
The pressure of a punch in the form of an elliptic
paraboloid on a thin elastic layer

I. I. Argatov, Aachen, Germany

Received November 30, 2004
Published online: October 27, 2005 � Springer-Verlag 2005

Summary. The problem of the indentation (without friction) of an absolutely rigid body into a thin elastic

layer is investigated. It is assumed that the diameter of the contact area, which is unknown in advance, is

large compared with the layer thickness. The inner asymptotic expansion for the contact pressure is

obtained by means of the moment asymptotic expansion in the frame of the distributional theory of

asymptotic expansions. The boundary layer is constructed using Alexandrov’s method.

1 Introduction

Many papers have been published on contact problems of calculating the contact pressure

under a punch indented into the plane edge of an elastic layer. The axisymmetrical non-classical

contact problems of the theory of elasticity for an elastic layer of arbitrary thickness have been

studied in detail by Vorovich et al. [1], and Alexandrov and Pozharskii [2].

An asymptotic solution of the unilateral (see, for example, Duvaut and Lions [3], Kalker [4]

and Kravchuk [5]) contact problem for a punch in the form of an elliptic paraboloid was

obtained first by Poroshin [6] in the case of a thick elastic layer by means of the so-called

‘‘large k’’ method (see, for example, [7]). Another asymptotic solution of this problem was

constructed by Alexandrov and Shmatkova [8] using Alexandrov’s method [9] by assuming that

the contact area is bounded by an ellipse. Independent of the earlier results [8], an analytic

solution for the unilateral contact problem of indentation of the punch into the plane boundary

of an elastic body of arbitrary geometry was found in [10] using the method of matched

asymptotic expansions (Van Dyke [11], Ilyin [12] and others).

In a recent paper [13], we considered an elastic layer of finite thickness loaded by a punch in

the form of a fourth-degree paraboloid. With the intent to round off the asymptotic investi-

gation of this class of contact problems we will now consider the case of a thin layer. A two-

dimensional contact problem similar to this was first considered by Alblas and Kuipers [14].

Without dwelling on the papers which have been published on the solution of two-dimensional

contact problems for a thin elastic layer, we note that the results, that are satisfactory from the

practical point of view, were obtained in [16], [15] and [14].

The complexity of the unilateral contact problem for analytical investigation is primarily due

to the fact that the contact area is not known in advance and has to be found when solving the

problem. If the thickness H of the elastic layer is small with respect to some characteristic length

parameter of the contact area, then the contact problem under consideration becomes
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notoriously difficult. It is clear that for H ¼ 0 a well defined problem does not exist so that a

regular perturbation procedure cannot be applied. Various singular asymptotic methods have

been developed to overcome this difficulty (Koiter [16], Alexandrov [17], Alblas andKuipers [14],

Babeshko [18]). The distributional asymptotic approach was proposed by Andrianov et al. [19].

The paper is divided into two parts. The first part deals with a distributional asymptotic

derivation of the so-called [17] inner asymptotic expansion of the contact pressure, and the

second one refers to a boundary layer in the neighborhood of the boundary of the contact area.

2 Formulation of the problem

We will assume that a smooth punch in the form of an elliptic paraboloid

x3 ¼ �Uðx1;x2Þ; Uðx1;x2Þ ¼ ð2R1Þ�1
x2

1 þ ð2R2Þ�1
x2

2 ð1:1Þ

is impressed into an elastic layer of thickness H, fixed to a rigid base (x3 ¼ H), to a depth d0.

Here R1 and R2 are the radii of curvature of the principal normal cross-sections of the surface of

the punch at its vertex (R1 � R2).

It is natural to assume that the quantities d0 and H are small compared with the radii R1 and

R2. Letting e denote a small positive parameter, we put

H ¼ eH�; d0 ¼ ed�0; R1 ¼ e�1R�1; R2 ¼ e�1R�2; ð1:2Þ

where the magnitudes of d�0 and R�1, R�2 are comparable with H�.

