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Summary

A two-moment microphysical parameterization for mixed-
phase clouds was developed to improve the explicit
representation of clouds and precipitation in mesoscale
atmospheric models. The scheme predicts the evolution of
mass as well as number densities of the five hydrometeor
types cloud droplets, raindrops, cloud ice, snow and graupel.
Since the number concentrations of all these hydrometeors
are calculated explicitly, all relevant homogenous and
heterogenous nucleation processes have been parameterized
including the activation of cloud condensation nuclei, which
is not predicted in most state-of-the-art cloud resolving
models. Therefore the new scheme can discriminate between
continental and maritime conditions and can be used for in-
vestigations of aerosol effects on the precipitation formation
in mixed-phase clouds. In addition, the scheme includes
turbulence effects on droplet coalescence, collisional breakup
of raindrops and size-dependent collision efficiencies. A new
general approximation of the collection kernels and the
corresponding collision integrals is introduced.

1. Introduction

Clouds are an important part of the atmosphere
and the climate system, since they determine and
influence a variety of atmospheric processes/
states. The representation of clouds in atmo-
spheric models has to be paid particular atten-
tion, as the formation and spatial distribution of

clouds and precipitation is crucial for numerical
weather prediction (NWP) as well as for climate
modeling.

Unfortunately, each individual cloud itself is a
very complex non linear sub-system of the atmo-
sphere and the delicate problem with cloud and
precipitation modeling is to find a compromise
between a very detailed but costly description
in terms of spectral balance equations for the size
distributions of many types of hydrometeors (cf.
Khain et al, 2000, for a review) and a coarse but
efficient parameterization in terms of equations
dealing with certain integrals of the size distribu-
tions (e.g., only mass densities).

The latter approach is commonly used in fore-
cast models and has shown a certain ability to
describe large scale precipitation systems, but
regional climate modeling and mesoscale NWP
demand a more accurate approach. This is all the
more important as recent observations indicate
a strong anthropogenic influence on convective
clouds and precipitation by aerosol modification
(Rosenfeld, 2000). Unfortunately, the spectral
cloud models are still too expensive to be useful
for full 3-D simulations, while the common
parameterized models are not able to represent
aerosol-cloud interactions at all.
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The importance of finding an efficient, i.e.
parameterized, representation of the cloud
microphysics was recognized very early in cloud
modeling history. One of the first essential param-
eterization approaches is the famous scheme of
Kessler (1969), who simplified the description of
clouds and their processes by taking into account
only mass densities where he originally concen-
trated on “warm clouds”. The so-called Kessler
scheme is based on two basic ideas: first, to dis-
tinguish formally between cloud droplets and
raindrops and, second, to formulate the cloud
processes relevant to this distinction in terms of
time rates of change of mass densities. Partly by
intuition and partly by applying simplistic con-
siderations Kessler arrived at equations which
have a long-standing tradition in cloud micro-
physics modeling. Within his approach Kessler
introduced the terms ‘‘autoconversion” and
“accretion” as those mechanisms converting
cloud droplets to raindrops and growth of rain-
drops by collecting cloud droplets, respectively.
A drawback of Kessler’s formulae is that they
do not take into account any characteristic of an
underlying cloud droplet spectrum, i.e. they are
not able to distinguish between maritime and
continental clouds, e.g. originating from different
properties of cloud condensation nuclei (CCN).

A first approach to include some properties of
different cloud types had already been undertak-
en by Berry (1968). His conversion formula has
often been interpreted as an autoconversion rate.
However, as has been discussed by Beheng and
Doms (1986) as well as Beheng (1994) the rela-
tion Berry presented cannot unambiguously be
attributed to autoconversion only but has also
contributions by accretion and selfcollection as
one deduces from his definition of the intrinsic
time scale.

Nevertheless, the idea of a partition of water
mass into a cloud portion and a rain portion was a
clue for further investigations leading to advanced
formulations of related collection processes.

A first step towards an exact formulation of
cloud microphysical parameterizations has been
done by Beheng and Doms (1986) as well as
Doms and Beheng (1986) in defining the partial
collection mechanisms selfcollection of cloud
droplets and raindrops, autoconversion and
accretion for any moment of the size distribu-
tions in terms of the stochastic collection equa-

tion (SCE). Comparisons of numerical results
obtained by, on one hand, a spectral approach
and, on the other hand, by application of Berry’s
and Kessler’s schemes showed a considerable
disagreement, which could be traced back to
the inability of both parameterization schemes
to treat different cloud droplet spectra. An early
attempt to consider the cloud droplet number
concentration in a Kessler-type scheme has been
presented by Manton and Cotton (1977) express-
ing Kessler’s mixing ratio threshold as a func-
tion of the mean cloud droplet radius. Later, a
new formulation has been suggested by Beheng
(1994), who applied a two-moment approach to
collisional growth of cloud droplets and rain-
drops. His parameterization consists of time rates
of change of number densities and mass densities
derived from a heuristic ansatz. Since especially
the corresponding autoconversion rate depends,
besides a width parameter, on both mass and num-
ber densities of cloud droplets changing simulta-
neously with time this scheme better represented
the evolution of different droplet spectra and
their influence on subsequent collection pro-
cesses. However, Beheng’s autoconversion rate
still suffers from a strong disagreement as com-
pared to that calculated by the spectral method.
This shortcoming has been removed by Seifert
and Beheng (2001, henceforth referred to as
SB) by a more detailed theoretical study. They
derived analytical approximations for autocon-
version and accretion from the SCE itself based
on the collection kernel parameterization by
Long (1974) and, in addition, considering a dy-
namic similarity theory to parameterize the in-
herent time evolution of the drop size distribution.

So far this review has concentrated on collec-
tion mechanisms operating in warm clouds.
However, in extra-tropical regions most clouds
are mixed-phase clouds, i.e., they consist of a
mixture of supercooled water and ice particles.
Thus, for use in cloud resolving models a param-
eterization of processes taking place between
(several) ice crystal types and cloud droplets as
well as raindrops has to be developed. Also in
this case a spectral approach is possible which
again is too costly for most applications.

In the past several parameterizations have been
proposed showing a different degree of complex-
ity. Most of these schemes operate with time
rates of change of mass densities only, which
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later on have been completed by consideration of
number densities.

In case of mass density parameterizations
Wisner et al (1972) adopted Kessler’s scheme
and added hail growth. Cotton et al (1982), Lin
et al (1983) as well as Rutledge and Hobbs
(1984) took into account ice and snow as well
as graupel or hail.

The first attempt dealing with number concen-
trations of cloud droplets, raindrops and hail goes
back to the pioneering work of Ziegler (1985),
who, however, restricted himself to a kinematic
retrieval method. Nearly at the same time Cotton
et al (1986) introduced the number density of ice
crystals in a dynamic cloud model.

Almost complete two-moment parameteriza-
tions have been developed by Ferrier (1994),
Meyers et al (1997) and Reisner et al (1998),
who consider number and mass concentrations
for all ice particle types. In some case studies
these two-moment schemes have shown a better
modeling and forecast skill compared with the
one-moment Lin-type schemes (cf. Tao et al,
2003). But since in the schemes mentioned above
the number concentration of cloud droplets is
still not an independent model variable, these
parameterizations are not yet suitable to study
CCN effects on cloud and precipitation forma-
tion. To overcome this deficiency Feingold et al
(1998) suggested a two-moment warm phase
scheme, which is to a large extend based on
pre-calculated look-up tables. The current ver-
sion of RAMS uses this approach within the
Meyers et al (1997) scheme to be suitable for
investigating aerosol effects on cloud formation
(Cotton et al, 2003)".

Here we present a consistent two-moment
cloud microphysical scheme which entirely oper-
ates with rate equations for five hydrometeor
types in terms of number as well as mass densi-
ties, including a full treatment of cloud droplet
number concentration.

This parameterization is especially designed
for use in high-resolution cloud-resolving models
(CRMs) and considers CCN effects on cloud
formation.

