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Summary. The problem of the indentation (without friction) of an absolutely rigid body into a thin elastic
layer is investigated. It is assumed that the diameter of the contact area, which is unknown in advance, is
large compared with the layer thickness. The inner asymptotic expansion for the contact pressure is
obtained by means of the moment asymptotic expansion in the frame of the distributional theory of
asymptotic expansions. The boundary layer is constructed using Alexandrov’s method.

1 Introduction

Many papers have been published on contact problems of calculating the contact pressure
under a punch indented into the plane edge of an elastic layer. The axisymmetrical non-classical
contact problems of the theory of elasticity for an elastic layer of arbitrary thickness have been
studied in detail by Vorovich et al. [1], and Alexandrov and Pozharskii [2].

An asymptotic solution of the unilateral (see, for example, Duvaut and Lions [3], Kalker [4]
and Kravchuk [5]) contact problem for a punch in the form of an elliptic paraboloid was
obtained first by Poroshin [6] in the case of a thick elastic layer by means of the so-called
“large A method (see, for example, [7]). Another asymptotic solution of this problem was
constructed by Alexandrov and Shmatkova [8] using Alexandrov’s method [9] by assuming that
the contact area is bounded by an ellipse. Independent of the earlier results [8], an analytic
solution for the unilateral contact problem of indentation of the punch into the plane boundary
of an elastic body of arbitrary geometry was found in [10] using the method of matched
asymptotic expansions (Van Dyke [11], Ilyin [12] and others).

In a recent paper [13], we considered an elastic layer of finite thickness loaded by a punch in
the form of a fourth-degree paraboloid. With the intent to round off the asymptotic investi-
gation of this class of contact problems we will now consider the case of a thin layer. A two-
dimensional contact problem similar to this was first considered by Alblas and Kuipers [14].
Without dwelling on the papers which have been published on the solution of two-dimensional
contact problems for a thin elastic layer, we note that the results, that are satisfactory from the
practical point of view, were obtained in [16], [15] and [14].

The complexity of the unilateral contact problem for analytical investigation is primarily due
to the fact that the contact area is not known in advance and has to be found when solving the
problem. If the thickness H of the elastic layer is small with respect to some characteristic length
parameter of the contact area, then the contact problem under consideration becomes
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notoriously difficult. It is clear that for # = 0 a well defined problem does not exist so that a
regular perturbation procedure cannot be applied. Various singular asymptotic methods have
been developed to overcome this difficulty (Koiter [16], Alexandrov [17], Alblas and Kuipers [14],
Babeshko [18]). The distributional asymptotic approach was proposed by Andrianov et al. [19].

The paper is divided into two parts. The first part deals with a distributional asymptotic
derivation of the so-called [17] inner asymptotic expansion of the contact pressure, and the
second one refers to a boundary layer in the neighborhood of the boundary of the contact area.

2 Formulation of the problem

We will assume that a smooth punch in the form of an elliptic paraboloid
xy = —O(w1,2),  O(@1,25) = (2R1) "% + (2Rz) ol (1.1)

is impressed into an elastic layer of thickness H, fixed to a rigid base (x5 = H), to a depth Jy.
Here Ry and Rs are the radii of curvature of the principal normal cross-sections of the surface of
the punch at its vertex (R > R2).

It is natural to assume that the quantities dy and H are small compared with the radii B; and
Rs. Letting ¢ denote a small positive parameter, we put

H=¢H*, & =285, Ri=¢ 'R}, Ry=¢ 'R}, (1.2)
where the magnitudes of d; and R}, R} are comparable with H*.

Within classical elastostatics the vector u = (1, u2, us) of the displacements of points of the
elastic layer satisfies the following system:

L(V)u(e;x) = —uV, - V(e X) —ﬁvxvx u(ex) =0, a3 € (0,H). (1.3)
Here L(V,) is the Lamé operator, u is shear modulus, and v is Poisson’s ratio.

The boundary conditions on the upper edge (x3 = 0) of the elastic layer are

os1(w;x',0) = o5 (w; X, 0) =0, x = (v1,22) € R?, (1.4)
ug(e;x’,0) > §p — O(x'), as3(u;x',0) <0, (L5)
[us(g;x',0) — 8 4+ ®(x')] o33(w; X', 0) = 0, x e R, '

and on the lower edge (x3 = H) of the elastic layer they are
us(e;x',H) =0, x € R (1.6)

Here o3;(u) are the components of the stress tensor.

