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Summary. In this contribution we discuss the application of generalized strain measures to finite
inelasticity based on the multiplicative decomposition of the total deformation gradient. The underlying
symmetry properties of the material are modelled via the incorporation of structural tensors while
the evolution of any inelastic spin is neglected. Appropriate pushforward and pullback transformations
of particular generalized strain measures to different configurations enable the setup of anisotropic
hyperelastic formats with respect to all configurations of interest. This rather general formalism
turns out be convenient in view of for instance efficient numerical algorithms and computational
applications.

1 Introduction

The application of different stretch representations and strain measures within nonlinear
continuum mechanics is since several decades under discussion; see for instance the funda-
mental contributions by Murnaghan [1], Kauderer [2] or Richter [3] and Truesdell and Toupin
[4] or Eringen [5] for an overview. When referring to generalized strain measures, we commonly
think of sufficiently smooth monotone tensor functions with respect to an appropriate defor-
mation tensors. The spectral decomposition theorem thereby allows convenient interpretation
in terms of principal stretches. These ideas date back to the pioneering contributions by Seth [6]
and Hill [7]. Particular emphasis on logarithmic strains has for instance been placed by Hoger
[8], Sansour [9] and Xiao and Chen [10] among others. For a general overview we refer the
reader to the monographs by Biot [11], Ogden [12] and Silhavy [13] or Havner [14] and Lubarda
[15] where inelastic material behavior is addressed.

The formulation of nonlinear constitutive response as based on the introduction of different
deformation and strain measures as well as higher order terms, say, constitutes a traditional but
still very active field of research; see for instance the classical modelling approaches elaborated
in the monographs by Murnaghan [16] and Kauderer [17]. Apparently, for particular
applications where the total strains might remain rather small it is — from the modelling point of
view — attractive to introduce St. Venant-Kirchhoff type constitutive equations in terms of
generalized strain measures. Conceptually speaking, the sought nonlinear response is incor-
porated via specific strain measures with respect to which the quadratic format of the strain
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energy function is retained. In this regard, the well-established framework of linear elasticity is
adopted and combined with generalized strain measures which then constitutes an essential part
of the constitutive modelling itself. It is well-known, however, that the region of ellipticity is
rather restricted for these approaches; see, e.g., Bruhns et al. [18] for a detailed discussion based
on an isotropic setting in terms of logarithmic strains. Nevertheless, one of the main advantages
of a St. Venant-Kirchhoff type ansatz consists in the fact that the backbone of anisotropic
linear elasticity can directly be combined with nonlinearities related to appropriate generalized
strain measures; see for instance the monograph by Green and Adkins [19] and references cited
therein. For detailed surveys the reader is also referred to the contributions by Mehrabadi and
Cowin [20], [21] and Rychlewski [22]. A delightful representation of Hooke’s law, say, in
anisotropic linear elasticity is provided by the introduction of Kelvin modes, or in other words,
the application of the spectral decomposition theorem to the elasticity tensor; see for instance
[23]-[28].

Recently, Papadopoulos and Lu [29], [30] introduced generalized strain measures to a
strain—space formulation of finite isotropic and anisotropic elasto—plasticity, see also the con-
tributions by Miehe et al. [31] or Schroder et al. [32]. In this direction, we focus on a stress-space
framework in the sequel and model the underlying symmetry of the material via structural
tensors which — at least formally — enables us to overcome the structure of a St. Venant-
Kirchhoff type ansatz. The essential point of departure thereby consists in applying the fun-
damental covariance principle to the Helmholtz free energy density. Following these ideas allows
to set up a convenient formulation (especially for numerical applications) in terms of spatial
arguments. Detailed background information of the fundamental covariance principle is pro-
vided in, e.g., the monograph by Marsden and Hughes [33], while its application to anisotropic
response is elaborated by Lu and Papadopoulos [34] and Menzel and Steinmann [35], [36], see
also [37].

In the following, particular emphasis is placed on the multiplicative decomposition of the
deformation gradient into an elastic and inelastic contribution, see for instance [38] and
references cited therein. Concerning notation, we distinguish between co— and contra—variant
base vectors. The reader is referred to, e.g., [39], [40] or [41] for further background infor-
mation in this regard. The Helmholtz free energy density is assumed to incorporate the total
deformation gradient as well as the elastic distortion. Accordingly, different types of material
behavior — typically elasticity, plasticity or viscoelasticty — are included within the proposed
framework. Based on these deformation quantities, various strain tensors can be introduced —
naming solely some of theses measures, classical strain tensors are typically identified with
e.g. Biot, Green—Lagrange and Almansi strains, tensors of Green or Karni Reiner type, etc.
In this study, however, we mainly focus on strain tensors of the Seth-Hill family. These
generalized strain measures are introduced with respect to different configurations in the
sequel. Moreover, we carefully distinguish between strain tensors of co- and contra-variant
type. In this regard, the main goal of this work consists in the elaboration of these strain
measures embedded into the framework of general covariance of the Helmholtz free energy
density. This finally enables us to clearly develop pushforward and pullback transformations
between generalized strains and correlated hyperelastic stress tensors in different configura-
tions. As such, this study might on one hand seem slightly technical or rather formal but on
the other hand reviews established formulations and gives new insight into the geometric
interpretation of the relations between strain and stress quantities in one and the same as well
as different configurations. With these elaborations in hand, evolution equations for the
inelastic distortion or related strain measures, respectively, are discussed. By analogy with the
transformations between different strain tensors, one observes similar relations for the driving
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forces entering these evolution equations. As a main result, essential equations for anisotropic
inelasticity together with anisotropic elasticity in terms of entirely spatial arguments are
derived which is of particular interest for efficient numerical simulations based on, for in-
stance, finite element techniques.

