1

Bj

h
f3ðj; hÞ

ffiffiffiffiffiffiffiffiffi
2pK

R

r
eiðKR�p

4Þ þ f4ðj; hÞ
ffiffiffiffiffiffiffiffi
2pk

R

r
eiðkR�p

4Þ
i
N1

j : ð37Þ
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Similarly, the far-field solution of the stress components rf
z and rf

yz can be obtained as

rf
z ¼

XN

j¼0

Aj

h
f5ðj; hÞ

ffiffiffiffiffiffiffiffiffi
2pK

R

r
eiðKR�p

4Þ þ f6ðj; hÞ
ffiffiffiffiffiffiffiffi
2pk

R

r
eiðkR�p

4Þ
i
N1

j

þ
XN

j¼1

Bj

h
f7ðj; hÞ

ffiffiffiffiffiffiffiffiffi
2pK

R

r
eiðKR�p

4Þ þ f8ðj; hÞ
ffiffiffiffiffiffiffiffi
2pk

R

r
eiðkR�p

4Þ
i
N1

j ; ð38Þ

rf
yz ¼

XN

j¼0

Aj

h
f9ðj; hÞ

ffiffiffiffiffiffiffiffiffi
2pK

R

r
eiðKR�p

4Þ þ f10ðj; hÞ
ffiffiffiffiffiffiffiffi
2pk

R

r
eiðkR�p

4Þ
i
N2

j

þ
XN

j¼1

Bj

h
f11ðj; hÞ

ffiffiffiffiffiffiffiffiffi
2pK

R

r
eiðKR�p

4Þ þ f12ðj; hÞ
ffiffiffiffiffiffiffiffi
2pk

R

r
eiðkR�p

4Þ
i
N2

j ; ð39Þ

where

N2
j ¼

ð�1Þn

2i
j ¼ 2nþ 1

ð�1Þn

2
j ¼ 2n

8>><
>>:

ð40Þ

and the functions fiðj; hÞ; i ¼ 1; . . . ; 12 are known functions given in Appendix C.
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For the special case that y ¼ 0 and z�!1, the following solution can be directly obtained:

rf
y ¼

XN

j¼0

Aj

"
W1ðjÞ
jzj e�iKz þW2ðjÞ

jzj e�ikz

#
� l

XN

j¼1

Bj

"
W3ðjÞ
jzj e�iKz � 2

W2ðjÞ
jzj e�ikz

#
; ð41Þ

rf
z ¼

XN

j¼0

Aj

"
W4ðjÞ
jzj e�iKz �W2ðjÞ

jzj e�ikz

#
� l

XN

j¼1

Bj

"
W5ðjÞ
jzj e�iKz � 2

W2ðjÞ
jzj e�ikz

#
; ð42Þ

rf
yz ¼

XN

j¼0

Aj

"
W6ðjÞ
jzj e�iKz �W7ðjÞ

jzj e�ikz

#
þ l

XN

j¼1

Bj

"
W8ðjÞ
jzj e�iKz þW9ðjÞ

jzj e�ikz

#
; ð43Þ

where Kz ¼ K jzj, kz ¼ kjzj, and the constants WiðjÞ; i ¼ 1; . . . ; 9 are known functions given in

Appendix C.

3 Results and discussion

This section is devoted to the discussion of the wave propagation induced by piezoelectric

actuators bonded to and/or embedded in an elastic medium under different electric fields. In
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addition to the study of the influence of the geometry of the actuator, the material mismatch

and the loading frequency, efforts are also made to determine the effect of the distribution of

the applied electric field along the actuator upon the generated waveform.

The material constants of the actuator are assumed to be [23]

c
ðaÞ
11 ¼ 13:9� 1010ðPaÞ; c

ðaÞ
12 ¼ 6:78� 1010ðPaÞ;

c
ðaÞ
13 ¼ 7:43� 1010(Pa); c

ðaÞ
33 ¼ 11:5� 1010ðPaÞ; c

ðaÞ
44 ¼ 2:56� 1010ðPaÞ;

e
ðaÞ
31 ¼ �5:2ðC/m2Þ; e

ðaÞ
33 ¼ 15:1ðC/m2Þ; e

ðaÞ
15 ¼ 12:7ðC/m2Þ;

eðaÞ11 ¼ 6:45� 10�9(C/Vm); eðaÞ33 ¼ 5:62� 10�9(C/Vm);

qa ¼ 7500(kg=m3Þ:

