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Abstract

The vector potential of a solenoidal vector field, if it exists, is not unique in general. Any procedure that
aims to determine such a vector potential typically involves a decision on how to fix it. This is referred
to by the term gauging. Gauging is an important issue in computational electromagnetism, whenever
discrete vector potentials have to be computed. In this paper a new gauging algorithm for discrete
vector potentials is introduced that relies on a hierarchical multilevel decomposition. With minimum
computational effort it yields vector potentials whose L2-norm does not severely blow up. Thus the new
approach compares favorably to the widely used co-tree gauging.

AMS Subject Classifications: 65N30, 65N55, 78A30.
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1. Introduction

A common problem in magnetostatics is the computation of a magnetic field H
satisfying

crlH=j and divgH=0 in Q (1)
Hxn=0onIpCcoQ and (H,n)=0 onIy C 0Q.

The exciting current j is supposed to be divergence-free with vanishing flux
through I'p. Originally, the problem is posed on the entire space R?, but through
exploiting symmetry, idealized materials (‘“‘magnetic walls’’) and artificial cut-off
boundaries the above boundary value problem emerges. If Q is simply connected —
often rendered so by introducing cutting surfaces [37] — (1) can be converted into a
second order elliptic problem for a scalar magnetic potential, as soon as a field H
is known satisfying curl Hy = j. This is where the problem of computing a vector
potential for the solenoidal vector field j pops up. It also occurs outside magne-
tostatics in the realm of eddy current computation, if the so-called A-V
(B-oriented)-formulation [2] is used. A comprehensive exposure of the use of
potentials in computational electromagnetism is given in [14, 17].
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Of course, cohomology theory teaches that, in general, it is only possible to find
such Hy, if Q has a special topology marked by the absence of cavities. If, in
addition, we require Hy x n = 0 on I'p, its existence depends on the arrangement
of the connected components of I'p. In any case, there is a cohomology space #,
of small dimension, such that for some h € 5, the difference j — h is a curl [3, 37].

One way to get Hy is by Biot-Savart’s law [36]. It is ideally suited for simple
current loops, but the treatment of complicated spatial currents is hardly feasible
computationally. Numerical techniques starting from an approximation of j are
the only available option then. The non-uniqueness of the vector potential con-
fronts us with an abundance of choices. Strictly speaking, we seek an equivalence
class of vector potentials [38], but for numerical purposes we have to employ some
“gauging” by selecting a representative. A guideline for the choice of Hj is offered
by the fact that the final solution H of (1) has to be computed by adding a
correction to Hy. In case Hy is ““huge” (in terms of norm or discrete coefficients)
compared to H severe cancellation will occur [14, Section I1.B.2], potentially
rendering the result meaningless. Hence it must be one objective to determine a
vector potential of small norm. We can achieve this by the Coulomb gauge
divHj = 0 (a “metric gauge” in the parlance of [38]), but at the expense of solving
a full boundary value problem, which usually carries a high price tag. Thus, we
are looking for a cheaper way to come up with satisfactory gauging.

The issues of gauging and discretization are inextricably intertwined. A physically
sound and increasingly popular way of discretizing electromagnetic quantities is
by discrete differential forms (see [15, 16, 47] and, in particular, [17] for a lucid
presentation) that perfectly match the continuity properties of the fields. Thus a
discrete 2-form should be used to describe the current j, whereas the vector po-
tential will be a discrete 1-form. Discrete differential forms give rise to finite
element spaces, known as spaces of Whitney-forms. The crucial property of these
spaces, apart from making the differential operators well defined, lies in the
existence of discrete potentials, topology permitting.

A popular way to construct a unique vector potential for a lowest order discrete
2-form relies on so-called spanning tree techniques, first explored in circuit analysis
and made popular by Albanese and Rubinacci [1]. Its foundation is a graph
theoretic treatment of the finite element mesh. For a general exposition we refer to
[17, Section 5.3] and latest developments for more complex topologies can be
found in [37, Section 4]. However, this technique is purely algebraic and it is hard
to control the norm of the computed vector potential. A more thorough discus-
sion of this point will be postponed to section three.

What are practical alternatives? After we have computed a vector potential Hy the
second step in the solution of the discretized problem (1) amounts to solving a
second order elliptic boundary value problem discretized by means of finite ele-
ments. For this job no method can compete with the multigrid method in terms of
efficiency [18, 30]. Multigrid is also a fast way to solve the discrete eddy current
equations [33]. To apply a generic multigrid method we need several stacked finite
element meshes and corresponding data structures.
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A hierarchy of nested meshes also emerges naturally, when using modern adaptive
techniques, which rely on local refinement [10, 12, 20, 48]: After the error of the
discrete solution is estimated on a certain mesh, a new mesh is created by splitting
elements into smaller ones where the accuracy is found wanting.

Multilevel data structures (cf. [9, 11, 39]) are challenging and take a big effort to
implement. Nevertheless, the pay-off is substantial and multilevel approaches are
gradually finding their way into engineering codes. We contend that one is well-
advised to exploit available multiple levels of finite element meshes for the com-
putation of the vector potential Hy, too. In this paper I am going to present a
computational procedure that is both cheap and nearly optimal in terms of the norm
of the vector potential. A solid theoretical and algorithmic foundation will be laid.

The current work has its roots in the development of multilevel preconditioners
for variational problems in the space H(div; Q). In this context, the multilevel
computation of vector fields with a prescribed divergence has first been explored
by Ewing and Wang [26] in 2D and was later generalized to 3D [34].

The plan of the paper is as follows: In the next section a few fundamental
properties of the finite element spaces involved are summarized. The third section
highlights the dangers of spanning tree techniques through some examples. The
fourth section will give the details of the multilevel gauging algorithm. In the fifth
section it will be established that the norm of the vector potential grows only
linearly with number of mesh levels involved. In the following section the case of a
perturbed discrete input current is examined. Finally, the norm of the multilevel
gauging operator is studied numerically.