Within classical elastostatics the vector u ¼ ðu1;u2;u3Þ of the displacements of points of the

elastic layer satisfies the following system:

LðrxÞuðe; xÞ � �lrx � rxuðe; xÞ � l
1� 2m

rxrx � uðe; xÞ ¼ 0; x3 2 ð0;HÞ: ð1:3Þ

Here LðrxÞ is the Lamé operator, l is shear modulus, and m is Poisson’s ratio.

The boundary conditions on the upper edge (x3 ¼ 0) of the elastic layer are

r31ðu; x0; 0Þ ¼ r32ðu; x0; 0Þ ¼ 0; x0 ¼ ðx1;x2Þ 2 R2; ð1:4Þ

u3ðe; x0; 0Þ � d0 � Uðx0Þ; r33ðu; x0; 0Þ � 0;
�
u3ðe; x0; 0Þ � d0 þ U

�
x0Þ
�
r33ðu; x0; 0Þ ¼ 0; x0 2 R2;

ð1:5Þ

and on the lower edge (x3 ¼ H) of the elastic layer they are

u3ðe; x0;HÞ ¼ 0; x0 2 R2: ð1:6Þ

Here r3jðuÞ are the components of the stress tensor.

Finally, we have to add the regularity conditions at infinity (see, for example, [1]), i.e.,

functions ujðe; xÞ (i ¼ 1; 2; 3), together with their derivatives up to the first order, go to zero as

jx0j ¼ ðx2
1 þ x2

2Þ
1=2 !1 for each fixed value of x3 (0 � x3 � H).

The punch is pressed into the layer by a force P so that contact extends along some contact

area xe. The contact area (where the equality sign holds in the first inequality of Eq. (1.5)) is not

known in advance and is determined by the condition that the contact pressures

peðx1;x2Þ ¼ �r33ðu; x1;x2Þ ð1:7Þ

are positive.

We may consider any of the following two quantities: the total force P, defined by the

formula
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P ¼
Z

xe

Z
peðx1;x2Þdx1dx2; ð1:8Þ

and the displacement d0, as known a priori. In view of what follows, however, it is convenient

to regard the quantity d0 as such and to take P and parameters of the contact area xe for

unknown quantities, which have to be calculated yet.

3 Distributional derivation of the inner asymptotic expansion of the contact pressure

The strain problems for an elastic layer are conveniently treated with the aid of the

two-dimensional Fourier transform. Thus, applying standard transform techniques (see [20],

[2], etc.) we arrive at the expression

u3ðx0; 0Þ ¼ �
1

4p2#

Zþ

�

Z1

1

p̂eða1; a2Þ
LðaHÞ

a
e�iða1x1þa2x2Þda1da2; ð2:1Þ

in which # ¼ lð1� mÞ�1, a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

1 þ a2
2

q
, and p̂eða1; a2Þ denotes the transform of �r33ðu; x0; 0Þ,

i.e.,

p̂eða1; a2Þ ¼
Zþ

�

Z1

1

peðy1; y2Þeiða1y1þa2y2Þdy1dy2: ð2:2Þ

In the case of an elastic layer which is fixed to a rigid base,

LðuÞ ¼ 2,sh2u� 4u

2,ch2uþ 1þ ,2 þ 4u2
; , ¼ 3� 4m: ð2:3Þ

The function LðuÞ is continuous and positive for u 2 ð0;þ1Þ and satisfies the asymptotic

relations

LðuÞ ¼Auþ Oðu3Þ; u! 0; A ¼ 4ð,� 1Þ
ð,þ 1Þ2

;

LðuÞ ¼ 1þ Oðu2e�2uÞ; u!1:
ð2:4Þ

It can be shown (see [1], x22) that LðwÞw�1 and w
�
LðwÞ

��1
, being functions of the complex

variable w ¼ uþ iv, are regular in strips jvj � c1 and jvj � d1, respectively. Hence, it follows,

in particular, that the kernel

Kðx1;x2Þ ¼
Zþ

0

Z1
LðsÞ

s
cos

s1x1

H
cos

s2x2

H
ds1ds2; ð2:5Þ

where s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

1 þ s2
2

q
decreases at infinity as rapidly as exp

�
�c1H�1jx0j

�
.

