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Summary. The propagation behavior of Love waves in a piezoelectric layered structure with inhomo-
geneous initial stress is studied. Solutions of the mechanical displacement and electrical potential
function are obtained for the isotropic elastic layer and transversely isotropic piezoelectric substrate,
respectively, by solving the coupled electromechanical field equations. Firstly, effects of the inhomo-
geneous initial stress on the dispersion relations and phase velocity of Love wave propagation are
discussed. Then the influence of the initial stress gradient coefficient on the stress, mechanical dis-
placement and electrical potential distribution in the layer and the substrate is investigated in detail.
The results reported in this paper are not only meaningful for the design of surface acoustic wave
(SAW) devices with high performance, but also effective for evaluating the residual stress distribution in
the layered structures.

1 Introduction

Since White [1] invented the interdigital transducers utilized for transmitting and receiving
surface acoustic waves (SAWs) in 1965, SAWs have been introduced into electrics formally. In
less than forty years, nearly one hundred kinds of surface acoustic wave devices/sensors have
been presented in the world. Surface acoustic wave devices (such as filters, delay lines, oscil-
lators and amplifier etc.) are widely used in practical engineering based on the observation and
investigation on the properties of surface waves (such as Rayleigh waves, Love waves, etc.).
Love wave sensors are highly sensitive micro-acoustic devices, due to the acoustic energy
concentration within a few wavelengths near the surface. Such a kind of device is particularly
useful for the measurement of mass density, viscosity and acoustic-electric properties of liquids.
Jakoby and Vellekoop [2] presented a review on the properties of Love waves and their
applications to sensor devices.

Usually, to achieve high performance, for such a kind of device a typical layer/substrate
configuration form is adopted, which means that this kind of device is a layered structure
with a thin layer deposited on the substrate. However, due to the nonuniform material
properties, coefficients of thermal expansion and chemical/nucleation shrinkage/growth
during the processing and cool down to operating or room temperature, the presence of
initial stress is unavoidable. On the other hand, to prevent the piezoelectric material from
brittle fracture, the layered piezoelectric structure is usually pre-stressed during the manu-
facture process, where the initial stress is negative with the magnitude of 100 MPa, even up
to 1000 MPa [3]. The initial stress in the layered structures can lead to delamination,
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microcracking, debonding and degradation of the layer, it also can lead to a dramatical
change of the dispersion relation corresponding to the wave propagation in the above-
mentioned structures. The initial stress has great influence on the performance and reli-
ability of surface acoustic wave devices.

Jin and Wang [4] have studied the propagation behavior of Love waves in a piezoelectric
layered structure with a pre-stressed elastic layer and a piezoelectric substrate. The effect of the
initial stress on the phase velocity of the Love surface wave is considered and numerical
examples are given. Liu and Wang [5] have investigated the influence of the initial stress on the
propagation behavior of Love waves in a piezoelectric layered structure with a pre-stressed
piezoelectric layer and an elastic substrate, and meaningful theoretical results are obtained. Jin,
Wang and Kishimoto [6] have taken into account the propagation behavior of Bleustein-
Gulyaev (B-G) waves in a pre-stressed piezoelectric layered structure, and significant results for
the engineering application of B-G wave are obtained. However, in all of the above-mentioned
research work, the initial stresses in the layer are regarded as uniform and constantly distrib-
uted for the convenience of mathematical treatment. Actually, the residual stresses in the layer
are inhomogeneous. To the authors’ best knowledge, no work has been carried out so far to
discuss the effect of inhomogeneous initial stress on the propagation behavior of a Love wave in
a piezoelectric layered structure. However, this is significant for the design of high quality
surface acoustic wave devices.

In this contribution, we will analytically investigate the propagation behavior of Love waves
in a piezoelectric layered structure with inhomogeneous initial stress. Firstly, the effect of the
inhomogeneous initial stress on the dispersion relations is discussed. Then the influence of the
initial stress gradient coefficient on the phase velocity of Love wave propagation is discussed.
Finally, the influences of the gradient coefficient of the initial stress on the distribution of stress,
mechanical displacement and electrical potential are investigated in detail. The results obtained
in this paper will be meaningful for both theoretical research and engineering application of
Love waves.