The paper is organised as follows: In Sect. 2, we formally review essential kinematic relations
based on a multiplicative decomposition of the total deformation gradient. Various stretch
tensors are thereby introduced and particular emphasis is placed on the application of the
spectral decomposition theorem. Based on these elaborations, the definition of Seth-Hill type
strain measures is discussed in Sect. 3. Besides distinguishing between co- and contra-variant
generalized strain measures, we additionally derive transformation relations between different
strain measures in one and the same configuration as well as between strain measures in
different configurations. Next, the Helmholtz free energy density is introduced in terms of
appropriate strain tensors and an additional structural tensor, say; see Sect. 4. The Helmholtz
free energy density is thereby defined in terms of two contributions — one with respect to the
total deformation gradient while the other refers to the elastic distortion — so that classical
modelling approaches as e.g. elasticity, plasticity or viscoelasticity are embodied. Appropriate
stress tensors as well as typical evolution equations are elaborated in Sect. 5. An alternative
approach of Green-Naghdi type is discussed in Sect. 6, and the paper is closed with a short
summary in Sect. 7.

2 Deformation measures

Let o(X,t) : B0 X R — %,|X x t—x represent the nonlinear motion of the body B of interest
with corresponding linear tangent map F' = Ox¢. In the following we adopt the common ansatz

that the elastic part of the deformation gradient is defined as F, =F - F; ! namely
F=0o=F. - F;,:T%)—T%,, F,:T#%)—T%, F.:T% —T% W
1
with det(F), det(F.), det(F;) > 0.

The adopted multiplicative decomposition allows interpretation as a local rearrangement or
rather material isomorphism and also gives rise to a generally incompatible, and possibly stress-
free, intermediate configuration %;. Furthermore, let the introduced configurations, which are
embedded into the three-dimensional Euclidian space, be equipped with the co-variant and
contra-variant metric tensors

G: TRy — TRy, G '=det™(G) cof(G) : T* By — THy,

~ ~—1 ~ ~

G:Th — T %, G =det ' (G)cof(G):T % — TH, (2)
g:TH — T'%B, g ' =det ! (g)cof(g):T B, — T%A,.

For completeness, we additionally define contra-co-variant second order identities via

I=F' F=F"'F :T% — TH,, (3.1)
I=F'F.=F;, F': T% — T%, (3.2)
i=F F'=F..-F':T% — T3, (3.3)

Next, the polar decomposition theorem is (formally) applied to the linear tangent maps in
Eq. (1) so that appropriate stretch tensors are conveniently defined via
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F=R-U=v-R, F;=R;-Ui=vi-R; and F.=R. - U.=v.R.. (4)

The proper orthogonal part of the inelastic, i.e. irreversible, part is (usually) not uniquely
determined, F =v. R. R;-Ui=v. - R.-Q-Q" R, U =v.-R,-R-U; with Q-Q" -1
and the stretches in Eq. (4) can alternatively be introduced as the square root of appropriate

symmetric deformation tensors; see Egs. (11)—(16) and (18) below. Moreover, application of the
spectral decomposition theorem renders

F=/un, 9N, R=n.N* U=WN.oN" v=n,on" (5)
and
F; = Jyhiy. NF, Ri=ny @NY, U= /yNy @NF, 0 = Jyhy @A, (6)
as well as

~k ~k N . N
F, = /uny ®Nev R. =ny ®Ne7 U, = 2N ®Ne, l)C:,{Ckan(g)n]ec7 (7)

see also [42] for further elaborations. Here, and in the progression of this work, the summation
convention over, e.g., k = 1,2, 3 is implied. The incorporated eigen-vectors are unit-vectors in
the sense that

and

N I B P e NN NPt

Nc -G NC :Ne(;{)GNe(]C):nl(k)G nl(k>=nl(k)Gnl(k>=1 (9)
as well as

k) .

nl gt 0" =ny-g-ngy=n" g -n® =ny -g-ng =1, (10)

with the notation (k) indicating that the summation over k is (here) excluded.
Based on these relations, it is now straightforward to introduce different deformation ten-
sors, for instance

C=F'%xg=2N'@N' B=F'xg'=)*N,®Ny,

(11)
c=F *G:i,;znk(@nk, b=F *G_lziin;“@nk
and
~ ~-1
Ci=F'% G=2ZNloNl, Bi=F'%x G =/;°Ny Ny, 12)
/C\iIFi * G:/Ll;zil\ic(@ﬁi{, /b\iZFi * G_l :)"izk;;iik ®h\ik
as well as
~ ~k ~k ~ o~ ~
Cc:Fgl*g:)“gch(chv Bc:Fcil*gilzllckchk@)ch» (13)

~ ~—1
-2 2
c.=F, G:iekn’;@nf, b.=F.x G = Jg ek @ Ny,

wherein the notation * abbreviates the linear action in terms of the preceding tensor, see also
remark 1 and 2. These tensors are essentially characterized by metric coefficients with respect to
particular configurations, which provides a nice geometrical interpretation of the above trans-
formations, and can alternatively be expressed in terms of the right and left stretch tensors as
reviewed in Egs. (5)—(7). In this context, the action of the proper orthogonal tensors R, R; and R,
on the considered metric tensors are a priori included and the remaining relations read
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C=U"'xG, B=U'xG' c=vxg, b=vxg! (14)
and

C=U'xG B=U'%G'! &=t:xG b=0+G (15)
as well as

a‘e:ff:* G, Ee:ﬁ:* @71, Co=UVox g, b.=v.x g\, (16)

compare remarks 1 and 2.

