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Summary. The steady flow of a fluid, called a fourth-grade fluid, between two parallel plates is considered.
Depending upon the relative motion of the plates we analyze four types of flows: Couette flow, plug flow,
Poiseuille flow and generalized Couette flow. In each case, the nonlinear differential equation describing
the velocity field is solved using perturbation technique and homotopy analysis method. The pressure
distribution is also found. It is observed that the homotopy analysis method is more efficient and flexible
than the perturbation technique.

1 Introduction

Couette flows are generated by the action of boundaries in relative motion. Typical examples of
commonly used boundaries are two parallel plates or two coaxial cylinders or a flat plate and a
convex cone with its apex touching the plate. In this paper, we consider steady plane Couette
flows obtained in the region between parallel plates sliding with respect to each other.

The fluid between the plates is of fourth grade which is a non—Newtonian fluid and fails to
obey Newton’s viscosity law. Such a fluid cannot be described as simply as Newtonian fluids.
Non—Newtonian fluids are not of rare occurrence. As remarked in [1], they are to be found
close at hand everywhere. Many solid-liquid and liquid-liquid suspensions, solutions of macro-
molecules, molten plastics, mammalian whole blood and synovial fluid (fluid found in health
joints) are treated as non—Newtonian fluids. The study of such fluids is therefore of wide
interest and significance for researchers in biological and non-biological fields.

The classification of non—Newtonian fluids as second grade or higher grade fluids is based
on the differential type of constitutive equations involving the Rivlin-Ericksen tensor. It has
been shown by many authors that in several problems in which the flow is slow enough, in
the visco-elastic sense, the results given by Oldroyd’s constitutive equations are substantially
those of the second or third order Rivlin-Ericksen constitutive equation. As remarked in [2],
it seems reasonable to use second or third-order Rivlin-Ericksen equations in carrying out
the calculations. This is particularly so in view of the fact that the calculations would
generally be still simpler. For this reason, in the present paper we consider a fourth-grade
fluid.

In obtaining plane Couette flows using a fourth grade fluid, four different problems
depending on the relative motion of the sliding plates are considered: (i) one plate is moving
and the other is at rest, giving simple Couette flow; (ii) both plates are moving with same speed


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 657.638 847.559 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice


118 A. M. Siddiqui et al.

in the same direction, giving plug flow; (iii) both plates are stationary, and the fluid is forced
under constant pressure gradient, producing Poiseuille flow, and (iv) either of the two plates is
moving with constant speed in the presence of an external pressure gradient, generating gen-
eralized plane Couette flow.

The steady plane flow problems of a fourth grade fluid are usually solved by perturbation
techniques. In [2], Erdogan used such a technique to solve the nonlinear differential equation
describing the steady pipe flow of a fourth-grade fluid. Recently, the homotopy analysis method
has been widely used to tackle nonlinear partial differential equations. Regarding the homotopy
analysis method and its applications we refer to [3] and [4]. Recently, Ayub, Rashid and Hayat
[5] applied this method to obtain some exact flows of a third-grade fluid past a porous plate. In
another paper [6], Hayat, Khan and Ayub used it to give some explicit analytic solutions of an
Oldroyd 6-constant fluid.

In this paper, we use the perturbation method as well as the homotopy analysis method to
obtain the solutions of steady plane Couette flows, and the corresponding results are compared.
The organization of the paper is as follows: Section 2 contains the basic equations. Section 3
gives the solution of the four problems of Couette flows using perturbation technique. In
Sect. 4.1, the basic idea of the homotopy analysis method is discussed and the method is then
used in Sects. 4.2 to 4.5 to analyze the four problems of Couette flows. Section 5 is reserved for
conclusions.

2 Basic equations

Let us consider two infinite parallel plates separated by a constant distance 2d. We use an (x,y)
coordinate system, where x is in the direction of motion of the fluid between the plates and the
y-axis is perpendicular to the plates.