2 Statement of the problem

The basic configuration supporting the propagation of Love waves consists of a layer which is
deposited on a substrate, as shown in Fig. 1. In the simplest case, both layer and substrate are
isotropic media. In order to enable the electric excitation of Love waves, a piezoelectric material
is chosen as substrate. Here, Love wave propagation in such a kind of layered piezoelectric
structure will be taken into account. The structure consists of a homogeneous isotropic elastic
layer with uniform thickness of & deposited perfectly on a transversely isotropic piezoelectric
substrate. The poling direction of the piezoelectric substrate is along the 2-axis, perpendicular
to the xy-plane. It is assumed that there exist inhomogeneous initial stresses in the layered
structure, and the upper surface of the layer is mechanically traction free. Usually, the thickness
of the substrate is much greater than that of the layer for surface acoustic wave devices, such
that the structure can be treated as a layered piezoelectric half-space problem, and the initial
stress in the substrate is negligible.

From above description, it is clear that we treat the wave propagation in above-mentioned
layered structure to be a two-dimensional plain-strain problem. The main object of our present
research will be focused on the exploration of suitable analytical solutions of the wave prop-
agation in the layered structure with nonuniform initial stress.
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For the wave motion of small perturbation, the field equations for the elastic layer with initial
stresses and the piezoelectric substrate can be expressed respectively as follows [5], [7], [8]:

aijj + (wikoy;) ; = pili,

(1.1)
Di; + (uiyDy) ; =0,

and

aij = P, (1.2)
D;; =0, .

where 4,7,k = 1,2, 3, p and p’ are the mass density of elastic and piezoelectric media, and u;
and D; denote the mechanical and electrical displacements in the ¢-th direction, respectively. a;;
is the stress tensor, agj the initial stress tensor and D]0 the initial electrical displacement. The dot
denotes time differentiation, the comma followed by the subscript ¢ indicates space coordinate
differentiation with respect to the corresponding coordinate x;, and the repeated subscript
index implies summation with respect to that index.

For the isotropic elastic medium and transversely isotropic piezoelectric medium (such as
crystal class of 6mm and piezoelectric ceramics) with the z-axis being the symmetric axis of
the material, the constitutive equations can be read in the following forms in terms of
components

Oy = (/{ + 2.“)51‘ + ;‘"S,U + 4sz,

oy = A5y + (A+2u)sy, + s,
Gy = Sy + A8y + (A +2u)ss,

Tye = USye,

Tox = HSer, (2.1)
Tay = HSay,

Dy = ¢Ey,

D, = ¢E,,

D, = ek,

and
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Oy = C11Sx + C12Sy + C1352 — €315,

0y = C12S; + C11Sy + C135: — €318z,

G = C13Sy + C13Sy + C33S: — €33k,

Tye = Ca4Sye — €158y,

Towr = C44S2p — €15H,, (22)
Toy = %(011 — C12)Smy;

D, = e158e + e11Ey,

Dy = €15Syz + 811Eya

D, = e318; + e315y + @335, + ex3E, |

where A and p are Lamé constants, and ¢ is dielectric constant of the isotropic elastic medium.
c11,C12,C13 and cyq are the elastic constants, e;s, e3; and es3 are the piezoelectric constants, and
&1 and &35 are the dielectric constants of the piezoelectric medium. The strain components s;;
and the electrical field intensity FEy in Egs. (2.1) and (2.2) can be calculated by the following
formulae:

ou ov ow

sza—x,syZ@,Sz=$,
s=p O _Ouw w0 _Ou 3)
oy 02 T 9 ox ™M T By ox
e e ¢
Ex:__vEZ:__vEZ:__-
ox’ Y Ay 0z

Here, it can be assumed that Love wave propagation is along the positive direction of the y-
axis without loss of generality. And there exists only one inhomogeneous initial stress com-
ponent 02, which is a function of the space coordinate x in the layer, such that the mechanical
displacement components and the scalar electrical potential function ¢ are as follows:
u=v=0,
w=w(w,y,t), (4)
@ =ox,y,1).