The paper is organized as follows: Sect. 2
describes the treatment of warm phase microphy-
sical processes between cloud droplets and rain-

! See also http://rams.atmos.colostate.edu/mexicoarticle.html

drops and includes a formulation of cloud
droplets’ nucleation which depends on specific
aerosol types. In Sect. 3, the parameterizations
are presented concerning the ice phase processes
where three ice particle types, namely cloud ice,
snow flakes and graupel, are distinguished. Note
that the current version does not yet include a
detailed description of hail-formation. Part 2 of
this paper is dedicated to numerical results ob-
tained by applying the new scheme in the frame-
work of a limited-area atmospheric model based
on compressible equations. Especially, the dynam-
ics of mixed-phase thunderstorms in a sheared
background flow is investigated and the different
findings for maritime as well as continental con-
ditions are compared with results of the classical
paper of Weisman and Klemp (1982).

Note that throughout the paper some common
quantities (e.g., the diffusivity of water vapour,
denoted by D,) are not addressed in detail but
given in the Appendix. Numerical values are
given in Sl-units, except where it seems ap-
propriate for better readability to use other
units.

2. Warm phase processes

2.1 General remarks

Even in mid-latitudes warm phase processes
involving water drops play a major role in pre-
cipitation formation not only due to their own
contribution to surface precipitation but, maybe
more important, as a prerequisite of subsequently
ongoing ice phase processes.

Most important is the formation and growth of
cloud droplets and raindrops by the chain of
mechanisms nucleation, condensation and collec-
tion. Large raindrops originating from coales-
cence growth or from melting of large graupel
or hail might be disrupted into smaller fragments
by collisional breakup or start to evaporate as
soon as they reach subsaturated regions by
advection or sedimentation.

In the following paragraphs the parameteriza-
tions of all warm phase processes are described
based on a decomposition of the drop size dis-
tribution into a cloud droplet and raindrop
portion. The theoretical treatment follows the
philosophy of Beheng and Doms (1986), Doms
and Beheng (1986) as well as SB. The basic
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microphysical variables considered in the new
scheme are the partial power moments

M = Jx* XK fi(x) dx = Jooxkfc(x) dx, (1)

0 0
Mk = J * X fi(x) dx = Jo XX fo(x) dx (2)

of the number density size distribution function
of droplets f;,(x) depending on drop mass x. The
drop mass x™ separates cloud droplets from rain-
drops and is given a value x* =2.6x107'0kg
corresponding to a radius of r* = 40 um. This
value has been derived from results numerically
solving the stochastic collection equation.

In Egs. (1) and (2), it has been supposed that
the whole drop size spectrum can be partitioned
into two discontinuous functions, f(x) and f,(x),
which are the size distribution functions of cloud
droplets and raindrops, respectively. The first two
partial moments of f,,(x) are the number densities
of cloud droplets and raindrops M? =N, and
M° = N, as well as their mass densities (liquid
water contents) Mi = L. and Mr1 = L,. Generally
it is assumed that the partial size distributions
fe(x) or fi(x) can almost always be described
by generalized I'-distributions with two time
dependent and two constant parameters (see
Appendix A).

In Cartesian physical space (7,¢) the budget
equations for the partial moments Mf‘ =
MFK(# 1) with i€ {c,r} read

oM ok AR
o +v'[UMi]_v'[KhVMi]+8_Z[Ui7kMi]_Si

(3)

with mean wind velocity ¢, turbulent diffusivity
of heat K;, and mean sedimentation velocities v; k.
In case of pure warm phase processes the source
terms Sf.‘ comprise nucleation, condensation/
evaporation, collision/coalescence and breakup
(see below). The term —K,VM¥ is the parame-
terization of the turbulent fluxes of hydro-
meteors. Note that the moments are given in
physical terms of densities rather than as mixing
ratios as commonly used. The choice of a density
formulation is due to two reasons: It is more
straightforward in a two-moment scheme to use
the densities of particle number and mass, which
are simply the power moments of the size distri-

bution f(x). Moreover, this formulation makes it
easier to apply a conservative flux-form advec-
tion scheme for treating the microphysical vari-
ables in a cloud model.

2.2 Coagulation and collisional breakup

To describe drop growth by collision/coales-
cence we apply the parameterization method
developed by SB and for a detailed derivation
of the rate equations for autoconversion, accre-
tion and selfcollection from the stochastic collec-
tion equation (SCE) we refer to that paper. In
contrast to SB, where in some parts the kernel
approximation given by Long (1974) has been
used, Seifert (2002) derived modified piecewise
approximations for a kernel using collision effi-
ciencies of Pinsky et al (2001) and, in addition,
the coalescence efficiencies of Low and List
(1982) and Beard and Ochs (1995). For brevity
we present here the resulting parameters and
equations only.

2.2.1 Autoconversion and accretion

“Autoconversion” denotes the formation of rain-
drops by coagulating cloud droplets whereas
‘“accretion” terms the growth of raindrops col-
lecting cloud droplets.

Assuming for cloud droplets a I'-distribution
with a width parameter v, assumed as constant
and for raindrops an exponential distribution (as
a function of diameter D, cf. also Appendix A)
the autoconversion rate is given by (cf. SB):

OL, kee (Ve +2)(ve+4)
ot |, - 20x* (ve + 1)2

x L2 %2 [1 + Lalr), ] o

(4)

(1 - 7)2 p
with the dimensionless internal time scale
L.
T=1- (5)
L.+ L,

and k. = 4.44x10° m? kg_2 s™! based on the
Pinsky et al (2001) collision efficiencies. In
contrast to SB, we take into account a correction
to the autoconversion rate due to the increase
of the terminal fall velocity with decreasing air
density (relative to surface conditions where
po = 1.225 kg m~). Similar corrections are also
included in the accretion and selfcollection rates,
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Fig. 1. Scatterplot of the numerical results for the universal
autoconversion function ®,,(7) as function of internal time
scale 7 as well as the curve according to Eq. (6) (thick
dashed); all quantities in dimensionless units

respectively (see below). Compared to SB the
consideration of an improved collection kernel
mentioned above results also in slightly different
similarity function ®,,(7) given as

Du(7) = 40077 (1 — 7°7)°. (6)

This function is shown together with the numer-
ical data gained from various explicit solutions of
the SCE applying different initial drop size spec-
tra in Fig. 1. Note that the autoconversion factor
ke 1s by a factor of two smaller than the corre-
sponding value originally given by Long (1974).
Following Pinsky et al (2000) and Vohl et al
(1999) a modification of the kernel due to turbu-
lence effects should also be taken into account.
Estimating these effects for a turbulent dissipa-
tion of e=100m?s~> similar to Table 1 of
Pinsky and Khain (2002) a value of k. =
10.6x10°m> kg 2s~! results. As soon as the
long standing problems of an explanation of dro-
plet spectrum broadening and of the impact of
turbulence on collisional growth come to a solu-
tion, the autoconversion factor k.. should be for-
mulated as a function of the turbulent dissipation
e or other parameters.