3.1 Interfacial stresses

Wave propagation in the host medium generated by the actuator is governed by the interfacial

shear and transverse stresses. Figure 3 shows the effect of the material mismatch q ¼ pE=2Ea,

E ¼ E=1� m2, and the length-to-thickness ratio of the actuator v ¼ a=h upon the amplitude of
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the interfacial stress r�yz ¼ ryz=rB of a surface-bonded actuator for the case where ka ¼ 2:0 and

qa=qH ¼ 1, with rB ¼ eaEz. The normalized interfacial shear stress increases with decreasing q

and v. The result indicates that a shorter and/or stiffer actuator will generate relatively higher

interfacial shear stress. In comparison, a longer and/or softer actuator will result in a shear

stress distribution more concentrated at the tips.

Figures 4 and 5 show the effects of q and v upon the amplitude of the interfacial stresses

r�yz ¼ ryz=rB and r�z ¼ rz=rB of an embedded actuator for the case where ka ¼ 2:0 and

qa=qH ¼ 1. Similar results can be observed for the interfacial shear stress although the effect of

q is not as significant as that for the surface-bonded actuator. The interfacial normal stress

increases with increasing material mismatch q and decreasing length-to-thickness ratio v.

3.2 Complete wave field

The complete wave field in the host medium can be determined based on the interfacial stresses.

Figure 6 shows the amplitude of the resulting elastic wave near a surface-bonded actuator

under uniform electric fields, r�y ¼ ry=rB, for the case where ka ¼ 3:0, v ¼ 20, q ¼ 0:71, and

qa=qH ¼ 1. Stress concentration can be observed around the tips of the actuator. The stresses

reduce gradually with the distance from the actuator and eventually form a Rayleigh wave,

which propagates with a constant amplitude along the surface of the host medium. Figure 7
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shows the amplitude of r�z ¼ rz=rB in the host medium caused by an embedded actuator under

a uniform electric field for the case where ka ¼ 3:0, v ¼ 20, q ¼ 0:46, and qa=qH ¼ 1. In this

case, recognizable wave propagation in both the axial and transverse directions can be

observed. Figure 8 shows the amplitude of r�z ¼ rz=rB in the host medium caused by the same

embedded actuator discussed in Fig. 7 for higher frequency (ka ¼ 20). A stronger wave

propagation in the z-direction can be observed. This is caused by the higher transverse stress rz

along the actuator-host interface due to the high loading frequency.

3.3 Far-field wave propagation

The analytical solution of the far-field wave propagation by the steepest descent approximation

provided a clear description of the property of the generated wave propagation. In order to

validate the accuracy of the obtained far-field solution, rf�
z ¼ rf

z=rB induced by a surface-

bonded actuator determined by the asymptotic solution given in Eqs. (37)–(39) and (41)–(43) is

compared in Fig. 9 with that of the complete solution using the integral equations (16)–(18) for

the case where ka ¼ 10:0, q ¼ 0:5, v ¼ 20 and qa=qH ¼ 1. A uniform electric field is applied to

the actuator. The very good agreement shows the high accuracy of the obtained asymptotic

solution. Figures 10 and 11 show the far-field wave propagation induced by a surface-bonded

actuator for the case where q ¼ 0:5, v ¼ 20 and qa=qH ¼ 1, for loading frequencies ka ¼ 4 and
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ka ¼ 10, respectively. It can be found that the wave is mostly along the direction with

h ¼ 25� 30� with respect to the z-axis.

Figure 12 shows the comparison of the stress rf�
z ¼ rf

z=rB induced by an embedded actuator

predicted by the asymptotic solution with the stress by the complete solution for the case where

ka ¼ 4:0, q ¼ 0:5, v ¼ 20 and qa=qH ¼ 1. Very good agreement is observed. Figure 13 shows

the far-field wave propagation, rf�
z , for the case where ka ¼ 4:0, q ¼ 0:5, v ¼ 20 and

qa=qH ¼ 1. In this case the wave propagates mainly along the z direction. Figure 14 shows the

corresponding result for a higher frequency ka ¼ 10:0. It is observed that the wave is now more

focussed in the z-direction.

