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Summary. Fully developed laminar flow of an incompressible viscous fluid through a porous pipe with
suction and injection is considered. An exact solution of the Navier-Stokes equations is given. The solution
is in a series form in terms of the modified Bessel functions. The flow properties depend on the cross-
Reynolds number, V. a/v, where V is the suction velocity, a is the radius of the pipe and v is the kinematic
viscosity of the fluid. It is found that for large values of the cross-Reynolds number the flow near the
region of the suction shows a boundary-layer character. In this region, the velocity varies sharply and the
vorticity is concentrated near this region, and in the other parts of the pipe the vorticity does not show an
appreciable change. A complete description of the flow is presented by using the graphs of the velocity, the
volume flux across a plane normal to the flow and the vorticity.

1 Introduction

An exact solution of the Navier-Stokes equations for flow through a uniformly porous pipe is
given. Obtaining the exact solutions of the Navier-Stokes equations is very important for many
reasons. They provide a standard for checking the accuracies of many approximate methods
such as numerical or empirical. Although computer techniques make the complete integration
of the Navier-Stokes equations feasible, the accuracy of the results can be established by a
comparison with an exact solution. The exact solution given in this paper is for a flow in a
porous pipe. The flow of fluids over boundaries of porous materials has many applications in
practice such as boundary-layer control. A simple solution of the Navier-Stokes equations can
be obtained for flow over a porous plane boundary at which there is a uniform suction velocity.
This solution was found by Griffith and Meredith and was given in [1]. There is no solution of
the Navier-Stokes equations for flow over a porous plane boundary at which there is a uniform
injection velocity. However, if the porous plane is bounded by side walls, a solution of the
Navier-Stokes equations can be found for the injection case [2]. The flow between two parallel
porous plates with uniform suction at the upper plate and uniform injection at the lower plate
has been considered in [3]. For large values of the suction parameter based on the suction
velocity, a characteristic length and the kinematic viscosity of the fluid, the flow near the upper
plate has a boundary-layer character. Velocity varies sharply, the vorticity is concentrated near
the suction region, and it has nearly a constant value across the channel [3].

The flow in a duct of rectangular cross-section with uniform suction and injection has been
examined by Mehta and Jain [4], Sai and Rao [5], and Erdogan [2]. The velocity, the vorticity
and the volume flux depend on the cross-Reynolds number and the aspect ratio. When the


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 657.638 847.559 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice


188 M. E. Erdogan and C. E. Imrak

suction parameter approaches zero, the velocity reduces to that for the flow in a duct with
rectangular cross-section without porous walls. When the aspect ratio approaches zero, the
velocity reduces to that for the flow between two parallel porous walls. The vorticity for the
flow in a duct with rectangular cross-section with suction and injection has two components.
When the cross-Reynolds number approaches zero, the vorticity reduces to that for the flow in
a duct with rectangular cross-section without porous walls. When the aspect ratio approaches
zero, the vorticity reduces to that for the flow between two parallel porous plates. For large
values of the cross-Reynolds number the variation of the velocity and the vorticity near the
region of suction are sharp, and the flow in this region of the duct has a boundary-layer
character. In the other regions of the duct, the vorticity has a constant value.

Fully developed non-swirling laminar flow through a porous pipe with injection has been
investigated by many authors, and the complete solution to this problem together with a
discussion of previous research has been given by Terril and Thomas [6]. Fully developed
laminar flow with swirl in a porous pipe with injection has been examined by Terril and
Thomas [7]. The velocity for this flow is three-dimensional and varies along the pipe. Recently,
three-dimensional flow in a porous channel has been investigated in [8]. The flows considered
are only with injection (or suction) along the channel. Therefore, these flows can neither be
compared to that of a duct with rectangular cross-section with suction and injection nor to a
porous pipe with suction and injection.

