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Summary. In this paper, we analyze the nonlinear dynamic behavior of a piezothermoelastic laminated

plate with anisotropic material properties. The analytical model is a rectangular laminate composed of

fiber-reinforced laminae and piezoelectric layers. The model is assumed to be a symmetric cross-ply

laminate with all egdes simply-supported and to be subjected to mechanical, thermal and electrical loads as

intended control procedures or as disturbances. The von Kármán strains are introduced to treat non-linear

deformation. The behavior of the laminate is analyzed by using the Galerkin Method. We discuss the

following quantities: (i) the buckling temperature due to in-plane thermal load; (ii) the large static

deflection due to combined in-plane and anti-plane loads; (iii) the natural frequency of infinitesimal

oscillation around the static equilibrium state; (iv) the natural frequency of the oscillation with finite

amplitude around the static equilibrium state. Moreover, numerical examples are shown to investigate the

methods to rise the buckling temperature, to linearize the thermal deflection and the natural frequencies by

applying the electrical voltage to the piezoelectric actuators.

1 Introduction

Recently, smart structures have attracted much attention in engineering, medicine and other

fields for the control of deformation. Smart structures consist of elements which serve as

sensors and/or actuators. Among various materials as sensors and/or actuators in smart

structures, piezoelectric materials have attracted much attention because of their superior

coupling effect between the elastic and electric fields. Piezoelectric materials are often attached

to structural laminates such as graphite/epoxy. The laminates composed of them, which are

called piezothermoelastic laminates, have been used as devices for the deformation-control

including shape-control, vibration-control and so forth in adaptive structures [1]. In aerospace

applications, these structures are generally light and deform flexibly, and its flexibility can

induce large deformation. Therefore, it is important to investigate large deformation of

piezothermoelastic laminates. For example, Tzou and Zhou [2], [3] treated static and dynamic

control of a nonlinear circular plate composed of two surface piezoelectric layers and one

isotropic elastic layer with geometrical nonlinearity by introducing the von Kármán type non-

linear deformation.

Piezothermoelastic laminates are often required to be of high specific strength, and their

elastic layers are made of several layers composed of the matrices with low mass density and

the reinforcing fibers with high strength. As a result, they often exhibit anisotropy and
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lamination properties. Therefore, it is important to study piezothermoelastic laminated plates

with anisotropy.

In this paper, therefore, we analyze the nonlinear dynamic behavior of a piezothermoelastic

laminated plate with anisotropic material properties. The analytical model is a rectangular

laminate composed of fiber-reinforced laminae and piezoelectric layers which exhibit ortho-

tropy. The model is assumed to be a symmetric cross-ply laminate with all egdes simply-

supported and to be subjected to mechanical, thermal and electrical loads as intended control

procedures or as disturbances. The von Kármán strains are introduced to treat non-linear

deformation. The equations of motion of the laminate are solved using the Galerkin Method.

Expressions of the following quantities are discussed: (i) the buckling temperature due to in-

plane thermal load; (ii) the large static deflection due to combined in-plane and anti-plane

loads; (iii) the natural frequency of infinitesimal oscillation around the static equilibrium state;

(iv) the natural frequency of the oscillation with finite amplitude around the static equilibrium

state. Moreover, numerical examples are shown to investigate the methods to rise the buckling

temperature, to linearize the thermal deflection and the natural frequencies by applying the

electrical voltage to the piezoelectric actuators.

2 Analysis

2.1 Problem

The analytical model is shown in Fig. 1. The model is a rectangular laminate with dimension

a� b� h composed of N layers: two of N layers (zk�1 � z � zk, zk0�1 � z � zk0 ) exhibit pie-

zoelectricity while other layers do not. The laminate is a cross-ply laminate: all the layers exhibit

orthotropy, and the principal axes of orthotropy coincide with the axes of the Cartesian

coordinate system ðx; y; zÞ. The layers are laminated symmetrically with respect to the central

plane z ¼ 0: the i-th and ðN � iþ 1Þ-th layers are composed of the same material and have the

same orthotropy with respect to the Cartesian coordinate system ðx; y; zÞ. All edges of the

laminate are simply-supported.