2. Finite Element Spaces

The computations are done on a polyhedral domain Q c R*. More generally,
using so-called isoparametric finite elements [21, 23], domains with piecewise
smooth boundary could be admitted, but we are not going to dwell on this point.
The domain will be equipped with a triangulation 7, in the sense of [21] con-
sisting of elements 7. Those elements may be tetrahedra, hexahedra, prisms, or
pyramids. The set of their faces will be denoted by #,,(7;,), that of their edges by
&r(T ). Both, edges and faces are to be endowed with an inner orientation.
Following [21], the shape regularity measure of a mesh 7, is defined as the
maximum of the ratios of the diameter of the smallest circumscribed and the
largest inscribed ball for every element.

A discrete 2-form on Q w.r.t. 7, is represented by a H(div; Q)-conforming finite
element function built upon the mesh 7 ,. The most prominent representatives of
such finite elements are the Raviart-Thomas elements [41, 44], which have been
constructed for all shapes of elements [19, 24, 28]. In the sequel, we confine
ourselves to either hexahedral or tetrahedral meshes, but the extension of the
algorithm to prisms and pyramids is pure routine.

We chose the symbol 27 ; to designate the Raviart-Thomas space of polynomial
order £ € N. In the case of a tetrahedron 7' the local space is given by
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RTK(T) = {x=py(x) + X p2(x), Py € (Z(T))’, p2 € Pi(T), x € T}

Here, 2, (T) stands for the space of trivariate polynomials on T with total degree
<k. A similar definition holds for a brick Q:

RT 1 (Q) = Pi1xx(Q) X Pis14(0) X Prii+1(0),

where 2y, 1,4, (Q) is the space of polynomials of degree <k; in the variable x;,
1 <i < 3. Suitable degrees of freedoms (d.o.f.) for spaces of any polynomial order
are available [19, 29, 32]. In the lowest order case they are given by the functionals
of face fluxes expressed by

Kp(V) := /F<v,n)d0, F e 7,(T).

This has earned the lowest order Raviart-Thomas elements the name face ele-
ments. For a tetrahedron with vertices a;,a;, a3, and a4 the corresponding four
nodal basis functions read [17, Section 5.2.2]

bﬁ)) = 2(J;grad J; x grad J; + 4; grad A, x grad 2; + J; grad 4; x grad ),

with the 4;, i = 1,2, 3,4, as the barycentric coordinate functions for vertex a; and
F € 7,(T) spanned by the vertices a;, a;, and a;, i < j < k. Here, the orientation
of F is implicitly provided by the order of its vertices.

For the second order space Z7 |(T) additional degrees of freedom involve linear
moments of normal components on faces and the integrals of each of the three
components of the discrete vector field over the elements (cf. Fig. 1). As above, it
is possible to specify the extra canonical basis functions for a tetrahedron T
(FeZ(T)):

)1 = 2/;grad 4; x grad 4, — Z; grad /; x grad A; — A, grad 4; x grad 4;
bg)z Zjgrad 4; x grad 1, — 4, grad A; x grad A; — / grad 4; x grad /;
by = Albﬁ)), i=1,2,3.

As before, the face F is supposed to be spanned by the vertices a;, a;, and ay,
i<j<k, and F; denotes the face opposite to vertex a;. Note that the basis
functions b’ >1 and b{! 2 are associated with (located at) the face F/ (When we state
that a d.o.f./basis functlon is located at some geometric entity O, we have in
mind that the dof can be expressed by an integral over O). The normal
components of an i=1,2,3, vanish on J9T. As easily the basis functions for
hexahedra can be spemﬁed We remark that for a brick Q we have
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Figure 1. Location of degrees of freedom for lowest order (left) and first order (right) tetrahedral
Raviart-Thomas elements: The filled disks stand for averages, the circles for linear moments of face
fluxes. To avoid clutter the d.o.f. on the front face have been dropped

dim 27 1(Q) = 36, with four degrees of freedom associated with each face, and
eight interior d.o.f.

The discrete vector potential to a discrete closed 1-form on .7, has to belong to a
H(curl; Q)-conforming finite element space on .7 ,. Those are usually called
Nédélec finite elements [41] and will be given the token A4"%. Again, families of
these elements are known for all shapes of elements [24, 28]. For a tetrahedron T
the local spaces of polynomial order £ € N are given by

= B R

whereas for a brick O we have
N Di(0) = Pk 144(0) X Pij—14(0) X Zrii-1(0).

For the lowest order case, £k = 1, the degrees of freedom are plain path integrals
along the edges of the mesh (“‘edge voltages’), what accounts for the term edge
elements. For a tetrahedral element 7 we find dim 4”92, (T) = 6. The canonical
basis function attached to the edge E € &,(T) linking vertices a; and aj,
1 <i< j<4, turns out to be [17, Section 5.2.2,]

ﬁ<El> = Jigrad A; — /; grad /;.

Second order Nédélec elements on a tetrahedron feature two degrees of free-
dom per edge and another two d.o.f. for each face [41]. More precisely, those
are the linear moments of the path integrals along edges and averages of
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Figure 2. Location of degrees of freedom for lowest order (left) and first order (right) tetrahedral
Nédélec elements: The filled disks stand for averages, the circles for linear moments of edge path
integrals

tangential components over faces. The additional canonical basis functions
read [45]

/3](52) = grad A; 4+ jgradJ;, E € &,(T)
B, = Jidjgrad iy — Jidigrad Jy,  F € 7 4(T)
By == Al grad jy — Al grad y,  F € F4(T),

where the face F has vertices a;, a;, and a;, 1 <i<j<k <4,

For a brick, the path integrals along its 12 edges also supply the degrees of
freedom for lowest order hexahedral Nédélec elements. In the second order case
four more linear moments of the tangential components on each face and six
linear moments in the interior of the element are required to determine the finite
element function (see [41]).