Using Eqs. (2.1), (2.2), (2.5), we obtain from the unilateral boundary condition (1.5) the

following integral equation:
Z

xe

Z
peðyÞKðx1 � y1;x2 � y2Þdy ¼ p2H#

�
d0 � Uðx1;x2Þ

�
: ð2:6Þ

In addition, we have the inequality

peðx1;x2Þ > 0; ðx1;x2Þ 2 xe: ð2:7Þ

A key point of the distributional asymptotic analysis is to make use of the small parameter e
contained in the kernel (2.5) in view of Eqs. (1.2). For this purpose, it is convenient to introduce

the following new dimensionless variables:
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xj ¼ H�nj ð j ¼ 1; 2Þ; yj ¼ H�gj ð j ¼ 1; 2Þ; ð2:8Þ

and the large parameter

K ¼ e�1: ð2:9Þ

Substituting expressions (1.2), (2.8), (2.9) into Eq. (2.6), we readily obtain

Z

x�e

Z
p�e ðgÞk

�
Kðn1 � g1Þ;Kðn2 � g2Þ

�
dg ¼ p2#

K2
H�

�
d�0 � U�ðgÞ

�
; ð2:10Þ

where

p�e ðgÞ ¼ peðH�g1;H�g2Þ; ð2:11Þ

kðeÞ ¼
ZþZ1

0

LðsÞ
s

cos s1n1 cos s2n2ds1ds2; ð2:12Þ

U�ðnÞ ¼ H2
�
�
ð2R�1Þ

�1n2
1 þ ð2R�2Þ

�1n2
2

�
: ð2:13Þ

Now we recall the moment asymptotic expansion, the basic result in the distributional theory of

asymptotic developments (see, for example, Estrada and Kanwal [21]). Before proceeding, we

have to settle some points about the notation used.

If n ¼ ðn1; n2Þ 2 R2 and a ¼ ða1; a2Þ is a multi-index of nonnegative integers then we put

jaj ¼ a1 þ a2, na ¼ na1

1 na2

2 , and

Daf ðnÞ ¼ @jajf ðn1; n2Þ
@na1

1 @n
a2

2

; D0f ðnÞ ¼ f ðnÞ:

We also use the standard notation a! ¼ a1!a2!.

The moment asymptotic expansion can be written as [21]

kðKnÞ �
X1

jaj¼0

ð�1ÞjajlaD
adðnÞ

a!Kjajþ2
; K!1; ð2:14Þ

where la ¼ la1a2
are the moments of the generalized function kðnÞ, given by

la ¼ hkðnÞ; nai ¼
ZZþ1

�1

kðnÞna1

1 na2

2 dn1dn2: ð2:15Þ

The asymptotic expansion (2.14) is valid in several important spaces of distributions (see Wong

[22], Estrada and Kanwal [21] etc.). In fact it holds for distributions of rapid decay at infinity.

The interpretation of Eq. (2.14) is in the distributional sense, namely

hkðKnÞ;/ðnÞi ¼
XN

jaj¼0

laD
a/ð0Þ

a!Kjajþ2
þ OðK�N�3Þ; K!1; ð2:16Þ

for each /ðnÞ in the corresponding space of test functions.

Substituting expression (2.12) into Eq. (2.15), we obtain

la ¼
Zþ

�

Z1

1

na1

1 na2

2

Zþ

0

Z1
LðsÞ

s
cos s1n1 cos s2n2 ds1 ds2 dn1 dn2

224 I. I. Argatov



¼ 1

4

Zþ

�

Z1

1

LðsÞ
s

Y2

j¼1

Zþ1

�1

naj

j cos sjnj dnj ds1 ds2: ð2:17Þ

Using the well-known representation for Dirac’s delta function

dðsjÞ ¼
1

p

Z1

0

cos sjnj dnj; ð2:18Þ

we find from Eq. (2.17) by partial integration the following expressions:

la ¼ 0; jaj ¼ 2n� 1 ðn 2 NÞ;

la ¼ 0; a1 ¼ 2k� 1; a2 ¼ 2n� 2kþ 1; jaj ¼ 2n ðk ¼ 1; 2; . . . ;nÞ;

l2k;2n�2k ¼ ð�1Þnp2

Zþ

�

Z1

1

LðsÞ
s

dð2kÞðs1Þdð2n�2kÞðs2Þds1ds2;