The laminate is subjected to the following loads: transverse load q; temperature T0 and TN on

the upper ðz ¼ �h=2Þ and the lower ðz ¼ h=2Þ surfaces of the laminate, respectively; electric

potential Vk and Vk0 on the upper surface ðz ¼ zk�1Þ of the k-th piezoelectric layer and the

z0 = –h / 2

zN = h / 2

z1

zi

zk–1

zk¢–1
zk¢

zk

0

1

i

k

N – i + 1

N

k¢ (= N – k +1)

o

b

y z

a x

Fig. 1. Analytical model
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lower surface ðz ¼ zk0 Þ of the k0-th piezoelectric layer, respectively. The lower surface ðz ¼ zkÞ
of the k-th layer and the upper surface ðz ¼ zk0�1Þ of the k0-th layer are both the level surfaces

of electric potential.

2.2 Governing equations

Based on the classical laminate theory, the displacement components in x-, y- and z-directions

are taken to be, respectively,

u ¼ u0 � z
@w0

@x
; v ¼ v0 � z

@w0

@y
; w ¼ w0; ð1Þ

where the superscript 0 denotes the quantities at the central plane. In order to treat non-linear

deformation, the von Kármán strains eij and cij are introduced as
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@u0

@x
þ 1
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� �2
" #
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ð2Þ

Electric fields Ei are expressed by an electric potential U as

Ex ¼ �
@U
@x

; Ey ¼ �
@U
@y

; Ez ¼ �
@U
@z
: ð3Þ

The constitutive equations of piezothermoelasticity for the symmetrical cross-ply laminate are
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where rij denotes the stresses; T denotes the temperature; �QQij, �eeij and �kiki denote elastic stiffness

coefficients, piezoelectric coefficients and stress-temperature coefficients, all of which are re-

duced and transformed [4]. The resultant forces Nx, Ny and Nxy, the resultant moments Mx, My

and Mxy and the coefficient of translation inertia P are defined as

Nx;Ny;Nxy

� �
¼
Zh=2

�h=2
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� �
dz; Mx;My;Mxy

� �
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� �
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Zh=2

�h=2

qdz;

ð5Þ

where q denotes the mass density. Substitution of Eqs. (2) and (4) into Eqs. (5) gives
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where the definitions of Aij, Dij, NT
x , NT

y , MT
x , MT

y , NE
x , NE

y , ME
x and ME

y are given as

Aij;Dij

� �
¼

Zh=2

�h=2

�QQij 1; z2
� �

dz i; j ¼ 1; 2; 6ð Þ; ð8Þ
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The equations of motion which integrate the effect of in-plane resultant forces into anti-plane

motion are given as follows:

@Nx

@x
þ @Nxy

@y
¼ 0;

@Nxy

@x
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By substituting Eqs. (6) and (7) into Eqs. (11), the equations of motion are expressed by the

displacements as follows:
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where the operators Li are expressed as
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As the laminate is simply-supported at all edges, we have

x ¼ 0;a; u0 ¼ v0 ¼ 0; w ¼ 0; Mx ¼ � D11
@2w

@x2
þ D12

@2w

@y2

� �
� MT

x þME
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� �
¼ 0;

y ¼ 0; b; u0 ¼ v0 ¼ 0; w ¼ 0; My ¼ � D12
@2w

@x2
þ D22

@2w

@y2

� �
� MT

y þME
y

� �
¼ 0:

ð14Þ

2.3 Galerkin method

We use the Galerkin method to solve the governing equations (12) under the boundary con-

ditions (14). We choose trigonometric functions as the trial functions and consider that the

displacements are expressed by series as

u0;v0;w
� �

¼
X1
m¼1

X1
n¼1

umn; vmn;wmnf g sin amx sin bny : am ¼
mp
a
; bn ¼

np
b
; ð15Þ

so that the boundary conditions (14) may be satisfied. Hereafter, we consider that q, T0, TN , Vk

and Vk0 are uniform with respect to the variables x and y. Moreover, we consider that the

thickness of each layer is sufficiently small compared to its lengths a and b. Then, the heat flux

in each layer is considered to occur only in the thickness direction and to be constant along the

thickness direction. Therefore, the distribution of the temperature in each layer is uniform with