The basic equations governing the motion of an incompressible fluid, neglecting the thermal
effects and body forces, are

divv =0, (1)
Dv
pE =—-Vp+ divr, @)

where p is the constant density, v the velocity vector, p the pressure, t the stress tensor, and [%
denotes the material derivative.
As discussed in [7]-9], the stress tensor t defining a fourth-grade fluid is given by

=" s, (3)

i=1

where

Si1 = A1 Sy = Ay + Al

S3 = B1As + By (A1Az + AxAy) + B3(tr Az)Ay,

Si = 1A + 75 (AsA; + A1As) + 95(A3) + 74 (A2AT + ATA)

+ '75(( tI‘Ag)Az) + V@( tr Az)A% =+ ('))7 tr Afg =+ Vs tr (AzAl))Al,

where p is the coefficient of viscosity and oy, ag, B, Bo, B3, V15 V25 V3, Va» V5, Ve, V7 and yg are
material constants. The Rivlin-Ericksen tensors A,, are defined by
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A, = I, the identity tensor,

DA, _
and A, = D); ! +A’n,—1(vv) + (VV)tAn,I, n>1. (4)

Since the flow is one-dimensional, we assume that
v = (u(y),0,0). (5)

For steady one-dimensional flow of a fourth grade fluid, Eq. (2) in component form yields:
X-component:

dp d*u du\*d?u
= 2244 =) === 6

ot ) (5) G )
y-component:

dp d [ (du\® 76\ d [du\?
(2 (= 4 ’ 1 D) (=) =0. 7

dy+(a1+a2)dy<(dy)>+ (/3+y4+y5+2)dy ay (7)
Introducing the generalized pressure p* by the relation

. du\® Y6\ [Au 4
Pt =—p+ (201 + o) (@) +4(/3 +74+ 75+ E) (@) (8)
and substituting p* in Eq. (7), we find that
dp*

=0 9

dy ’ 9)
showing that p* = p*(x). Consequently, Eq. (6) reduces to the single equation

dp*  d*u du\ 2d?u
2 2716 ) == 10

This is a second-order nonlinear ordinary differential equation. We note that in Eq. (10) no
contribution comes from Sy and Sj.

3 Perturbation method

The perturbation method is the traditional technique to solve nonlinear problems. The basic
theme of the method is to expand the required solution in powers of the parameter ¢ (small
or large), present in the differential equation, substitute the assumed solution in the equa-
tion and equate the coefficients of like powers of ¢ on the both sides of the equation to
obtain a system of differential equations and solve them using the initial/boundary condi-
tions.

In the following, we use the perturbation method to solve Eq. (10) with boundary conditions
corresponding to different problems of Couette flow.

3.1 Plane Couette flow problem

Let us assume that of the two plates the upper plate moves with constant speed U, while the
lower plate remains at rest and that there is no pressure gradient. Then Eq. (10) governing the
flow of the fourth-grade fluid between the plates becomes
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d2u dw\ 2d?u
—+6 — ) —=0. 11

The corresponding boundary conditions are
uy)=0 aty=0,

(12)
u(y) =U aty=2d.
Taking € = 6(f, + f3)/u as small parameter, we consider the perturbation expansion
u(y) ~ uo(y) + ewr (y) + Euz(y) + ... - (13)
Using Eq. (13) in Egs. (11), (12) and then equating like powers of ¢ we obtain the following
problems:
Zeroth-order problem
d?u,
dy?

=0 (14)

with boundary conditions

u(y) =0 aty=0,

Uo(y) =U aty=2d,

the corresponding solution being
U

=55Y

First-order problem

d?uy (du0>2d2u0 B

dy* dy ) dy*

Uo(y) (16)

(17)

subject to the boundary conditions

ui(y) =0 aty=0,

ui(y) =0 aty=2d.

Substituting u, in Eq. (17), the solution of (17) satisfying conditions (18) is given by

u1(y) =0. (19)

Second-order problem

a2 2 2 du, 2000
U du, du1+ u%duzo (20)
dy* " \dy) dy* " dy dy dy?
the boundary conditions being
us(y) =0 aty=0,
@1)

us(y) =0 aty=2d.

Substituting for u, and u; from Egs. (16) and (19), respectively, and using Eq. (21) we obtain

uz(y) =0. (22)
Thus, the perturbation solution up to second order is given by
U
=—y. 23
uly) =559 (23)
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We remark that the solution (23) for the plane Couette flow using a fourth-grade fluid comes
out to be the same as for the Newtonian fluid and also for the Oldroyd 6-constant model
obtained by Hayat et al in [6].

3.2 Plug flow problem

For plug flow we assume that both the plates move with constant speed U, and the pressure
gradient is zero. Therefore the flow is due to the motion of both the plates. In this case the
equation governing the motion will remain the same as Eq. (11), however the boundary con-
ditions, with wx-axis in the lower plate, will take the form

u(y)=U aty=0,

(24)
u(ly)=U aty=2d.
Here we take € as in Sect. 3.1 and substitute Eq. (13) into Eq. (11) using the boundary
conditions (24). Then we obtain:
Zeroth-order problem
d?u,
dy?