Given the local representations and requiring that the degrees of freedom are
meaningful on a global scale, we end up with the global finite element spaces
RT (Q; T ) and N D(Q; T ;). They have the desired normal and tangential
continuity, what makes them subspaces of the Hilbert spaces H(div;Q) and
H(curl; Q), respectively [41]. For a discussion of these function spaces see [27]. If
the finite element functions are to belong to the corresponding spaces with ho-
mogeneous boundary conditions, we simply set d.o.f. on 9Q to zero. Such spaces
will be labeled with subscript 0.

The local basis functions introduced above give rise to bases {b.}, and {f,}, of
RT 1 (Q; T ;) and N Dy (Q; T 1), respectively. Here, the index x runs through all
global degrees of freedom. The basis functions are locally supported and form an
L’-frame. In other words, we can find generic constants C, C > 0, independent of
the meshwidth % and only depending on & and the shape regularity measure of
I 1, such that
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2 200 112 Sie 2
Cllénllz @ < 2 wE) Wl < Cllillq Ve € A Zu(Q;74)
K

Clillzz) < X k00 il < Clvillzz) Yvi € 2T (7).

K

(2)

This result can be obtained by a straightforward application of affine equivalence
techniques [22, 23]. Following a popular convention, a capital C will indicate a
generic constant. Its value can vary between different occurrences, but we will
always specify what it must not depend on.

Throughout we are going to use the basis functions presented above. Then it
makes sense to refer to the coefficient vector describing a finite element function.
Those will be tagged by a small arrow on top of the symbol for a finite element
function.

Our theory will make heavy use of the notion of guasiuniformity: The quasiuni-
formity measure of a mesh is the ratio of the greatest and smallest diameter of its
elements. In the case of a small quasiuniformity measure the notion of a mesh-
width & of 7, is sensible. As a special case of (2), quasiuniformity links Euclidean
norms of coefficient vectors and the L>-norms of finite element functions:

Vil® = hlVallg2 i) Vi € BT 0(Q T 1)
&P ~ h I8y, &€ N DR T ),

3)

where = stands for equivalence with constants only depending on the shape
regularity and quasiuniformity measure of .7 .

Given the degrees of freedom for the finite element spaces nodal interpolation
operators I, : C(Q)— RT (Q; 7T 1) and I, : C(Q) — N ZD1(Q; T ;) can be defined
(cf. [19]). Be aware that beyond continuous functions the interpolations operators
remain well defined, for instance, for all conforming finite element functions on
any mesh. The exceptional feature of the nodal interpolation operators is the
commuting diagram property [26, 31]. It asserts that the diagram

ok (Q) curl Cc™ (Q) div Cc> (Q)

[ [ lo 4)

N T 2 2T 0T 2 20(Q,T5)

commutes, where Qj, is the L2-orthogonal projection onto the space 2¢(Q,.7) of
piecewise constant, discontinuous functions on 7 .

The commuting diagram property is the key to the proof of the following rep-
resentation theorem [23, 32], which shows that essential algebraic properties of the
function spaces are preserved in the discrete setting:

Theorem 1 (Discrete potentials). Provided that Q has no cavities we can conclude the
existence of discrete vector potentials:



104 R. Hiptmair
ﬂyg(Q,yh) = {Vh € ﬂyk(g;yh), diVVh = 0} = Clll'le/V@kJrl(Q; 7;,)

We add that the remarks made on the existence of a vector potentials in the
introduction also carry over to the discrete setting, giving rise to discrete coho-
mology spaces [38].

3. Co-Tree Gauging

The gist of co-tree gauging is the selection of a subspace AP (Q;7,) of
N D1 (Q;T,) such  that curl: /D (Q;7,)— RT o(Q;7,) is injective,
ie. /2] (Q;7;) has to be an algebraic complement of the kernel of the curl-
operator. This subspace is obtained as the span of a set of cunningly selected basis
functions (see [17, Section 5.3], [23], and [37]) . These basis functions can be found
by means of the previously mentioned spanning tree techniques:

For the sake of simplicity we assume a contractible domain Q. We start by
building a spanning tree t of edges in &,(7 ), which is a maximal cycle-free
subset of &,(7 ;). Here a cycle is a closed curve formed by edges in &,(7 ).
Algorithms are available that take O(§&,(7 1)) operations to determine the tree.

According to the definition of 7, for each edge E in the co-tree ' := &,(7 ;)\t we
can find a cycle y; C £(77;) such that y; Nt =y \{E}. Given v, € 27((Q; T )
the construction of a vector potential &, € 4/'Z(Q; 7)) can be carried out as
follows: For each E € 1’ let or be some set of faces bounded by y;. Then

&= (Z im(vw) By (5)

Eet \Fe€og

provides a vector potential for v,. The signs depend on the relative orientations of
the individual faces w.r.t. the induced orientation of ¢g. Figure 3 depicts an
example of a spanning tree of edges for a meshed cube.

The example from Fig. 3 discloses a fundamental drawback of cotree-gauging. By
merely following the rules of the construction we may end up with a vector
potential & whose L?-norm is vastly greater than that of v,: Assume that an edge
element function §,, is given by prescribing value 1 for the d.o.f. at the locations of
the bold arrows in Fig. 3. Now imagine that the same construction of {, and of
the comb-like spanning tree is carried out for a regular hexahedral mesh with N
elements in each coordinate direction, N € N. We examine the discrete vector
potential &, that co-tree gauging yields for the solenoidal face element vector field
v, := curl ;. The degrees of freedom of &, belonging to the z-edges (marked with
delicate arrows) of the bottom layer of cubes can easily be calculated by counting
the number of bold arrows contained in the related cycle. Hence, we get

N
&P > (N + 1)2(21'-1- 1) = O(N*) as N — oo,
i=0
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Figure 3. Example for cotree-gauging in three dimensions: Boldface edges indicate those belonging
to the spanning tree

whereas
[Va|* = 7N + 6.