respect to x and y and linear with respect to z and is obtained as

T ¼ Ti�1 þ Ti � Ti�1ð Þ z� zi�1

zi � zi�1
: zi�1 � z � zi i ¼ 1; . . . ;Nð Þ; ð16Þ

where Ti i ¼ 1; . . . ;N � 1ð Þ denotes the temperature at z ¼ zi and is determined so as to satisfy

the continuity conditions of the heat flux at z ¼ zi i ¼ 1; . . . ;N � 1ð Þ:

kz;1
T1 � T0

z1 � z0
¼ kz;2

T2 � T1

z2 � z1
¼ � � � ¼ kz;N�1

TN�1 � TN�2

zN�1 � zN�2
¼ kz;N

TN � TN�1

zN � zN�1
; ð17Þ

where kz;iði ¼ 1; . . . ;NÞ denotes the thermal conductivity in the z -direction in the i-th layer.

Meanwhile, the electric field in each piezoelectric layer is considered to occur only in the

thickness direction and to be constant along the thickness direction. Therefore, referring to

Eqs. (3), the distribution of the electric potential in each piezoelectric layer is uniform with

respect to x and y and linear with respect to z and is obtained as

U ¼ Vk zk � z

zk � zk�1
: zk�1 � z � zk;

U ¼ Vk0 z� zk0�1

zk0 � zk0�1
: zk0�1 � z � zk0 :

ð18Þ

Then, from Eqs. (3), (9), (10), (16) and (18), it is found that the thermally-induced resultant

forces NT
x and NT

y and the electrically-induced resultant forces NE
x and NE

y become uniform with

respect to the variables x and y. On the other hand, in order to satisfy the boundary conditions

(14), the thermally-induced resultant moments MT
x and MT

y and the electrically-induced resul-

tant moments ME
x and ME

y are evaluated as
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Dynamic behavior of a piezothermoelastic laminated plate 107



where, from Eqs. (3), (9), (10), (16), (18) and (19), the coefficients are calculated as
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Then, applying the Galerkin method to Eqs. (12), we have
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ð21Þ

Performing the integrations in Eqs. (21), we have the simultaneous non-linear equations with

respect to umn, vmn and wmn as follows:

a11;mnumn þ
X1
m0¼1

X1
n0¼1

amn
12;m0n0vm0n0 þ

X1
m0¼1

X1
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12;m0n0um0n0 þ a22;mnvmn þ
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n0¼1

X1
i¼1

X1
j¼1
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dt2
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þ aN;mn

� �
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þ
X1
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n0¼1
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j¼1
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i¼1
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j¼1
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n0¼1
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i¼1
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j¼1
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k¼1

X1
l¼1

bmn
33;m0n0ijklwm0n0wijwkl ¼ pc;mn : m;n ¼ 1; 2; 3; . . . ;1;

ð22Þ

where aN;mn is the coefficient representing the effect of the thermally-induced and the electri-

cally-induced resultant forces on anti-plane motion, defined as

aN;mn ¼ � a2
m NT

x þ NE
x

� �
þ b2

n NT
y þ NE

y

� �h i
ð23Þ

and

dc;33;mn ¼ h2 D11a
4
m þ 2 D12 þ 2D66ð Þa2

mb2
n þ D22b

4
n

� �
; ð24Þ
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pc;mn ¼ qmn þ a2
m MT

x;mn þME
x;mn

� �
þ b2

n MT
y;mn þME

y;mn

� �
; ð25Þ

qmn ¼ q 16
p2mn

: m ¼ odd and n ¼ odd
0 : otherwise


ð26Þ

and the definitions of a11;mn, a22;mn, amn
12;m0n0 , bmn

11;m0n0ij, bmn
13;m0n0ij, bmn

22;m0n0ij, bmn
23;m0n0ij and bmn

33;m0n0ijkl

are given in the Appendix. It should be noted that pc;mn contributes to the bending of the

laminate.