The corresponding accretion rate resulting
from application of the improved kernel is given
by

8Lr o £o 2
ot . = ker Le Ly (I)ac('r)< P ) (7)

1

with k., = 5.25m>kg~'s~! and
- 4
Q(r) = —————= ] . 8
(7) <T+5><105) ®)

2.2.2 Selfcollection

By “selfcollection” the mechanism of cloud
droplets (raindrops) by mutual coagulation but
remaining in the same drop category is termed.
Following SB selfcollection of cloud droplets can
be expressed by

ON, (v+2) P2 8é\;c ‘ ()

a |, C“wrlp ©

Regarding raindrops an improvement relative
to SB has been introduced by Seifert (2002). It
relies on a better representation of the terminal
fall speed compared to Long’s collection kernel
formula. The approximate kernel for large drop-
lets then reads

K;«,«()C, y) = krr(x + y) exp[—/qrr(xlﬁ + y1/3)]’
x,y>x*  (10)

with k., =7.12m*kg ' s~! and &, =60.7kg""/3.
Assuming an exponential distribution for rain-
drops (as function of diameter D) this results in
a selfcollection rate reading

-9 1
Rpr £0 2
=k,N,L|1+— — . 11
sc < + >\"> ( p) ( )

2.2.3 Collisional breakup

Collisional breakup has not been parameterized
by SB, but can be an important process in strong
precipitation and deep convective clouds. Ulti-
mately, this process leads to the formation of
the coalescence-breakup equilibrium and the cor-
responding self-similar equilibrium size distribu-
tion of raindrops (see, e.g., Hu and Srivastava,
1995, for a review). As shown by List (1988)
and others this self-similarity reduces the com-
plexity of the system dramatically and the equi-
librium size distribution for a certain rainwater
content L, can be formulated as

Jeq(xX) = Ly heq(x) (12)

with a universal size distribution . (x). In a
two-moment scheme collisional breakup is sim-

ON,
ot
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ply a production term for the number concentra-
tion of raindrops and the equilibrium size
distribution is uniquely characterized by an equi-
librium mean size of the raindrop ensemble. Due
to these facts, the combined action of collisional
breakup and selfcollection can be parameterized
as a simple relaxation to this equilibrium mean
diameter. Thus, the production of raindrops by
breakup can be coupled to the selfcollection rate
by the parameterization

ON,
ot br

where AD, = D, — D,,, with the mean volume
raindrop diameter D, and the constant equilib-
rium diameter D,, The breakup function
®,.(AD,) is monotonically increasing with
®,,(0)=0 at D,=D,, -corresponding to
coalescence-breakup equilibrium. To estimate
®,,(AD,) we use a spectral model originally
developed by Mayer (2000), which explicitly
solves the stochastic coagulation-breakup equa-
tion based on the breakup parameterizations of
Low and List (1982) as well as Beard and Ochs
(1995). Using the spectral bin model several
simulations with different initial conditions have
been performed and as a result it turned out that
the equilibrium diameter has a value of D,, =

= —[®.(AD,) + 1] 8;’ : (13)

sc

D, in mm

Fig. 2. Scatterplot of the numerical results for the di-
mensionless breakup function ®;.(AD,) as function of
the mean volume raindrop diameter D, as well as curves
according to Eq. (14) (short dashed) and Eq. (15) (long
dashed)

0.9x 1073 m, which corresponds well with obser-
vations by Zawadzki and Agostinho (1988) in
tropical rain. In the diameter range 0.35x107°
m <D, <D,, the function ®,,(AD,) can be param-
eterized by a linear relation

O}, (AD,) = ky AD, (14)

with kp, = 1000m~! and AD, in m (see Fig. 2),
while for larger mean diameters (D,>0.9x
1073 m) we assume a stronger increase and adapt
the exponential relation given by Verlinde and
Cotton (1993) reading

(I)br(ADr) = 2exp(/<;br ADr) — 1, (15)

where K, = 2.3x10°m™. For D, <0.35x 103 m
breakup is neglected, i.e., ®»,(AD,) = —1.

2.3 Nucleation and condensation
2.3.1 Nucleation of cloud droplets

In a cloud scheme applying a two-moment
approach to the cloud droplet ensemble (thus
taking N, as a time dependent model variable)
nucleation of cloud droplets has to be treated
explicitly. Recently Cohard et al (1998), and
Cohard et al (2000) suggested a sophisticated
nucleation parameterization based on the so-
called Twomey equations suitable for two-
moment schemes. Unfortunately, the extension
of this scheme to mixed-phase clouds is not
straightforward.

Therefore a more direct technique is used
which is based on grid scale supersaturation.
This seems to be appropriate here since the
scheme will be applied in an atmospheric model
with a horizontal grid size of Ax<1km and a
small time step Ar<10s, which decreases to
At ~ 1s in case of strong updrafts.

To describe the aerosol activation without
an explicit calculation of Kohler-Kelvin theo-
ry the parameterization is based on empirical
activation spectra in form of a power law
relation

Nccn<S) = Cccn Sﬁv S in % (16)

with Ceen = 1.26x10°m—3 and k = 0.308 for
continental conditions or Cen = 1.0x103m™3
and k = 0.462 for maritime conditions (Khain
et al, 2001). In case of maritime CCN we
assume that at S, = 1.1% all CCN are al-
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ready activated and no further activation takes
place.

Accordingly, at grid points with positive super-
saturation S we calculate an explicit nucleation
rate following from time differentiation of the
activation relation:

oS oS
Ceen kS ' —w, if §>0, w—>0

aNc . aZ aZ
ot e - and S <Smax
0, else,
(17)
OL, ON.,
= Xcnue 7, ) ( 1 8)
at nuc 8t nuc

where  X.ge = 1x10712kg is an arbitrarily
chosen smallest drop mass. To simplify the
evaluation of the scheme in a 3-D Eulerian
model dS/dt is approximated by w 9S/0z, assum-
ing that activation is dominated by vertical
motions.

In the current version of this scheme no bal-
ance equation for aerosol particles is considered
in the parameterization and it is therefore neces-
sary to limit the absolute number of activated
particles (or cloud droplets, respectively). As
limiting concentrations we chose 150x10%m™3
in the maritime case and 1500 10® m~3 for con-
tinental conditions.

2.3.2 Condensational growth of cloud droplets

As shown by Kogan and Martin (1994) all
clouds, except extremely maritime ones, relax
rapidly to the thermodynamic equilibrium be-
tween water vapor and water drops. Thus, apply-
ing the standard saturation adjustment technique
to treat condensational growth seems to be
appropriate in almost all cases. It is clearly
paradox to use a nucleation scheme explicitly
depending on supersaturation in combination
with a saturation adjustment which removes
instantaneously all supersaturations. But since we
apply an operator splitting method (cf. part 2
of this paper, pp 67—82) to treat these processes
numerically, this is possible and, as long as no
better general and efficient combined nucleation/
condensation parameterization for mixed-phase
clouds is available, this efficient and robust ap-
proach can be used in practice.

2.4 Sedimentation

Obviously sedimentation, especially of rain-
drops, is crucial for a quantitative modeling of
surface precipitation. The straightforward ap-
proach to consider sedimentation in a two-
moment scheme based on number (k = 0) and
mass densities (k = 1) is to use corresponding
number and mass weighted mean fall velocities:

U = L JOO X~ f (x)v,(x) dx

x*

o LJ ()0 (x) dx. (19)
rJo

To approximate the individual terminal fall velo-
city of drops v, (x) we apply an empirical rela-
tion similar to Rogers et al (1993), but including
an increase of the terminal fall velocity with
height:

Uy &2 <@> [ag — bre™*Pr] (20)
P

with ag =9.65ms™', bg=103ms~! and
cg = 600m~!. Again we assume an exponential
size distribution (as function of diameter, see
Appendix A) for the raindrop ensemble. After
integrating Eq. (20) from O to co we arrive at
an equation for the weighted fall velocity reading

o0\ cx —(3k+1)
(5 fron(e0) ]

Unfortunately, the application of this straightfor-
ward parameterization can lead to artifacts aris-
ing from the nonlinearity, which enters the
sedimentation equation when the drop size vari-
able itself is eliminated. This occurs in every
one- or two-moment scheme as shown by
Wacker and Seifert (2001). To overcome these
problems we suggest to limit the slope and the
intercept of the assumed exponential distribution
(see Appendix D). This cannot eliminate the
nonlinear shock-waves, which are an inherent
property of the parameterized sedimentation
equations, but at least limits the speed of the
shock-waves resulting in a much better descrip-
tion of the overall rainrate.

