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Summary. The problem of deducing a one-dimensional theory from a three-dimensional theory for a soft
ferromagnetic elastic isotropic body is investigated. Based on the linear magnetoelasticity, the refined
theory of magnetoelastic beams is presented by using the general solution for the soft ferromagnetic elastic
solids and the Lur’e method. Based on the refined theory of magnetoelastic beams, the exact equations and
solutions for the homogeneous beams are derived and the equations can be decomposed into three
governing differential equations: the fourth-order equation, the transcendental equation and the magnetic
equation. Moreover, the approximate equations and solutions for the beam under transverse loadings and
magnetic field perturbations are derived directly from the refined beam theory. By omitting higher order
terms and coupling effects, the refined beam theory can be degenerated into other well-known elastic and
magnetoelastic theoretical models.

1 Introduction

A soft ferromagnetic material is characterized by small hysteretic losses and low remanent
magnetization. The theoretical and experimental studies on the magnetoelastic interaction for
ferromagnetic bodies or structures can be dated back to the 1960s. Brown [1] summarized his
research work over the past 20 years on the interaction between magnetic and elastic processes
in a ferromagnetic material, and developed a rigorous phenomenological theory of magneto-
elasticity on the basis of the large deformation theory of elasticity and the classical theory of
ferromagnetism. Since such a general nonlinear theory is rather complicated, a linearized
version of Brown’s theory has been developed by Pao and Yeh [2]. Based on Pao and Yeh’s
linear theory of magnetoelasticity, Huang and Wang [3] obtained a general solution for the soft
ferromagnetic elastic solids.

Based on some assumptions, Moon and Pao [4] proposed a theoretical model (the magnetic
couple model), and experimentally studied the magnetoelastic buckling of a ferromagnetic
cantilevered beam-like plate in a uniform transverse magnetic field. Recently, Zhou and
Zheng [5] established a theoretical model (the magnetic force model) to describe the mag-
netoelastic buckling phenomenon of ferromagnetic thin plates with geometrically nonlinear
deformation, and given the governing equations of magnetoelastic plates in a nonuniform
transverse magnetic field. Having found that almost every model fails in the simulation of the
experimental phenomenon of Takagi et al. [6], Zhou and Zheng [7] derived a new theoretical
model (the variational principle model) for a ferromagnetic body by a general variational
principle.
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Cheng [8] gave a refined plate theory from the Boussinesq-Galerkin elasticity solution and
the Lur’e method [9] without ad hoc assumptions. The refined plate theory consists of three
parts: the biharmonic equation, the shear equation and the transcendental equation. Zhao and
Wang [10] also obtained Cheng’s refined theory from a Papkovich-Neuber solution and strictly
proved that it consists of the preceding three parts. A parallel development of Cheng’s theory
by Barrett and Ellis [11] has been obtained for the isotropic plates under transverse surface
loadings (only homogeneous cases are considered in the previous works). Another parallel
development of Cheng’s plate theory has been obtained by Wang [12], [13] for the transversely
isotropic plate problem and plane problem.

Wang and Shi [14] developed Cheng’s theory by using a Papkovich-Neuber solution, and
derived shear theory of plates from the refined plate theory. Yin and Wang [15] extended it for
the transversely isotropic plates using an Elliott-Lodge solution. Recently, Gao and Wang [16],
[17] extended [14] for the narrow rectangular isotropic elastic beams and thermoelastic beams,
and derived the refined theory of beams. The exact equations for the beam without transverse
surface loadings and the approximate equations for the beam under transverse loadings are
derived from the refined beam theory, respectively.

In light of the character of large hysteretic losses and high remanent magnetization in a hard
ferromagnetic material, Maugin [18] established a nonlinear continua theory for the mag-
netoelastic interactions to show the effect due to magnetization gradient and hysterisis. How-
ever, the general theory is rather complicated and it is difficult to apply it to the refined
magnetoelastic beam theory. Based on the linear theory of Pao and Yeh [2], this paper presents
the theory for a soft ferromagnetic elastic beam by using the method developed in [16]. In the
next section, a general solution of the magnetoelastic equation is given in light of the work of [3].
In Sect. 3, the refined theory of a magnetoelastic beam is derived by using the general solution
for the soft ferromagnetic elastic solids and the Lur’e method [9], then the displacements and
stresses of the beam can be represented by the mid-plane displacements and the magnetic
function. In Sect. 4, the exact equations for the homogeneous beam can be decomposed into
three governing differential equations: the fourth-order equation, the transcendental equation
and the magnetic equation. Finally, the approximate equations for the beam under transverse
loadings and magnetic field perturbations are derived from the refined beam theory in Sect. 5.