2.4 Buckling temperature

We consider the situation:

q ¼ 0; TN ¼ T0; Vk ¼ �Vk0 � Vð Þ: ð27Þ

Referring to Eqs. (17), we have

Ti ¼ T0 i ¼ 1; . . . ;N � 1ð Þ: ð28Þ

Then, from Eqs. (16), (20), (25) through (28), pc;mn is absent, and Eqs. (22) have a zero

solution,

umn ¼ vmn ¼ wmn ¼ 0 : m;n ¼ 1; 2; 3; . . . ;1: ð29Þ

Due to the non-linearity of Eqs. (22) with respect to wmn, Eqs. (22) for the quasi-static case

may have non-trivial solutions when

dc;33;mn

h2
þ aN;mn ¼ 0: ð30Þ

From Eqs. (3), (9), (10), (16), (18), (23), (24), (27) and (28), Eq. (30) gives the temperature as

T0 ¼
dc;33;mn � 2Vh2 a2

m
�ee31 þ b2

n
�ee32

� �
h2
PN
i¼1

a2
m

�kk1

� �
i
þ b2

n
�kk2

� �
i

h i
zi � zi�1ð Þ

� Tcr;mn; ð31Þ

which is referred to as the buckling temperature. From Eq. (31), it is found that Tcr;mn can be

controlled by the electrical voltage V applied to the piezoelectric actuators.

2.5 Large deflection

On the other hand, when pc;mn is present, the laminate undergoes combined in-plane and anti-

plane loads and deflects. By truncating infinite series in Eqs. (15), therefore in Eqs. (22), up to

two terms, Eqs. (22) for m;nð Þ ¼ 1; 1ð Þ, m;nð Þ ¼ 1; 2ð Þ, m;nð Þ ¼ 2; 1ð Þ and m;nð Þ ¼ 2; 2ð Þ
give the simultaneous non-linear equations with respect to umn, vmn and wmn for

m;nð Þ ¼ 1; 1ð Þ, m;nð Þ ¼ 1; 2ð Þ, m;nð Þ ¼ 2; 1ð Þ and m;nð Þ ¼ 2; 2ð Þ. These equations may have

solutions which satisfy one of three exclusive conditions:

u21 6¼ 0; v12 6¼ 0; w11 6¼ 0; u11 ¼ u12 ¼ u22 ¼ v11 ¼ v21 ¼ v22 ¼ w12 ¼ w21 ¼ w22 ¼ 0;

ð32Þ

u21 6¼ 0; v12 6¼ 0; w12 6¼ 0; u11 ¼ u12 ¼ u22 ¼ v11 ¼ v21 ¼ v22 ¼ w11 ¼ w21 ¼ w22 ¼ 0;

ð33Þ
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u21 6¼ 0; v12 6¼ 0; w21 6¼ 0; u11 ¼ u12 ¼ u22 ¼ v11 ¼ v21 ¼ v22 ¼ w11 ¼ w12 ¼ w22 ¼ 0:

ð34Þ

When pc;11 is present, only the condition by Eqs. (32) is allowed among these conditions.

Therefore, we consider the solution of Eqs. (22) which satisfies Eqs. (32). Equations (22) which

satisfy Eqs. (32) give the simultaneous non-linear equations with respect to u21, v12 and w11 as

follows:
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12;12v12 þ b21

11;1111 w11ð Þ2 ¼ 0;
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22;1111 w11ð Þ2 ¼ 0; ð35Þ
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� �
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For the quasi-static case, Eq. (36) becomes an algebraic cubic equation, and the solution is

obtained as follows:
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1

2

pc;11

kN
11

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

pc;11

kN
11

� �2

þ 1

3

kL
c;11

kN
11

 !3
vuut3

vuuut

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

2

pc;11

kN
11

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

pc;11

kN
11

� �2

þ 1

3

kL
c;11

kN
11

 !3
vuut3

vuuut :
kL

c;11

kN
11

� 0;

w11

h
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

pc;11

kN
11

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

pc;11

kN
11

� �2

þ 1

3

kL
c;11

kN
11

 !3
vuut3

vuuut

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

pc;11

kN
11

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

pc;11

kN
11

� �2

þ 1

3

kL
c;11

kN
11

 !3
vuut3

vuuut : �3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

pc;11

kN
11

� �
3

s
2

�
kL

c;11

kN
11

� 0 and
pc;11

kN
11

� 0;
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w11

h
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

2

pc;11

kN
11

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

pc;11

kN
11

� �2

þ 1

3

kL
c;11

kN
11

 !3
vuut3

vuuut

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

2

pc;11

kN
11

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

pc;11

kN
11

� �2

þ 1

3

kL
c;11

kN
11

 !3
vuut3

vuuut : �3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

pc;11

kN
11

� �2
3

s
�

kL
c;11

kN
11

� 0 and
pc;11

kN
11

� 0;