—0 (25)

and the boundary conditions are

uo(y) =U aty=0,

(26)
u(y) =U aty=2d.
The solution of the zeroth-order problem becomes
uo(y) =U. 27)
First-order problem
2 272
d 251 duo d Z{/o -0 (28)
dy? dy ) dy?
with the boundary conditions
ui(y)=0 aty=0,
(29)

ui(y) =0 aty=2d.

Making use of u, in (28) and solving the resulting equation with conditions (29) for first-order
solution, we get

u1(y) = 0. (30)

Second-order problem

d?uy, duy\ 2d%u, 2duodﬂolzuo _0 (31)
dy? dy ) dy* dy dy dy?
under the boundary conditions
us(y) =0 aty=0,
(32)

us(y) =0 aty=2d.
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Substituting the zeroth-and first-order solutions into Eq. (31) and solving the resulting equation
which satisfies the boundary conditions (32), we obtain

uz(y) = 0. (33)
Thus, the perturbation solution of the plug flow problem up to second order can be written as
u(y) =U. (34)

3.3 Fully developed plane Poiseuille flow problem

For fully developed plane Poiseuille flow, we assume that the upper plate and the lower plates
are stationary, and the fluid is forced under constant pressure gradient. Then the equation of
motion (10) in the presence of the constant pressure gradient A takes the form

2 2 52 *
A
M.‘.M d_u d_u—_’ WhereA :dp (35)
dy* I dy

dy:  u dx
Taking the x-axis midway between the plates, the boundary conditions are

uy)=0 aty=—d,

uly)=0 aty=d.
Proceeding as before, we obtain:

Zeroth-order problem

d*u, A
o A 37
ar - n (37)

along with the boundary conditions

uo(y) =0 aty=—d,
(38)
u(y) =0 aty=d.

We obtain the solution of zeroth-order problem given by
Ao
Uo(Y) :ﬂ[y —d?]. (39)

First-order problem

d?uy (duo)zdzuo

dy? dy ) dy?

=0 (40)
under the boundary conditions

ui(y) =0 aty=—d,

ui(y)=0 aty=d.

When we substitute u, in Eq. (40), the first-order solution is given by

ui(y) = 15,3 [d4 - yﬂ- (42)

Second-order problem
The second-order problem along with the boundary conditions is given by
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2 272 2
d“us du, \ “d“uy n 2du0%d U —o, (43)
dy? dy ) dy* dy dy dy?
us(y) =0 aty=—d,
(44)
us(y) =0 aty=d.
Using the expressions of u, and u; in Eq. (43), we obtain the second-order solution in the form
1 AP 6 6
us(y) = EF [y —d } (45)

Therefore, the solution of the fully developed plane Poiseuille flow problem up to second order
takes the form

5
uls) = g 17 = )+ s 0t =) + e b - ). (6)

3.4 Generalized plane Couette flow problem

In generalized plane Couette flow either of the two plates is moving with constant speed U, and
an external pressure gradient A is present. In contrast to the previous problem this flow is not
symmetric with respect to the central line. So we take the origin on the lower plate. The
corresponding equation governing the motion of the fluid with pressure gradient A is

A2 6(By + f3) (du\*d2u A dp*
R Hh LS PN (il [ here A = 4
day? + u ay) aE " W where R (47)

subject to the boundary conditions

uly) =0 aty=0,
u(ly)=U aty=2d.

As in the earlier problems, the zeroth-order, first-order and second-order problems are:
Zeroth-order problem

d*u, A
_4 49
dy? (49)

along with the boundary conditions

Uo(y) =0 aty =0,
(50)
u(y) =U aty=2d.

First-order problem

d?uy (duo)zdzuo

dy? dy ) dy?

=0 (51)

under the boundary conditions
ui(y) =0 aty=0,
ui(y) =0 aty=2d.