In this paper, the flow in a porous pipe with injection and suction is considered. An exact
solution of the Navier-Stokes equations is obtained. A complete description of the solution is
presented by using the graphs of the velocity, the volume flux across a plane normal to the flow
and the vorticity. The velocity and the vorticity depend on only cross-sectional variables;
therefore, they do not change along the pipe. The flow considered is affected by a non-
dimensional parameter called the cross-Reynolds number. For large values of this parameter
near the suction region the flow has a boundary layer character. In this region, the velocity
varies sharply and the vorticity is concentrated near this region and does not change appre-
ciably across the pipe.

The velocity distribution for the flow considered is given in a series form in terms of the
modified Bessel function of the first kind of order n. When the suction parameter approaches
zero, the velocity reduces to that of the flow in a non-porous pipe. For large values of the
suction parameter the series for the velocity is slowly convergent. But the values of the velocity
can be calculated by using a computer. The variation of the velocity with the nondimensional
distance for various values of the suction parameter is illustrated in Fig. 2. This figure shows
that the curves which correspond to 60 = n/2 and 0 = 37/2 overlap and the curve at 6 =0 is
different from those at 0 = n/2 and 0 = 3n/2. The variation of the velocity at 0 = 7 is illus-
trated in Fig. 3. For large values of the suction parameter near the region of the suction, the
velocity distribution shows a boundary layer character. In this region, the velocity varies
sharply. Using the boundary-layer analysis an expression for the velocity is given.

The variation of the volume flux across a plane normal to the flow with the suction parameter
is illustrated in Fig. 4. When the suction parameter increases the volume flux decreases. The
volume flux, for which the suction parameter equals 10, has one half the value of the non-
porous pipe. When the suction parameter approaches zero, the volume flux reduces to that of
the Poiseuille flow for a non-porous pipe.

The vorticity has two nonzero components which are w, and wy, the 2-component w; is zero,
where 7, 0, 2 are the cylindrical polar coordinates. In the case of flow in a non-porous pipe the
component w, does not occur. For the flow considered here, w, vanishes at 6 = 0 and 0 = =.
When the suction parameter approaches zero, o, reduces to zero. The variation of w, with the
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suction parameter A is such that w, increases with 1 first, has a maximum at about 4 = 4 and
then decreases with A. The other component of the vorticity is wp and when the suction
parameter approaches zero, wy reduces to r/a which is the expression for flow in a non-porous
pipe. The variations of wy with r/a for various values of 1 at 0 = 0 and 6 = = are illustrated in
Fig. 5. It is interesting that there are similarities between the curves in Fig. 5 and those for the
flow in a channel of rectangular cross-section. The variation of wy with 6 shows that it has a
maximum at 6 = n. For large values of the suction parameter the vorticity is concentrated near
the region of the suction. In this region the flow has a boundary-layer character. In other
regions of the pipe, the vorticity does not show an appreciable change. For large values of the
suction parameter the series that gives wy is slowly convergent. However, the values of wy for
various values of / can be calculated by using a computer. Although by using a method similar
to that given in [9] the asymptotic form of the series for vorticity can be obtained as in the case
of the velocity, the result is not practical.

2 Basic equations

Fully developed laminar flow of an incompressible viscous fluid in a porous pipe is considered.
The flow geometry and the coordinate system are illustrated in Fig. 1. The cylindrical polar
coordinates are used. The direction of the suction velocity is taken as the x-axis without loss of
generality. The region on the right-hand side of the pipe is the injection region and the region
on the left-hand side of the pipe is the suction region. The velocity field is

v, =—=Vcosl, vy=Vsin, v,=1w(r0), (1)

where v,, vy, v, are the components of the velocity in the cylindrical polar coordinates and
V(>0) is the suction velocity. The Navier-Stokes equations are
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Fig. 1. Flow geometry and coordinate system
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Ow vy dw 10p Pw 1ow 1 0*w

ot — =Vttt 55— |, (4)
or v 00 p Oz o v or r?op?