w11

h
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

3

kL
c;11

kN
11

s
cos

h
3

:
kL

c;11

kN
11

� �3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

pc;11

kN
11

� �2
3

s
and

pc;11

kN
11

� 0;

w11

h
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

3

kL
c;11

kN
11

s
cos

hþ 2p
3

� �
:

kL
c;11

kN
11

� �3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

pc;11

kN
11

� �2
3

s
and

pc;11

kN
11

� 0; ð38Þ

where

h ¼ cos�1

1
2

pc;11

kN
11

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

3

kL
c;11

kN
11

� �3
r
2
664

3
775 0 � h � pð Þ: ð39Þ

It should be noted that, when pc;11 is absent, Eqs. (38) give the bifurcational solution as

w11

h
¼ 0 :

kL
c;11

kN
11

� 0;

w11

h
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�

kL
c;11

kN
11

s
:

kL
c;11

kN
11

� 0:

ð40Þ

2.6 Free oscillation around static large deflection

We consider the free oscillation of the laminate around the static large deflection. Let w11;s

denote the static large deflection due to static loads q, T0, TN , Vk and Vk0 and let w11;dðtÞ denote
the free oscillation of the laminate around w11;s. Then, from Eq. (36), the governing equations

of w11;s and w11;dðtÞ are represented, respectively, by

kL
c;11

w11;s

h

� �
þ kN

11

w11;s

h

� �3

¼ pc;11; ð41Þ

ðPhÞ d2

dt2

w11;dðtÞ
h

	 

þ kL

c;11

w11;s þw11;dðtÞ
h

	 

þ kN

11

w11;s þw11;dðtÞ
h

	 
3

¼ pc;11: ð42Þ

By subtracting Eq. (41) from Eq. (42), we have

d2

dt2

w11;dðtÞ
h

	 

þ x2

c;0

w11;dðtÞ
h

	 

þ m2

2

w11;dðtÞ
h

	 
2

þm2
3

w11;dðtÞ
h

	 
3

¼ 0; ð43Þ

where

xc;0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kL

c;11 þ 3kN
11

w11;s

h

� �2

Ph

s
; m2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3kN

11
w11;s

h

Ph

s
; m3 ¼

ffiffiffiffiffiffiffi
kN

11

Ph

s
: ð44Þ
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Since neglection of the nonlinear terms in Eq. (43) leads to

d2

dt2

w11;dðtÞ
h

	 

þ x2

c;0

w11;dðtÞ
h

	 

¼ 0; ð45Þ

it is found that xc;0 defined by Eqs. (44) denotes the natural frequency of infinitesimal oscil-

lation around the static large deflection. When all terms in Eq. (43) are considered, the natural

frequency of the oscillation with finite amplitude around the static large deflection, x, is

obtained by the Lindstedt-Poincaré method [5] as

x
xc;0
¼ 1þ 1

24
9

m3

xc;0

� �2

�10
m2

xc;0

� �4
" #

W
_ 2

þ 1

6912
6120

m2
2m3

x3
c;0

 !2

�1940
m2

xc;0

� �8

�567
m3

xc;0

� �4
2
4

3
5W
_ 4

þ O W
_ 6

� �
; ð46Þ

where W
_

denotes the amplitude of w11;dðtÞ=h. From Eq. (46), it is found that the natural

frequency is dependent on the amplitude when the oscillation with finite amplitude is consid-

ered. Moreover, by considering Eqs. (20), (25), (38) and (44), the natural frequency described

by Eq. (46) is found to depend on the electrical voltage applied to the piezoelectric actuators

and thus to be controlled by the voltage.

3 Numerical calculation

Some numerical calculation is carried out to investigate the methods to rise the buckling

temperature, to linearize the thermal deflection and the natural frequencies with respect to the

temperature by applying the electrical voltage to the piezoelectric actuators.