Remark 1: In order to represent the transformations in Egs. (11)-(16) in more detalil,
we introduce the dual quantities of the linear tangent maps and stretch tensors, respec-
tively. Placing emphasis on the overall motion of the considered body B, one consequently
obtains

Fl=jN'on, F'=,'n"oN, R'=N'eon, R‘=n"aN,,

(17)
Ul = N @N, U= 'N'oNy, vl=xyn"on, vi=,"'n"on,
so that
C=F'.g F=U'G U, B=F'!. gl Fi=y'.g' U™,

(18)

c=F1.6¢.F'l=vig.v! b=F-G! Fl=v.g' vl

By analogy with Eq. (17) we obtain the definitions of F~!, R™!, U~! and v~! which are obvious
and not additionally summarized. With these relations in hand, a corresponding outline in
terms of F; and F is straightforward and therefore omitted.

Remark 2: Deformation tensors as, e.g., highlighted in Eqs. (11)—(13) are usually introduced as
either co- or contra-variant tensors. Alternatively, one could also define mixed-variant defor-
mation tensors, see, €.g., [33]. In this context, we first introduce the transposition of mixed-
variant tensors and second set up appropriate deformation tensors. By analogy with remark 1,
special emphasis is placed on the overall motion of the considered body B. In this regard, the
relation between the transposed and the dual of the deformation gradient — to be specific
F' =G ' - F'.g — together with the previously introduced spectral decomposition theorem

results in

F' = Ny @n", F~' =/ 'n; @ N*,

R'=N,on*=R"', R'=n,oN"=R, (19)
U' =0, vt =v.

Moreover, we additionally note the relations
G ' N'=N,, G-N.=N* g '-nf=n, g -n.=n" (20)

Now, with the transposition operation being defined, the well-established transformations
between right and left stretch tensors

U=R'-v-R, U=R'0;-R, U =R v.-R, (21)

become evident — the inverse relation, as e.g. v =R -U - R", being obvious. Finally, these
elaborations allow on the one hand to reiterate Eqgs. (3.1) and (3.3) as
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F!'.F=F' . F'=R'""R =N,@N‘=1I,
F-F'=F'"'F'=R-R' =n,on" =i,
Fl.Fi=R'.RI=N@N, =1,

F 1. Fl—R 1. R =nfen, =i
and on the other hand enable us to introduce the sought mixed—variant deformation tensors
via

C'=F'. F=U- U=/JN,® N'=G"-C,

B =F'' F'=UYU%=)°N,eN" =B .G,

F=F"'"Fl=v' vi=)"n o n=g"'c

b=F.- F'=v- v=2in,® n=b-g,

so that B-C=B"-C*=C"-B" =TI and b-c =b"-c" = c”-b" =i. With these relations in
hand, a corresponding outline in terms of F; and F, is straightforward and therefore
omitted.

3 Generalized strain measures

The geometric interpretation of strain measures (in one configuration) consists in the point of
view that

“strain means change of metric with time”.

In order to compare the metric coefficients, according to a particular particle of the body B, at
two different states of deformation, we must analyse these quantities (or powers thereof) in one
and the same configuration. In this regard, the transformations highlighted in Eqgs. (11)-(13) are
of cardinal importance.

One classical strain tensor family is provided by the so-called Seth-Hill strain measures, see
e.g., Seth [6] and Hill [7]. Adopting this framework, the corresponding class of co-variant
strains in %, reads

1 1 ,
— A"~ 1N*oN' = —[G-U" - G
m m
:% G G -C}%—G}
E(’m)(c; G) = (24)

1 1
iln(ii)Nk @N* = 5 (G- U?)

= %ln(C) ifm=0

with m > 0. Herein powers of the pullback of the spatial co-variant metric g are compared with
the material co-variant metric G. It is clearly seen that the spectral decomposition theorem
(which is the standard representation for strain measure of the Seth-Hill family) renders strain
eigen-values that allow interpretation as being monotone functions in terms of the principal
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stretches; to be specific, £, (4x) With B |;, -1 = 0 and 95, E )] ;,—; = 1 which is assumed to
hold throughout for the subsequent strain measures. Commonly applied representations are
e.g., the logarithmic Hencky strains (m = 0), the Biot strain measure (m = 1) and the right
Cauchy-Green strain tensor (m = 2). The scalar quantity m in Eq. (24) is restricted to remain
non-negative. Strain measures in %4, that incorporate the inverse stretch are consequently
introduced as contra-variant tensors, namely
1 1
—[1=2"INy@Ny=—[G ' -U "™ -G
m m
| P 2

:%[G e .[G.B]z]
K('m) (B§ Gil) = 1 1 (25)
—iln(ﬂngz)Nk QN = —gln(U’z -G

_ —%ln(B) if m = 0
with m > 0. Herein powers of the pullback of the spatial contra-variant metric g~! are com-
pared with the material contra-variant metric G'.

A similar setup in %; is obtained if the pullback of the spatial metric tensors is not performed
via the total deformation gradient F' but in terms of solely its reversible part F.. In this context,
the following strain measures take the interpretation of an elastic setting with respect to %;. By
analogy with Eq. (24) we obtain

1

~m ~

1 ~k ~k -~ 2
~pm 1N 9N =—[G-U" -G
m m
1 Al A A
:—[G-[G -Ce]sz}
~ ~ o~ m
Ee(m)(CO;G) = 1 1 ) (26)
~k ~k ~ o~
5m(;fk)z\re @N, =56 U,)
:éln(&) if m=0
and Eq. (25) corresponds to
1 - - 1 ool oem e
SNy @Ng=—[6 —U." & ]
m m
1141 A1 ~ =~ om
:—[G -G -[G-Be]z}
~ ~—1 m
Ke(m)(Bc;G ): 1 (27)
-~ -~ ~—2 -1
—-I(A3) Nk Ny = —=In(U, -G )
1 ~
= —5(B.) ifm=0

whereby the restriction 7 > 0 is assumed to hold for both types of strain measures, i.e. for the
co-variant tensor E’e(,m) as well as for the contra-variant tensor IA(e(m).