and the continuity equation is

o(rv,)  Ovg
or a0 =" (5)

where 7, 0, 2 are the cylindrical polar coordinates, p is the density of the fluid, p is the pressure and
v is the kinematic viscosity of the fluid. The continuity Eq. (5) is satisfied identically by Eq. (1).
Equations (2) to (4) show that dp/dz is a constant. Equations (2) to (4) reduce to

ow 10w | 10p Pw 1ow 10w
V{————cos0+——=sinf | = ——— —+t-———+=—. 6
( ar " +7’898111 ) p Oz v<872 ror  r?o0* (©)
Equation (6) is the governing equation, and the boundary condition for the velocity is
w(a,0) =0,
where a is the radius of the pipe.
3 The velocity distribution
In order to simplify Eq. (6) w can be expressed as
1
w= —d—prcos 0 4 e~ V2 cosip (e gy, (7

pV dz

The first term in Eq. (7) is the inviscid solution and the second term shows the effect of the wall.
After inserting Eq. (7) into Eq. (6) one finds

PF 19F 109%F 72

—+-——+5—5—-——F=0 8
872+787+72692 4 ’ ®)

where A = Va/v is the cross-Reynolds number. The boundary condition becomes
d, .
F(a,0) = (fg—pcos 0>e<)~/2> st (9)
pvdz

The flow in a non-porous pipe is an axisymmetric flow, but the flow in a porous pipe considered
in this paper is not an axisymmetric flow. If one replaces 6 with —6 in Eq. (9) the boundary
condition does not change. This suggests that F'(r, 0) can be considered as an even function of
0. The solution of Eq. (8) subject to the condition given by Eq. (9) can be obtained by the
separation of variables. Since F'(7,0) is an even function of 0, F(r,0) can be expressed in the
following form :

F(r,0) = G,(r)cosnd, (10)

n=0

where G, (r) satisfies the differential equation

dG,  dG, (;2
+ —_

) 2 _
02 r ar — +n>Gn_0.

2
4 1

This differential equation is the Bessel differential equation for the modified Bessel function.
Using the uniformity condition at » = 0, the solution becomes A,l,(27/2a), where A, are
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constants to be determined by the boundary condition (9), and I,,(x) is the modified Bessel
function of the first kind of order n. Equation (10) can be written as

F(r,0) = ZA"[”(A 7/2a) cosn.

n=0

Inserting this equation into Eq. (9) and using the identities given in [10]

o280 = I,(4/2) + 2> 1,(4/2) cosnd (11.1)
n=1
and
250 o5 0 = 1 (2/2) + 2 [l 1(2/2) + L1 (2/2)] cos md, (11.2)
n=1
one finds
=i w
Ay =~ LIPLAWD AL G2) o (13)

oV dz 1,(1/2)

Inserting the values of Ag,A;,As, ... into Eq. (10) and then into Eq. (7), the expression for the
velocity becomes

w 4 r o coso T1(A/2)
= 77.COS()+€ (AI/Z[L)LDSO|:7IO Ir/2a
e ;v{ ; T/

1,(2/2)

n=1

+ Z"’”r*l (/1/2) . [n+1 (2/2) I, (/1 7”/2(1) Ccos n0:| } ‘ (14)

This solution of the Navier-Stokes equations is exact and valid for all values of /. For small
values of 4, the expression for w can be obtained by Eq. (6) in the following form:

w 2 Afr o 1 P\? 1 2 3
2 - (I , 2l (1 (== .9 3,
—ﬁi—ﬁcﬁ e 4(a a3)0050+/u 32( a2) +48(a3 a4>005 0] +0(%°)

(15)

where 1 — (r2/a?) denotes the velocity distribution for flow in a non-porous pipe.

Using the identities (11.1) and (11.2), it can be shown that the velocity given by Eq. (14)
satisfies the condition at = a. The variations of the velocity with 7/a for various values of 1 at
0=0,0=m/2and 0 = 3n/2 areillustrated in Fig. 2. Itis clearly seen from Fig. 2 that the curves
of the velocity at 0 = n/2 and 0 = 3n/2 overlap and the curve at 0 = 0 differs from those at
0 = n/2 and 0 = 3n/2. The variation of the velocity with »/a for various values of 1 at 0 = mis
illustrated in Fig. 3. The variation of the velocity at 6 = 7 is much more different than the others.
This is clearly seen from the curves in Fig. 3. For large values of A near the region of the suction,
the variation of the velocity has a boundary-layer character. This effect has also been observed
for the flow in a porous duct of rectangular cross-section with suction and injection [2].