Second-order problem
The second-order problem along with the boundary conditions is given by
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2 272 2
d“us, dug \ “d“uq Zduo%d, Uo o, (53)
dy " \dy) dy* " dy dy dy?
us(y) =0 aty =0,
(54)
us(y) =0 aty=2d.
The corresponding solutions are
U A 9
Uo(y) —@y—ﬂ(&iy—y ) (55)
1 A3 9
ui(y) = fﬁﬁy + Gy’ — Hy* + My, (56)
where
1A% 14%U
T6ud 6ud’
1A? 2 2
gl 142 1AU
213 2 w2 4ud
A3 lA2 A U?
M= S—d? —=—Ud+
3 Zu a’
and
145
uz(y) = 18 —° — W’ +myt =y’ + ki — kay, (57)
where
- 14° 1A%U
T3P 6utd’
5A®> , BHA? 5 A3U?
m=—-—d" —-—U+-—5—,
6 15 6 ut 24 13 d?
llA6 29A4 11A30% A2 P
n = o Ud s —
3P 18 ut 12 d  8u2d?
1745 16 A% 1743 A2Ud AU
i= o edt — S Ud? 4 S U o
2 ub 3 ut 12 u? 2u2 d? - 32ud*
13A5 T4A* . BA® A2 U 1 AU
ko = ——d — ——_Ud® + 2 P
Y I L L R Yol B T
Thus, the final solution obtained by the perturbation method up to second order is

U A 5 1 4% , 3 9
u(y)fﬁy—ﬁ@dy—y)n% “1z,8Y + Gy’ — Hy* + My

1 5
+é|- 18 59 —ly +my —ny +k1y —]*ng:| (58)
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4 Homotopy analysis method
4.1 Basic idea

To explain the basic idea of the homotopy analysis method, we consider the differential equation
Au(y)] =0, (59)

where ./ is a nonlinear operator and %(y) is an unknown function of the independent variable
y. Let u,(y) denote an initial approximation of u(y) and let ¥ denote the auxiliary linear
operator with the property

ZLf=0 whenf=0. (60)
We then construct the so-called homotopy

H(p(y;q);a] = (1 — @) L[d(y;q) — uo(y)] + a[d(y; )], (61)

where g € [0, 1] is an embedding parameter and ¢(y;g) a function of y and q. When ¢ = 0 then
Eq. (61) takes the form

HP(y;);dlly=0 = Z1$(y;0) — uo(v)].

From Eq. (60) it follows that

B(y;0) = uo(y)

is the solution of

H$(y;a);all4—0 = 0

Again, when ¢ = 1, Eq. (61) shows that

and therefore from Eq. (59) it follows that

Py 1) = u(y)

is the solution of

HP(y;a);qll,— = 0.

Thus, when the embedding parameter g varies from 0 to 1, the solution ¢(y;q) of the equation
Hp(y;q);:a] =0,

which depends upon the embedding parameter g, varies from the initial approximation %, (y) to
the solution u(y)of Eq. (59). In topology, Eq. (61) describing a continuous variation is called
deformation.

In what follows we revisit the Couette flow problems discussed in Sect. 3 and apply the
homotopy analysis method to obtain their solutions.

4.2 Plane Couette flow problem

As discussed in Sect. 3.1, Eq. (11) governs the plane Couette flow subject to boundary con-
ditions (12). In this case, Eq. (61) becomes

Piily,q) , 6B+ ) (awq))zaza(y, q>] |

+
Oy? u oy o?

(1 - a)Z[uy,q) — uo(y) = gh (62)
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The boundary conditions (12) yield
u(0,q) =0, u(2d,q)=U. (63)

The system (62) and (63) constructs the homotopy and for brevity we call it the zeroth-order
deformation equations.

We choose
82
= 64
o (64)
as an auxiliary linear operator, and
U
oY) = — 65
Uo(y) =59 (65)

as the initial guess which satisfies the boundary conditions (12); & is an auxiliary parameter and
q is an embedding parameter such that g € [0, 1]. In Eq. (62) we set ¢ = 0 to obtain

a(y7 O) = uo(y)7 (66)
and g = 1 to obtain
u(y, 1) =u(y). (67)

By virtue of Egs. (66) and (67), the variation of q from O to 1 is just the continuous variation of
u(y,q) from the initial guess approximation u,(y) to the unknown solution u(y) of (11) subject
to (12).