Finally, we have to add the regularity conditions at infinity (see, for example, [1]), i.e.,
functions u;(g;x) (¢ = 1,2, 3), together with their derivatives up to the first order, go to zero as
x| = (af +a3)"

The punch is pressed into the layer by a force P so that contact extends along some contact
area .. The contact area (where the equality sign holds in the first inequality of Eq. (1.5)) is not
known in advance and is determined by the condition that the contact pressures

— oo for each fixed value of x3 (0 < w3 < H).

De(%1,22) = —033(W; 21, 22) (1.7)
are positive.

We may consider any of the following two quantities: the total force P, defined by the
formula
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P://pg(xhxz)dxldxz, (1.8)

and the displacement g, as known a priori. In view of what follows, however, it is convenient
to regard the quantity Jdp as such and to take P and parameters of the contact area w, for
unknown quantities, which have to be calculated yet.

3 Distributional derivation of the inner asymptotic expansion of the contact pressure

The strain problems for an elastic layer are conveniently treated with the aid of the
two-dimensional Fourier transform. Thus, applying standard transform techniques (see [20],
[2], etc.) we arrive at the expression

+ 00
1 L(aH) _,; .
us(x,0) = = 1 [ [ B o0) L mitom s @.1)

in which ¥ = (1 —v)™", o = \/ 02 + o, and P, (a1, a2) denotes the transform of —as3(w; X', 0),
ie.,

+ 00
]’38(0(1,0(2) ://px(yl’yz)ei(m1y1+o<zyz)dyldy2_ (2.2)

In the case of an elastic layer which is fixed to a rigid base,

B 2ush2u — 4u
T 2uch2u + 1 + %2 + 4u?’

ZL(u) n=3—4v. (2.3)

The function #(u) is continuous and positive for u € (0,+00) and satisfies the asymptotic
relations

_ 3 — 0 S ——
L) = Su+ 0w, w—=0; o = (2.4)

L(u) =1+0w?e ), u— oco.

It can be shown (see [1], §22) that Z(w)w~! and w [Q(w)] _1, being functions of the complex
variable w = u + v, are regular in strips |[v| < y; and |v] < J;, respectively. Hence, it follows,
in particular, that the kernel

+ 00
K(x1,29) = // Z(s) cos%cosszﬂdsldsz, (2.5)
0

S H

where s = y/s% + s decreases at infinity as rapidly as exp(—y,H ![x/]).
Using Egs. (2.1), (2.2), (2.5), we obtain from the unilateral boundary condition (1.5) the
following integral equation:

//ps(y)K(xl — Y1, 22 — y2)dy = 1°HY(8y — O(21,23)). (2.6)

In addition, we have the inequality
pe(w1,22) > 0, (21,22) € 0. (2.7)

A key point of the distributional asymptotic analysis is to make use of the small parameter ¢
contained in the kernel (2.5) in view of Egs. (1.2). For this purpose, it is convenient to introduce
the following new dimensionless variables:
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Xy :H*éj (] = 1,2), Yj :H*Y]] (j = 172)a (28)
and the large parameter
A=¢l (2.9)

Substituting expressions (1.2), (2.8), (2.9) into Eq. (2.6), we readily obtain

[ i - n). A - n)an - % (55— @ (n)). (2.10)
wher
D, () = po(Hny, Hany), (2.11)
)= /+ 7 Z(5) o518, cos 5589051 ds, (2.12)
b
(&) = HZ[(2R}) & + (2R;) &) (2.13)

Now we recall the moment asymptotic expansion, the basic result in the distributional theory of
asymptotic developments (see, for example, Estrada and Kanwal [21]). Before proceeding, we
have to settle some points about the notation used.