2 The general solution of magnetoelastic equation

According to the linearized theory developed by Pao and Yeh [2], the magnetic quantities can
be decomposed into two parts as
Bi=B;+b;, M;=M;+m;, H;=H;+h;, (2.1)
where B;, M; and H; are magnetic induction, magnetization and magnetic intensity, respec-
tively. The barred quantities are the magnetic fields in the rigid-body state with no mechanical
singularities; the quantities in lower case represent singularities and are assumed as much
smaller than in the undisturbed state.

In the absence of body force, the equilibrium equations of isotropic magnetoelasticity are
expressed as

tija + 21 (MiH i + Mihy; +miHj ;) = 0, (2.2.1)

by = %MJ/[J + sotto (Hymi + Hymy) + oy, (2.2.2)
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o = A0y + (g +w), (2.2.3)

where t;;, 0; and u; are the components of magnetomechanical stress, elastic stress and dis-
placement, respectively, 4 and p are Lame constants, y, and y are the magnetic permeability
and the magnetic susceptibility, respectively, y; and y, are the parameters determined by some
theoretical models for magnetoelastic interaction. d;; is the Kronecker delta symbol, the sub-
scripts *,”” denote the partial derivative with respect to the spatial variables, and repeated
indices imply summation.

According to magnetoelasticity, the basic equations of magnetic fields are of the form

By = uo(1+ p)H;, M; = yH;, by = po(1+ phi, my; = yhy,

] ) 2.3)
eir; =0, Bi; =0, egmuh;=0, b;=0,

where ey, is the Levi-Civita permutation symbol.

We consider a soft ferromagnetic elastic straight beam of narrow rectangular cross-section as
a plane stress problem. In a fixed rectangular coordinate system, 2 is the coordinate normal to
the neutral surface (xy-plane) of the beam. We assume the beam length in x-direction is I, the
beam width in y-direction is assumed 1, the beam height in 2-direction is 2, and [ >> h >> 1.
In a transverse uniform magnetic field A+ and in the absence of body force, the equilibrium
equations of the plane stress problem are expressed as

14+ voe tox(x1 + 1o )H' Ok,
2 oe 0+ X)) Ry
Vug;+1_vax+2(l+v) E 0z 0,
) (2.4)
1+voe Uox (o + x2)H ' Ohy
2, % o 0+ x2) 7 Ohe
Vu~+—l_vaz+ ( +v)—E p 0,

where V2 = 82/02% + 0°/02% is the two-dimensional Laplacian operator, e = Ou,/0x +
Ou,/0z, v and E are Poisson’s ratio and Young’s modulus, respectively.

Huang and Wang [3] obtained a general solution of the equations in the linearized theory of
magnetoelasticity, so the solution of the governing equations (2.4) takes the same form

1+v 9 1 0
Uy = P — v—(Po+xP1+2P3), Uy = @ + P3 — +v—(P()+JCP1+Z’P3),
4 Ox 4 0z
; ; (2.5)
_de _99
Qh/T - axa th 8Z 9
where
) ‘ . ) H*
V2P =0, V2P, =0, V29 =0, Q= —2(1 — V)M (i=1,3). (2.6)

E
Moreover, they pointed out that the general solution is complete. The general solution looks

like the famous Papkovich-Neuber solution for the magnetic term ¢, so the refined theory of
elastic beams [16] can be extended to magnetoelastic beams in this paper.

3 The refined theory of magnetoelastic beams

The problem of a magnetoelastic beam may be decomposed into two fundamental problems:
the extension of a beam and the bending of a beam. In the case of the bending of a beam, the
beam is subjected only to anti-symmetrical loadings, the perturbation of magnetic intensity and
edge conditions, thus only odd functions of z are required for %, and even functions of z for ..
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For the Lur’e method [9], satisfying these requirements and treating Egs. (2.6) as an ordinary
differential equation in 2 with constant coefficients, one obtains the following symbolic solution
of Egs. (2.6):

sin(20y)

Py = o go(x), Pi1=

P3 = cos(20y)g3(x), @ = cos(20;)g4(x),

where
sin(20, 1 1 1 1
(@y ) _ z(l - QzZaf +az4a;§ —.. ) cos(20,) =1 — ﬁzzaf +Iz46;1 — . (32)