Sedimentation of cloud droplets is described
using the same approach, but based on consider-
ing Stokes’ terminal fall velocity and a general-
ized I'-distribution.
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2.5 Evaporation of raindrops

Following Pruppacher and Klett (1997) evapora-
tion of a single raindrop of mass x, with diameter
D,(x,) can be described by

% » =27nD,(x,;) Giy(T,p) Fy(x,) S (22)
with

-1
tr) = [t ()

(23)
and a ventilation factor given by
Fy = ay + b,Ny >N/ (24)

comprising two constants a, = 0.78, b, = 0.308
and the Reynolds as well as the Schmidt number.
We assume the latter to be constant with Ng. =
v./D, = 0.71, which is a typical value for the
atmosphere. The Reynolds number of a single
raindrop falling is given by
M) = 0, (25)
To derive a parameterization equation for the
n-th moment of the raindrop size distribution
we apply an approach similar as described by
Murakami (1990) in his parameterization of the
conversion of graupel to snow. Thus, we start by
estimating the characteristic time for evaporation
of a raindrop by
X, 1 X,

T A 2w GulT,p) SD,(xy) Foly)

dt

eva

(26)
and arrive at an equation for the rate of change of
the power moments reading

oM™ 00 .1 ;
oMy _ J Xfi(x)
ot eva 0 Teva

=27G,(T,p) SJ:ODr (X)Fo(x)f(x)x" 1 dx.

(27)
To simplify integration we assume a terminal fall
velocity in form of a power law instead of
Eq. (20) given by
1

0, (x) & a,x* (%)i (28)

with & = 159 ms~'kg=% and 3, = 2/3. Using a
generalized T'-distribution to parameterize f,(x),
which includes the exponential distribution de-
pending on D (see Appendix A), the integral
can be evaluated analytically. After a lengthy,
but straightforward calculation this yields

oM?
ot

=27 G(T, p) SN, Dy (%) Fy(%,) X',

eva

(29)

wherein F »n 18 an averaged ventilation factor for
n-th power moment of the raindrop ensemble
given by

Fu,n ()_Cr) - avent,n + Event,nNsl‘cﬂN]leéz (-)_Cr)a (30)
with the Reynolds number of the mean raindrop
o®)DE) L
N, e\Ar) — ——————» r— 35 31
R (x ) Vair * Nr ( )

and constants @yen,, and Evenw, which are given
in Appendix B. It is emphasized that F,(x,) #
Fv,n(xr) and’ c.g. FU,O()_CI’) 7é FU,I()_Cr) which
leads to a change of the mean drop size during
evaporation. In addition, every two-moment
parameterization of the evaporation process
suffers from similar problems as the sedimenta-
tion scheme, thus the limitation of slope and
intercept described in Appendix D is applied
here, too.

3. The ice phase scheme

3.1 General remarks

The ice phase scheme is in some parts similar
to the MMS5 two-moment scheme described by
Reisner et al (1998), which in turn follows the
work of Cotton et al (1982), Lin et al (1983),
Rutledge and Hobbs (1984), Murakami (1990)
and others. The diameter-mass- as well as the
velocity-mass-relations of the different particles
are parameterized by power laws

D(x) = ax’, (32)

gl
o(x) & axﬂ<@> (33)
P
with constant coefficients a, b, «, § and -, which
are summarized in Table 1. For non-spherical
particles D(x) is defined as the maximum dia-
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Table 1. Power law coefficients for the maximum diameter D(x) and the terminal fall velocity v(x) of particles with mass x as
well as coefficients of the generalized I'-distribution for the various hydrometeor types as used in the present scheme. The
geometries and fall velocities of ice particles are based on measurements of Locatelli and Hobbs (1974) and Heymsfield and

Kajikawa (1987)

a b o ¥ v I Xmin Xmax
(mkg") (ms~'kg™) (kg) (kg)
cloud droplets  0.124 1/3 375 % 10° 2/3 1 1 1 420% 10755 1.00x 10~
raindrops 0.124 1/3 159.0 0266 1/2 —2/3 1/3  260x1071°  500x10°°
cloud ice 0.217 0302  317.0 0363 1/2 1 1/3  1.00x 10712 1.00x 1077
snowflakes 8.156 0526 277 0216 1/2 1 1/3  173x107°  1.00x 1077
graupel 0.190 0323 400 0230 1/2 1 1/3  2.60x1071°  1.00x 10*

meter as given by Locatelli and Hobbs (1974)
or Heymsfield and Kajikawa (1987). For cloud
ice the ‘“hexagonal plates” of Heymsfield and
Kajikawa (1987) have been chosen, snowflakes
are described as ‘“mixed aggregates” of Locatelli
and Hobbs (1974) and for graupel the “‘lump
graupel” geometry of Heymsfield and Kajikawa
(1987) is used describing low density particles.
The fall velocity of graupel has been fitted to a
calculation based on the approach of Heymsfield
and Kajikawa (1987). As described in the pre-
vious section and in Appendix A generalized
I'-distributions with constant coefficients v and
w are used to describe the various size distribu-
tions. To avoid unrealistic large or small mean
masses in the parameterization upper and lower
limits are applied to the mean mass x = L/N of
the particles. For the five different particle types
used in the present scheme these coefficients are
summarized in Table 1.

3.2 Nucleation of cloud ice

To parameterize the nucleation of small ice
particles we follow Reisner et al (1998) and
others and apply a number density adjustment
reading

. TY—=N:
oNi| W7 if $; > 0and N; <Ny (S;,T)
ot nuc 0, else
(34)
6Ll~ 8]Vi
= Xinuc 7, ) (35)
ot nuc Ot nuc

where x; pue = 1% 102 kg is the minimum mass
of ice particles in the present scheme. Alterna-
tively ice nucleation could be treated similar to

the cloud droplet nucleation using an explicit
nucleation rate as a function of the updraft velo-
city. As parameterization of the number of ice
nuclei we apply the deposition-condensation
nucleation formula as given by Meyers et al
(1992):

Niv = Nmoz explamor + bvonSi), (36)

where Npgr = 1% 10°m—3 and amey = —0.639,
byvoy = 12.96.

In order to avoid very low number concentra-
tions we limit the deviations of the ice crystal
number density from the modified Fletcher-
formula as given by Reisner et al (1998) to one
order in magnitude.

3.3 Growth of ice particles by water
vapor deposition

Depositional growth of a single ice particle
(cloud ice, snow, graupel) can be described using
the following general growth equation (cf.
Cotton et al, 1986; Pruppacher and Klett, 1997)

dx; _ 4 CiF,(x;)S;
piv(T)DU KTT RvT
4
= DiGu(T,p) Fo(xi) Si (37)
with
R,T Ly, ( L -1
Gy T, = -1 7
( p) L’iv(T)Dv + K;T <RUT >:|
(38)

where C; = D;/c; = D;/2 is the capacity of sphe-
rical particles. For hexagonal plates the approx-
imation C; ~ D,/ is used (cf. Harrington et al,
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1995). Integration results in an equation for the
mass density of a particle ensemble

L o0 Iy
OL = j @ fi(x)dx
ot dep o dt dep
4 00
T Gu(Top) s,-j Di(x)Fy (x)fi(x) d.
Ci 0

(39)

The ventilation coefficient F,(x) for spherical
particles is given by

Fv - am’ + bv,iN_éCBN}lzéz (40)

with a, =0.78 and b, = 0.308, the Schmidt
number Ng. = 0.71 and the Reynolds number
Ng, (Pruppacher and Klett, 1997). Based on the
results of Hall and Pruppacher (1976) a, = 0.86
and b, = 0.28 can be used for thin plates. The
Reynolds number of a single ice particle falling
with terminal fall velocity v; is given by

Nge(x) = M vi(x;) & o <@>%-

Vair P
(41)
Assuming a generalized I'-distribution for f;(x)
the integration results in

] 4 _
aatl = —ﬂ—GlL<T,p> Dl<)_c) Fv,l Si (42)

dep Ci
with the averaged ventilation coefficient (see
Appendix B)
1/2

Fv,l = C_lvent,l + Bvent,l N_gl'c/3 NRe (J_Ci)' (43)

3.4 Freezing of water drops

Following the classical work of Bigg (1953) we
describe heterogenous freezing of raindrops by
a stochastical model. The relative time rate of
change of the size distribution by heterogenous
freezing is given by (cf. Khain et al, 2000)

A
fr(x) Ot

= —X Apet eXp[Bhet(TS - T) - 1]

het

= —x Jhet(T) (44)
and the parameters are set to Ay = 0.2kg ™' s7!
and Bhe = 0.65K~!" (Pruppacher and Klett,

1997). The corresponding moment equations
are then given by

= MK e (T). (45)

To close these coupled equations an exponential
distribution is assumed for f,(D) (see Appendix
A) resulting in:

ON, i}
S | =L The(T) = =Ne Xy Jue(T), - (46)
t het
OL,
= _Zr Jhet(T) = _ZOLrXr Jhet(T)'
at het

(47)

Here Z, denotes the second moment of f,(x),
which is proportional to the 6-th moment of
f»(D) with the radar cross section in Rayleigh
approximation.