Though the spanning tree employed in this example looks reasonable, by (3) we
end up with an asymptotic estimate like (4 := N~')

Hih”iE(Q)% hE ~ Wil ~ h71|\Vh||iz(Q)’ (6)

where ~ means equivalence up to small constants. On top of that, (6) is by no
means the worst situation: More awkward spanning trees with
IIEhIIEz(Q) R~ h’2||vh|\iz(Q> can easily be conceived.

4. Multilevel Gauging Procedure

Now, we consider a sequence of nested meshes 79 < 7| <--- <7, L € N, that
is, every element of .7 is the union of a small number of elements of the next finer
mesh 41, k=0,...,L—1. We adopt the notations Fy:=F(Ty),
81 == E,(T ) for the sets of faces and edges of T, respectively.

Most commonly, such a sequence of meshes is generated by successive refinement
of an initial triangulation . Several such refinement strategies are known, the
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most commonplace being the so-called red-green refinement [13, 25] and bisection
refinement [5, 8]. In the case of red-green refinement an element may be regularly
refined by chopping it up into eight smaller elements of the same shape. Alter-
natively, to maintain conformity of the mesh, green refinement is employed. For a
description we refer to [24]. The fundamental operation in bisection refinement of
a tetrahedral mesh is a splitting of a tetrahedron into two by introducing a new
vertex on a so-called refinement edge. What matters in the current context is that
all schemes employ only a small number of refinement templates, sets of rules on
how to split an element. On top of that, the refinement templates are affine
invariant. In other words, application of a refinement template commutes with
affine mappings.

All the refinement methods have been particularly designed to prevent severe
deterioration of the shape regularity measure. Consequently, we can assume that
all 7 sport the same shape regularity measure. We point out that the same
element might be shared by several meshes in the case of local refinement.

For each element T except those contained in J ¢ we can find a unique “‘father”
Tr € UJ; as the smallest element in which 7T is strictly contained. Thus, we can
fix the level /(T) of an element T through

f0 ifTe 7,
I(T)_{Z(TT)—H ifT ¢ 7.

For the set of elements on a specific level we introduce the notation
T =A{T € 7,I(T) = k}. Evidently, in the case of local refinement we might
encounter 7 * T . For  convenience, we  set 2 r={Te€ T s
aT € ﬁlkﬂ : T C T}. Analogously, the sets & and %k contain those edges and
faces on level k that have ““children” on level £ + 1. We demand that the higher
the level of an element T the smaller its diameter A47: In quantitative terms, we
require i ~ y'(T) for some 0 < y < 1, where ~ indicates a two-sided estimate with
constants only depending on the shape regularity of 7. The refinement schemes
mentioned above will meet these requirements.

We start with a solenoidal face element vector field v, € 27 8(9; 7 1), for which
we seek a discrete vector potential &, € /' 921(Q; T 1), curl ¢, = v,. We exploit the
multilevel structure of the triangulations by performing a hierarchic multilevel
decomposition of v, (see [6, 7, 51] for more applications of hierarchical multilevel
splittings in the finite element method):

L
v, = ka, vo:=1Iovy and vi:i= (L —Li_)vy, k=1,..., L. (7)
k=0

Here, we write I : #7 ¢(Q; T 1) — RT ¢(Q; T ;) for the nodal interpolation.
Please keep in mind that the support of v, is confined to the union of elements in
T k= 0,...,L. Furthermore, it is plain to see that the nodal values for the v;
can be computed cheaply and locally (see algorithm in Fig. 7).
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Figure 4. Regularly refined triangular face

As a consequence of the commuting diagram property (4), we note that the
hierarchical surpluses v, are solenoidal, i.e. divvy, =0, k£ =0,..., L. Besides, from
the very definition of the degrees of freedom in lowest order Raviart-Thomas
spaces we learn that for k € {1,...,L}

/(vk,n>da _0 VFeF . (8)
F

Plainly speaking, the average of normal fluxes of hierarchical surpluses vy,
k=1,...,L, through all faces of elements on coarser levels vanishes. Let us single
out a face F € Fy_y, k= 1,...,L, that has been decomposed into four smaller
face fo, f1, /2, /3 € ZF. If F is a triangle the resulting pattern of sub-triangles along
with the internal orientations of faces and edges is sketched in Fig. 4.

Using the labels of Fig. 4, we denote by f5;, i =0, 1,2, the 4"%,-basis function
attached to edge ¢;. By Stokes’ theorem it satisfies

/(curlﬁi,n>da =0, i,j€{0,1,2} and (curl ;,m)do = 0.
Ji Sfiufs
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Figure 5. Regularly refined quadrilateral face

Now, we set

e = Z( / (ionde) - o)

i=0

Taking into account that the normal components of v, are constant on faces of
7k, a straightforward computation yields (curlyz,n), = (vi,m) ., i =0,1,2. In
combination with (8) this means:

(curlyp, m) e = (Ve ) . (10)

Besides complete subdivision, F could also have been cut into two halves by one
new edge. To determine a suitable # is all but trivial then. We omit the details.