If ¢=(¢&,8) € R? and o = (o1,02) is a multi-index of nonnegative integers then we put
o] = ot + o, £ = E]'ER, and

Ollf (€1, C2)

0 —

D (&) =

We also use the standard notation a! = olas!.
The moment asymptotic expansion can be written as [21]

00 |zx| Daé(é)
K N\% wmz y A=, (2.14)

where u, = u, ,, are the moments of the generalized function k(&), given by

iy = (k(8), &%) = // K(&)EN e, 2.15)

The asymptotic expansion (2.14) is valid in several important spaces of distributions (see Wong
[22], Estrada and Kanwal [21] etc.). In fact it holds for distributions of rapid decay at infinity.
The interpretation of Eq. (2.14) is in the distributional sense, namely

X 1, D*p(0)
(k(AE), 9(8)) = ‘Z FTCEE

o|=0

+O0(A™N?), A= 0, (2.16)

for each ¢(&) in the corresponding space of test functions.
Substituting expression (2.12) into Eq. (2.15), we obtain

s 2
o JJ 1 52 /

cosS1 &1 cosSay dsy dsa déy déy
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+ 00 +00
1 2 .
:Z// gs(s) | / & coss;& dE; sy dss. (2.17)
— 0 J=1 —00

Using the well-known representation for Dirac’s delta function
1 o0

a(s)) :*/ coss;é; dg;, (2.18)
T

0

we find from Eq. (2.17) by partial integration the following expressions:
U, =0, Jaf=2n—-1 (neN),
U, =000 =2k — 1,00 =2n—-2k+ 1|0l =2n (k=1,2,...,n),

oo (2.19)
; <
Hog oo = (—1)"7° // ¥5(2k>(31)5(2n72}6) (s2)dsydsg,
where k =0,1,...,7 and n € NU {0}.
Next, by invoking the formulae d(s1,s2) = 6(s1)d(s2) and
K7
%z oA (1 +mys® +mos* + .., (2.20)
we derive from Eq. (2.19)
+ 00
bz = (<15, [ [[(554 5862 (1)5 2 (5, ) s,
o (2.21)
_ n,_2 Kk on _ n!
= (-1)"n*m,C; 2" kl(n — k)! <Cn ~ =) lc)!)'
Then, from the relations (2.14) and (2.21), where we may put my = 1, we find
o0 / " n n5
K(AE) ~ S (-1)'rPes o A (2.22)

2n+2 n 2k o z2n—2k °
n=0 A k=0 661 862

Substituting the moment asymptotic expansion (2.22) into the left-hand of Eq. (2.10) we obtain

e n 202 %
/ / pimk(A(n—&))dn ~ > (-1)'n*o/ AZZZ o L) (2.23)

n 2k o 2n—2k °
n=0 k=0 a51 652

By the formula
82 82 n n 6271
oo (T E) e T
08" o) ~ & Cadros T

where A is the Laplacian, according to Egs. (2.10) and (2.23), we have

o0

(1Rt s AL E) ~ A" (D) (2:24)
n=0
where
29
0'(8) = 5 (% — (). (2.25)
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Equation (24) (like, however, the equations which arose earlier) contains a large parameter, and
hence its solution can be expanded in an asymptotic series in inverse powers of A.
Let us put

P(&) ~pi(&) + ATPH(E) + ATP(E) - (2.26)

Substituting (2.26) into (2.24), we obtain a system of equations for the successive determination
of the functions p{(&),pi(&),... of the type

w° Smopy(§) = ¢*(8), Z:(l)”mij”p}‘(é) =0 (k=12,...).

We then find B

po(8) = ¢"(9), (2.27)
k—1

pi(&) =— ;(—1)’“’jmkﬁ-A’”p;f (&). (2.28)

In the case (2.25) by simple calculations we obtain

)

(&) = (%~ °(9)), (2.29)
pi(&) = WQH* (Ril + Riz) : (2.30)

PO =0 (k=23,..)
Finally, using Egs. (2.29), (2.30) we find from (2.26)

Here,

1 1/1 n 1

R* 2\R; R;)

Thus, the inner asymptotic representation of the contact pressure is expressed in the form
(2.31).

4 A boundary layer

The contact pressure distribution density (2.29), which is the principal part of the inner
asymptotic expansion (2.31), determines the main approximation oy to the required contact
area o} (in the coordinates (2.8)).

It is obvious from Egs. (2.29) and (2.13) that the contact area wf, which corresponds to the
density (2.29), is elliptic. The major semiaxis and the eccentricity of the contour I'; of the
domain wj will be denoted by a* and e. By simple calculations we find

1 7 - . R;
(1;* i[? 256[31, 62 =1 —}73 (31)
1
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Let us now describe the behavior of the integral (2.6) and its density in the neighborhood of
the contour I'; of the domain w?. We shall follow here the procedure introduced by Alexandrov
[23].