Heterogenous freezing of cloud droplets is
treated similarly, but closure is then reached by
assuming a I'-distribution for f,(x).

Homogenous freezing of cloud droplets is
parameterized following Jeffrey and Austin
(1997) and Cotton and Field (2002) by

1 Of.(x)
fC<x) at hom
with Jyom(7T) given by Eq. (3) of Cotton and

Field (2002). Assuming a [I'-distribution for
fe(x) yields:

= —x Jhom(T) (48)

ON., _
9 = _Lc Jhom(T) = _chc Jhom(T)7 (49)
! hom
OL. ve+2 .
=—7Z.J T)=———L.Xx.J T).
ot - hom( ) Vet 1 X, hom( )

(50)

Homogenous freezing of raindrops can be
omitted, since raindrops freeze rapidly by hetero-
genous freezing and do not reach the level of
homogenous freezing.

3.5 Collection processes

The various collection processes, e.g., aggrega-
tion, and related secondary processes, like ice
multiplication, are summarized in Table 2. This
table contains also the warm phase coagulation
processes.

3.5.1 Collision integrals

To overcome some deficiencies of commonly
used formulas and to avoid look-up tables for



A two-moment cloud microphysics parameterization for mixed-phase clouds 55

Table 2. Interactions between hydrometeors including secondary processes like enhanced melting or Hallett-Mossop ice
multiplication. (RH84 = Rutledge and Hobbs, 1984, B82 = Beheng, 1982)

cloud droplets raindrops ice crystals snowflakes
cloud droplets selfcollection:
c+c—c (Eq. 9
autoconversion:
c+c—r (Egs. 4-6)
raindrops accretion: selfcollection:
r+c—r (Egs. 7-8) r+r—r (Egs. 10-11)
breakup:
r+r—r (Egs. 13-15)
ice crystals riming: riming to gaupel: aggregation to snow:
i+c—i (Egs. 61-67) r+i—g i+i—s
(similar to Egs. 61-63, (similar to Eqs. 61-67)
with E;, = 1)
conversion to graupel: enhanced melting:
i+c— g (Egs. 70-71, Eq. (A21) of RH84
with ag jce = 0.68)
enhanced melting:
Eq. (A22) of RH84
ice multiplication:
i+c—i
Eq. (7) of B82
snowflakes riming: riming to graupel: aggregation: aggregation:
s+c—1i (Egs. 61-67) r+s—g i+s—s S+s—s
(similar to Egs. 61-63, (Egs. 61-67) (Egs. 61-67)
with E;, = 1)
conversion to graupel: enhanced melting:
s+c— g (as Egs. 70-71, Eq. (A21) of RH84
with @ gnow = 0.01)
enhance melting:
Eq. (A22) of RH84
ice multiplication:
s+c—i
Eq. (7) of B82
graupel riming: riming: zero efficiency aggregation:
g+c—g (Egs. 61-67) r+g—g s+g—g
(Egs. 61-63, (Egs. 61-67)
with E,. = 1)

enhanced melting:
Eq. (A22) of RH84

ice multiplication:
g+c—i
Eq. (7) of B82

enhanced melting:
Eq. (A21) of RH84

numerically pre-calculated integrals
proved approximation to the integrals describ-
ing collisional interaction between arbitrary oM*
particles is proposed. For example, the evolution =
of the power moments M* of two interacting

an 1im-

ot

coll,ab

particle ensembles where “a” collects “b” to

form larger particles of type “a
described by

9

can be

=+ ro Joofa (%) f5(y) Kap(x, ¥)

0 Jo

x[(x + )" — Y dxdy, (51)
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oM
ot

:—Jooffa( ) () K (,3) - dlxdly

coll,ab 0

(52)

with the collection kernel

Kap (x,y)zg[Da (0)+Dp(3)] [0a(x) =05 (9) | Eap (%,7)

(53)

In generalizing the approach suggested by
Wisner et al (1972) we assume that the integrals
in Egs. (51) and (52) can be expressed by a
mean efficiency E,, which depends only on
the mean masses, a characteristic velocity dif-
ference Awv,, and a purely geometric term
depending on D, and D,. To avoid lengthy gen-
eral formulas for arbitrary moments, the proce-
dure is demonstrated regarding the mass density
equation of the collector only. It then follows
that

L,

Ot | coltap

_ %mEabG@ y) J:O J:Of (*)fo ()

X[Da(x) + Dy(x)* ydxdy.  (54)

Assuming generalized I'-distributions for f,(x)
and f,(x) as well as power laws relating the
mass x to diameter D, this integral can easily
be evaluated analytically in terms of Gamma-
functions. In contrast to Wisner et al (1972)
and others we do not approximate Auv,, by
a simple difference of somehow averaged
mean velocities, since this leads to the well
known paradox of vanishing Auv,, for poly-
disperse spectra, but apply the following
approximation:

Ko = | 3 ) [ oo -

be(y)ydxdy} : (55)

0p(v)]* D} Dy ful(x)

wherein the normalization factor N is

N =J L D; Dy fu(x) fi(v) y dx dy
= Cn N, N, D(%,) D} (%) X4 (56)

with a constant Cy,. Similar to the geometric
integrals in Eq. (54) this mean velocity difference

can be integrated analytically if the velocity—
mass relations are power laws as assumed
throughout this paper (cf. Table 1). As result of
this approach we then find equations for the evo-
lution of the number and mass densities of the
two particle ensembles:

OL, T _
- =2~ E N, L,[8° D*(x,
ot |eonay 4 ’ ¢l0a Dala)
+ (%b Db(jb) Da()_ca) + 5117 Di(xb)]
X [190 vz()_ca) — 19}11) 0p(Xp) V4(Xa)
+ 9L 2%, (57)
ON,, T
— = — —Eu Ny Np[6) D2 (%,
ot coll,ab 4 ’ b[ ¢ a(x )
+ 6% Dy (%) Da(Xa) + 6, D (%)]
X [190 Z(Xa) - 192b Up(Xp) Va(Xa)
+ ) 03 (%), (58)
oLy _ 0L, (59)
Ot | coltap Ot |eon ab

wherein the ¢’s and ¢’s are dimensionless con-
stants, which depend only on the chosen size
distributions and the velocity — as well as
diameter — mass-relations of the particles “a”
and “b” (see Appendix C).

Application of this improved Wisner-approxi-
mation to other collection processes, e.g., “a”
collecting ““b”’ to form “c¢” (a+b—c, cf. Table
2) or the selfcollection of particles (““‘a” collect-
ing “a” and remains “a”’, a+a— a) is straight-
forward and has been given in all details by
Seifert (2002).