Assume that the deformation %(y,q) governed by Egs. (62) and (63) is smooth enough, so
that

_ 0"u(y,q)

U W) =57 k> 1, (68)

o

q=0
namely, the k-th order deformation derivative exists. Then according to Eq. (66) and Taylor’s
formula, we have

iy.q) = uoy) + 3| k,(y)} q". (69)
k=1 '
Defining
(%)

urly) =2 (70)
and using Egs. (67), (69) and (70) we get at ¢ = 1

u(y) = u(y), (71)

k=0

which gives the relationship between the initial guess approximation u,(y) and the unknown
solution of u(y). Now differentiating the zeroth-order deformation (62) and (63) k times with
respect to ¢ and then setting ¢ = 0 we have

Llu(y) — w1 (v)] = hEx(y), k=1, (72)
with the boundary conditions

2w (0) = e (2d) = 0. (73)
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Here
" 6(ﬁ2 + .83) & " d 10
Ry (y) = uy_, +—Zuk—1—j Zuiuj—z’ (74)
H =0 =0
and
0, k<1,

primes denote the derivative with respect to y. We call Egs. (72) and (73) k-th order defor-
mation equations (k > 1). For the first-order solution of the problem with k¥ =1 in (72) and
(73), we obtain the corresponding solution

u1(y) = 0. (76)
Similarly, setting k¥ = 2, the second-order solution obtained by homotopy analysis method is
us(y) = 0. (77)

Finally, the homotopy solution up to second-order of the Couette flow problem with fourth-
grade fluid is

U
u(y) ==—=y. 78
v) =559 (78)
Here we can see that the homotopy analysis method solution does not involve the auxiliary
parameter &, and the solutions from the two methods are in complete agreement.

4.3 Plug flow problem

Here we apply the homotopy analysis technique to solve the problem (11) with boundary
conditions (24). The zeroth-order deformation for this case is again of the form of Eq. (62):

(1 - @) Z[ily,0) ~ wolw)] = ah az%(y%q) # ot (aﬁé@;’q’)za%é;%’ Q)} (79)
with the boundary conditions

u(0,q) =U, u(2d,q)=U. (80)
As before, let

¢ 88_3/2 (81)
be an auxiliary linear operator and

uo(y) =U (82)

an initial guess approximation which satisfies the conditions (24), ~ an auxiliary parameter, g
an embedding parameter such that g € [0, 1]. From Egs. (79) and (80) we observe that the k-th
order deformation equations for the plug flow problem will be the same as in the case of plane
Couette flow. Proceeding as before, we obtain first-and second-order homotopy solutions in the
form

ui(y) =0 (83)

and
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giving the homotopy analysis solution up to second order in the form
u(y) =U. (85)

The solution (85) for the plug flow problem is the same as obtained in Sect. 3.2 by the per-
turbation method.

4.4 Fully developed plane Poiseuille flow problem

To apply the homotopy analysis method to the problem (35) subject to conditions (36), we first
select an auxiliary linear operator

82
T
Then, we construct for Eq. (35) the family of differential equations giving the zeroth-order
deformation, namely

(86)

277 ~ 2925
(1= )2 i0.0) = o) = | D S ) (AN CED 2
together with the boundary conditions
u(—d,q) =0, wu(d,q)=0. (88)
In view of the boundary conditions (36), we choose
Uuo(y) = ;—u [v* —a?] (89)
as initial guess approximation. When g = 0, Egs. (87) and (88) give
u(y,0) = uo(y), (90)
and when q = 1, they give
u(y, 1) =u(y). (91)

By virtue of Eqgs. (90) and (91), u(y, q) varies from the initial guess u,(y) to the exact solution
u(y) as the embedding parameter g increases from 0 to 1.

To obtain the k-th order deformation for the system (87) and (88), we differentiate k¥ times
with respect to q and set ¢ = 0, then for k¥ > 1 we have

Llu(y) — newr—1(y)] = ”Ri(y) (92)
subject to the boundary conditions
Here
By + ) 5 y
Ri(y) = wi_ + ( 2# 2 Zu;é—lfj Zuzujﬂ + <k (94)
7=0 =0
and
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1, k<1,
ék - {07 k 2 2’ (96)
where primes denote the derivative with respect to y.

Now to obtain the first order homotopy solution, we set k = 1 and ¢ = 0 in Egs. (92) and
(93). The solution of the resulting linear differential equation is given by

3
) =5 (B + B 55 '~ ] o7)

Again when we put k = 2 and g = 0 for the second order solution of the problem, we come up
with the second-order solution as under

AS
w

o) = (1) a0+ oo o — ) (98)

A5
+4R*(By + ﬁ3)2ﬁ [y° —d°]. (99)
Thus, the final expression for the homotopy analysis method solution up to second order is
Ary oy, h Ay
u(y) :ﬂ[y —d’] +§(52+B3)E[y —a*

+% [(1 +h){4h ((ﬁz + ﬁs)ﬁ—j [v' - dﬂ)}

A5
+4h* (B + ﬁs)zﬁ [v° - d‘ﬂ : (100)
It can be observed from Eq. (100), that if we set 2 = —1, we recover the perturbation solution.