ð2:19Þ

where k ¼ 0; 1; . . . ;n and n 2 N [ f0g.
Next, by invoking the formulae dðs1; s2Þ ¼ dðs1Þdðs2Þ and

LðsÞ
s
¼Að1þm1s2 þm2s4 þ . . .Þ; ð2:20Þ

we derive from Eq. (2.19)

l2k;2n�2k ¼ ð�1Þnp2Amn

Zþ

�

Z1

1

ðs2
1 þ s2

2Þ
ndð2kÞðs1Þdð2n�2kÞðs2Þds1ds2

¼ ð�1Þnp2AmnCk
n2nk!ðn� kÞ!

�
Ck

n ¼
n!

k!ðn� kÞ!

�
:

ð2:21Þ

Then, from the relations (2.14) and (2.21), where we may put m0 ¼ 1, we find

kðKnÞ �
X1

n¼0

ð�1Þnp2A
mn

K2nþ2

Xn

k¼0

Ck
n

@2ndðnÞ
@n2k

1 @n
2n�2k
2

: ð2:22Þ

Substituting the moment asymptotic expansion (2.22) into the left-hand of Eq. (2.10) we obtain

Z

x�e

Z
p�e ðgÞk K

�
g� n

�� �
dg �

X1

n¼0

ð�1Þnp2A
mn

K2nþ2

Xn

k¼0

Ck
n

@2np�e ðnÞ
@n2k

1 @n
2n�2k
2

: ð2:23Þ

By the formula

Dn �
�
@2

@n2
1

þ @2

@n2
2

�n

¼
Xn

k¼0

Ck
n

@2n

@n2k
1 @n

2n�2k
2

;

where D is the Laplacian, according to Eqs. (2.10) and (2.23), we have

X1

n¼0

ð�1Þnp2A
mn

K2nþ2
Dn

p�e ðnÞ � K�2u�ðnÞ; ð2:24Þ

where

u�ðnÞ ¼ p2#

H�

�
d�0 � U�ðnÞ

�
: ð2:25Þ
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Equation (24) (like, however, the equations which arose earlier) contains a large parameter, and

hence its solution can be expanded in an asymptotic series in inverse powers of K.

Let us put

p�e ðnÞ � p�0ðnÞ þ K�2
p�1ðnÞ þ K�4

p�2ðnÞ þ . . . : ð2:26Þ

Substituting (2.26) into (2.24), we obtain a system of equations for the successive determination

of the functions p�0ðnÞ;p�1ðnÞ; . . . of the type

p2Am0p�0ðnÞ ¼ u�ðnÞ;
Xk

j¼0

ð�1Þk�j
mk�jD

k�j
p�j ðnÞ ¼ 0 ðk ¼ 1; 2; . . .Þ:

We then find

p�0ðnÞ ¼
1

p2A
u�ðnÞ; ð2:27Þ

p�kðnÞ ¼ �
Xk�1

j¼0

ð�1Þk�j
mk�jD

k�j
p�j ðnÞ: ð2:28Þ

In the case (2.25) by simple calculations we obtain

p�0ðnÞ ¼
#

AH�

�
d�0 � U�ðnÞ

�
; ð2:29Þ

p�1ðnÞ ¼
#m1H�

A

�
1

R�1
þ 1

R�2

�
; ð2:30Þ

p�kðnÞ � 0 ðk ¼ 2; 3; . . .Þ:

Finally, using Eqs. (2.29), (2.30) we find from (2.26)

p�e ðnÞ �
#

AH�

 

d�0 � H2
�

�
n2

1

2R�1
þ n2

2

2R�2

�
þ 2m1

K2

H2
�

R�

!

: ð2:31Þ

Here,

1

R�
¼ 1

2

�
1

R�1
þ 1

R�2

�
:

Thus, the inner asymptotic representation of the contact pressure is expressed in the form

(2.31).

4 A boundary layer

The contact pressure distribution density (2.29), which is the principal part of the inner

asymptotic expansion (2.31), determines the main approximation x�0 to the required contact

area x�e (in the coordinates (2.8)).