The formulation of the mean velocity differ-
ence using the variance ansatz Eq. (55) has
been inspired by a parameterization used by
Murakami (1990) and Mizuno (1990). The ap-
proach can be generalized by including a pro-
bability formulation for the particle velocities.
In this case the kernel itself is defined by the
integral formulation

L I R

u=—00 1,*—00Z
a(u|x)Py(v]y)|u—v|dudv,
(60)

X Eab(x7y>



A two-moment cloud microphysics parameterization for mixed-phase clouds 57

where the velocity distribution P,(u|x) is defined
as the probability of a particle of type “a” with
mass x to fall with velocity u. Assuming Gaussian
distributions for P, and P}, with means v,(x) resp.
vp(x) and constant variances o, resp. o, we arrive
at:

L, = _
0 = 2B Na Ly[80 D2(x,)
Ot | conab
+ (5 b Db(xb)Da()_ca) + (S; Di()_cb)]
X [09 07 (%) — Vg 0 (%) Va(Xa)
+ 9] v2 (%) + 04 + O’b] (61)
aNb v — 0 2/
Sl = — By Na N[00 D2 (%,
Ot | cot.ap 4 o Na o8 D (%)
+ 80, Dy (Xp)Da(Xa) + 6 Dy (%p)]
X [792 Ui (Xa) — 19217 Up(Xp ) Va(Xa)
+ 192 vi(icb) + o0, + ab]%, (62)
L L,
OLy _ 9 . (63)
Ot coll,ab Ot coll,ab

This concept is applied to the cloud ice
and snow particles with o; =0, =02ms™!,
while zero velocity variance is assumed for
cloud droplets, raindrops and graupel (o, =
o, = 0, = 0). Please note that within these
equations a height correction of the termi-

nal fall velocities is applied for all particle
types.

3.5.2 Collision and sticking efficiencies

The mean collision efficiencies E,;, could be for-
mulated in a similar way as the mean velocity
difference by calculating properly weighted
integrals of E,,, but since E, itself cannot
be approximated by a power law a simpler
approach is applied describing the mean effi-
ciency as a piecewise linear functions of the
mean diameters. For the collection of cloud drop-
lets by cloud ice, snow and graupel we assume

(ee{i,s,g}):

EcolLec (De ) Dc)

=E.(D.) E.(D,), (64)

where
0, if D.<D.
o D.— D, _ _
E.D;)=( =——=— if D, 0 <D <D.;
D.; — D,
1, if D.>D,
(65)

with Do = 15 um, D, ; = 40 um and

N ) if D, <D,
Ee(De) - { Ee,max; lf De >De,0 (66>
with D,‘,O = D&o = Dg,O = 150 pm, Ei,max =

E;max = 0.8 and Eg max = 1.0. In this first version
of the scheme we neglect the difference between
mean efficiencies for number and mass densities
and apply the same formulas to both moments.
For all collisions between ice particles and
collisions between raindrops and ice particles a
mean collision efficiency of one is assumed
(Ecoll,ee =1, Ecoll,er = 1)

The sticking efficiencies of the snow—snow-,

ice—ice-, snow—ice-, and graupel—snow-colli-
sions are parameterized by
Egick (T) = exp(0.09T,) (67)

as given by Lin et al (1983). The sticking effi-
ciencies of graupel-ice- and graupel-graupel-
collisions are assumed to be zero. Note, that the
collision efficiency for drop—drop-collisions is
already included in the warm phase parameteri-
zation by using approximate collision kernels
(cf. Sect. 2.2).

3.5.3 Partial conversion of ice and snow
to graupel

Following Beheng (1981) a riming ice crystal
becomes a graupel particle as soon as the col-
lected mass fills up the enveloping sphere, thus
the sphere associated with the maximum diam-
eter of the ice crystal. This geometric argu-
ment corresponds to a mean critical rime mass
for the conversion from cloud ice to graupel
reading

T — Xi
Xerit,rime = Go Py <6Dz3 - E) (68)
with the mean (maximum) diameter D;, the
densities of water and ice substance p,, =
1000kgm— and p. = 900kgm™ and the so-
called space filling coefficient a,, = 0.68. Know-
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ing the riming rate % rime the characteristic time
Teony TOT this conversion process is calculated by
(cf. Eq. (26))

_ aovaNi (%D? - %)

- o xcrit,rime o Xecrit,rime
T T oL,
Ot lrime N; Ot |rime Ot lrime

(69)

The conversion rate from ice to graupel due to
riming (i+ ¢ — g in Table 2) is parameterized as
the ratio of the mass density of the riming crys-
tals and the characteristic conversion time:

oL L 1 oL
ot v Teonv T 5.D’ ot |. =
con o ,[,)_ <% B 1) rime
(70)
For the number concentration it is assumed
N[ 1oL -
O ooy %i O |cony

To suppress the early formation of very small
graupel particles conversion takes place only
if the cloud ice mean diameter D; exceeds a
certain threshold chosen arbitrarily to 500
microns.

The same procedure is applied to the snow-
graupel conversion due to riming, but in the pre-
sent scheme snowflakes are defined as almost
unrimed particles. Thus a, is used as a tuning
parameter to cause a rapid conversion by assum-
ing o gnow = 0.01.

The interactions by collisions of the various
hydrometeors are summarized in Table 2 includ-
ing secondary processes like riming-splintering
and enhanced melting.

3.6 Melting of ice particles

An equation describing melting of ice particles is
given by Pruppacher and Klett (1997) as

dx,- 2
= —— Dy | K¢ (T — T3)F},

dt - L;
DvLiu Po plu(T3)
— — F,|. 72
* R, (T T3 ’ (72)

In this equation, x; and x,, are the masses of the
ice and liquid water fraction, respectively, giving
Xx; + x,, = const. (for the other variables see List

of symbols). The ventilation coefficients for heat
and water vapor are given by

D K
Fy=—-F,=—L_F, (73)
D, cppoDy

Thus, a characteristic time for melting is then
(cf. Eq. (26))

Xg L,’l Xg [KTDT
Tmelt = 7. — 7 (T_T3)
&y 2w Dy F, | D,
+ DvLiv @ _ plv(T3) - (74>
R, \T Ts

and results in equations for the time rates of
change of the power moments reading

om" 0 g
- = — J )L(x) dx
8t melt 0 Tmelt
2 KTDT
== T—-T
Ly { p, =1
+DULiU & B IU(T3)
R, T T

X JOO Dy (x)Fy(x)fy (x)x"dx,  (75)
0

and again we assume a generalized I'-distribution
for f,(x) and arrive at

oM™" 27 | KrD
8 _ _ ST\ ArPr (T—T3)
ot melt L D,
+ DvLiv p_b B IU(T3)
R, T T3

XN, Dy(x)%; ' Fun()  (76)
with the averaged ventilation coefficient given by
Fv,n()_‘:) == avem,n + Event,nN;c/3N11Q£2 ()_C)u (77>
(see Appendix B). Equations (76)—(77) are
applied to melting of all types of ice particles,
namely graupel, snow and cloud ice. Evaporation
from the liquid surface of melting particles is
parameterized similar to evaporation of rain-

drops, but assuming a surface temperature of
T; =273.16 K.

3.7 Sedimentation of ice particles

Sedimentation of cloud ice, snow and graupel
is described using the same approach as for
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raindrops and cloud droplets. Since the velocity—
mass-relationships for cloud ice, snow and
graupel are assumed as power laws and the
size distributions are supposed to be general-
ized I'-distributions, the mean fall velocities
for the k-th moment of each particle type is given
by

He

1’\( k+;z+l )

Ve k ()_C) = Q,

F(k+y€+ﬁp+l ) [F( vtl) ]ge_

(78)
with e€{i,s, g}.

4. Conclusions

We presented a parameterization of the most
important cloud microphysical processes within
mixed-phase clouds, especially mid-latitude deep
convective clouds.