While the previously highlighted strain measures are defined in terms of pullback operations
of metric tensors in 4, to %, or to %;, respectively, we can alternatively introduce pushforward
transformations of metric tensors in either %, or %; to %,. By comparing the obtained
deformation tensors with metric tensors in %, renders alternative strain measures which,
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conceptually speaking, are related to the inverse motion problem; for a general discussion on
configurational balance relation for the problem at hand the reader is referred to the outline in
Menzel and Steinmann [43] and references cited therein. By analogy with Egs. (24) and (25), we
obtain the co—variant spatial strain family

1 1
1= pm k k_ — .M
L =A"Intent =—Ilg—g-v™"]
1 _ m
g9l
€(m) (c;g) = (28)

1 1
—éln(/l,;z)nk @nf = —gln(g -v7?)

= —%ln(c) ifm=0

and the contra-variant counterpart reads

1
%Mkm — 1 @n,=— " g —g7']
R N z -1
y 7%[9 lg-b]*—g }
“In(22)n; @ ny = =In(v? -g 1)
==Inb) ifm=0
for m > 0.

Finally, we place emphasis on the reversible part of the deformation gradient F', instead of the
total tangent map F' and obtain similarly to Eqgs. (26) and (27) the spatial co-variant strain measures

1

771[1 — " Ing o ng = g9-g-v]
1 -1 w
:/’/T/L[gfg.[g .ce]z}
€c(m) (ce§g) = 1 1 (30)
—-In(22)nf @ nf = —ZIn(g - v.?)
1 .
=——lIn(c,) ifm=0
2
with the corresponding contra-variant representation consequently taking the format

1., 1 .
E[Xiﬁ—llne;ﬁ@nezf:%[ve 9 —g7"]

kc(m)(beLgil) = (31)

1
In(25 )ne; @ ne, = iln(uf g Y
1 .

for m > 0.
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Remark 3: The previously highlighted list of Seth-Hill-type strain measures is by far not
complete — for instance the deformation tensors C; and B; have, up to now, not been incor-
porated. In this regard, a typical example is provided by, e.g.,

Ei5(C;C) = F ' % E 5 (Cs; G) = = [C — C}] (32)

DO —

with By -G~ - C £ C -G\ -Eyy while By G -Co=C. G By, constantly holds,
Since absolute tensor representations (besides spectral decompositions) are applied in this work
and any additional assumptions on isotropy are avoided, we predominantly restrict ourselves to
the strains highlighted in Egs. (24)—(31). Moreover, appropriate evolution equations for, e.g.,
the irreversible part of the deformation gradient will be expressed in terms of appropriate strain
measures in this work. In other words, the inelastic spin of F'; will be neglected. Please note that
the presented (kinematical) framework is not restricted to one single intermediate configuration
but also allows extension to the combination of several intermediate configurations, see, e.g.
[44] for an outline. Even though it seems to be natural to introduce mixed-variant strain
measures, compare remark 2, we refer to the highlighted co- or contra-variant strain tensors in
the following.

Remark 4: Seth-Hill-type strain measures represent solely one particular family of strain ten-
sors. The general definition of strain measures is commonly introduced in terms of the strain
eigen-values, s, say, which are monotone functions with respect to appropriate principal
stretches, A, say, with sk().k)hk:l =0 and a;,ksk(;»,c)\ik:l = 1. This enables us to define
admissible strain families in terms of for instance combinations of Seth-Hill-type strain
measures like

1 ﬁ[G~Um—U7m~G]
E(m) = —[E(m) + G -K(m) G] = (33)

2 LIn(G - U%) —In(G-U2)] ifm=0
or
1 2G U"++G U - [L+HG
Lonmy =35 [E +Eq)) = 1 ’ . (34)
LG U"+1in(G-U*) LG ifm=0

for m,n > 0 — with the outline for 7 > 0 but n = 0 as well as I'(g gy = E o) being obvious; see
e.g., [45] or [46] where several applications based on the introduction of ) are elaborated. The
setup of similar strains of contra-variant nature, derivations with respect to other configura-
tions and the combination of more than solely two strain tensors are straightforward and
therefore omitted.

Furthermore, the spectral decomposition enables us to represent strain measures as isotropic
tensor functions based on the eigenvalues of other strain tensors, for instance,

1 [[nE(n)k F1F - 1}N’f ® N*

m

E () = Eu(B) = § & [lexp@Eq)lf = 1N o N ifn =0 (35)

m

sin([(nE gy + 1F)N* @ N*ifm =0



240 A. Menzel

wherein E,- oy = 2[2" — 1] and E (g, = %ln(/lﬁ) abbreviate the set of eigen—values with respect
to E(,), m > 0 as well as 7 > 0 and the case m =7 = 0 being trivial.

Finally, note that general strain tensors are not restricted to represent quantities in solely
one single configuration — even though the geometric interpretation of strain as change of
metric with time is then formally lost. In this regard, Bock and Holzapfel [47] recently
introduced the strain tensor X" =% [F — F '] possessing the property |7Y-g-T|| — oo for
det(F) — oo or det(F) — 0, the latter case (possibly) becoming more important for, e.g.,
numerical applications.

Remark 5: A volumetric/isochoric split of generalized strain measures follows straightfor-
wardly by replacing the considered strain tensor with its unimodular part. To give an example,
let {8} abbreviate a representative strain measure so that {e}r—{e}™ = det™'/3({e}){e} rep-
resents the corresponding unimodular part; see [29],[30] and [48] for detailed outlines.