It is obvious from Eqs. (2.29) and (2.13) that the contact area x�0, which corresponds to the

density (2.29), is elliptic. The major semiaxis and the eccentricity of the contour C�0 of the

domain x�0 will be denoted by a� and e. By simple calculations we find

a� ¼ 1

H�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2d�0R1

q
; e2 ¼ 1� R�2

R�1
: ð3:1Þ
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Let us now describe the behavior of the integral (2.6) and its density in the neighborhood of

the contour C�e of the domain x�e . We shall follow here the procedure introduced by Alexandrov

[23].

In view of Eqs. (2.10) and (2.25) the integral equation (2.6) takes now the form
Z

x�e

Z
p�e ðgÞk

�
Kðn� gÞ

�
dg ¼ e2u�ðnÞ: ð3:2Þ

Suppose n1 ¼ f �1 ðsÞ, n2 ¼ f �2 ðsÞ is a natural parametrization of the contour C�0. We will as-

sume that when going round C�0 in the direction of increasing s coordinate, the region x�0
enclosed by C�0 remains on the left. Then, the unit vector of the inward normal (with respect to

the domain x�0) to the contour C�0 is

n0ðsÞ ¼ �f �02 ðsÞe1 þ f �01 ðsÞe2; ð3:3Þ

where the prime denotes differentiation with respect to s.

In the neighborhood of the contour C�0, we introduce the local system of coordinates (s, n),

associated with the Cartesian coordinates by the formulae

n1 ¼ f �1 ðsÞ þ nn0
1ðsÞ; n2 ¼ f �2 ðsÞ þ nn0

2ðsÞ; ð3:4Þ

where n is the distance (taking the sign into account) along the inward normal to the contour

C�0.
Further, let us assume that the contour C�e of the required contact area x�e in the local

coordinates is described by the equation

n ¼ h�e ðsÞ; ð3:5Þ

where h�e ðsÞ is a function to be determined. We put

h�e ðsÞ ¼ eh�ðsÞ: ð3:6Þ

In the small neighborhood N�e ðsÞ of the point s, where jg� nðsÞj ¼ O
� ffiffi

e
p

q�ðsÞ
�

and

q�ðsÞ ¼
�
f �002 ðsÞf �01 ðsÞ � f �001 ðsÞf �02 ðsÞ

��1
is the radius of curvature of contour C�0 at the point s, we

make in the integral (3.2) the following change of variables:

g1 ¼ f �1 ðs0Þ þ n0n0
1ðs0Þ; g2 ¼ f �2 ðs0Þ þ n0n0

2ðs0Þ:

Next, we introduce the ‘‘fast’’ variables

m ¼ e�1n; m0 ¼ e�1n0; r0 ¼ e�1ðs0 � sÞ; ð3:7Þ

keeping the scale for the s-coordinate along C�0 unchanged. From now on, the ‘‘slow’’ variable s

is considered as fixed.

In the neighborhood N�e ðsÞ, when e! 0 we have the following relations:

f �j ðs0Þ ¼ f �j ðsÞ þ er0f �0j ðsÞ þ Oðe2Þ ðj ¼ 1; 2Þ;

n0
j ðs0Þ ¼ n0

j ðsÞ þ OðeÞ ðj ¼ 1; 2Þ;

jg� nðsÞj ¼ e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr0Þ2 þ ðm� m0Þ2

q
þ Oðe2Þ;

q�ðs0Þ ¼ q�ðsÞ þ OðeÞ; h�ðs0Þ ¼ h�ðsÞ þ OðeÞ;