In order to analyse the boundary layer near the region of the suction, it is better to write the
governing equation (6) in Cartesian coordinates as follows:
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For large values of 1 near the region of suction, the variation of the velocity with x is larger
than that of y, and then the governing equation in the boundary layer reduces to

ow _ ldp Pw

VT az (17)

where w depends on not only x but also y. The solution is
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where 4 may be a function of y. The first term in the solution corresponds to the inviscid
solution for which the vorticity is equal to —(dp/dz)/pV. By using the boundary condition
w = 0 at » = a, the solution in cylindrical polar coordinates becomes

4 1 r ~OQ
lLd” 9 {—ZCOSH—Q—eA(IT)‘OSGCOS 0}. (18)
4p dza a

Equation (18) can be used for large values of A, and it is valid in the boundary layer near the
region of the suction.

4 The volume flux

The volume flux across a plane normal to the flow is given by

a 2n
Q://wrdyd(ﬁ.
0 0

Inserting the expression for w given by Eq. (14) into that for Q and using the identities given in [9]
2n

1 .
Ly(o) = —/ e**Y cosmb do,

€70 cos 10 do,

~
3
—
K
N

|
—
o |
EH R
3
o
\ga

where o is a parameter and using the identity given in [11]

/aﬂfl(M/Za)dr 0;2 [(1 +—>12(/1/2) [;?(,1/2)},
0

2

one finds

i i) B0 R 2 R (1 "R -1262)] |,
at A 1o(4/2) (4/2) B

8udz ; n

(19)

where primes denote differentiation with respect to the arguments. Using the identity given in [9]

—Io()1(2) + 2 (=1)" L, ()}, (2) =0,
n=1
Eq. (19) becomes

g Zat 7 ~ 1G/2)

Q@ _8 Z et It G et lB2) oy, 2)]

When /. approaches zero the volume flux reduces to n(—dp/dz)a*/8u which is the volume flux
for the flow in a non-porous pipe. The variation of the volume flux across a plane normal to the
flow with the cross-Reynolds number is illustrated in Fig. 4. As it is expected, when A increases
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0.8
0 0.6
_ m(dpldz) a*
8u 04
02r
0 2 4 6 10

8
A Fig. 4. The variation of @/ — ld—”a“ with 4

the volume flux decreases. The value of the volume flux for 2 = 10 is about half of that for the

flow in a non-porous pipe.

5 Vorticity distribution

The components of the vorticity in cylindrical polar coordinates are w,, wg and w,. The latter
component is zero. @, andwy are given in the following forms:

w, 2( . A e . L(A/2) .,
. (Ar/2a) cos O 1
Ta {mn@ + € T/ea (sin0) LO(/{/Z)IO(M”/ZCL)

n Zln,l(l/Z) +In+1()»/2)1n(iy/2a) cos n0:|

=1 1n(4/2)
—(4r/2a) cos 0 I 1(/1/2 +1ni1 /1/2) .
Z L,G/2) L,(Ar/2a)sin0 p, (20)
wg __2f_ A _(r2a)cos0 1,(4/2)
_%ﬂ% = i{ cos 0 26’ (cos 0) 10(2/2)]0(17"/2@)

+ nzlfw—l (1/12,3(1_/1273“ (Z/Z)Inwﬂ/za) cos nb’}

+ %ef(ir/Za) cos 0 |:2[1 (/1/2)] (/17’/2(1)

In(i/2)"!
+ ;]’“W f) J /;”)“(’V 2) (1 (/20) + s (/2) cosn@} } 1)

It is well known that in the case of a non-porous pipe the only nonzero component of the
vorticity is wy. , is zero at » = a. Indeed, at » = a, Eq. (20) becomes
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1

rol
08t “os |
20 8|4 |2 1=0
06 0.6
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p 04|
0.4+ oz |
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02 % 02 04 06 08 1
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0 o=mn | % 2u dz
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we/_Ld_pa with 7/a for various values of A at
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. 2 . }v . _lcosO ”
_Lé =~ {sm@ + g(sm 0)e 20 (4/2)
2pdz
+ ) n-1(4/2) + Lus1(2/2)] cosnﬂ]
n=1
_ gteost > nll1(4/2) + L1 (2/2)] sinnO}. (22)
n=1

Using the identities (11.1) and (11.2), Eq. (22) takes the following form:

Wy

— 2 3 Ao —4cos0 9 —4cos0
_Ld_pa—z{sm(?—&—é(sm@cos@—e 2 [—%(e 2 cos@)]}.