In the case of a quadrilateral F € #,_,, the procedure is similar (see Fig. 5).
Setting ¢, := ff<vk,n>da and ¢ := [ (vi,t)dl’, i=0,1,2,3, Stokes’ theorem
implies ‘

10 0 -1\ (e b0
1 =1 0 o |[lal_|¢
0 1 -1 o0 l|le]| " |¢ (11)
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By (8) we know ¢ + ¢; + ¢, + ¢d3 = 0 so that (11) becomes solvable. Recalling
the objective to find a vector potential with small norm, we should use the Moore—
Penrose pseudo inverse to determine a solution of (11) of minimal Euclidean
norm:

€ 1 =1 =1 =1\ /¢
al _1f-1 -1 1 1 b,
e 2[-1 -1 -1 1 b, (12)
€ “1 -1 -1 -1/ \ ¢,

By plain computation we can verify that , := 21‘3:0 €ipi, B; == B,,, satisfies (10).

Owing to its construction curl 3, has vanishing normal components on any other
face of #;_; except F. Therefore summing up all gz, F € F 1, results in a vector
field called n, € /"2,(Q; T &) that features property (10) for every face F € F_;.
The remainder v, := v, — curl g, is a vector field in 27 g(Q; 7 ) which consists of
isolated components confined to the interior of elements of T i1, ie.

ie & AT (T T wp).
TeT -1

Then we can apply Theorem 1 locally to each T € 77;_;. It guarantees the exis-
tence of an /"7, -vector field yj, 1, supported on T, whose curl agrees with v;r. Let
us take a closer look at the construction for a regularly (“red”) refined tetrahe-
dron that possesses one new interior edge as in Fig. 6.

Using the labels of Fig. 6, we see that there are four f; :=[p,q,m;], i=1,...,4,
adjacent to the interior edge [p, q]. Setting ¢; := ff (Vk,m)do we may choose (with
signs depending on orientation) '

”;{,T = %(i(l)l i¢2i¢3i¢)4) 'ﬁ[p,q]v (13)

and one quickly verifies curl t]}(’T = v, on T. The fluxes ¢, are readily available, for
instance (see Fig. 6)

b3 = 15 (Vi) — Ke(my) — Ko (me)-

For most other meaningful refinement templates for a tetrahedron, e.g. those
underlying the green refinements, no new internal edges are created and this step
of the procedure can be skipped.

For a hexahedral mesh the procedure is almost the same. Yet, when fixing the
edge voltages for the six interior edges of a regularly refined brick, we again
encounter non-uniqueness. As in the case of a quadrilateral face (12), a pseudo-
inverse will deal with it.

The bottom line is that by adding up the local stream functions nLT over all
macro-elements T € 7 ;,_; we obtain a vector field
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Figure 6. Regularly refined tetrahedron T with one internal edge for which a d.o.f. of the vector
potential has to be determined

Ei=m+ Y Hx €ND(XTY) (14)

Tej/ﬁl

such that curl ¢, = v;. On top of that, the d.o.f. of &, that are locatedin T € T i
can be computed from the d.o.f. of v, in T by a simple linear mapping. Most
important, thanks to affine invariance of the refinement algorithm, this mapping
only depends on the refinement template applied to T and not on its actual shape.
Thus, there is only a fixed small number of different mappings, which can be
determined in advance.

On the coarsest mesh 7 we have to resort to a global computation of a discrete
vector potential & € A" Z(Q; T) for vo € RT(Q; T ). We may rely on co-tree
gauging now, since its inherent instability is offset by the small number of cle-
ments in J . In order to play safe, we can also tackle the following saddle point
problem [43] directly:



Multilevel Gauging for Edge Elements 111
Seek (60aj07p0) S E/V,@'l(g,ﬁ—o) X %3-0(9;9/‘0) X Qo(Q, 70) such that
(€0s10) 12(0) +(curl g, jo) 1) = 0
(curl 507qO)LZ(Q)+(ddiOap0)L2(Q) = (VanO)LZ(Q)

(diVjOaw)Lz(Q) =0 (15)
for all ny € /2\(XT0), qy € AT o(Q;T), and we 20(Q,7). Then,
1€0ll22(q) < ClIvoll2(q). With C > 0 depending on Q only, is guaranteed and for
coarse meshes of moderate size the computational effort is acceptable. We point
out that the L?-inner product in (15) can be replaced by plain Euclidean inner

products of the vectors of d.o.f. This forfeits unconditional stability of &,, but
greatly facilitates the solution of (15).

Ultimately, summing up the &, £k =0,...,L, we get the desired discrete vector
potential &, := Zi:o &,. The corresponding computational procedure amounts to
successively prolongating nodal values from coarse grid edges to those of the fine
grid. These are local transfer operators, whose weights can be determined from
the imbedding A" 21 (Q; T k1) C N D1(; T ) [33].

The complete algorithm is outlined in Fig. 7. There 27 8 and A%, have to be
read as data-types handling the degrees of freedom of the finite element functions
on all levels of refinement. The notation k(x,0) symbolizes the access to that
nodal value of the finite element function x located at the geometric object O.
Again, we point out that all weights in the sums are affine invariant. Eventually, <
indicates the “father—son” relationship for geometric objects in the context of
refinement.

A closer scrutiny reveals that due to the geometric decrease of the number of
elements in “‘ancestral generations”

L
> 4Tk <27

k=0

As a consequence, the total number of operations to compute &, by the multilevel
gauging algorithm of Fig. 7 is a small multiple of the number of elements of the
finest mesh 7, (c.f. “local multigrid” [40]). In short, the algorithm has optimal
complexity.