3.4 Wave propagation caused by electric fields with varying phases

In the above discussion, the actuator is excited by a uniformly applied electric field Ez. It is now

well-understood that phased array actuators can generate specific waves propagating in desired

directions by controlling the phase distribution among actuators. For the current problem,

simulation is conducted to study whether thin-sheet actuators can generate wave propagation
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in specific directions by controlling the phase distribution of the applied electric field. The

electric field applied to the actuator is assumed to be

EzðyÞ ¼ E0
zeika sin hsy;

where E0
z is the constant amplitude of the applied electric field, and hs is a steering angle.

Figure 15 shows the local wave field near a surface-bonded actuator caused by an electric

field with varying phases for the case where ka ¼ 5:0, hs ¼ 30�, q ¼ 0:5, v ¼ 20 and

qa=qH ¼ 1. It is interesting to observe that in this case the wave is the strongest along a

specific direction. Figure 16 shows the corresponding local wave field near an embedded

actuator for the case where ka ¼ 5:0, hs ¼ 30�, q ¼ 0:5, v ¼ 20 and qa=qH ¼ 1. Similar

phenomena can be observed.

Figure 17 shows the far-field wave propagation by a surface-bonded actuator for different

steering angles hs for the case where ka ¼ 10:0, q ¼ 0:5, v ¼ 20 and qa=qH ¼ 1. In frames

(a)–(d), the steering angles are hs ¼ 0�, 30�, 60�, 90�, respectively. Different wave fields can

be obtained by changing the steering angle. For example, for hs ¼ 0�, the wave propagates

mainly along h ¼ �25� with respect to the z-axis. However, for hs ¼ 30�, the direction

changes to h ¼ 20� with respect to the z-direction. For hs ¼ 90�, the direction of propa-

gation is along h ¼ 25� with respect to the z-axis. Figure 18 shows the generated wave field

far away from an embedded actuator with different steering angles hs for the case where
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ka ¼ 10:0, q ¼ 0:5, v ¼ 20 and qa=qH ¼ 1. Frames (a)–(d) correspond to hs ¼ 0�, 30�, 60�,

90�, respectively.

4 Conclusions

An analytical solution and numerical simulation are provided to investigate the wave propa-

gation induced by piezoelectric actuators surface-bonded to or embedded in an elastic medium

under in-plane electric loads. The effect of the phase variation of the applied electric field along

the actuator is considered. Based on the use of a one-dimensional actuator model, the dynamic
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load transfer between the actuator and the host medium is studied. The steepest descent

approximation is used to conduct the asymptotic analysis of the resulting wave field to identify

the far-field waveform. The property of the resulting waveform is studied and the simulation

shows that the direction of wave propagation can be adjusted by controlling the phase dis-

tribution of the applied electric field along the actuator.

Appendix A

Effective material constants

The electromechanical behavior of piezoelectric materials can be described by

ra
x

ra
y

ra
z

ra
yz

ra
xz

ra
xy

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

¼

ca
11 ca

12 ca
13 0 0 0

ca
12 ca

11 ca
13 0 0 0

ca
13 ca

13 ca
33 0 0 0

0 0 0 ca
44 0 0

0 0 0 0 ca
44 0

0 0 0 0 0 ca
55

2
666666666666664

3
777777777777775

ea
x

ea
y

ea
z

2ea
yz

2ea
xz

2ea
xy

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

�

0 0 ea
31

0 0 ea
31

0 0 ea
33

0 ea
15 0

ea
15 0 0

0 0 0

2
666666666666664

3
777777777777775

Ex

Ey

Ez

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

and

Dx

Dy

Dz

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
¼

0 0 ea
31

0 0 ea
31

0 0 ea
33

0 ea
15 0

ea
15 0 0

0 0 0

2
666666666666664

3
777777777777775

T ea
x

ea
y

ea
z

2ea
yz

2ea
xz

2ea
xy

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

þ

ka
11 0 0

0 ka
22 0

0 0 ka
33

2
666664

3
777775

Ex

Ey

Ez

8>><
>>:

9>>=
>>;
;

where ca
55 ¼ ðca

11 � ca
12Þ=2 and the superscript ‘‘T’’ denotes the transpose of the matrix.