3.1 Relations between different strain measures in one configuration

The previously highlighted introduction of Seth—Hill-type strain measures suggests that there
exist transformations which map co—variant strains onto contra—variant representations within
one strain family and within one configuration. Taking the particular format of the linear
tangent maps as reviewed in Egs. (5)—(7) into account, one observes the fundamental relation
E(m) : G_l = C% : K(m) — K(m) -G = B% : E(m) (36)
for those strain measures set up in Egs. (24) and (25) with respect to 4. As an interesting side
aspect, Eq. (36) generally holds for m > 0. Similarly, we obtain the corresponding strain ten-
sors in the intermediate configuration %;

~m o~ ~

Ey G'=C! Ky < K G=B: Eyy, (37)
recall Egs. (26) and (27). When placing emphasis on the spatial configuration %4;, Egs. (28)—(31)
consequently result in

m

e 9 =t ki o Kiy-g=b% e,

m m (38)
€e(m) 971 =c:- ke(m) e ke(m) ‘g =bd- €c(m)-
Remark 6: Please note that the above transformations allow alternative representation in terms

of appropriate stretch tensors, to give an example

m m

E, .Gl = C* K - U%¥.G -U* K

m m

(39
v .G K - v = y¥.@ Ky G-U? - G, )

whereby use of Eq. (18) has been made.

3.2 Relations between different strain measures in different configurations

In addition to the transformation relations of strain measures in one configuration the by far
more interesting task consists in the correlations between strain measures in different config-
urations. Without these connections, typical pushforward and pullback transformations
between the introduced configurations of interest (namely application of the fundamental



Generalized strain measures for anisotropic multiplicative inelasticity 241

covariance principle with respect to, for instance, the Helmholtz free energy), as commonly
applied in computational inelasticity, would not be accessible.
In this context, we first observe

R~*E;, g =g kg, R+K,)-g=9"" e (40)
as well as
R.+E) 9 =g ko), RexKein) 9=9" ecm), (41)

which becomes obvious from the underlying spectral decomposition theorem and, practically
speaking, identifies identical eigenvalues

E(m)k = k(m)lm K(m)k = C(m)k> Ee(m)k = ke(m)]cv I?e(m)k = Ce(m)k> (42)

wherein the abbreviation E(,, collects the eigenvalues of E(,,, etc.; compare remark 6.
Apparently, Eqgs. (40)—(42) hold for m > 0. Based on these relations, taking the transforma-
tions between the underlying eigenvectors into account and recalling Egs. (5)—(7), we second
obtain the sought transformations, namely on the one hand by analogy with Eq. (40),

F*E(Wn.g*l:c.k(m)’ F*K(m)g = b'e(m)v

(43)
F %k, G=B- Ey), Flxeu)  G'=C Ky,
while on the other hand the representation which stems from Eq. (41) reads
Fe*E'e(m) 'g_l = ce'ke(m)> Fe*I?e(m) ‘g = be'ee(m)7

(44)
F;l *ke(m) -G = Be Ee('m)7 F:l *ee(m) . G71 = CYe . Ke(wz)

Remark 7: Please note that the above transformations allow alternative representation in terms
of appropriate stretch tensors, to give an example

1 -1

F*E(m).971 = de.R*E(m).vfl,gfl = U*d.g.k(m).g.v* -g

=v g -Kky, v = vlg-vl kg, = ¢ kim),

whereby use of Egs. (18) and (40) has been made.

4 Helmbholtz free energy density

In order to incorporate both types of generalized strains, namely those measures referring to
the total deformation as well as those quantities which allow interpretation as an elastic
setting with respect to %;, we assume the following additive split of the Helmholtz free
energy density:

Yo (F,Fi,A; X) = YO (E ), G A X) + Y5 (E o), 61,4 X), (46)

wherein A and A = F; x A represent an additional contra-variant second order tensor which is
assumed to be symmetric. Further arguments — which enable for instance the modelling of
different hardening effects — are neglected for the sake of simplicity. With Eq. (46) in hand, the
fundamental covariance relation apparently allows us to rewrite the Helmholtz free energy
density as
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Yo(F.F,A;X) = Y)(E (), G ", A; X) + Y (E (), Bi, A; X) (47.1)
= YO (E ), 01,4 X) + Y5 (Eopm), G, A; X) (47.2)
= l//g(c : k(m) ‘g, b,a;X) + lpg(cc : ke(m) ‘g, bc’ a;X) (473)

with Eq :Fi’1 *E’e(m), E‘(m) =F;xE(, and a = F xA. The reader is referred to, e.g.,
[33] and references cited therein, for background information on the covariance prin-
ciple. A particular application of this fundamental principle consists is the invariance of
the Helmholtz free energy density under superposed material isometries (onto the
arguments of 1y, with respect to the representation highlighted in Eq. (47.1). Concep-
tually speaking, the Helmholtz free energy is characterized by an isotropic tensor
function determined via two sets of invariants. For clarity’s sake, however, but without
loss of generality we will assume A to remain constant during a deformation process in
the progression of this work. Each set of invariants consequently includes solely five
invariants, to be specific

L =1 : [Eu G T : [E(, b))
=i : [[c ki -g] b’ =i :[g-kw),
Loy =1 - [EW (G E ! »A} -7 [E(W[Bi.i;(m)}“* -2} (48)
=i [[c~lc(m> gl-[b-c-ky, gl a},
and
Ij =1 : By -BY =T1: By G
=i : [[ec ke g) D) =i [g-kem!,
R (49)

Ieyis = I [Ee(m)'[Bi'Ee(m)]a71 A} =1: [E’e(m)-[671 ~E’e<m)][x71 2}

=1i: [[ce‘ke(m)'g]'[be'ce'ke(m)'g}a71'a}a

with j = 1,2,3 and « = 1,2, compare Eq. (18). The underlying (elastic) symmetry group G of
the considered body B, as based on the subsequent hyperelastic formats of representative stress
tensors, based on for instance 1/18, is defined via

G={Qec0’|QrA=A}, (50)

see, e.g., [49] or the contributions in [50]. A typical example is provided by transversal isotropic
symmetry so that A = vy ® vy while orthotropy can be monitored via A = vy Q vy — Wy @ Wy
whereby vy - G -wo = 0; see, e.g., [51] and [52] for the definition of (“‘general’) structural
tensors characterizing crystalline and non—crystalline symmetries.