In Appendix A, it is proved that the harmonic function P, always can satisfy the following
expression without loss in generality:

Py + 2Py + 2P3 = —z cos(20,) f (), (3.3)
where
f= /0 g1(t)dt — gs. (3.4)

Substituting Eqgs. (3.1) and (3.3) into Egs. (2.5), one obtains

(20, 1
"y — sm(aZ a,)gl n 1‘ Vzcos(zax)f/,
X

(3.5)

Uy = cos(20y) (93 + g4) + Lty [cos(20,) — 20, sin(20,)] f,

where the differential symbol ““/” denotes differentiation with respect to 2. The angle of rotation
and the deflection of the neutral surface can be found to be

+v

'k (3.6)

4

1+v, 1
=—|g1+ ), w=ul,_y=g3+g4+

From Egs. (3.5) and (3.6), the final expressions for the displacements and the perturbations of
the magnetic intensity are

wy = —0E0) TV (o0, — SRR (3.7.1)
Oy Oy
Uy = c08(20;)w — %z@x sin(20,)f, (3.7.2)
Qhy = 0y cos(20;)94, (3.7.3)
Qhy = —0y sin(20;)94, (3.7.4)
with the expression
X
f= f/ W(0)dt —w + ga. (3.8)
0

Using Hooke’s law, from Eqgs. (3.7.1) and (3.7.2) the stress components a6, 7,» and g, can be
written as
E{ {1 — vsin(2dy) 4 sin(20y) 4y sin(2d;) ,

— _ — ) " / ..
0r == T o, zcos(za[)f—i-l_'_v o, l//+1_v2 o, 94}7 (3.9.1)
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Tye = — L {cos(zax)(w —w') + + Vzax sin(zc'?x)f'} , (3.9.2)

4 sin(20y) 4y sin(20,)
Z " 1
—|—zcos(z8x)}f + [—y w" + % o, gy - (39.3)

Oy — —

E {1 —vsin(z0y)
4 | [14+v Oy

4 Exact equations: no transverse surface loadings and magnetic field perturbations

In order to satisfy the homogeneous boundary conditions on the upper and lower surfaces of
the magnetoelastic beam, we set

=0, 06,=0, h,=0, at =z=+h/2. (4.1)
Substituting Egs. (3.9.2), (3.9.3) and (3.7.4) into the boundary conditions (4.1) of the beam, we
get the following equations:

(D1 — Do) — (D1 + Do )w' + D20y = (4.2.1)

Doy — [LDZ —Dg} { v Dy +D3] —0, (4.2.2)
(I+v)h (1=v)h

Dagy = 0. (4.2.3)

The three differential operators D; (i = 1,2,3) are defined by

D = 1 j_ cos (h§l> Dy = %Sin (hs[) D3 = Zc S<h231> + 1 _T_ :al n(flzﬁ) (4.3)

Taking the operator Dy on both sides of Eq. (4.2.2) and using Eq. (4.2.3), then ignoring the
magnetic function g4, one obtains

(D1 = Do)y — (D1 +D202)w' =0, DoDsy’ — Dy [

Equations (4.4) can be expressed by the following matrix equation:

Ly Lp||y 0
)=o) @s

Let Ly be the determinant of the 2 x 2 matrix of the preceding equation,

Lo = f—fi {h%gsin (h?‘) [1 - Sm}ggj‘”)} }aﬁ, (4.6)

and let L;(¢,j = 1,2) be the factors of the matrix. The solutions of the preceding equation are

[W} _ {Lzz —le} [51]7 (4.7)
w —Loy Lu || &

and ¢; satisfies

Loé&; =0 (i =1,2). (4.8)

In Appendix B, it is proved that the solutions of Egs. (4.8) can be decomposed into two parts,
: (1) @)
so there are two functions £;’ and &,

&= 4e% (i=1,2), (4.9)
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where the superscripts “(1)” and “(2)” indicate the fourth-order part and the transcendental
part, respectively, and 57(;1) and 57(;2) satisfy the following two governing differential equations of
the beam problem, respectively,

1o 1 . (ho, 1 _sin(hai)] @) _ 41
0,&" =0, hagsm( 5 )[ 7}2&% & =0. (4.10)

Then the angle of rotation and the deflection of the beam can be decomposed into two parts,
=y +y®  w=wh 4@, (4.11)

From Eq. (4.2.3), the magnetic function g, satisfies

Oy sin (%895)94 =0. (4.12)

The solutions of Egs. (4.11) and (4.12) will be investigated in the following three sections.