Substituting Eq. (4) into Egs. (1.1), (1.2) and (3), we have
Otey 0Ty () Pw  Pw
or oy o T P
oD, n oD, —0,
ox oy

(5.1)

0w | 0Ty ,Bziw
or oy Fae
oD, D,
or T oy

and

(5.2)
0
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Sy =8y =5,=0,

ow ow
Syz = 8yyszx: 8xasxy :07 (6)
o 1910
E,=—%" E,=—— E,=0.
X axa Y aya 4

Substitution of Egs. (6) into Egs. (2.1) yields

0y =0y =0, =0,

ow ow
Tye = #a_y’ Tox = ﬂa—x: Toy = 0, (7)
o o
D,=—-¢—, D,=—¢—, D,=0
S o Y Fay

Let w; and ¢, denote the mechanical displacement and electrical potential function in the
region —h < x < 0, then from Egs. (5.1) and (7), we have the following field equations for the
isotropic elastic layer:

82w1 0 82w1 (92?,01
P | P -0
ox?  Oy? '

Here, we can see that for the motion described by Eq. (4), the field equation (8) contains only
one material constant, i.e., u as the particles are making transversely horizontal polarizing
movement in the isotropic elastic layer. Moreover, w; and ¢; are not coupled.

Substitution of Egs. (6) into Egs. (2.2) produces

0y =0y =0, =0,

Tys = C w+e ¢ Ty =C w—i—e 4 Tyy = 0
yz — L44 ay 15 69 ) 2 — L44 af 15 817 2y — Yy (9)
ow oJ7) ow 1910)
D, = — -1, D, = ——e1—=—, D.=0.
r = €15 o &11 or’ y = €15 oy €11 8y’ 2

Let w, and ¢, denote the mechanical displacement and electrical potential function in the
region x > 0, then from Eqgs. (5.2) and Egs. (9), we have the following coupled electro-
mechanical field equations for the piezoelectric substrate:

82102 82w2 82q:2 ox (5] ,82w2

044(W+Ty2) + e15( 52 T R )=p EToR o)
827,02 82w2 82q02 82([)2

o o) T e ) =0

Usually, the space above the upper surface of the layer is air, for the dielectric constant & of
air is much smaller than that of the elastic medium and is negligible, thus the space above the
layer can be treated as vacuum. Let ¢y (x,y,t) denote the electrical potential function in the air
(x < —h), therefore ¢, satisfies the following Laplace’s equation:

R _

P TP _ 11
ox:  Oy? 0 (11)
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When the Love wave propagates in the layered structure, as shown in Fig. 1, the
mechanical displacement components and the electrical potential function must satisfy
Egs. (8), (10) and (11). Moreover, the related mechanical and electrical variables must
satisfy the boundary conditions and the continuity conditions along the interface, which are
described as follows:

(1) The mechanical traction-free condition at x = —h
Tgf)(_i%y) =0.
(i1) The electrical boundary conditions at x = —h, for the electrically open case,

Po(=h.y) = ¢1(=h,y),
D (~h.y) = D3 (=h,y)
and ¢, (—h,y) = 0 for the electrically shorted case.

(iii) The continuity conditions at # = 0: the normal components of mechanical displacement,
stress, electrical potential function and electrical displacement are continuous,

w1(0,y) = w2(0,y),
(0,y) = 15(0,y),
?1(0,9) = @2(0,9),
D (0,y) =D (0,y).

(iv) For x — 400, wg — 0, ¢ — 0. For x — —o0, ¢g — 0.

3 Solutions of the mechanical displacements and electrical potential functions

The solutions of the mechanical displacement and electrical potential function in Egs. (8) can
be assumed as follows:

w (2,y,t) = Wy(x) explik(y — ct)],
¢1(2,y,1) = ®1(x) explik(x — ct)],
where k (= 2n//) is the wave number with A being the wavelength, ¢ = v/—1, ¢ is the phase

velocity of wave propagation, and W;(x) and ®,(x) are the undetermined functions, respec-
tively. Substitution of Egs. (12) into Egs. (8) yields

Wi (@) + k>0 (2)Wi (2) = 0, (13.1)

(12)

O] — k*®, =0, (13.2)

2_ 0
where b; (x) = % — 1 with ¢g, = v/ 1t/p being the bulk shear wave velocity in the layer.
It can be obtained directly from Eq. (13.2) that
(1)1(96') :Azeikx +Bzekx. (14)