In view of Egs. (2.10) and (2.25) the integral equation (2.6) takes now the form

[ [ prae - myan = 2o @) (3.2)

Suppose &; =17 (s), & =f5(s) is a natural parametrization of the contour I';. We will as-
sume that when going round Iy in the direction of increasing s coordinate, the region
enclosed by I';; remains on the left. Then, the unit vector of the inward normal (with respect to
the domain w}) to the contour I is

n'(s) = —f3'(s)er +7'(s)es, (3.3)
where the prime denotes differentiation with respect to s.

In the neighborhood of the contour I'j,, we introduce the local system of coordinates (s, 1),
associated with the Cartesian coordinates by the formulae

& =S (s) +mn(s),  &o =Sy (s) +mmy(s), (34)
where 72 is the distance (taking the sign into account) along the inward normal to the contour
Iy.

Further, let us assume that the contour I'; of the required contact area w; in the local
coordinates is described by the equation

n =h.(s), (3.5)
where /2 (s) is a function to be determined. We put

Ri(s) = eh*(s). (3.6)
In the small neighborhood E(s) of the point s, where |n—&(s)|=O(/ep*(s)) and

&
p*(s) = 5" (sU7(s) —f7" (s 2"’(5)]71 is the radius of curvature of contour I'j at the point s, we

make in the integral (3.2) the following change of variables:
m =S () i), ny =£5(s) +nnd(s).
Next, we introduce the “fast’ variables

v=eln;, vV=c, od=¢(—5), (3.7)

keeping the scale for the s-coordinate along I';; unchanged. From now on, the “slow” variable s
is considered as fixed.
In the neighborhood E(s), when ¢ — 0 we have the following relations:

Ji(s) =17 (s) +edf'(s) + O(s%)  (j=1,2),

njo(s’) = 7’LJ,Q(S) +0() (F=1,2),

= &()| = &1/ () + (v = v')* + O(&%),
pi(s") = p"(s) +O(e), h'(s) =h"(s) + O(e),

D(ny,12) &'
=1 =1 3
D) e ae) L TOW

which hold for the smooth contour I7,.
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Now, separating the principal asymptotic terms by virtue of the previous formulae, we take
the limit

lim k(e (& = ) = k(f7' () + (v = V)md(s), 05 (s) + (v = V)l (s)). (3.8)
By invoking the formulae (see Eq. (3.3))

“(s) = cosy, fi'(s) =siny; n(s) = —siny; nd(s) = cos i, (3.9)
it can be shown directly that the right-hand side of the relation (3.8) equals to k(d’,v' — v).
Actually, we have (see Eq. (2.12))

00
1 4 e e s
k(&) = Z// S(S) el($1€1+52C2)dsld82. (3.10)

If we make the substitutions

S1 =11 cosy —tosinyy, Sg =tysiny + ta cosiy;

D(s1,52)
— = =1, s= 52+52:\/t2+t25t,
D(tl,tz) 1 2 1 2

we find that the representation (3.10) can be written in the form

+ 00
k(&) = %// Jt(t) cos[&(ty cosyy — tasiny) + Ex(ty siny + b3 cos ) |dtydts, (3.11)

provided that =1 £(¢) is an even function for ¢ € R.
Thus, from Egs. (3.8), (3.9), and (3.11) it follows immediately that

l‘ir%k(sfl(f—n)) =k(d',v —v). (3.12)
On the other hand (see the right-hand side of Eq. (3.2)), we have

@* (&) = T*Y9H. [aWb}(s) + eV*b(s)], (3.13)
where

AR O g 6P e

bi(s) =
=Ty B BOOR

(3.14)

Hence, taking into account the fact that p}(n) ~ ¢;(s,v') in the neighborhood of the boundary
of the contact area (see, for example, [17] and [18]) and letting ¢ — 0, in view of Egs. (3.2), (3.4)
—(3.7), (3.12), and (3.13) we arrive at the following integral equation, in which the s coordinate
occurs as a parameter:

+00
/ g (s, V)N(V —v)dV = n*9H. b (s)v. (3.15)
h*(s)

Here,
q;(s,v) = eq™(s,v),

b (3.16)
N@::/‘Mdde.