4.1 The fourth-order equation and the fourth-order solution

) satisfies the fourth-order equation

&'

e =o, (4.13)

and the solutions of z//(l),w(1> and g4 become

{W(U} | Lez —L12} [51”
wh | | =Lat Ly &

By using Eqgs. (4.13), (4.14) and Taylor series of the trigonometric functions (3.2), after tedious
manipulation, the result turns out to be

} ; 94=0. (4.14)

1
J) = <1+ Ivhzai)axw“), (4.15)
where
Iw = 0. (4.16)

From Egs. (3.7), the total displacements can be found to be

ul) = —29, [1 - %zzai + 11—;‘) (3n* — 222)8:%} wh, ul) = (1 +%zz<9§)w(1), hy =0,
(4.17)

and the normal stress and shear stress can be found to be

ol = —Ez(wm)”, D) = —g (n? — 42%) (wm)m, o) = 0. (4.18)

Calculating moment and shear force for the present case yields

MY = —D(w<1>)", QW =_p (w<1>)m, (4.19)

where D = ER?/12 is the flexural rigidity of beams.

Equations (4.17)-(4.19) constitute the first-order theory of elastic beams, which coincide with
the corresponding expressions of classical elasticity. Unlike in the customary beam theory, all
the fundamental equations of the refined beam theory are deduced directly.
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4.2 The transcendental equation and the transcendental solution

552) satisfies the transcendental equation

1 . (ho; sin(hd,) B
h—agbln (7) [1 1o, }67 =0, (4.20)

and the solutions of lP , w@ and g4 become

(2) L —L @)
V| 2] | & . gs=0. (4.21)
w? Loy Ly | [l
Substituting Egs. (4.21) into the displacement and stress expressions (3.7) and (3.9), respec-
tively, one obtains the following expressions:

) Pm PR 1 [®n Rl
2 2
u? = {W_( +V)%}’ g):_E[W_( V)M’ P =0, (4.22)
o o foa(1)
2 2 2
o = 022022 n = 0302 o = ot (4.23)

Therefore, the moment and shear force are
MP =0, QY =0, (4.24)

where the function ®(x,2) has the expression
14+v_ o (hd,\[h hOy\ sin(z0y) ho,\ cos(20,)] 1 L@
i <D_hsm< 5 ){zcos< 5 ) o — zsin -5 o, 8261

+ {—2 cos (hza ) smfaxa :) + A sin (%ax) sin(20;) + 22 cos (hs ) cos (20, )} %éf% (4.25)

X

and O satisfies the following equations:
V2VED = 0, (4.26)

O®=0, 00/0z=0 at z==xh/2 (4.27)
Furthermore, the functions m(x,2) and n(x,2) are conjugate harmonic functions, and satisfy

om _ On
or 0z

Equations (4.22)—(4.24) satisfy two edge conditions along the boundary of beams, and yet
satisfy exactly all the fundamental equations in the theory of elasticity.

Combining the fourth-order solution (4.17)—(4.19) and the transcendental solution (4.22)—
(4.24), we arrive at a second-order refined theory for bending elastic beams with the two
governing differential equations (4.16) and (4.26). It is important to note that the equilib-
rium equations (2.4) are satisfied by any solution of the refined elastic beam theory.
Therefore, omitting the magnetic terms, the governing equations of elastic beams are ob-

— V2. (4.28)

tained directly from the magnetoelastic equations. It is interesting to note that the degen-
erated solution is consistent with the results gained by Gao and Wang [16].
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4.3 The magnetic equation and the magnetic solution

The magnetic function g, satisfies the magnetic equation

0y sin (%81)94 =0, (4.29)

and the solutions of i and w become
=0, w=0. (4.30)

From Egs. (3.7) and (3.9), one obtains the following expressions in /,:

14+vQ oh, 1+v
M _ A _ 2 M:
Yr =74 o, (hz “ox ) YT g

Qzhy, hy= —%Sin(zc’)&;)gg, (4.31)

The moment and shear force are found to be

MY = %%—? (hz - z%}?)w/z, QY = ; — iarMé‘f : (4.33)
where the superscript “M”’ indicates the magnetic part, and %, satisfies the following equations:
Vh, =0, (4.34)
hy=0 at z=d=4h/2. (4.35)