Remark. In case of a non-existent vector potential (as discussed in the introduc-
tion) the stage where the algorithm might run into difficulties is the calculation of
the vector potential on the coarsest mesh .7 (. Then we have to resign to finding a
&, such that

vo = curl 60 + hy,
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gauge( int k, RTS &v , N'D1&¢)
{
if (k>0) {
// Compute hierarchical surpluses and d.o.f. of €,.
forall (F € F_1) {
k(v,F) =sumof £x(v, f), f < F.
forall (f < F) { k(v, f) —= weight - £x(v, F); }

forall (e € {' € &, ¢’ C F)
Set the degrees of freedom (&, e) of nz according to (9) or (12).

forall (T € 7o) {
forall (f € {f' € Fi, f'isinthe interiorof T}) {

Set (v, f) as the nodal value of the hierarchical surplus v. This can be
done by adding a weighted sum of the values «(v, F'), F € Fy_;, F C 0T,
to (v, f).

forall (e € {¢’ € &, €' is in the interior of T})
Set (&, €) as the degree of freedom of nj, 1 according to (13).
}

// Recursive call
gauge(k-1,v.£);
/ Compute prolongation of vector potential on next coarser level and add it to
/&, in order to determine vector potential for I;;vy.
forall (E € &_;) {
forall (e < E'A) { ke, &) = +ix(E,€); }
forall (F € F,—1) {

forall (e € {¢' € &, €' is in the interior of F'})
Add to (e, £) a weighted sum of x(E, &), E € &, E C OF.

forall (T € Ty_1) {

forall (e € {¢’ € &, ¢'is in the interior of T})
Add to &(e, ) a weighted sum of x(E, &), E € &, E is edge of T.

else {
Solve the saddle point problem (15) on the coarsest mesh 7y in order to determine
the degrees of freedom for £, on 7.

}

Figure 7. Algorithm for multilevel gauging for lowest order elements
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where hy belongs to a discrete cohomology space #, for 9. Such a hy can be
found using the “belted tree approach” described in [37]. As 7 consists of
merely a few elements, neither the effort to determine hy is prohibitive nor its
norm is distressingly large. In sum, multilevel gauging does a good job also in this
case.

So far, we have treated only the lowest order elements. We will not deal with the
most general case, but argue that discussing the second order case sufficiently
reveals the policy. Let us first take a look at tetrahedral meshes and consider
RT ?(Q; 7). Forany T € 7 the divergences of the three nodal basis functions
b(Tl_z, i=1,2,3, have vanishing mean value and are linearly independent. We
conclude that if divy, = 0, then these basis functions cannot make a contribution
to v,. To %et rid of the remaining higher order parts, we point out that
curl ,81(,22 = Flz, i = 1,2 holds for each F' € % [42]. This permits us to calculate the
vector potential &, for

vie=vy v v = 3T bl +apabl!) € 2730 7,), apy € R, (16)

Fe7F,

as

g=8"+&", &) =3 i) +orafi, (17)

FeF

where 520) is the vector potential for VEIO) € RT)(Q; 7 1) obtained through mul-
tilevel gauging. A similar reasoning applies to hexahedral meshes. In this case the
higher order .4/ %,-basis functions located at faces or within the element provide
potentials for the higher order components of v, € /'2,(Q; 7 ) at the same
locations.

Remark. Note that the hierarchic decomposition automatically respects homo-
geneous boundary values. Hence, the multilevel gauging will yield a vector po-
tential &, with &, xn =0 on I'p, if (vs,,n) = 0 there and such a vector potential
can be computed on 7.

5. Stability

By the open mapping theorem we see that with a constant depending on Q only
inf{[€[| ;2(q), ¢ € H(cur;Q), curl&=v} > C||v][2q VVE H(div; Q).

On the other hand, from [3, Proposition 4.6] we learn that for all
Vi € RT (T 1)

f{l1& 20y, & € 'Z1(% 7). curlg, = vy} < Cllvall 2,
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where only Q and the shape regularity measure of .7 enter the constant. Thus,
the best we can hope for is to find a vector potential whose L?-norm is uniformly
bounded by that of v,. As we saw in Section 3, co-tree gauging falls way short of
meeting this goal. The situation with multilevel gauging will be examined now:

Lemma 1. Assume 7, 0 < k < L, to be uniformly shape regular and quasi-uniform
with meshwidth hy. For 0 < [ < k < L, let E be an edge on level | and denote by wg
the union of those elements of T for which one edge is contained in E. Accordingly,
for a face F € 7| the domain wp ;. will be defined. Then there are constants C > 0,
depending only on shape regularity and quasiuniformity measure of the meshes, such
that

(i) |KE(ﬂk)|2
(i) lrer (i)

Chlh/?”ﬂk“é(g@ s Vi € VD Ty).
Chh o,y - VU € BT 0(Q: 7).

INIA

Proof: Ad (i): By the L?-stability of the nodal basis from (3) we can estimate

2
Kp(py)’ = ( Z Ke(ﬂk)) <tlecéreCE} Z Ke(py)’

eCE.ecé eCE ecéy

< Ch't{e € 64,e CE} - ||#k||22(

Opk)°
Thanks to shape regularity #{e € &, e C E} < Ch;/h; and we are done with (i).
We skip the similar proof of (ii). [

Uniform shape regularity of the sequence of meshes guarantees that there is a
small bound on the number of overlapping wg . This makes

Z”ﬂk”iz(wm)g CHﬂkHiz(Q) (18)

E€é;

hold, C > 0 depending on shape regularity.
The following theorem is a fundamental result about the multilevel decomposition

of H(div;Q)-conforming finite element spaces:

Theorem 2 (Multilevel decomposition of face element spaces). Assume that Q is a
convex polyhedron and that the nested meshes 7, 0 < k < L, are uniformly shape
regular and quasi-uniform with geometrically decreasing meshwidths hy. Then for
each v, in AT o(Q; T 1) we can find decompositions

vi=curlp, +q,, p, € V2 (QT), q,€RTo(QT,),

L L
ﬂh:Zﬂlm W € N DT %), and qh:qum Q € AT o( T 4),
k=0 k=0
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such that

2(Q) § C”dinhHLZ(Q),

2
[[eurl |72 thZIIﬂkHLz <C||c“rl”hHL2)

||q0||HleQ +th2”qk”L2 < C”qh”H(leQ

where the constants depend on Q and the shape regularity and quasiuniformity
measure of the meshes only.