The proposed scheme is in some parts similar
to parameterizations used in the well-established
schemes of Lin et al (1983), Rutledge and
Hobbs (1984), Murakami (1990) and Reisner et al
(1998) to mention only some of the most impor-
tant. On the other hand, some new approxima-
tions have been introduced: the warm phase
part is an extension of the method described by
Seifert and Beheng (2001) now taking into
account turbulence effects, height dependent fall
velocities, an improved selfcollection of rain-
drops as well as collisional breakup of raindrops.
Nucleation of cloud droplets is parameterized
directly as a function of the resolved supersatura-
tion and the vertical velocity. The rate of change
of number as well as mass densities by evapora-
tion is described as a function of subsaturation
and the sedimentation of droplets is treated by
using two different weighted mean fall velocities.
The ice phase processes are based on an im-
proved Wisner-approximation for the collision
integrals and size dependent mean collision effi-
ciencies are included. Melting of ice particles
and conversion to graupel due to riming are
parameterized based on the characteristic time
approach.

The physically based two-moment scheme
presented in this paper intends to close the gap
between the much simpler one-moment schemes
and the expensive spectral bin models. The appli-
cation of the two-moment approach to all types

of cloud and precipitation particles enables the
proposed scheme to simulate CCN effects on
mixed-phase clouds. The scheme is still rather
simple and computationally very efficient com-
pared with the spectral bin models.

Further work has already been done on a com-
parison with the spectral bin method used within
the Hebrew University Cloud Model (HUCM).
The two-moment scheme presented here has
shown a very good agreement with this highly
sophisticated model (Seifert et al, 2005). A case
study using this two-moment scheme within the
atmospheric model KAMM?2 to simulate a single
1solated thunderstorm, which was observed in the
Black Forest mountains, has also shown encour-
aging result (Bertram et al, 2004).

Improvements of the microphysical descrip-
tion of large graupel and hail particles, including
wet growth and shedding, will be done in the
future. Reliable in-situ and remote-sensing obser-
vations of microphysical variables are necessary
to validate and improve the parameterization of
the ice phase processes in general and especially
of heterogenous nucleation. Implementations of
the described scheme in the mesoscale limited-
area models WRF and LM are available.

In Part 2, a sensitivity study is shown con-
cerning the different evolution of idealized con-
tinental vs. maritime mixed-phase thunderstorms
following the classical work of Weisman and
Klemp (1982).

Appendix A

The generalized I'-distribution

One of the most general analytical distribution
function used to describe size distributions of
hydrometeors is the so-called generalized I'-dis-
tribution (hyper-gamma distribution or modified
I-distribution; cf. Suzuki 1964, Flatau et al,
1989, Liu et al, 1995, Considine and Curry,
1996, Cohard and Pinty, 2000a, b; auf der Maur,
2001):

fx) =Ax" exp(—\x") (79)

(here with particle mass x). In case of p = 1 this
function reduces to the classical I'-distribution,
with v =yt — 1 to the Weibull distribution and
with = 0, v = 0 to the exponential distribution
(as function of particle mass). The coefficients A



60 A. Seifert and K. D. Beheng

and A can be expressed by the number and mass
densities:

UN v
Azi H
I‘(V+1 ) A

m

and )\:[

(80)

with the mean particle mass X = L/N. According
to these relations the generalized I'-distribution
can be easily written as a function of number and
mass densities in the form:

w0 -4 e [rm]

w u

oo [} ow

m

The moments of power-n are then given by
F(n+u+1) |:1'\(1/_+1)

Jad Jad

[ L)

Iz Iz
Note that an exponential distribution regarding to
particle diameter D

M =

]an". (82)

(D) = Ae™ P (83)
corresponds to
f(x) = Ax3 exp(—A\xd), (84)

i.e., using x instead of D results directly in a
generalized I'-distribution. This shows that the
so-called Marshall-Palmer distribution for rain-
drops is described by v, = —2/3 and p, = 1/3
(cf. Table 1).

Appendix B

Constants in weighted ventilation coefficients

In the parameterizations of evaporation, deposi-
tional growth and melting an averaged ventila-
tion coefficient related to the n-th power
moment occurs:

Fv,n (jC) - Zlvent,n + EvengnNSlCBN]leéz <5C) (85)
The constants ayen,, and l_)vemm depend on the

diameter-mass-relation D(x) = a,x", the velo-

city—mass-relation v(x) = a,x” and the constant
parameters v, and pu, of the generalized gamma-
distribution

fulx) = Ax*s exp(— ). (86)

A straightforward calculation of

J:O D(x)F,(x)f (x)x"'dx = ND(x) X" F,,,(%)

(87)

shows that two constants are given explicitly by
I[( %atntbe ) 0 ( Latl) qba+n—1

(M)[UJ] s8)

avent,n:av P(V‘L—tl) F(V{IM—?)

I( Vatnt3batyla ) [ (4t ) q 30 tHfutn-t
b =t )|
() 0%

(89)

Appendix C

Constants in collision integrals

In the parameterizations of the different collision
integrals various dimensionless constants appear,
which depend on the diameter-mass- and velo-
city—mass-relations of the the particle types “a”
and “b” and the constant parameters v and p
of both particle ensembles. The details of this
straightforward, but lengthy calculation can be
found in Seifert (2002), for brevity the coeffi-
cients are given here without proof:
F( 2b[;+l/h+l+k) |:]_'\(l/17_+1) :| 2b,+k

p b

) ()

Mo Hp

&y =

: (90)

Ha Hp
r(set) T

o
4N%ﬂf

()

& =2

I\(b,ﬁrl/leJrk) F<bb+yb+l ) |:1—\( Vgtl ) :| ba+k

Hp Hb

I\(beJrI;zj»lJrk) F(VZZZ)

Oy =

[( 22et2botpt 14k ) Fp(tlY) 128,
( w( q )

[ (Batbetvutlbh) p( otbitintl )
Ha b
ba+v,+1+k b 1

Vg+1 ., vp+1
Vy+2 vp+2 :
P() ) Ir(s)
Please note 8}, # 6!, and 9}, # 9., since “a” is
collecting “b” there is obviously no symmetry

with respect to “a’” and “b”.

o =2

(93)
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Appendix D

Limiting raindrop size distributions

To avoid artificial sedimentation or evaporation
due to unrealistic size distributions or mean
masses, especially for N — 0 and L — 0 when
X, = L, /N, is not well defined, the following lim-
iting procedure is applied:

L
)Ncr — max (xr,mina min <3_Cr,min7 ]V )) 5 (94)

%
NO = max (NO,minvmin (NO.max,Nr<7r~pw> >>7
; %,

(95)

i
Ay = max <)\mina min <)\maX7 (@) >>,

(96)

L.,
X, = Xy miny I Xy mins Ty 97
X, = max (x’ min (x, N )) (97)
with NO,min =2.5x10° III_4, NO,max =
2x107m™, Amin = Ix10°m™! and Ay =

1x10*m~". In case of sedimentation \, as given
by Eq. (96) is used to calculated the mean fall
velocities by Eq. (21), while for evaporation X, as
given by Eq. (97) is used instead of the simple
X, = L,/N, or Eq. (94). Note that Egs. (94)—(97)
are only correct for v, = —2/3 and p, = 1/3.

List of symbols

Notation Description Value Unit

o constant in fallspeed relation ms~!kg=#?
Qe constant in fallspeed relation for cloud droplets 3.75 x 10° ms~ kg%
Qy constant in fallspeed relation for raindrops 159.0 ms~ kg%
Oy constant in fallspeed relation for graupel 46.40 ms~! kg%
Q; constant in fallspeed relation for cloud ice 317.0 ms~ kg%
o constant in fallspeed relation for snowflakes 27.70 ms~ kg™
Qo space filling constant 0.68

Qo snow space filling constant for snow 0.01

I5] constant in fallspeed relation

Be constant in fallspeed relation for cloud droplets 2/3

By constant in fallspeed relation for raindrops 0.266

Be constant in fallspeed relation for graupel 0.260

B constant in fallspeed relation for cloud ice 0.362

B constant in fallspeed relation for snowflakes 0.220

& constant in improved Wisner-approximation

&k constant in improved Wisner-approximation

At time step S

Avgp mean difference of fallspeeds ms™!