Usually, it is difficult to obtain the exact solution of Eq. (13.1). But for high-frequency
short waves, i.e., for the waves whose wave number possesses the character k>1, the
Wentzel-Kramers-Brillouin (WKB) asymptotic approximation technique [9] can be applied to
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obtain the asymptotic approximation of Eq. (13.1). The solution procedure can be described as
follows:
Firstly, the following transformation is introduced in our analysis:

Wy () = o 4@, (15)
Therefore, Eq. (13.1) can be transformed to the following form:
¢* (@) + p1(x) + bi(a)k* = 0. (16)

Expression (16) is a nonlinear differential equation regarding the variables ¢. To solve
Eq. (16), we seek an expansion of ¢ in inverse powers of k, that is to say, we can write

¢:¢Ok+¢1+%+%+.... (17)

Substitution of Eq. (17) into Eq. (16) and expanding Eq. (16) in inverse powers of k leads to
(&5 +DDK” + 201 + )k + (&7 + ¢ + 200¢2) + 2dods + 21y + o)k +... =0,

where the superscript ’ denotes the derivative with respect to coordinate x.
Equating the coefficients of each power of k to zero, we get an infinite number of equations:

o5+ b3 =0,
2¢0¢1 + ¢y =0,

O+ ¢ + 200y =0,

Then the solutions of ¢, ¢, ¢, ... can be obtained from above expressions. If we only keep
the first two solutions, i.e., solutions of ¢, ¢; and substitute them into Eq. (17), then the
asymptotic solution of Eq. (16) can be easily obtained. Now considering the transformation
(15), we can obtain the solution of Eq. (13.1) as follows:

Ay

Wi(x) \/me
where g(x) = [ b (x)dx.

Substitution of Eq. (14) and Eq. (18) into Egs. (12) yields the solutions of the mechanical
displacement and electrical potential functions as follows:

~ikq(z) | By ikq(x) (18)

Jo@ .

A] ik Bl ikq(x) .
wy (2,y,1) = |———=e %) . _—L__ ™) | explik(y — ct)],
Vbi(x) Vi (2)
01(2,y,1) = (Aze™™ + Bae™) explik(y — ct)). (19)

It should be pointed out that in order to ensure the above asymptotic approximation solution
valid enough, the initial stress function 02 (x) must be slowly varying in the layer, i.e., the initial
stress distribution has to satisfy the following condition (for detailed derivative procedures,
please see the Appendix):

ay(0) — o) (—h)| << pc3,kh.

For Egs. (10), its solution forms can be assumed as follows:

wa(x,y,t) = Wa(x) explik(y — ct)], 20)
s (x,y,t) = Og(x) explik(x — ct)].
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Substituting Egs. (20) into Egs. (10), we may have

Wl — k2 1—# Wy =0, (21.1)
(casent +815)/811
D — K2y = T (WY — kW) (21.2)
2 2= e 2 2)- .

It should be noted that if we define the velocity of the bulk shear wave in the substrate as

Chp = \/(644811 +e%)/p'en,

then the velocity ¢ of the Love wave should satisfy the following condition:
Csn < € < Cy,.

Considering condition (iv) in Sect. 2 and Eq. (21.2) as an inhomogeneous equation with respect
to @y (x), the solutions of mechanical displacement and electrical potential function in the
piezoelectric substrate can be obtained as follows:
ws(x,y,t) = Ale 2% explik(y — ct)),
0a(,,1) = (Ahe ™ + 22 Ate ) explik(y — ct)],
where by = , /1 —%

From condition (iv) in Sect. 2, the solution of the electrical potential function in the region
x < —h can be easily obtained from Eq. (11) as follows:

@o(,7,1) = Age"™ explik(y — ct)]. (23)

(22)

4 Solutions of the phase velocity
4.1 Electrically open case

Substituting Egs. (19), (22) and (23) and their corresponding stress and electrical displacement
components into boundary conditions (i) and (ii) and continuity conditions (iii), we can obtain
the following algebraic equations with respect to the unknown constants A;, By, Ag, Bs, A}, A}
and Ag:

e—’ékq(—h)Al _ ez’kq(—h)Bl =0,
Ay + e ¥ By — e Ay =0,
My — e By + ZeHigy =0,

04, + 6B, — /5 0)A; = 0,

2
wi/b1(0)e " * 104, — i\ /b1 (0)e20B, — %byflﬁ — 1545 =0,
€15

As + By —Alz -
é11

Al =0,

€11

Ay =By ——+

AL =0.
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The nontrivial solution of (24) exists if and only if the determinant of the coefficient matrix
equals zero, and this procedure leads to the following expression:

K% + %) tanh(k%2) + %)1 + 1} {ubl(O) tan [k(q(0) — q(~h))] — %@}

(25)

e le
+ 15 {—tanh(kh) + l} =0.
€11 €0

Equation (25) is the phase velocity equation for the propagation of a Love wave in the
piezoelectric layered half-space for the electrically open case at the free surface. It can be seen
from the equation that the wave velocity c is related to the wave number &, so the Love wave in
such structures is frequency dispersive.

4.2 Electrically shorted case

For the electrically shorted case at the free surface of the layered piezoelectric half-space (the
surface is plated with a very thin metal strip), the second and the third equations in Eqgs. (24)
should be replaced by the following expression which corresponds to the condition (ii) in
Sect. 2:

Ay + e By = 0.

Then, a homogeneous linear algebraic equation with respect to A1, B;,A, By, A} and A, can be
obtained. By the similar procedure to the electrically open case, we can obtain the corre-
sponding phase velocity equation for the electrically shorted case (here the equation will be
given directly and the analysis procedures are omitted for conciseness and brevity):

2 2
[‘3171 tanh(kh) + 1} { ub1 (0) tank(q(0) — g(—h))] — 04481%61%2} n %f —0. (26)
As a matter of fact, the phase velocity equation for the electrically shorted case, which can be
obtained through eliminating the terms related to &, has the same form as that for the elec-
trically open case.

Equations (25) and (26) are the phase velocity equations of Love wave propagation in the
layered piezoelectric structure for the electrically open and shorted case, respectively. It is
readily seen that the phase velocity c is related to the initial stress, wavelength, layer thickness,
elastic, dielectric and piezoelectric constants. The effect of the gradient coefficient of initial
stress and m (the ratio of layer thickness 7 to wavelength A) on the phase velocity will be
discussed in Sect. 6.

5 Solutions of the stress and displacement fields

For the electrically open case, we can obtain from Egs. (24) that
By = B1A1,Ag = BsA1,Bs = B34y,

, €11 & ’ &
Al = |=—= By + B3) +—(Bs — Bo) |A1, A3 = —(Bs — Bs)A1,
€15 €15 €11

where
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A34a11 as34a13 A21A14 — Q11024
a3y — F|l— Q3| ———

B a4 a14 23014 — 13024
1— )
Aa34Q12 a34013 Q22014 — A12024
@32 - + - — a33 -
a14 a14

Q23014 — A13A24

Aa34a11 a34a13 A21014 — 11024
agy ———+ | ————az3 | —————

By = Q21014 — A11024 | Q22014 — Q12024 Q14 14 Q23014 — A13024
2 — )
Q23014 — Q13024  A23014 — A13024 gy — a34012 + (0634413 _a >a22a14 — Q12024

A14 a4 Q23014 — 13024

By = a1 i 13021014 — Q11024
= =
A14 Q14 Q23014 — A13024
a34a11 a34a13 A2114 — 11024
asy — + —a
n A1z 413 A22014 — A12024 a14 a4 A23014 — Q13024
A14 Q14 Q23014 — A13024 _ @34012 + (a34a13 —a )a22a14 — 12024
a14 a4 A23014 — 13024
with
; —ikq(0) ; ikq(0) Cas811 + 6%5 &11 —& @158
a1 = win/bi(0)e™ ,a1o = —pi/b1(0)e ,a13 = — bs -—

)
&11 €15 €11

2

Cq4811 + € &11 +&  e1sé & _

ay = — L by +——,a21 = 0,022 = 0,a93 = 1+ e agy = (1-=)e ™,
£11 €15 €11

—ikq(=h) ikq(—

h
as) = e 032 = —€ ), a3 = 0,a34 = 0.

From Eqgs. (19) and (22), one can obtain

wi(@,y,1) = Ao 1 g9 explik(y — o)),

(27)
@1(2,y,t) = Ay [Boe™" + By explik(y — ct)]
and
wa (2, Y,t) = A1 22 (By + B3) + 2= (Bs — PBo))e ™™ explik(y — ct)], o8)

0a(,0,0) = 1 {2 (B = B)e™ 4 (5 (B o) + 55 (B — o)l 2"} expliby — o).