According to the current actuator model, the following condition should be satisfied under

the plane strain deformation:

ea
x ¼ 0:

For piezoelectric materials with their direction of polarization being along the z-axis, the stress

component ra
y can be obtained, by substituting the above equations into the constitutive

equation, as

ra
y ¼ Eae

a
y þ E0ae

a
z � eaEz;

where

Ea ¼
ca

11 embedded

ca
11 �

ca
13

ca
33

surface-bonded;

8><
>:
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ea ¼
ea

13 embedded

ea
13 � ea

33

ca
13

ca
33

surface-bonded;

8<
:

E0a ¼
ca

13 embedded
0 surface-bonded.

n

Appendix B

Useful functions in the integration

The kernels in integral equations (9) and (10) are

n1ðy� nÞ ¼

1
k2

R1
0

sðs2 � abÞ
a

sin sðn� yÞds embedded

R1
0

2k2sb

ð2s2 � k2Þ2 � 4s2ab
sin sðn� yÞdn surface-bonded,

8>>><
>>>:

n2ðy� nÞ ¼
1
k2

R1
0

sð�cþ 2abÞ
a

sin sðn� yÞds embedded

0 surface-bonded,

8<
:

n3ðy� nÞ ¼
1
k2

R1
0

ðc2 � 4s2abÞ
sa

sin sðn� yÞds embedded

0 surface-bonded,

8<
:

where c ¼ s2 þ b2 and

a ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 � K2
p

jsj > K

�i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 � s2
p

jsj < K

8<
: b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 � k2
p

jsj > k

�i
ffiffiffi
k
p 2 � s2 jsj < k,

8<
:

K ¼ x=cL; k ¼ x=cT ;

with cL and cT being the longitudinal and transverse shear wave velocities of the elastic med-

ium, respectively.

The functions used in Eqs. (16)–(18) are given by

H1ðs; zÞ ¼

sðs2 þ b2Þ
2a

e�ajzj � sbe�bjzj embedded

2sb½ðk2 þ 2a2Þe�ajzj � ð2s2 � k2Þe�bjzj�
ð2s2 � b2Þ2 � 4s2ab

surface-bonded,

8>>><
>>>:

H2ðs; zÞ ¼ � ð2a2 þ k2Þðs2 þ b2Þ
2as

e�ajzj þ 2sbe�bjzj embedded

0 surface-bonded,

8<
:

H3ðs; zÞ ¼
� sðs2 þ b2Þ

2a
e�ajzj þ sbe�bjzj embedded

2sbð2s2 � k2Þðe�ajzj � e�bjzjÞ
ð2s2 � b2Þ2 � 4s2ab

surface-bonded;

8>>><
>>>:
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H4ðs; zÞ ¼
ðs2 þ b2Þ2

2as
e�ajzj � 2sbe�bjzj embedded

0 surfaced-bonded,

8<
:

H5ðs; zÞ ¼
s2e�ajzj � s2 þ b2

2
e�bjzj embedded

4s2abe�ajzj � ð2s2 � k2Þe�bjzj

ð2s2 � b2Þ2 � 4s2ab
surface-bonded,

8>>><
>>>:

H6ðs; zÞ ¼
ðs2 þ b2Þð�e�ajzj þ e�bjzjÞ embedded

0 surface-bonded,

�

and

P1
j ðs; yÞ ¼ JjðsaÞ ð�1Þnþ1 sinðsyÞ j ¼ 2n

ð�1Þn cosðsyÞ j ¼ 2nþ 1,

(

P2
j ðs; yÞ ¼ JjðsaÞ

ð�1Þn sinðsyÞ j ¼ 2nþ 1

ð�1Þn cosðsyÞ j ¼ 2n.

�

Appendix C

Functions for far-field stresses

The functions in the far-field solution in Eqs. (37)–(39) are given by

f1ðj; hÞ ¼
ðk2 � 2K2 cos h2Þ sin hJjðK sin hÞ

2
embedded

g1ðj; hÞ
mðhÞ surface-bonded,

8>><
>>:

f2ðj; hÞ ¼
k2 sin h cos2 hJjðk sin hÞ embedded

g2ðj; hÞ
nðhÞ surface-bonded,

8<
:

f3ðj; hÞ ¼ � ðk
2 � 2K2 cos2 hÞð2K2 sin h2 � k2ÞJjðK sin hÞ

2K2 sin h
embedded

0 surface-bonded;