9k constant in improved Wisner-approximation

ﬁfl b constant in improved Wisner-approximation

€ turbulent dissipation m?s3
I(x) gamma function

A slope in size distribution kg™#

Ar slope in raindrop size distribution kg™

n constant in generalized I'-distribution

Lhe constant in generalized I'-distribution for cloud droplets

Ly constant in generalized I'-distribution for raindrops

Ihe constant in generalized I'-distribution for graupel

i constant in generalized I'-distribution for cloud ice

Lhs constant in generalized I'-distribution for snowflakes

v constant in generalized I'-distribution

Ve constant in generalized I'-distribution for cloud droplets

vy constant in generalized I'-distribution for raindrops

Vg constant in generalized I'-distribution for graupel

2 constant in generalized I'-distribution for cloud ice

Vg constant in generalized I'-distribution for snowflakes

(continued)
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List of symbols (continued)

Vair
K
Kpr
Po

P

Pw
Pe

Oi

Os

.
Tconv
Teva
¢au
Quu
q)br
a

ac

ar
ag

ai

as

ay
Ay r
Apg
ay i
Ay s
a\/en[.”
amoz

B
=
<3

R

og

S S S
N

ﬁ
&

SISTSSSSSTSSTSSSSSE

vent,n

S
ELPS

Lo}
e}
=

o

B

svicieReleBeRule!

o

kinematic viscosity of air

constant in CCN relation

constant in approximate collision kernel
air density at surface conditions

air density

density of water

density of ice

variance of fallspeed for cloud ice
variance of fallspeed for snowflakes
characteristic time of coagulation
characteristic time of conversion
characteristic time of evaporation
universal function for autoconversion
universal function for accretion
universal function for breakup
constant in diameter-mass-relation

constant in diameter-mass-relation for cloud droplets

constant in diameter-mass-relation for raindrops
constant in diameter-mass-relation for graupel
constant in diameter-mass-relation for cloud ice
constant in diameter-mass-relation for snowflakes
constant in ventilation coefficient

constant in ventilation coefficient for raindrops
constant in ventilation coefficient for graupel
constant in ventilation coefficient for cloud ice
constant in ventilation coefficient for snowflakes
constant in n-th mean ventilation coefficient
constant in Meyers formula

constant in Bigg’s freezing formula

constant in diameter-mass-relation

constant in diameter-mass-relation for cloud droplets

constant in diameter-mass-relation for raindrops
constant in diameter-mass-relation for graupel
constant in diameter-mass-relation for cloud ice
constant in diameter-mass-relation for snow
constant in ventilation coefficient

constant in ventilation coefficient for raindrops
constant in ventilation coefficient for graupel
constant in ventilation coefficient for cloud ice
constant in ventilation coefficient for snowflakes
constant in n-th mean ventilation coefficient
constant in Meyers formula

constant in Bigg’s freezing formula

constant in capacity for cloud droplets

constant in capacity for raindrops

constant in capacity for graupel

constant in capacity for cloud ice

constant in capacity for snow

specific heat of water

constant in CCN relation

(maximum) diameter of particles

diameter of cloud droplets

diameter of raindrops

diameter of graupel

diameter of cloud ice

diameter of snowflakes

mean (maximum) diameter

mean diameter of cloud droplets

1.4086 x 107

60.7
1.225

1000
900
0.2
0.2

0.124
0.124
0.190
0.217
8.156

0.78
0.78
0.86
0.78

—0.639
0.2

0.308
0.308
0.280
0.308

12.96
0.65

SIS SR

187 x 108

& N

kg7 !'s

Jkg~'K~!

|
w

BEBEBEBEBSE

(continued)
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List of symbols (continued)
D, mean diameter of raindrops m
D, mean diameter of graupel m
D; mean diameter of cloud ice m
D, mean diameter of snowflakes m
D, constant in collision efficiency for cloud droplets 15x 1076 m
D, constant in collision efficiency for cloud droplets 40 x 107° m
Dy constant in collision efficiency for graupel 150 x 1076 m
D,;yo constant in collision efficiency for cloud ice 150 x 10~° m
Dy constant in collision efficiency for snowflakes 150 x 107° m
D, equlibrium diameter 0.9x1073 m
D, diffusivity of water vapor 3.0x 1073 m?s~!
Dr diffusivity of heat m?s~!
Etick sticking efficiency 1
Ej max maximum mean collision efficiency for graupel 1.0 1
E; max maximum mean collision efficiency for cloud ice 0.8 1
_Lmax maximum mean collision efficiency for snowflakes 0.8 1
f number density size distribution m3kg™!
S number density size distribution for droplets m3kg™!
fe number density size distribution for cloud droplets m 3 kg™!
1 number density size distribution for raindrops m3kg™!
fe number density size distribution for graupel m3kg™!
fi number density size distribution for cloud ice m 3 kg™!
Fy, ventilation coefficient for heat 1
F, ventilation coefficient for water vapor 1
Fu. mean ventilation coefficient for the n-th moment 1
Fpiint production rate of splinters per rime mass kg™!
Jhet temperature function for heterogenous freezing kg~!s™!
Jhom temperature function for homogenous freezing kg~!s7!
kpr constant in breakup parameterization 1.0 x 10° m™!
kee constant in cloud—cloud kernel 4.44 x 10° m>kg2s~!
K., constant in turbulent cloud droplet kernel 10.58 x 10° m}kg2s7!
ker constant in cloud—rain kernel 5.25 m kg~ !s7!
kyr constant in rain-rain kernel 7.12 mikg!s!
K, collection kernel m3s~!
K, turbulent diffusivity for heat m?s~!
Kr conductivity of heat 2.5%x 1072 Jm!s 1 K!
L, mass density of droplets/liquid water content kgm™3
L. mass density of cloud droplets/cloud water content kgm™3
L, mass density of raindrops/rain water content kgm™3
L, mass density of graupel m~3
L; mass density of cloud ice m~3
L mass density of snowflakes m3
Ly, latent heat of evaporation 2.501 x 10° Tkg™!
L;, latent heat of sublimation 2.834 x 10° Tkg™!
Ly latent heat of melting 0.333 x 10° Tkg™!
MK k-th power moment of f,,(x) kgt m~3
Mk k-th power moment of f.(x) (cloud droplets) kgfm™3
MF k-th power moment of f;(x) (raindrops) kgfm™3
Ncr number density of cloud droplets m~3
N, number density of raindrops m~3
N, number density of graupel m3
N; number density of cloud ice m~3
Ny number density of snowflakes m~3
N, number density of droplets m™3
Neen number density of cloud condensation nuclei m3
Nge Reynolds number 1
Ng. Schmidt number 0.71 1
Nmoz constant in Meyers formula 1x103 m3

(continued)
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List of symbols (continued)

N normalization factor kgm™

P pressure Pa

Div saturation vapor pressure over liquid water Pa

Div saturation vapor pressure over ice Pa

P velocity distribution sm™!

P separating drop radius 40 x 107° m~!

R, specific gas constant for moist air Jkg='K~!
R, specific gas constant for water vapor 461.51 Jkg ' K~!
R, specific gas constant for dry air 287.05 Jkg ' K™!
S supersaturation over water

S; supersaturation over ice

T temperature K

T, Celsius temperature °C

T; temperature of freezing point 273.15 K

t time S

¥ wind velocity ms~!

Ve terminal fall velocity of cloud droplets ms~!

Uy terminal fall velocity of raindrops ms~!

Vg terminal fall velocity of graupel ms™!

v; terminal fall velocity of cloud ice ms~!

Uy terminal fall velocity of snowflakes ms~!

Vak mean fallspeed of k-th moment of particle ‘a’ ms~!

w vertical wind velocity ms~!

x mass of particles kg

x* separating drop mass 2.6 x 10710 kg

X mean mass of cloud droplets kg

Xy mean mass of raindrops kg

X, mean mass of graupel kg

X mean mass of cloud ice kg

X mean mass of snowflakes kg

Xenue mass of nucleated cloud droplets 1.0 x 10712 kg

y mass of particles kg

z vertical length coordinate m

Z second moment of size distribution f(x) kg?m™3
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