Proof: For the proof we refer to [31, 35]. It can also be inferred from the results in
[4] (Proposition 4.3). [

Theorem 3. For all v, € AT )(Q; T 1) holds

L
2
Mol + SN = I )ill2aiay < CLAMAI
k=1

with a constant C > 0 only depending of the shape regularity of the meshes.

Proof: To begin with, assume that refinement has been uniform resulting in a
quasi-uniform family of meshes {Z7;};_,. As the assertion is invariant w.r.t.
simple scaling, we can set Ay := 1 without loss of generality. Then pick a single
(convex!) element D of 7. Applylng Theorem 2 to v, € #7 ) o(D; 7 1) shows the
existence of u, € A/'9(D; 7 k) such that (u, == Zk o M)

L
2 - 2 2
curl () = v, and ||c“rlﬂ0H1_2(D) + E hk2||ﬂk||L2(D) = ||Vh||L2(D)
k=1

Observing that g, € A"2(D; T ;) we arrive at
L L
(IL = 1)y ﬂz+nl<z llk) -1 (Z”k) : (19)
k=111 =1
= =y

The following estimate first relies on the L2-stability of the bases according to (3)

L1 L L1 L 2
Z 2||l‘1HL Z l)zzczhz_] Z(Z KE(:“k))

1=0 = Ee(g? 1=0 Ecé; \k=I+1
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then uses the Cauchy—Schwarz inequality and Lemma 1, part (i)

L— L
< Z 'ST@-1-1 w20,

Ece? k=I+1

and the equivalence (18).

| /\

L-1 L )
Z Z -1 1)||l‘k||L2(D)
I=0 k

Finally, the geometric decrease of the meshwidths and Theorem 2 are put to use:

L—1 L

2~ 112 B ’
Zhl 2”!‘1”1}(0) < cr’ thznl‘kHLZ(D) < cr?
=0 k=1

By the commuting diagram property (4) and (19), in connection with an inverse
inequality for edge elements

[[eurl ]| 2 (p) < Chl:lH']kHLz(D)v Vi € VD1 T ),

we see
L L 5
Z (I =11 VhHL Zchrl(l'[, =) mllz2 )
ya =1
= 2
2
<CY P = Tyl
=1
, L-1 ,
) 2|~
<C ;hk ||ﬂk||L2(D)+2;hl HI‘/”LZ(D)
2
< CL2||Vh||L2(D)
and

||10Vh||L2 o= llro +:"0||L2(D CLZHVhHL

Please note that mere scaling of D does not affect the constant in the previous
estimate. This leads to a dependence of C only on the angles of D, but not its size.
Next, the considerations can be applied to all elements of 7

Finally, if the meshes have been locally refined, the above estimates remain valid;
We can formally pad the sequence of meshes with additional elements to obtain a
hierarchy of quasi-uniform meshes. However, v, is not affected and, thus, the
hierarchical surplus on the extra elements vanishes. [

We are now in a position to prove the main result of this section:
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Theorem 4 (Stability of multilevel gauging). Write &, € N 91(Q; T 1) for the vector
potential of v, € RT 8(9; T 1) obtained through multilevel gauging. Then

||§hHL2(Q) < CLHVhHLZ(Q)-

Proof: Recall the definition of &, € /"2,(Q; T ), k > | from (14). We zero in on
a single macro-element T € T r—1. From the discussion of the algorithm it is clear
that the d.o.f. of & located in T are calculated from those of v, € Z.7((Q; 7)
from (7) by a linear mapping. This very linear mapping does only depend on the
refinement template applied to T. Thus, for the vectors of d.o.f. on T and then for
all degrees of freedom we get

1Skrl < ClViel = 1€klli2(r) < Chrllvell 21y (20)

with C > 0 only depending on the refinement template and shape regularity of T.

Now, let 4; denote the average size of elements in 7, and recall that supp

vi C U{T € 7;}. We conclude

1€k

2@ < ChiellVill 2(q)-

We know that /; shrinks geometrically as k increases. Thus, using (20) and the
result of Theorem 3, we get, with v; := (Iy — L—1)v,

L 2 L L
TR (znckuwg)) < c(zh,z) (vakniz(m) < Pl
k=0 k=0 k=0

This finishes the proof. [l

The last theorem bears out the superior stability of multilevel gauging compared
to co-tree gauging, though the stability achieved is only suboptimal.

The discussion of stability for the higher order case is not a big deal. For second
order Raviart-Thomas elements the L’-stability of the bases tells us that the
higher order components from (16) and (17) satisfy

1 1
g, )HLZ(Q) < ClIvy )||L2(Q)7

with C > 0 only depending on the (uniform) shape regularity measure of the
meshes. In sum, the estimate of Theorem 3 carries over.

6. Impact of Perturbations

Often only an approximation v, of v, € 27 g(Q, 7 1) is known, either due to the
truncation error of some iterative scheme or due to numerical quadrature. As
divv, =0 does no longer hold exactly, we have to figure out how a lack of
solenoidality affects the computed ‘“‘vector potential” &,. Note that, barring a
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breakdown on level 0, the algorithm will provide us with a Eh, regardless whether
V), 1s solenoidal or not. This “robustness’ of the computation of & is, e.g., present
with the saddle point problem (15).

A generalization of Theorem 3 is the key to gauging the effect of a non-solenoidal

perturbation on &,

Theorem 5 (Stability of hierarchical splitting of face element space). For all
Wy, € BT 0(Q; T 1) holds

L

2 2 2

HoWnllz20) + D Nk = 1) Wall 120 < CLZHWhHH(diV;QV
k=1

with a constant C > 0 only depending on the shape regularity of the meshes.