8<
:

f4ðj; hÞ ¼
�2k2 sin h cos h2

JjðK sin hÞ embedded

0 surface-bonded,

�

f5ðj; hÞ ¼

ðk2 � 2K2 cos2 hÞ sin hJjðK sin hÞ
2

embedded

g3ðj; hÞ
mðhÞ surface-bonded,

8>><
>>:

f6ðj; hÞ ¼
k2 sin h cos2 hJjðk sin hÞ embedded

g2ðj; hÞ
nðhÞ surface-bonded,

8<
:
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f7ðj; hÞ ¼
ðk2 � 2K2 sin2 hÞ2JjðK sin hÞ

2K2 sin h
embedded

0 surface-bonded;

8<
:

f8ðj; hÞ ¼
2k2 sin h cos2 hJjðk sin hÞ embedded

0 surface-bonded;

�

f9ðj; hÞ ¼
�iK2 sin2 h cos hJjðK sin hÞ embedded

g4ðj; hÞ
mðhÞ surface-bonded,

8><
>:

f10ðj; hÞ ¼
� ið2K2 sin2 h� k2Þ cos hJjðK sin hÞ

2
embedded

g5ðj; hÞ
nðhÞ surface-bonded,

8>><
>>:

f11ðj; hÞ ¼ � ið2K2 sin2 h� k2Þ cos hJjðK sin hÞ
2

embedded

0 surface-bonded;

8<
:

f12ðj; hÞ ¼
�ið2K2 sin2 h� k2Þ cos hJjðK sin hÞ embedded

0 surface-bonded;

�

with

mðhÞ ¼ ð2K2 sin2 h� k2Þ2 � 4k3 sin2 hj cos hj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � K2 sin2 h;

q

nðhÞ ¼ ð2K2 sin2 h� k2Þ2 þ 4ik3 sin2 hj cos hj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 sin2 h� K2
p

k sin h > K

ð�iÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 � k2 sin2 h
p

k sin h < K ,

8<
:

g1ðj; hÞ ¼ 2KJjðK sin hÞ sin hj cos hj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � K2 sin2 h

p
ð2K2 sin2 hþ k2 � K2Þ;

g2ðj; hÞ ¼ 2k2Jjðk sin hÞ sin h cos2 hð2k2 sin2 h� K2Þ;

g3ðj; hÞ ¼ �2KJjðK sin hÞ sin hj cos hj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � K2 sin2 h

p
ð2K2 sin2 h� k2Þ;

g4ðj; hÞ ¼ 4iK3JjðK sin hÞ sin2 h cos2 h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � K2 sin2 h

p
;

g5ðj; hÞ ¼ �iJjðk sin hÞj cos hjð2k2 sin2 h� k2Þ2:

The functions in Eqs. (41)–(43) are given by

W1ðjÞ ¼

JjðKÞð2K2 � k2Þ
2k2

N1
j embedded

�2N1
j JjðKÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � K2
p

k2K

ð2K2 � k2Þ2
surface-bonded,

8>>><
>>>:

W2ðjÞ ¼
JjðkÞN1

j embedded

2N1
j JjðkÞ;W5ðjÞ ¼ N2

j JjðkÞ surface-bonded,

(
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W3ðjÞ ¼
JjðKÞð2K2 � k2Þ2

2K2k2
N1

j ;

W4ðjÞ ¼
�JjðKÞN1

j embedded

2N1
j
JjðKÞ

ffiffiffiffiffiffiffiffiffiffi
k2�K2
p

k

ð2K2�k2Þ surface-bonded;

8<
:

W5ðjÞ ¼
JjðKÞð2K2 � k2Þk2

K2
N1

j ;

W6ðjÞ ¼
K2JjðKÞN2

j embedded

2N1
j
JjðKÞ

ffiffiffiffiffiffiffiffiffiffi
k2�K2
p

K

ð2K2�k2Þ surface-bonded;

8<
:

W7ðjÞ ¼
ð2K2 � k2ÞJjðkÞN2

j =2 embedded

4N2
j
JjðKÞ

ffiffiffiffiffiffiffiffiffiffi
k2�K2
p

K3

ð2K2�k2Þ2 surface-bonded,

8><
>:

W8ðjÞ ¼ ð2K2 � k2ÞJjðKÞN2
j ; W9ðjÞ ¼ ð2K2 � k2ÞJjðkÞN2

j :
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