Equations (4.19), (4.24) and (4.33) show that the transcendental solution does not yield moment
and shear force which are found only from the fourth-order solution and the magnetic solution.
Combining the fourth-order solution, the transcendental solution and the magnetic solution
just described, a refined theory for the bending of magnetoelastic beams can be established with
the three governing differential equations (4.16), (4.26) and (4.34). An infinite number of
boundary conditions at the edges of beams can be satisfied, and the only approximation in the
theory is introduced by the approximate specification of the boundary conditions at the edges of
the beam (i.e., the boundary conditions are specified in terms of the stress resultants or some
combination of the angle of rotation and the deflection of the neutral surface, instead of the
stress or displacement distribution over the thickness —/2 < 2 < h/2). Therefore, in the cases
where Saint-Venant’s principle holds, the refined beam theory should be a very accurate one.

5 Approximate equations: transverse surface loadings
and magnetic field perturbations

5.1 The governing equation and solution

Now let us consider the case that the beam is only subject to the transverse surface loadings and
magnetic fields, i.e.,

T =0, o0,==2q/2, hy==hy at z==1h/2. (5.1)

Substituting Eqgs. (3.9.2), (3.9.3) and (3.7.4) into the boundary conditions (5.1) of the beam, we
get the following equations expressed by ¥, w and g4:
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(D1 = Da) — (D1 + Do)’ + Doy = 0, (5.2.1)
4 4y 2

Dsy — |———Dy—D Dy +D =— 2.2

sy [(1+v)h 2 3} {(1 ) 2 + 3]329 7 (5.2.2)

D30%gs = —Qhhy. (5.2.3)

Taking the operator (D, —Dg@%)Dg and (D +D28§)D2 on both sides of Eq. (5.2.2), respec-
tively, and then using Egs. (5.2.1) and (5.2.3), one obtains
D2 4D2 o ” 2D2 4VD2 o)
2hD1D3g — —— —-D =—=(D1—-D DD -D
h{h13 1+v<1 23x)]w E’(l 202)q — Qh13+1 v(l 207 [ o
(56.3)

2D 4D
i} (D1 +D26§)q -Q [thDS + 11—

& 4D, 2 ’r_
g {thng 2, Dgax)]l/, -2

iZ (VDl +D28§>:| ho

(5.4)
Substitution of Egs. (4.3) into Eqgs. (5.3), (5.4) and (5.2.3) gives

@Sin ho, 1_sin(h5‘x) w”—isin hoy cos hoy —ﬂha sin hoy
28, "\ 2 "o, 5, M 2 2 g ol g )

— @ [h + L+ vsin(h0,) — L+ vhsin2 (h@x>} hy, (5.5)

4 1—v O, 1—v 2
e () - ()2 52002
SB[ Lm0 L 1)), g
aixsin (hzﬂ) gi = —Qhy. (5.7)

Equations (5.5)—(5.7) are the exact governing equations for w, { and g4 for the beam subject to
the transverse surface loadings and magnetic field perturbations. Since these equations are of
infinite order, however, it is not applicable in most cases. Using Taylor series of the trigono-
metric functions in Eqs. (3.2), and then dropping all the terms associated with 2* or higher
orders, we arrive at the following equations:

D" = (1 _8 Z 5vh282> lEf)v (1 _ 141;025%283) ho, (5.8)

Dtﬁ”’:( 2+5vh282> EQV< +16172L()5vh28§)h07 (5.9)
2

Dglj = _E%h (1 ﬂhzaz)ho (5.10)

Equations (5.8)—(5.10) form the basic equations for an approximate theory for the bending of
magnetoelastic beam.

From Egs. (5.8)—(5.10), the expressions for the displacements, stresses and stress resultants
become
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2 245V 5.9 24V 5.9 EQ = 16 +56v 4 2+v22
-2 (1 2P — g+ 22 (1 H20? — &\
e Da§< T T e %) T par U T 10 6 0

1 8+5V 5.9 V 5.9 EQ 1 144+26v 5.9 V 5.9
U= Doa (1 a0 Mt e e (L Ty MOt Jhe (51D

2 1 1
=2 (14 et 20

n
op = — 1;252 <1+20h282 zzai) +ﬂ%(1+ﬁh%ﬂ 7zza§)ho, (5.12)
Tyo = — %38 (1_42_2)“11?——%%@(1 422)%,

oz_Z@—zf;)q EQv;h(l f;)ho (5.13)
M! = — +1E—Q<1+12h282)h0, Q;:—q+1E_tho.