We assume that the piezoelectric layers are of BaTiO3 and other layers are of graphite/epoxy

(GE). Reduced material constants are given as follows:

for GE layer [6], [7]:

Qe
11 ¼ 182½GPa�; Qe

22 ¼ 10:3½GPa�; Qe
12 ¼ 2:90½GPa�;

Qe
44 ¼ 2:87½GPa�; Qe

55 ¼ 7:17½GPa�; Qe
66 ¼ 7:17½GPa�;

ke
1 ¼ 68:8� 103½PaK�1�; ke

2 ¼ 233� 103½PaK�1�;

qe ¼ 1:580� 103½kgm�3�;

ð47Þ

for BaTiO3 (which exhibits 6mm symmetry) layer [8], [9]:

Q
p

11 ¼ Q
p

22 ¼ 120½GPa�; Q
p

12 ¼ 36:2½GPa�; Q
p

44 ¼ Q
p

55 ¼ 44:0½GPa�; Q
p

66 ¼ 42:0½GPa�;

kp

1 ¼ kp

2 ¼ 1:33� 106½PaK�1�;

e31 ¼ e32 ¼ �12:3½Cm�2�; e15 ¼ e24 ¼ 11:4½Cm�2�;

gp

11 ¼ gp

22 ¼ 9:87� 10�9½C2N�1m�2�; gp

33 ¼ 13:2� 10�9½C2N�1m�2�;

qp ¼ 5:700� 103½kgm�3�;

ð48Þ

where gp

ij denotes the permittivities of BaTiO3. Reduced and transformed material properties

can be obtained according to [4]. We assume that the square layers ða ¼ bÞ are piled as

BaTiO3 : 0	½ �= GE : 90	=0	ð Þ2
� �� �

sym
ðN ¼ 10, k ¼ 1, k0 ¼ 10Þ and that each layer has the same

thickness. Then, the thickness of each layer, ti, is sufficiently small compared to its length
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ðti=a < 0:01 for a=h > 10, for instance), which justifies the assumption introduced to derive

Eqs. (16) and (18).

3.1 Buckling due to in-plane thermal load

Under the condition described by Eqs. (27), the laminate undergoes the buckling at the tem-

perature given by Eq. (31). Figure 2 shows the variation of the buckling temperature with the

length-to-thickness ratio a=h without the electric voltage applied. From Fig. 2, it is found that

the buckling temperatures decreases as the length-to-thickness ratio decreases and that the

buckling occurs for ðm;nÞ ¼ ð1; 1Þ because the buckling temperature for the case is the smallest

among those for other combinations of ðm;nÞ.
Figure 3 shows the variation of the buckling temperature Tcr;11 normalized by ðh=aÞ2 with

the length-to-thickness ratio for various values of the electric voltage applied to the piezo-

electric actuators. From Fig. 3, it is found that the buckling temperature changes linearly with
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Fig. 2. Variation of the buckling tem-
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ratio without the electric voltage
applied

0.25

0.2

0.15

0.1

0.05

0
0 20 40 60 80 100

a

h

1

–1

0

0.5

–0.5

V

Q11 / h11 (h/a)2
 h

e p

(Q11/l1)·(h/a)2e e

Tcr,11

=

Fig. 3. Variation of the buckling tem-
perature with the length-to-thickness

ratio for various values of the electric
voltage applied to the piezoelectric

actuators

Dynamic behavior of a piezothermoelastic laminated plate 113



respect to the voltage and that appropriate voltage to the actuators can increase the buckling

temperature.

3.2 Large deflection

We consider large deflection, which is described by Eqs. (38), of the laminate subjected to

combined in-plane thermal load and anti-plane electrical load, letting

q ¼ 0; TN ¼ T0; Vk ¼ Vk0 � V : ð49Þ

Figure 4 shows the variation of the deflection normalized by the thickness of the laminate with

the normalized electrical voltage applied to the piezoelectric actuators. From Fig. 4, it is found

that the deflection increases non-linearly with respect to the electrical voltage applied to the

piezoelectric actuators and that the deflection increases as the temperature increases. Moreover,

it is found that the deflection occurs even when the laminate is subjected only to the in-plane

thermal load for two cases T0=
�
ðQe

11=k
e
1Þ � ðh=aÞ

2� ¼ 0:15 and T0=
�
ðQe

11=k
e
1Þ � ðh=aÞ

2� ¼ 0:2,

which are larger than the buckling temperature Tcr;11=
�
ðQe

11=k
e
1Þ � ðh=aÞ

2� ffi 0:14 for V ¼ 0 as

shown in Fig. 3.