—00
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Making use of formula (2.18) we find that the previous representation can be written in the
form

N({) = n/ @cosstdﬂs. (3.17)
0

Finally, in addition to Eq. (3.15), which the boundary layer ¢**(s, v) must satisfy, it is necessary
to obey the condition (2.7). Hence, the density g**(s,v) is to be positive and satisfies the
equation

g (s,h*(s)) = 0. (3.18)

Otherwise, we would contradict the assumption that contact must be made over the whole
area .

We note that the obtained Eq. (3.15) is of the Wiener—Hopf type and can be solved in closed
form (see [15], [14], etc.). However, since a simple factorization for the function w2 (w) of
the complex variable w = u + ¢v is not possible, it is not possible to obtain a simple exact
solution of Eq. (3.15). Thus, the approximate version of the Wiener—Hopf method has to be
used. Confining our considerations to the first approximation, we replace the function #(s) by
a simple algebraic function [17]

~ ~/52+B2

Z(s)=s Z10 (3.19)

It can easily be shown that the functions s~ % (s) and s~'.%(s) satisfy the requirements stated
by Koiter [16], i.e., have the same limits for s tending to 0 and oo, provided that the following
relation holds:

B

— = 3.20
In addition, following Alexandrov [17] we put

1 1

coam T A

where (see formula (2.20))

my = Lhmd_sz(s)

YT 2 s0dst s
We replace Z(s) in the integral (3.17) by #(s), substitute the kernel N(¢) into Eq. (3.15), and
make in the obtained equation the change of variables

v=nh(s)+r1, V=h's)+7.

(3.21)

Thus, Eq. (3.15) can be transformed into the form

+o00

/ G (s,h*(s) + U )N(t' — 1)dt’ = n*OH.b; (s) (k" (s) + 1), (3.22)
0

where

RESC
N(t) = n/ ,2”8(5) cosstds.
0
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In order to avoid undue repetition in the solution of Eq. (3.22), we refer to [15] and [14] for a
comprehensive account of the Wiener—Hopf techniques.
In the case (3.19), making use of Alexandrov’s results [17], we arrive finally at

w,i erf \/B__le—Bf(l_\/E t)_|_

OH.bi(s) o VBt 2B A (328)
h(s) h'(s) g
+ erf VBt + e ",
o vV.A T

where erf (x) is the error function, defined as

2 [
erf (x) :ﬁ/e’t dt.
0

Since by Eq. (3.18) the function (3.23) must satisfy the equality ¢**(s,2*(s)) = 0, the boundary
layer is taken to be the function

a*(s,v) = ﬂH*bT(s)&{‘l{v erf\/B(v —h*(s))+

v —h*(s)

TcXp(—B(V - h*(s))) },

(3.24)

provided that

ni(s) = \/% - %, (3.25)

when Eq. (3.18) is taken into account.

5 Concluding observations

First, it can be shown that we can rewrite formula (2.28) in the form

k
pie =50

where in view of Eq. (2.27) we have M, = 1.
Now we observe the expansion (see also formula (2.20))

M A F* (&) (k=0,1,2,...), (4.1)

S 1
= (14 M®+Mys*+ .. ).
70) ,52/( + Mis® + Mas® +...)

It is easily proved by induction that for any positive integer k& the recurrence relation that
facilitates the calculation of the coefficients M from the expansion (2.20) has the form

k—1
My==Y mpM; (k=1.2,...). (4.2)
j=0

On the other hand, we also readily arrive at Eq. (4.2) by substituting expression (4.1) into
formula (2.28).

Thus, the constructed inner asymptotic expansion (2.26), (4.1), (2.3) is similar to the solution
obtained earlier (see [1], §55).
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Second, in the axisymmetric case the obtained boundary layer is essentially similar to the
leading term of the asymptotics for the contact pressures in [1] (see formula (49.11)).

Third, we note that Alexandrov’s condition (3.21) for the approximation (3.19) is exact in
view of applications of Padé approximants for calculation of the coefficients in the approxi-
mation (3.19) from the Maclaurin series (2.20) (see also, Andrianov and Awrejcewicz [24]).

Further, we note that the approximate solution of the contact problem for a thin elastic layer
which has been constructed also remains valid, for example, in the case of a punch in the form
of a fourth-degree paraboloid. It is only necessary to calculate the values of the corresponding
coefficient bj(s) in the expansion (3.13) for the corresponding contour I'j of the main
approximation w{ to the contact area ;.
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