Substitution of Eqs.(27) into Eqs.(7) yields the following solutions of the stress field in the layer,
Le.,

o) = Aypike /b1 (@)[Be™) — e~ explik(y — ct)],

29
oY = A \/&[ﬂ ehat) 4 e~} explik(y — ct)]. )

Similarly, we have the following solutions of the stress field in the substrate from Egs. (28) and
9), i.e.,

o = AR { S o[ 21 (B, + y) + - (B3 — B)le T 4 52 (B — By)e b exolik(y — ot)],

o2 = Avie {5 (B — B)e + S 81 (B, 4 B) + 2 (B — Bo)le b exolik(y — cb)].
(30)
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6 Numerical simulation and discussions

Up to now, analytical solutions of the phase velocity and the stress field and mechanical
displacement field for the piezoelectric layered structure have been obtained. Obviously,
Eq. (25) and Eq. (26) are transcendental equations, which lead to the complexity of this
problem. To study the propagation behavior of Love waves in this kind of structure and to
graphically show the effect of the initial stress gradient coefficient on the dispersion relations
and phase velocity, the following material system is considered: Pb glass layer on the ZnO
substrate combination system. The material parameters used in computational analysis are
taken from [4]. All the material properties used in the computation are summarized in Table 1.
The dielectric constant of vacuum is g=38.85 x 1072 F/m. As a numerical simulation of the-
oretical research, the variation pattern of initial stress can be taken as follows:

al(x) = —A(1 — ax), (31)

Y

where A, o denote the magnitude and gradient coefficient of the inhomogeneous initial stress,

respectively. According to Refs. [4], [5], it is known that the effect of the constant initial stress

on the phase velocity is negligible on condition that \02\ < 100 MPa. Without loss of gener-

ality, it can be assumed that A=1000 MPa, 2=0.005 mm in our following numerical analysis.
Then, b;(x) can be expressed as

by (@) = VM—_MW”’

2
Csh

and g(x) can be obtained by integration of by (x) as follows:

2pc§
) = /bl(x)dx = 3520 @),

6.1 Effect of inhomogeneous initial stress on dispersion relations

Firstly, the effect of initial stress on the dispersion relations of Love waves in a piezoelectric
layered structure will be taken into account. For the given material system and initial stress,
there exist only two variables, i.e., phase velocity ¢ and wave number k¥ in Eq. (25). The
dispersion relations for two initial stress distribution cases, constant initial stress distribution
and inhomogeneous initial stress distribution, are shown in Fig. 2 in comparison for a Pb
glass layer/ZnO substrate combination system. From the fundamental mode to the higher
third mode, the effect of the initial stress on the first four modes of the Love wave is
calculated and shown in detail.

It can be seen from Fig. 2 that the inhomogeneous initial stress has no influence on the cut-
off frequency for each mode of the Love wave. From computational results, a large difference
of the initial stress effect on the dispersion relations for every Love wave mode can be found
between the constant initial stress and inhomogeneous initial stress case. Due to the fact that

Table 1. Material properties used in computational analysis

Materials Elastic constant Mass density Piezoelectric Dielectric constant
44 (101°N/m?) p(10°kg/m?) constant es (C/m?) e (F/m)
Pb glass 2.18 3.879 0.0 5.1gg

ZnO 4.23 5.665 —-0.48 7.57¢q
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the initial stresses in the layered structures usually possess inhomogeneous character, the
constant distribution assumption in Refs. [4], [5] is not exact enough, which also indicates that
the analysis of the inhomogeneous initial stress effect in the paper is necessary. Actually, we
calculate several other dispersion relations for an inhomogeneous initial stress for different
gradient coefficients. However, due to their superposition together, they are not presented here.

6.2 Effect of inhomogeneous initial stress on the phase velocity

The phase velocity ¢ can be calculated from Eq. (25) for different values of m (the ratio of layer
thickness 7 to wavelength 1). The effect of the gradient coefficient of the initial stress on the
phase velocity ¢ is shown in Fig. 3 for the first higher-order mode of Love wave in a Pb glass
layer/ZnO substrate combination system.