Remark 8: Itis obvious that the Helmholtz free energy density as represented in Eq. (46) can be

..........

tensors, respectively. Moreover, both sets also allow consideration as internal variables such
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that these arguments would evolve during the deformation process. In this regard, the reader is
referred to [35] and [53].

Remark 9: Please note that the highlighted format of the Helmholtz free energy in, e.g., Eq.
(46) captures several standard approaches of typical (isothermal) ‘constitutive models’, namely

hyperelasticity (y, = tﬁg), plasticity (Y, = ) or viscoelasticity (Y, = zﬁg + g, the general-

straightforward).

5 Coleman—Noll entropy principle

The pointwise format of the isothermal Clausius—Duhem inequality reads

Nl Oy
oF Fi'DtF OF;

Ty =M :D,F —Dppy =" : D,F — :DF; >0, (51)

F

whereby the notation D; characterises the material time derivative. From Eq. (46) and
C.=F;'.C F;', recall Eq. (1) and Egs. (11)-(13), we obtain

Mol _ oWy OEw OC OB 0C, (52)
OF |, OE., OC "OF 0F,, o€, OF|,

as well as

No| _ OWg :aE“e(m):a&C (53)
OFilp OE., oC. OFi|

compare, e.g., [54]. In order to abbreviate notation, we introduce symmetric stress tensors of
second Piola—Kirchhoff-type which are essentially based on commonly applied projection
operators, to be specific

1" = 1, P, 1§ = T;, :P,, with
o - e
0 = o, e = ~ 10 and
(m) OE (1) | () OF () (54)
OE (m) o~y aE' e(m)
P(’m) = y P ) = =,
aC (m) aC.,
see also remark 10. Based on these notations, the computation of the derivatives OrC, 8pé'e .
and O, (AJQ‘F finally renders i
T = [Hd g F-8—g.F-F'.§ .F;d} . D,F + [@ 5 -F{d} . DF; > 0. (55)

It is now straightforward to adopt the standard argumentation of rational thermodynamics and
to introduce a hyperelastic constitutive equation for the Piola stress tensor

n=g-F-$"+g-F 'Ffl . 8¢ ~Fi*d (dual: D,F) (56)

in addition to the remaining part of the dissipation inequality
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Do = [6’ 5 ~F;d} . DF; > 0. (57)
Now, standard pullback operations to the material setting result in
Mi=C-S8"+C -F'.8 F ' (dual L),

S=8"+F1. 8§ F1 (dual: D,C), (58)

90=[C-F* 8 F L0,

whereby symmetry relations and the following notations have been applied:
L=F' DF — DC=2C-L", L;=F7'-DF,. (59)
Likewise, standard pushforward transformations to the spatial setting consequently yield
mi=g "+g-1° (dual:l),

T=1"+1° (dual: L.g), (60)

Dy = [g.FC@C-Fg} L=[Fl.g -t F]:DF >0,

with
I=D,F F' — Lg=2¢g "™, =F,DF; F! (61)

being obvious, and the Kirchhoff-type stresses allow similar representation as the second
Piola—Kirchhoff-type tensors in Eq. (54), namely

IF«8" = 1% = t?,m) D) 1F, *S¢ 1o = ¢, :p(,,  with
alpo N 8lpe
F TO _ 0 — 0 Fe T® — e — 0
* (m) t(m) a[c . k('m) g] ) s X (m) t(’/ﬂ) a[ce . ke(m) g] and (62)
(9[(3 'k(m) -g] e o a[ce 'ke(m) -g}
FxPoy = B = —=  FexPu) =9 = p )

compare Eq. (48) and (49) and remark 10. The abbreviation L;{e}, as applied in Egs. (60)
and (61), denotes the Lie derivative of the quantity {e}, ie. Lg=F ¢.D,C-F!=
lg -1+ g - 19" with D,g = 0.

Remark 10: For convenience of the reader the general format of the projection tensors as
introduced in Eqgs. (54) and (62) is highlighted in the following. To give an example, the
particular operator P(,,) = dcE,, reads

P, = 4 *N* @ N* @ Ny @ Ny

| L P (63)
Mo — 4

for I # k and m > 0, wherein use of E(,, — By = &

review the reader is referred to, e.g., [12] or [48] where the case of equal principal stretches is
additionally addressed; in this regard, see also the contribution by [55] and the general elab-
orations in [56].

[47 — A"] has been made. For a general
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5.1 Relations between different stress tensors in one configuration

Based on the relations between different generalized strain measures as highlighted in Sect. 3.1,
it is now straightforward to derive transformations between correlated stress tensors in one
configuration. To be specific, Eq. (36) results in

_ Oy ,3K
) 0K )|, OB,

smo oYy
[B Y m) G~ } with Y(,m—aK(m)F (64)

so that ¥,y = [67 . T(m) - G]™, while similar elaborations based on Eq. (37) render

7 = W ~3Ke<m> (B ¥, e wim ¥y, = 2o (65)
U 0Ky OBuy L™ " oK
) (m)

or Y (m) = [C T G]S“Il respectively. By analogy with theses derivations, we observe for the
corresponding spat1a1 stress tensors

g 0e(m) o Oy
tim) = : =|b-c?-z with 2z, = 66
" Oequlp, Ol ki 9] [ ) " e (%)
so that 2(,) = [bT - ¢ - ()™, as well as

al//(e) 8ee(m) |: n sym . 8!#8
o = : = [bo-ci 2, with 2, = 67
(m) ey Olce - Keim) - 9] e re " =(m) (m) 0€ () (67)

or z?m = [bZ-cCe- t?m

)]Sym, respectively, whereby Eq. (38) has been taken into account.