For the elastic beam, o = 0, the results described above reduce to the corresponding results
by Gao and Wang [16]. Equations (5.11) and (5.12) show that the boundary conditions at the
two surfaces are satisfied completely. As in Barrett and Ellis [11], by adopting the works of
Gregory and Wan [19], [20] into the case of the magnetoelastic beam, the similar discussion
about the specification of the boundary conditions on the edges of the beam can be made.
However, the issue will be discussed further and in detail in our other articles, but will not be
addressed here.

5.2 Comparison with other theoretical models

As a special case, not taking into account the magnetic field effect, the governing differential
equations for elastic beams are obtained directly from Egs. (5.8) and (5.9), once again reduce to
the corresponding equations by Gao and Wang [16], and are mostly the same as the governing
equations of Timoshenko elastic beam theory [21].

According to the magnetic couple model [4], the magnetic force model [5] and the variational
principle model [7], the governing equation for magnetoelastic beams is as follows:

Dw"" =q", (5.14)
where the equivalent transverse magnetic force ¢ in a transverse magnetic field has the form

x(1 4y
02 (@) = PRI o2 - (- 2) ). (515)
When the applied force is absent, i.e., let ¢ = 0, namely, the beam is subject only to a uniform
transverse magnetic field, the problem degenerates to the case described by [4], [5] and [7].
Dropping all the terms associated with 22 from Eq. (5.8), we obtain the approximate governing
equations for magnetoelastic beams in a uniform transverse magnetic field:

Dw" = 2pox(xy + 12)H  ho. (5.16)
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Moon and Pao [4] assumed that the magnetic field in the ferromagnetic beam is approxi-
mately equal to the applied magnetic field when the ratio of the length to the thickness of the
beam is very large, in which two parameters y; and y, fulfill

=0, =1+

Zhou and Zheng [5], [7] considered that the magnetic force system exerted on the ferro-
magnetic beams consists of a body magnetic force without the body magnetic couple, and
obtained

n=1+z x=0
Hence, the three theoretical models entirely satisfy the expression

Noticeably, the right term of Eq. (5.16) is identical to the equivalent transverse magnetic force
q7" in Eq. (5.15), thus the degenerate solution in the uniform transverse magnetic field is
consistent with the results gained by three theoretical models. A numerical example for the
magnetoelastic buckling problem of a ferromagnetic beam in a uniform transverse magnetic
field has been discussed by Zhou and Zheng [5]. According to the above comparison, the results
for the magnetoelastic buckling problem obtained by the refined theory are the same as the
corresponding results by Zhou and Zheng [5].

By omitting higher order terms and the coupling effect, the new magnetoelastic beam theory
can be degenerated into other well-known elastic and magnetoelastic theories. Hence, the
results obtained here are considered reliable as a basis for more general applications.

6 Conclusion

In the above sections, by using the general solution of the magnetoelastic equation and the
Lur’e method, a refined theory for a magnetoelastic beam has been deduced systematically and
directly from linear magnetoelasticity theory. In the case of homogenous boundary conditions,
the refined beam theory is exact in the sense that a solution of the refined beam theory satisfies
all the balance equations in the magnetoelasticity theory, and consists of three parts: the
fourth-order equation, the transcendental equation and the magnetic equation. In the case of
non-homogenous boundary conditions, the approximate governing equations and solutions
are accurate up to the second-order terms with respect to beam thickness. For the above-
mentioned two cases, the governing equations and solutions of elastic beams can be obtained
directly from the corresponding magnetoelastic equations and solutions by omitting the
magnetic fields effect. When the applied force is absent, the new magnetoelastic theory for the
loading beam can still be justified by comparing its form with that of other well-known
magnetoelastic theories. Therefore, in these cases the refined magnetoelastic beam theory
should be a very accurate one.
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Appendix A

The method used in this appendix is obtained by extending previous work [14]. Next we will
prove that when Py is defined according to Eq. (3.3), the general solution (2.5) is complete
without loss in generality.