Dðg1; g2Þ
Dðs0;n0Þ ¼ 1� em0

q�ðsþ er0Þ ¼ 1þ OðeÞ;

which hold for the smooth contour C�0.
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Now, separating the principal asymptotic terms by virtue of the previous formulae, we take

the limit

lim
e!0

k
�
e�1ðn� gÞ

�
¼ k

�
r0f �01 ðsÞ þ ðm� m0Þn0

1ðsÞ; r0f �02 ðsÞ þ ðm� m0Þn0
2ðsÞ

�
: ð3:8Þ

By invoking the formulae (see Eq. (3.3))

f �01 ðsÞ ¼ cos w; f �02 ðsÞ ¼ sin w; n0
1ðsÞ ¼ � sin w; n0

2ðsÞ ¼ cos w; ð3:9Þ

it can be shown directly that the right-hand side of the relation (3.8) equals to kðr0; m0 � mÞ.
Actually, we have (see Eq. (2.12))

kðnÞ ¼ 1

4

Zþ

�

Z1

1

LðsÞ
s

eiðs1n1þs2n2Þds1ds2: ð3:10Þ

If we make the substitutions

s1 ¼ t1 cos w� t2 sin w; s2 ¼ t1 sin wþ t2 cos w;

Dðs1; s2Þ
Dðt1; t2Þ

¼ 1; s �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

1 þ s2
2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2
1 þ t2

2

q
� t;

we find that the representation (3.10) can be written in the form

kðnÞ ¼ 1

4

Zþ

�

Z1

1

LðtÞ
t

cos
�
n1ðt1 cos w� t2 sin wÞ þ n2ðt1 sin wþ t2 cos wÞ

�
dt1dt2; ð3:11Þ

provided that t�1LðtÞ is an even function for t 2 R.

Thus, from Eqs. (3.8), (3.9), and (3.11) it follows immediately that

lim
e!0

k
�
e�1ðn� gÞ

�
¼ kðr0; m0 � mÞ: ð3:12Þ

On the other hand (see the right-hand side of Eq. (3.2)), we have

u�ðnÞ ¼ p2#H�
�
emb�1ðsÞ þ e2m2b�2ðsÞ

�
; ð3:13Þ

where

b�1ðsÞ ¼ �
f �1 ðsÞn0

1ðsÞ
R�1

� f �2 ðsÞn0
2ðsÞ

R�2
; 2b�2ðsÞ ¼ �

n0
1ðsÞ

2

R�1
� n0

2ðsÞ
2

R�2
: ð3:14Þ

Hence, taking into account the fact that p�e ðgÞ � q�e ðs; m0Þ in the neighborhood of the boundary

of the contact area (see, for example, [17] and [18]) and letting e! 0, in view of Eqs. (3.2), (3.4)

– (3.7), (3.12), and (3.13) we arrive at the following integral equation, in which the s coordinate

occurs as a parameter:

Zþ1

h�ðsÞ

q��ðs; m0ÞNðm0 � mÞdm0 ¼ p2#H�b
�
1ðsÞm: ð3:15Þ

Here,

q�e ðs; mÞ ¼ e q��ðs; mÞ;

NðtÞ ¼
Zþ1

�1

kðr0; tÞdr0:
ð3:16Þ
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Making use of formula (2.18) we find that the previous representation can be written in the

form

NðtÞ ¼ p
Zþ1

0

LðsÞ
s

cos st ds: ð3:17Þ

Finally, in addition to Eq. (3.15), which the boundary layer q��ðs; mÞ must satisfy, it is necessary

to obey the condition (2.7). Hence, the density q��ðs; mÞ is to be positive and satisfies the

equation

q��
�
s;h�ðsÞ

�
¼ 0: ð3:18Þ

Otherwise, we would contradict the assumption that contact must be made over the whole

area xe.

We note that the obtained Eq. (3.15) is of the Wiener–Hopf type and can be solved in closed

form (see [15], [14], etc.). However, since a simple factorization for the function w�1LðwÞ of
the complex variable w ¼ uþ iv is not possible, it is not possible to obtain a simple exact

solution of Eq. (3.15). Thus, the approximate version of the Wiener–Hopf method has to be

used. Confining our considerations to the first approximation, we replace the function LðsÞ by
a simple algebraic function [17]

~LðsÞ ¼ s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ B2
p

s2 þ C
: ð3:19Þ

It can easily be shown that the functions s�1LðsÞ and s�1 ~LðsÞ satisfy the requirements stated

by Koiter [16], i.e., have the same limits for s tending to 0 and 1, provided that the following

relation holds:

B

C
¼A: ð3:20Þ

In addition, following Alexandrov [17] we put

1

C
� 1

2B2
¼ �2m1;

where (see formula (2.20))

m1 ¼
1

2A
lim
s!0

d2

ds2

LðsÞ
s

: ð3:21Þ

We replace LðsÞ in the integral (3.17) by ~LðsÞ, substitute the kernel ~NðtÞ into Eq. (3.15), and

make in the obtained equation the change of variables

m ¼ h�ðsÞ þ s; m0 ¼ h�ðsÞ þ s0:

Thus, Eq. (3.15) can be transformed into the form

Zþ1

0

~q��ðs;h�ðsÞ þ s0Þ ~Nðs0 � sÞds0 ¼ p2#H�b
�
1ðsÞ

�
h�ðsÞ þ s

�
; ð3:22Þ

where

~NðtÞ ¼ p
Zþ1

0

~LðsÞ
s

cos st ds:
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In order to avoid undue repetition in the solution of Eq. (3.22), we refer to [15] and [14] for a

comprehensive account of the Wiener–Hopf techniques.

In the case (3.19), making use of Alexandrov’s results [17], we arrive finally at

~q��ðs;h�ðsÞ þ sÞ
#H�b�1ðsÞ

¼ s
A

erf
ffiffiffiffiffiffi
Bs
p

� 1
ffiffiffiffiffiffiffiffi
pBs
p e�Bs

�
1�

ffiffiffiffi
C
p

2B
� s
A

�
þ

þ h�ðsÞ
A

erf
ffiffiffiffiffiffi
Bs
p

þ h�ðsÞ
ffiffiffiffiffiffiffiffiffiffi
Aps
p e�Bs;

ð3:23Þ

where erf ðxÞ is the error function, defined as

erf ðxÞ ¼ 2
ffiffiffi
p
p
Zx

0

e�t2

dt:

Since by Eq. (3.18) the function (3.23) must satisfy the equality ~q��ðs;h�ðsÞÞ ¼ 0, the boundary

layer is taken to be the function

~q��ðs; mÞ ¼ #H�b
�
1ðsÞA�1 m erf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B
�
m� h�ðsÞ

�q
þ

�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m� h�ðsÞ

pB

r

exp
	
�B
�
m� h�ðsÞ

�

)

;

ð3:24Þ

provided that

h�ðsÞ ¼
ffiffiffiffiffi
A

B

r

� 1

2B
; ð3:25Þ

when Eq. (3.18) is taken into account.

5 Concluding observations

First, it can be shown that we can rewrite formula (2.28) in the form

p�kðnÞ ¼
ð�1Þk

p2A
MkD

k
f �ðnÞ ðk ¼ 0; 1; 2; . . .Þ; ð4:1Þ

where in view of Eq. (2.27) we have M0 ¼ 1.

Now we observe the expansion (see also formula (2.20))

s

LðsÞ ¼
1

A
ð1þM1s2 þM2s4 þ . . .Þ:

It is easily proved by induction that for any positive integer k the recurrence relation that

facilitates the calculation of the coefficients Mk from the expansion (2.20) has the form

Mk ¼ �
Xk�1

j¼0

mk�jMj ðk ¼ 1; 2; . . .Þ: ð4:2Þ

On the other hand, we also readily arrive at Eq. (4.2) by substituting expression (4.1) into

formula (2.28).

Thus, the constructed inner asymptotic expansion (2.26), (4.1), (2.3) is similar to the solution

obtained earlier (see [1], x55).
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Second, in the axisymmetric case the obtained boundary layer is essentially similar to the

leading term of the asymptotics for the contact pressures in [1] (see formula (49.11)).

Third, we note that Alexandrov’s condition (3.21) for the approximation (3.19) is exact in

view of applications of Padé approximants for calculation of the coefficients in the approxi-

mation (3.19) from the Maclaurin series (2.20) (see also, Andrianov and Awrejcewicz [24]).

Further, we note that the approximate solution of the contact problem for a thin elastic layer

which has been constructed also remains valid, for example, in the case of a punch in the form

of a fourth-degree paraboloid. It is only necessary to calculate the values of the corresponding

coefficient b�1ðsÞ in the expansion (3.13) for the corresponding contour C�0 of the main

approximation x�0 to the contact area x�e .
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