2udz

This equation shows that w, is zero at » = a for all values of . When 1 approaches zero, w,
vanishes. Equation (20) indicates that w,.(r/a,n/2) = —w,(r/a,3n/2). The variation of
o, /(—adp/dz) /21 with r/a for various values of A shows that w,/(—adp/dz)/2u first in-
creases with A, reaches a maximum at about A =4 and then decreases. The value of
w,/(—adp/dz)/2p at r/a = 0 can be calculated by the following equation:

o0.1/2) 2, I1(/2) _io(3/2) + B(3/2)

—img 2 TeRGR) 4 LG/

The expression of wy is given by Eq. (21). When A approaches zero, wy takes the following
form:

(OF] 7
_ldp, g’
2udza a

which is the vorticity component in the case of a non-porous pipe and wy =0 at r/a = 0.
However, in the case of a porous pipe, wy at /a = 0 becomes

_wo _2[ e A0(4/2) | 2Do(4/2) +1(4/2)
—mEa 4 2h(42) 4 L2 |

where wy(0,7) = —wy(0,0). For » = a, wy can be written as
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e = f%{f cos 0 — gaiéC()So(cos N (2/2) + Z[[n,l(i/Z) +1,-1(4/2)] COS%9:|

n=1

+—-e
4 Io(4/2) 1n(2/2)
For 0 = &, using the identity given in [10]
B(2/2) 4 30 T (3/2) i (2/2)] = =™

oo [21%(1/2) s [Fn-1(2/2) + Lusa (4/2)) COSM} }

one finds
w2 i 2 ﬂwz o ln1(4/2) + L (/2)F
—LEg ;,{12+4e Zl 1.(7/2) ‘

The variations of wy/(—adp/dz)/2p with r/a for various values of 2 at 0 = = and 0 = 0 are
illustrated in Fig. 5. The curves in Fig. 5 show that for large values of /1 the vorticity is
concentrated near the region of the suction. This represents a boundary-layer character.
However, the variation of wy/(—a dp/dz)/2u at 0 = 0 indicates that the flow near the region of
the injection does not show a boundary-layer character.

For large values of 4, the numerical calculations of the expressions of the velocity, the volume
flux and the vorticity can be realized by using a computer program without difficulty. Although
by using a method similar to that given in [9] the asymptotic forms of the series for the velocity,
the volume flux and the vorticity can be obtained, they are not practical.

6 Conclusions

The flow considered in this paper is an extension to a porous pipe of the flow through a porous
duct of rectangular cross-section with injection and suction. An exact solution of the Navier-
Stokes equations is given. It is found that the flow properties such as the velocity, the volume
flux across a plane normal to the flow and the vorticity depend on the cross-Reynolds number.
These flow properties are expressed in a series form in terms of the modified Bessel functions of
the first kind of order n. As the suction parameter approaches zero, they tend to the values for
the non-porous pipe. For large values of this parameter a boundary layer occurs near the region
of the suction. Using the boundary layer analysis the approximate expression for the velocity is
given. In this region the variation of the velocity and the vorticity are sharp. In the other parts
of the pipe they do not show an appreciable change. A complete description of the solution is
presented by using the graphs of the velocity, the volume flux and the vorticity. The vorticity
for flow in a non-porous pipe has only one component which is wy, but for flow in a porous
pipe there is also another component which is w,. The variation of w, shows a maximum at
about A = 4. The variation of wy with 0 has a maximum at 0 = z. This is due to the boundary
layer near the region of the suction, and the vorticity is concentrated near this region.
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