Remark 11: By analogy with Eq. (35), one can also relate different stress tensors in terms of
different generalized strain measures with respect to one configuration. The lines of derivation
in this regard are commonly based on the comparison of energetically conjugated quantities as,

D/E ) = T?m :DE(, and T, : DB, = T¢

n)

e.g., Tm) : DtE'e(n) for m,n > 0, respec-
tively. We do not place emphasis on these transformations in this work but refer the reader to

the elaborations in [57]H62] for detailed revisions.

5.2 Relations between different stress tensors in different configurations

The transformations between the stress tensors {S°,7°}, {gc,re}, {1°,¢"} and {?e,te} are
determined by direct pushforward and pullback operations which have already been high-
lighted in Sect. 5. Based on the relations between different generalized strain measures as
reviewed in Sect. 3.2, it is now straightforward to derive further transformations between
correlated stresses in different configurations. To be specific, Eq. (43) results in

BK ] sym

Zm =Y =[F-¢"' Y, F'. (68)

' Be (m)
so that ¥(,,) = [G-F ' - z(,,) - g - F]"™, while similar elaborations based on Eq. (44) render

7 0K, )

_ A-1 e -1 -1
o G _[F’e-G Yy, F.'-g } (69)

Zm) =
or IA’("W) —[G-F;! -z?m) -g - FJY™, respectively.

With these relations and those elaborations highlighted in Sect. 5.1 in hand, we can also
relate the remaining stress tensors. For completeness, we finally mention the rather lengthy
expressions
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m sym

Z(m) = [F'Gfl -[ct T, 6" F! 'g_l} ’

~ ~m ~7sym sym (70)

2, = [Fe Gl [CE T, - G} F! .gﬂ}
and

m _ sy’ _1]sym
T = {B?' G- F -z, g -F""G 1} :
~ ~m ~ sym .~ sym (71)
T?m) = [ 2z [G .Fgl .z?m) g ‘Fe} ,Gfl}
5.3 Associated inelasticity
According to the (reduced) dissipation inequality (57), namely
Dy = [6‘0 S‘} :L;>0 with L;=DJF, F ., (72)
associated evolution equations are straightforwardly set up via
~ a¢(&e ~§°7I?;X) ~ aqb(ée -§0,1?r;x)
Li = Dt) = D[)Be . 5 (78)

o[C, - 8] o8°
wherein D,/ > 0 denotes a multiplier which is either derived from further constitutive
assumptions, as for instance for viscous response, or determined from restricting the incor-
porated potential or rather yield function ¢ < 0 so that ¢ D;A = 0. The tensorial variable H
denotes an additional argument that conveniently enables the formulation of, e.g., anisotropic
flow rules. On the one hand, the introduction of the scalar—valued potential ¢, from which we
derive associated flow rules, restricts the type of evolution equation as compared to the general
anisotropic case or rather a comprehensive tensor function with respect to the arguments
incorporated into ¢. On the other hand, the associated format is considered to be sufficiently
general for the problem at hand. Alternatively to the representation in Eq. (73), transformation
of the derived relation to the material or spatial configuration, respectively, renders

a¢>(c F7l.§ -F;d,H;X) a¢(c F7l.§° -F;d,H;X)

Li = Dz)», — = Dt/lB . — (74)
and
.t h: X 1 h: X
L=, 200 X)) g 0GR X) (75)
Olg - °] 01,

wherein H = Fi’1 xH and h = F. » H. An alternative evolution equation in terms of spatial
arguments is provided by —1L;b. = [l; - b]™™ = — 1D, 1 dg ¢, wherein &° = —p Y(;; see [35] for
a detailed discussion. Assuming an isotropic setting, i.e. @ and h vanish, we obtain the
well-established representation —%Ltbe =D, g7} - O, ¢ - b, which allows similar representa-
tion with respect to the intermediate and material configuration via straightforward pullback
transformations.

Besides the fact that the Helmholtz free energy density is defined in terms of material,
intermediate and spatial generalized strain measures in addition to appropriate metric tensors
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and structural tensors, the evolution equations (74) and (75) represent well-established formats
of associated flow rules for anisotropic finite inelasticity.

Remark 12: The stress tensors of Mandel type which are incorporated into the potential ¢ turn
out to be non-symmetric for the general elastically anisotropic case. The eigenvalues of
these tensors, however, remain real since the Mandel type stresses are determined by the
product of two symmetric tensors with one of them being positive definite, namely C, (1 and g
for the problem at hand; compare, e.g., [63]. Due to the mixed—variant nature of these stress
tensors, trace operations are defined with respect to appropriate identity tensors, so that for
instance the deviatoric part of these stresses allows representation as

~

CF & F - cF' & F JC:F§ F
[ae' Sve ]dev _ 6’e' Sve _%[ae Sve }/I\d’ (76)
T L " D

6 Green—Naghdi type inelasticity

In contrast to the previous Section, where finite inelasticity has been discussed in a rather
general context, we next place emphasis on a particular approach which dates back to the
pioneering work by Green and Naghdi [64], see also the review article by Naghdi [65]. The
fundamental kinematic assumption thereby consists in accepting y; to take the represen-
tation