4.5 Generalized Couette flow problem

The zeroth-order deformation for the problem (47) with the boundary conditions (48) takes the
form

- Puly.q) , 6By + By) (Vily,q)\ P uly.q) A
1-9)% — U =qh —= 101
(1-q)ZMuly,q) —uo(y)) =q i % A (101)
subject to the boundary conditions
u(0,q) =0, u(2d,q)="U, (102)
where
82
- 1
& 0 (103)
is an auxiliary linear operator. The initial guess which satisfies the boundary condition (48) is
_U A 2
Uo(Y) —ﬁy—ﬂ@dy—y )- (104)

As we applied homotopy analysis method in the previous sections, similarly in this case we
follow the same steps to obtain the first-and second-order solutions:
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1 A3
ui(y) = 6(Ps + B3)h EF?/I — By’ + Cy* - Dy|,

where
B_ 14°  1A%U
3t 6udd’

1A 147 A U?

C=5a? a5V g
143 1A2 1AU?
D=-—d’— " Ud+-——
3 ut 3 u? +4,u d’
and

143, <1A3 1A2U>y3

wa(y) = 606y + o) L+ 1| 357 v s

3t 63 d

1A% , 1A% 1AU? 1A3 1A%
gy ity R Vi (e iy g
N (2#4d 2w +8#2d2>y (3#4 3
1422) }+l{36(ﬂ +ﬁ)2h2[fiA—5 5 _ Oy
dua )’ Ta 21 Ps .Y %Y

+Ry" — Wiy + Way? = Xy| = 6(8, + B3)(1 + )Ty },

where
_2a 1A'
T3 3usd’
5A° 5A* 5 A3 U2
R=—"d’? - U+———
3u’ 3 ub +12,u5d2’
22A° 29A% 114302 A% U3
Wi=="d? - Ud+——— - —|
3 u’ 9 us 6w d 4utdd
AP 8A* 1743 A2y A U
Wy =1T—d* — = —Ud* + —— U ——— 4+ ———
2 g 3 b + 6 1 e d2+16u3d4’
134° . 148A* . BA® . A*UP A UY
"t T gV Ty T T Tee
243 2A2 A U?
T=-"0d’-

BETEE YT R T
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(105)

(106)

Therefore, the final homotopy solution of the problem up to second order becomes
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uly) = oy 2 (2dy — o) + 6(B, + By LA By o Dy
2d u R P
1A3 143 1420 .
6 L+hh| ——y* — (25d— === )P
143 , 1A% 1TAU?\ , (1A% , 1A2
G 2o rsza)? ~ (30 5500
1A U? 1 2,9 1A% 5
el R L CR  r
+ Ry = Wiy + Way® = Xy| = 6(8, + B)(1 + )Ty }. (107)
If we set & = —1 in solution (107), the pertubation solution can be recovered.

The pressure distribution for the Poiseuille flow and the generalized plane Couette flow is
given by

duw\* Y du\?
D= (20(1 + OCZ) (@) +4(’y3 + 4+ 95+ EG) <@) . (108)

The shearing viscosity coeflicient u, and the material constants S, 5, s 71,2, 77 and yg do not
play any role in the pressure distribution.

5 Conclusions

In this paper, plane Couette flows are studied using a fourth grade fluid. Depending on the
relative motion of the plate’s four problems, namely, plane Couette flow, plug flow, Poiseuille
flow and generalized plane Couette flow are discussed. Perturbation technique as well as the
homotopy analysis method are used to solve the four problems, and the results are compared.

Unlike the perturbation technique, homotopy analysis method does not require the presence
of a parameter, small or large, in the equations governing the motion. However, the solution of
the problem generally involves an auxiliary parameter /2, which provides a family of solution
expressions.

For plane Couette flow and plug flow problems, the two methods give the same solutions
which do not depend on h. Also, our solution for plane Couette flow is the same as that for a
Newtonian fluid and for the Oldroyd model with 6-constant obtained in [6].

For fully developed plane Poiseuille flow and generalized plane Couette flow problems, the
solutions obtained by homotopy analysis method are more general than those given by the
perturbation method, which be obtained by setting &~ = —1 in the solutions from the homotopy
analysis method. Thus, homotopy analysis method is more efficient and flexible than pertur-
bation method.
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