Figure 5 shows the variation of the deflection normalized by the thickness of the laminate

with normalized temperature. From Fig. 5, it is found that the deflection increases non-linearly

with respect to the temperature. For the case without the electrical voltage applied, the

deflection is found to exhibit bifurcational behavior. An important aspect obtained from Fig. 5

is that the deflection can be linearized with respect to the temperature by applying an appro-

priate electrical voltage to the piezoelectric actuators.

3.3 Free oscillation around static large deflection

Numerical calculations for the free oscillation of the laminate around the static large deflection,

which is treated in Sect. 2.6, are performed. Figure 6 shows the variation of the normalized
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0
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Q11/h11 (h/a)2
 h
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0

w
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Fig. 4. Variation of the deflection with
the electrical voltage applied to the

piezoelectric actuators ða=h ¼ 50Þ
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natural frequency of infinitesimal oscillation with the normalized temperature for various

values of the electrical voltage applied to the piezoelectric actuators. From Fig. 6, it is found

that the natural frequency of infinitesimal oscillation is decreased by applying the temperature

around the buckling temperature Tcr;11= Qe
11=k

e
1

� �
� h=að Þ2

h i
ffi 0:14 and that the natural fre-

quency can be increased by applying an appropriate electrical voltage to the piezoelectric

actuators. Moreover, it is found that the natural frequency of infinitesimal oscillation can be

linearized with respect to the temperature by applying an appropriate electrical voltage to the

piezoelectric actuators.

Figures 7 and 8 show the relation between the natural frequency and the amplitude of the

oscillation with finite amplitude for T0 < Tcr;11 and T0 > Tcr;11, respectively. From Fig. 7, it is

found that, for the case T0 < Tcr;11, the natural frequency increases as the amplitude increases

for relatively small magnitude of the electrical voltage and that it decreases as the amplitude

increases for relatively large magnitude of the electrical voltage. By choosing an appropriate

magnitude of the electric voltage, the natural frequency is found to be linearized with respect to

the amplitude. From Fig. 8, it is found that, for the case T0 > Tcr;11, the natural frequency

decreases as the amplitude increases. Also for this case, the natural frequency is found to be
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linearized with respect to the amplitude by appropriate application of the electric voltage to the

piezoelectric actuators.

4 Concluding remarks

We analyze the non-linear dynamic behavior of a piezothermoelastic laminated plate with

anisotropic material properties. We consider that the laminate is a symmetric cross-ply

laminate with all egdes simply-supported and is subjected to mechanical, thermal and

electrical loads as intended control procedures or as disturbances. By using the von Kármán

strains and the Galerkin Method, expressions of the following quantities are obtained: (i) the

buckling temperature for in-plane thermal load; (ii) the large static deflection due to com-

bined in-plane and anti-plane loads; (iii) the natural frequency of infinitesimal oscillations

around the static large deflection; (iv) the natural frequency of the oscillation with finite

amplitude around the static large deflection. Moreover, by performing numerical calcula-

tions, the non-linearity of the deflection with respect to thermal and electrical loads are

shown qualitatively, and it is found that the application of an appropriate electrical voltage

to the piezoelectric actuators can rise the buckling temperature and the natural frequency of

infinitesimal oscillations and linearize the large deflection with respect to temperature and

the natural frequencies with respect to the finite amplitude.
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Appendix

The definitions of a11;mn , a22;mn , amn
12;m0n0 , bmn

11;m0n0ij , bmn
13;m0n0ij , bmn

22;m0n0ij , bmn
23;m0n0ij and

bmn
33;m0n0ijkl are given as follows:

a11;mn ¼ A11a
2
m þ A66b

2
n ; a22;mn ¼ A66a

2
m þ A22b

2
n ; a12;mn ¼ A12 þ A66ð Þambn ;

a13;mn ¼ A11a
2
m þ A12b

2
n ; a23;mn ¼ A12a

2
m þ A22b

2
n ; a33;mn ¼ 2A66ambn ;

amn
12;m0n0 ¼ �

16

p2
a12;m0n0dmm0dnn0 ;

bmn
11;m0n0ij

bmn
13;m0n0ij

8<
:

9=
; ¼ �

2

p

a11;m0n0

a13;m0n0

8<
:

9=
;aidm0imds;n0jn �

a12;m0n0

a33;m0n0

8<
:

9=
;bjdmm0idc;n0jn

2
4

3
5;

bmn
22;m0n0ij

bmn
23;m0n0ij

8<
:

9=
; ¼ �

2

p

a22;m0n0

a23;m0n0

8<
:

9=
;bjds;m0imdn0jn �

a12;m0n0

a33;m0n0

8<
:

9=
;aidc;m0imdnn0j

2
4

3
5;

ðA.1Þ

bmn
33m0n0ijkl ¼

1

32
a13;m0n0aiakDc;ikm0mDs;jln0n þ a23;m0n0bjblDs;ikm0mDc;jln0n

�

�2a33;m0n0aiblDc;m0ikmDc;n0ljn

�
;

where

dij ¼
i

i2�j2 : modði; 2Þ 6¼ modðj; 2Þ
0 : modði; 2Þ ¼ modðj; 2Þ


; ðA:2Þ

dijk ¼
þ1 : k ¼ iþ j or i ¼ jþ k

�1 : j ¼ kþ i

0 : otherwise

(
; ðA:3Þ

ds;ijk ¼
2ijk

ðiþjþkÞðiþj�kÞði�jþkÞði�j�kÞ :

mod ði; 2Þ �modðj; 2Þ �modðk; 2Þ ¼ 1

or mod ði; 2Þ � modðj; 2Þ þ 1½ � � modðk; 2Þ þ 1½ � ¼ 1

or mod ðj; 2Þ � modðk; 2Þ þ 1½ � � modði; 2Þ þ 1½ � ¼ 1

or mod ðk; 2Þ � modði; 2Þ þ 1½ � � modðj; 2Þ þ 1½ � ¼ 1

0
BBBBB@

1
CCCCCA

0 : otherwise

8>>>>>>><
>>>>>>>:

;

ðA:4Þ

dc;ijk ¼
kði2þj2�k2Þ

ðiþjþkÞðiþj�kÞði�jþkÞði�j�kÞ :

mod ði; 2Þ �modðj; 2Þ �modðk; 2Þ ¼ 1

or mod ði; 2Þ � modðj; 2Þ þ 1½ � � modðk; 2Þ þ 1½ � ¼ 1

or mod ðj; 2Þ � modðk; 2Þ þ 1½ � � modði; 2Þ þ 1½ � ¼ 1

or mod ðk; 2Þ � modði; 2Þ þ 1½ � � modðj; 2Þ þ 1½ � ¼ 1

0
BBBBB@

1
CCCCCA

0 : otherwise

8>>>>>>><
>>>>>>>:

;

ðA:5Þ

Dynamic behavior of a piezothermoelastic laminated plate 117



Ds;ijkl ;Dc;ijkl

� �
¼

ð3; 1Þ : i ¼ j ¼ k ¼ l

ð2; 2Þ : i ¼ j 6¼ k ¼ l

ð2; 0Þ : i ¼ k 6¼ j ¼ l or i ¼ l 6¼ j ¼ k

ð�1;�1Þ : i ¼ jþ kþ l or j ¼ kþ lþ i

ð�1; 1Þ : k ¼ lþ iþ j or l ¼ iþ jþ k

ð1;�1Þ : iþ j ¼ kþ l and i 6¼ k and i 6¼ l and j 6¼ k and j 6¼ l

ð1; 1Þ :
ðiþ k ¼ jþ l and i 6¼ j and i 6¼ l and k 6¼ j and k 6¼ lÞ

or ðiþ l ¼ jþ k and i 6¼ j and i 6¼ k and l 6¼ j and l 6¼ kÞ

" #

ð0; 0Þ : otherwise

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

:

ðA:6Þ
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