Vo(F.E A X) = Y Eg - Ei,G L 4;X)
= lpg( E(m) - E’iai)\ia;{;X) (77)
= Wl cku-g - ebaX)
so that
1y = s =1 =7
Ij =T : HE(W,)—EI]G 1]] =1: |:|:E(m)_E1:|b1i|

lc-kiy-g—e]-b] = i: |g-ku,—e bl

[
Lis = T+

= 7 ¢ |[Bon - B [Br- [Ben - B]] 4]
|

=i [c'k(m)'gfei]'[b'[c'k(m)'g*ei]]ail‘a},

with j =1,2,3 and « = 1,2, which is in contrast to Eqgs. (47)-(49); see also remark 3. The
incorporated symmetric straiAn measures E ), E’(m) and ¢ - k() - g are thereby referred to the
total deformation while E;, E; = F, x E; and e; = F x E; take the interpretation as symmetric
internal variables similar to the generally nonsymmetric irreversible distortion F;. Conceptually
speaking, this approach recaptures the formal structure of a small strain inelastic setting except
that generalized strain measures — based on the total deformation — are incorporated and
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appropriate metric tensors are taken into account. Apparently, the representations in Eq. (77)
in terms of material and spatial arguments are preferable compared to the intermediate format
since neither F'; nor F, are directly accessible within this framework. This aspect is also reflected
by the considered metric tensors which differ from those applied in Eq. (47). In this context, and
also for the sake of brevity, we will mainly place emphasis on formulations based on either
material or spatial arguments, respectively, in the following.

6.1 Associated inelasticity

Similarly to Eq. (72), the isothermal dissipation inequality, as based on the ansatz highlighted
in Eq. (77), now results in

Dy =— Oy D.E; = — Wl . LiE; = - iy Lie; >0 (79)
8E’i F 8E1 F aei F

with
M| Ny OEw —E]  dg _ me
OFE; | O[E, — Ej] OE; r OlE@m) — Ej

as well as

ol o ek g—ell oy, 81)
oe; |p olc ki -g—ei’ Oe; r Olc-ky,-g—ei (m)>

respectively, wherein the notation introduced in Sect. 5 for stresses derived from generalized
strain measures has been adopted. By analogy with Eq. (74), we consequently define associated
flow rules via

agb(T?m),C,H;X) 1. aqy(T;m),c,H;X) K
DLEi == Dt)‘ c = Dt/L 02 . o . G (82)
T, oYy,

wherein ¥{,,, = Ok, ng‘ and use of the symmetry of ayim) ¢ has been made; compare Sect. 5.1.

E;
Similarly to Eq. (75), the spatial representation of the sought evolution equation results in

(£, 9.:X) . 09(t,.9.h:X)
? = Dl/{ c-b:- a—e
Lim) Z ()

sym

Lie; =D, (83)

wherein 2, = ey, 1//8‘ and use of the symmetry of 82((‘ )(j) has been made; compare Sect. 5.1.
e m)

Based on the elaborations highlighted in Sect. 5.2, we finally identify the relations

op(t;,,9 kX
wligan)

Sym— Sym

DE;, =D,A|C% . |[F~1. g7}

B - sym symT Sym

{0 m X)) o

=DAlCt- |F1.g! |ct-b
Z 7 Ol

m

and
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- m [ 8¢>( ?m>7C7H;X) Sym- sym
L =Dij|c-b?- |g-F- - G.F!
[0) g
B M A (g;'e’ “/.¢' G- F! (85)
L (m)

o (T§m), C,H;X)

=DF*.
' oT,,

Fl1=F1.DFE, F

As previously mentioned in this Section, the proposed Green—Naghdi type framework
takes the interpretation as an inelastic setting with respect to the reference configuration
with the formal structure of a small strain setting being recaptured. This idea is also
reflected by the flow rules in Eq. (81) since the covariant metric C(g) is additionally
incorporated besides the symmetric generalised stress tensor T7,, (t?m)). Analogous ex-

pressions have apparently not been introduced into the previously highlighted evolution
equations (73)—(75) since, e.g., trace operations of the Mandel type stress tensors in-
corporated into these relations are performed with identity tensors which are redundant,
compare remarks 12 and 13.

Remark 13: Alternatively, the potential ¢ could also be introduced with respect to different
metric tensors, e.g., ¢ = d)(Tfm),G,H;X) = qﬁ(t?m),ah;X). This ansatz, however, would

not reflect the idea that corresponding trace operations in terms of spatial arguments are
related to the spatial co—variant metric as, e.g., in Egs. (75) and (76). Contrary, the par-
ticular choice highlighted in Eq. (82) renders for instance the deviatoric stresses to take the
representations

T R L L &)

7 Summary

The main goal of this work was the elaboration of pushforward and pullback transformations
between different Seth—Hill type strain measures embedded into established frameworks for finite
inelasticity. A fundamental backbone for the highlighted derivations was provided by application of
the spectral decomposition theorem as well as absolute tensor representations. These considerations
enabled us to develop equivalent sets of material, intermediate and spatial generalized strain tensors.
Based on the fundamental covariance of the Helmholtz free energy, correlated stress tensors —
settled in different configurations — have been introduced. With these elaborations in hand, two
different associated inelasticity approaches have been discussed whereby neither the particular
elasticity law nor the incorporated flow rule were restricted to isotropic response. Summarizing, the
basic sets of constitutive equations of finite inelasticity based on material, intermediate and spatial
generalized strain measures have been highlighted. From the modelling point of view, this vari-
ability or rather general framework broadens the spectrum of possible particular formulations for
finite inelasticity which, for instance, is of special interest for numerical applications and serves as a
convenient platform for the implementation of efficient algorithmic settings.
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