Proof: As in the proof of Theorem 3 we first assume uniform refinement and
consider a single coarse grid element D € 7. Taking the cue from Theorem 2, we
start with the decompositions

Wy =V +qp, diVVh = 07 Vi, qy € %jO(D7 e7~L)a

L
q = qum QG € AT (% T k).
=0

The stability for the hierarchical decomposition of v, has already been dealt with
in the proof of Theorem 3. In addition, we make use of [[v4[|;2p) < C|lwall, (div.p)-
Similarly as in the proof of Theorem 3, we tackle q;,:

(L —11)g, =q +11<Z qk> ~1 (Z%) :
k=1

k=141

=q =,

Using part (i) of Lemma 1, we can proceed as above

§:||‘11||L2 C

T\‘ t~
OMH
=
b
)

—
=1
?./

[}
IN
a
~
(]!
=
N
~
=
)
~
—
=
b
SN~—
N—
38

Fe? =0 FeFp \k=l+l
L—1 L 5
<C h ! Z -1 - 1) Z h?h]:l”quLz(mF_k)
=0 Feé, k=I+1
L-1 L s
-1
< CZ Z b (L =1 = Dllagllz2 )
1=0 k=I+1

IA
a
(-

— 2 2 2
e a2y < Clanllzydivioy < ClIWalldivio)-

b
Il
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The remainder of the proof follows the lines of the proof of Theorem 3 and will be
omitted. O

Remark. A different approach to proving the Theorems 3 and 5, already suc-
cessful in 2D [49], could set out from [50, Lemma 4.1].

Corollary 1 (Impact of non-solenoidal perturbation). For a general wj €
RT o(Q; T 1) the “vector potential” &, € N D1(Q; T ) computed by multilevel
gauging with a robust coarse grid procedure satisfies

€nll2() < CLIVAll g div.»
with a constant C > 0 only depending on the shape regularity of the meshes

Example. Imagine that the degrees of freedom for w;, € 27 ((Q; .7 ) have been
computed by one-point GauBian quadrature from the face fluxes of a C?>-smooth
solenoidal vector field j. Then, in general, w, = I;j+ d;, with some quadrature
error d, € 27 (Q; 7 ). Provided that the meshes are quasi-uniform we can
expect kz(dy) == [.(j,m)do — |F|(j(mg),n) (F € # with center of gravity mz) to
be of the asymptotic order O(h}). For T € 7 GauB’ theorem yields (the sign
determined by the orientation of the faces)

divdy = 717"+ > dxp(d).

FeF [ FCoT

This shows that [|divd|[;2q) = O(h.), too. Thus, the spurious part §; of the vector
potential obtained through multilevel gauging, satisfies |8, |2y = O(Lh.), which
means that there is no significant impact of the quadrature error.

7. Numerical Experiments

The asymptotic theoretical estimates are littered with elusive constants. Numerical
experiments are the only way to get an idea about their sizes in particular settings.

All numerical experiments reported in this paper rely on lowest order finite ele-
ments on uniformly refined hexahedral grids. The elements of .7, are cubes of
meshwidth #; = 2=("*1)_ The vector potential on the coarses grid .7 is determined
by solving a saddle point problem similar to (15).

In the experiments we estimate the operator norm
Gl = sup{I GOV | 20)s Vi € 2T QX T 1), IVhll vy = 1)

for the linear operator G, : 7 (Q; T 1 )—N"D1(Q; 7 ;) of multilevel gauging.
Beside the true value of ||Gy||, we are mainly interested in its dependence on the
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Table 1. Computed norms ||Gy|| of multilevel gauging operator in experiments #1 through #4

Exp. \L 2 3 4 5 6
#1 0.37 0.42 0.47 0.51 0.55
# 0.47 0.54 0.61 0.67 0.73
#3 0.36 0.39 0.43 0.46 0.50
#4 0.47 0.55 0.61 0.67 0.73

depth L of the multilevel hierarchy (cf. Theorem 3). In order to compute ||G; || we
resort to the generalized eigenvalue problem: Seek &, # 0 and A > 0 such that

curl] GIM;"” Gyeurly, &, = 2 curl] M7 curl, &,. (21)

Here, curl; is the matrix of the discrete curl operator, M;"? and M7 stand for
the finite element mass matrices, and 7' labels the adjoint w.r.t. the Euclidean
inner product. The maximal eigenvalue /. of (21) can be found by means of a
non-linear CG method applied to the generalized Rayleigh quotient [46]. The
iterations terminate, when the value for the Rayleigh quotient becomes almost (up
to a relative change < 107°) stationary.

In the first experiment (#1) we use Q :=]0; 1[3 and impose homogeneous Dirichlet
boundary conditions on 9Q. The second experiment (#2) is carried out on the
same domain, but with free boundary values. The domain used in the third ex-
periment (#3) is a three-dimensional “L-shaped” domain Q; :=]0; 1[*\[0; %]3 Zero
boundary values for the functions are specified. Finally, the fourth experiment
(#4) retains the domain €Q;, but allows free boundary values.

The norms ||Gy|| obtained from the experiments are recorded in Table 1. The
figures indicate that the constants are of moderate size for the problem in-
vestigated numerically. They also give evidence that the shape of the domain
does not make a big difference. In addition, an affine-linear dependence of ||Gy||
on the depth L of refinement is evident. Thus, the theoretical estimates seem to
be sharp.

8. Conclusion

In this paper a new method for calculating a discrete vector potential for a so-
lenoidal vector field in Raviart-Thomas finite element space has been developed.
It can be profitably employed if multilevel data structures are available. In con-
trast to co-tree gauging, the new method comes up with a vector potential whose
norm is neatly bounded by the norm of its curl times the number of grid levels
employed times a constant depending on shape regularity. It does so with minimal
computational effort.
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