It can be seen from Fig. 3 that the effect of the gradient coefficient of the initial stress on the
phase velocity is negligible as o < 10%, but the phase velocity decreases with the increase of the
gradient coefficient of the initial stress as o > 10*. The results in Fig. 3 mean that the more
inhomogeneous the initial stress distribution, the smaller the phase velocity value. It is readily
seen from Fig. 3 also that the values of the ratio of layer thickness to wavelength also have an
important effect on the phase velocity c.
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6.3 Effects of inhomogeneous initial stress on the stress, mechanical displacement
and electrical potential function

Here, the stress, mechanical displacement and electrical potential function distribution in the
Pb glass layer/ZnO substrate combination system will be taken into account for mode 1 of the
Love wave. Without loss of generality, it is assumed that A;=0.0001 mm and m=1.0. Varia-
tions of the stress components 1., and t,, with x/h, at y=0 are shown in Figs. 4 and 5 for
different gradient coefficients «, respectively. Also, variation of the mechanical displacement w
and electrical potential function ¢ with x/h, at y=0 are shown in Figs. 6 and 7 for different
gradient coefficients a, respectively.

It is seen that the gradient coefficient of initial stress has an important influence on the stress
and mechanical displacement distribution in a piezoelectric layered structure. Each distribution
curve of the stress and mechanical displacement in Figs. 4-6 has a common node in the region
—1 < x/h < 0 corresponding to mode 1 that we take into account, which also proves that the
solutions we obtained in this paper are correct. It can be seen that the gradient coefficient
changes not only the phase of the stress and mechanical displacement distribution but also the
magnitude for the electrically open case.

For a layered structure, the small stress near the interface is expected to prevent the layered
structure from debonding or fracture, while for surface acoustic wave devices/sensors that often

4} layer } substrate ' ' — =100 1
—- a=300
3r | ---- =500 |
2 l |
=
& i
S ! Lo
Fop N T
-1 % ] 4
\ Pb glass layer/ZnO substrate system
-2 i Fig. 4. Variation of t,, with x/h for
3 | ; : . . different gradient coefficients of the
-1 0 1 2 3 4 5  initial stress o, for the electrically open
x/h case
8 - ; ; .
6 . layer I substrate azégg
L ".. - o= 4
| [ ---- =500
4h | §
& §
(D 0 [ ! I B T ialakdaied
\/g\ }.‘ -_J’l £
Fa A7 .
—4r "-.\ | Pb glass layer/ZnO substrate system
—61 f 1 Fig. 5. Variation of t,, with x/k for
_8 =) : ” : : different gradient coefficients of the
-1 0 1 2 3 4 5 initial stress a, for the electrically open

x/h case



54 Z. Qian et al.

0.3 = =
. I . .
ool layerf\ substrate = 33%88 |
‘ = - =500
01 l. ] Y -
= ol Y N,
g Op 1 | sammmaTTIEEE
g 1
-0.1t )‘1 ] 1
02} / ] |
-0 3: ]| Pb glass layer/ZnO substrate system
04 | ) ) ) ) Fig. 6. Variation of w with x/h for
—1 0 1 2 3 4 5  different « for the electrically open
x/h case
200 - : " :
layer } substrate — =100
100 t i - - =300
3 ) ---- =500
0possz” T ST rrsccsasa
x | /
T S 1
% \ ] 1-?r
00f )/ !
300t j'.l1 / ]
/] Pb glass layer/ZnO substrate system
-400¢ 1 1  Fig. 7. Variation of electrical poten-
500 ' . . ) . tial ¢ with 2/h for different values of

|
1 0 1 2 3 4 5  initial stress gradient o, for the
electrically open case

adopt piezoelectric layered structures, a large surface mechanical displacement is needed to
increase sensibility. In order to obtain high performance of surface acoustic wave devices/
sensors a small stress near the interface and large surface mechanical displacement can be
obtained simultaneously through changing the gradient coefficient of the initial stress in the

piezoelectric layer during the manufacture process of piezoelectric surface acoustic wave de-
vices/sensors.