First, from the nonuniqueness of the Papkovich-Neuber solution, P and Py in Egs. (2.5) can
be changed to P and Py, respectively, and

- ~ 4
v

where V =i0/0x + kd/0z, r = (x,2), P = (P1,Ps), in which P and Py have the form of
expressions (3.1), and A(x,2) is also a harmonic function. Therefore, we can set
_ sin(20y)

8 a(x). (A.2)

Now we come to prove that it is always possible to choose a function a in Eq. (A.2) so that
Eq. (3.3), i.e.,

Py+r-P = —2cos(20,)f, (A3)
may hold, in which
~ + d.a
jolot o T ) (g +a) =, (A-4)
X
Substituting Egs. (A.1) and (A.4) into (A.3), we get the expression
4
Py+—A P =— 5(20, )f . A.
O+1+v +r 2 cos(20,)f (A.B)
Then inserting Eqs. (3.1) and (3.4) into (A.5), it is found that
1 in(z20, in(z0. O
A + v [sin(z 3,)g0 +xsm(z‘ x)gl +Zcos(z 1)91 . (A6)

Next the expression of a in Eq. (A.2) is to be given using the identity

02 (wobgn) = x0P'g) + (2 — 2) (0" 2g) (AT)

2"

After tedious manipulation by using Eq. (A.7) and Taylor series of the trigonometric functions,
the result turns out to be

Sin(20) (w0291 + 30,91) = O pSel) ;  pcosE0n) o (A.8)
Substituting expression (A.8) into expression (A.6), we get

1+ vsin(20, 1
AL lg 1 et +30.0) | (A9)

X x
From expression (A.9) we know Eq. (A.3) holds when
1+v 1

a(r) = — 2 {QO +6_,2 (g1 + 3&;91)] (A.10)
in Eq. (A.2).

For convenience, P and Py will still be written as P and Py, respectively. Thus Eq. (3.3) holds.
Consequently, if Py is taken according to Eq. (3.3), the general solutions (2.5) loose no gen-
erality.
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Appendix B

The method used in this appendix is obtained by extending previous work [10]. Next, we will
give and prove a lemma and a theorem.

B.1 The lemma

Supposing that H(x) satisfies

1 . (hoy sin(h0,)
—s 1—-—————|H= B.1
() [ - - ®
then there exists function B(x) which satisfies the following two equations,
1 . (hO, sin(h0y)
An L i - o _
0:B=H, 7 Sm< 5 ) {1 ho, }B 0. (B.2)
Proof: Assuming the function C(x) can be found which satisfies the following equation:
#C=H, (B.3)
we can obtain the following equation:
1 . (ho, sin(hd,) 1 . (ko sin(hd;)
o I 4 x 4y
— —|1- C=— — ) |1- H=0. B.4
() - (2) - ®4
Set
B 12 1 | (hd, sin(hoy)
Using Egs. (B.3) and (B.4), we can get
OB, = d°C=H. (B.6)
After tedious manipulation by using Egs. (B.4) and (B.5), the result turns out to be
1 . (hd, sin(hdy)
— 1- B, =0. B.
()| -5 -0 ®7)

Because Bi(x) and H(x) satisfy the same equation, B;(x) can be used instead of H(x).
Repeating Eqs. (B.3)-(B.7), we can obtain B(x) such that

1 . [(ho; sin(haz)
20 L _ O ) |
BlB = By, 3 gsm( ) [1 1o, ]B =0. (B.8)

From Egs. (B.6) and (B.8), it is not difficult to verify that B(x) satisfies Egs. (B.2). So the proof
of the lemma is finished.

B.2 The theorem

Supposing that ¢ satisfies following equation

1 hOy in(hoy

then there exist é(l) and C<2) such that
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¢=¢D 4 @), (B.10)
satisfying the following two equations:
1 . (ho sin(hoy)

4=(1) _  gin( X% 1 = )| @) . B.11
o =, hafm( 5 )[ %N }é 0 (B.11)
Proof: Let
F =%, (B.12)
then

1 . (ho, sin(ho,)],,

According to the lemma, there exists Zj<2) such that

e =F, hia%sm (hza’”> {1 - %} ® =o. (B.14)
From Eq. (B.12) and the first equation of Egs. (B.14), we get

9;¢% = F = ¢, (B.15)
namely,

8! (5 - 5<2>) —0. (B.16)
Let

BV g ple), (B.17)

then Eq. (B.16) becomes the first equation of Eqs. (B.11), so there are functions ¢V and ¢@
which satisfy Eqs. (B.11). This completes the proof of the theorem.
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