7 Conclusions

Usually, for the design of surface acoustic wave sensors, it is difficult to obtain high perfor-
mance by using a single piezoelectric material. So, it is necessary to seek a combination of
materials to fabricate sensors with a layered structure of electromagnetic media. However, due
to the thermal mismatch of the film and the substrate materials and the intrinsic stress, there
exist unavoidable initial stresses in the layered structure during the manufacturing process. Jin
[4] and Liu [5] investigated the effect of constant initial stress on the propagation behavior of
Love waves in the piezoelectric layered structure. Moreover, the initial stresses in the piezo-
electric layered structures are often inhomogeneous according to Ref. [3]. Thus, it is significant
to analyze the effect of the inhomogeneous initial stress on the propagation behavior of Love
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surface waves in the piezoelectric layered structure. Through the theoretical research and
numerical simulation, some meaningful results are obtained in this paper:

(i) The results obtained in the analysis concerned with the effect of inhomogeneous initial
stress on the dispersion relations indicate that inhomogeneous initial stress has no influence on
the cut-off frequency for each mode of Love wave.

(ii)) The effect of the gradient coefficient of the inhomogeneous initial stress on the phase
velocity is negligible as « < 10, but the phase velocity decreases with the increase of the
gradient coefficient of the initial stress as « > 10*, which means that the more inhomogeneous
the initial stress, the smaller the phase velocity.

(ii1) The gradient coefficient changes not only the phase of the stress and mechanical dis-
placement distribution but also the magnitude for the electrically open case. In order to obtain
high performance of surface acoustic wave devices/sensors, small stress near the interface and
large surface mechanical displacement can be obtained simultaneously by changing the gradient
coefficient of initial stress in the piezoelectric layer during the manufacture process of piezo-
electric surface acoustic wave devices/sensors.

(iv) Our research work also indicates that the WKB asymptotic approximation can provide a
good alternative for the solution of high-frequency wave propagation in the structures with
inhomogeneous initial stress. But what we should point out is that the initial stress should
possess the slowly varying distribution property in the layer for the validity of the WKB
technique to use.

On the other hand, it can be found in our analysis that for the treatment of the problem to be
a two-dimensional plane-strain state, only the effect of the initial stress component 02 is taken
into account. Actually, a practical SAW device is of finite length in the z-direction, and the
initial stress component ¢ affects the Love wave propagation to some degree. Both the effects
of initial stress components 02 and ¢? on the propagation of the Love wave need to be further
investigated in the future.

Appendix

The WKB solution (18) consists of the wave u; traveling in the +x-direction and the wave uy
traveling in the direction —x, which means

1 ; 1
uy = blﬁeimq(x) ,Ug = W eZk(I(x) . (Al)
1 1

Substituting the expression of u; (or ug) into Eqgs. (13), we can get
dZ
Therefore, the range of validity of the WKB solution is as follows:
|f| << |k*bfu ], (A3)

which means

(L + k23w,

A= :
k2b%u,

<1

due to the reason
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d 1 _ . _ - 1 _ ;
Y _ _,b13/2bllefquw) +b; Uz(—ikbl)e’z’k”(x) — (—7b13/2b’1 —ikb}/z)e’““l(x),
dx 2 2
d? 3 s/ 1 gy 1. 1y | R
e T L ] NS I R S
B 3b75/2 e Locspn 932 kg
= 2072 0))? — <o) - K20 e ,
4 2
So
- ((f;z+k2b%)u1 R G LR R NI CA e 1
k2b%u, B K2b?/ k%4 b 203 '
Furthermore,
1\2 1 —17,0r 2
(bl) :4p204hb1 [Gy (x)] )
S
W = = bV @) — by 26V ()
! 4p%cy, ! . 2pcy, ! v
therefore
1311[0, 211 1774 9211 1 4
SRR W 796 PO S ) PO L
k% |16 p2cd, b3 LY 8 pcg, pl/2 LY 4pcy, 7Y

In the analysis of our manuscript

bl:\/c;—og/p_lzi 1_0_2_ﬁ_ ¢ 1+(Af(x)_ﬁ)y

2, Csh oz 2 cg, pcz 2
in which A is the amplitude of initial stress and f(x) the distribution function of initial stress.
So we can know the fact that b; ~ 1, and 02 (x) should be slowly varying in the range [0, —7].
Then, the following expression can be obtained:

15 1 [, .12

Y
Finally, the following condition can be obtained:
¢)(0) — 02(—h)‘ << pcd kh, (A)

which is the condition that the initial stress distribution function should be satisfied.
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