Computing (2012) 94:151-162
DOI 10.1007/s00607-011-0180-x

On a posteriori estimates of inverse operators for linear
parabolic initial-boundary value problems

Mitsuhiro T. Nakao - Takehiko Kinoshita -
Takuma Kimura

Received: 4 March 2011 / Accepted: 24 November 2011 / Published online: 6 December 2011
© Springer-Verlag 2011

Abstract We present numerically verified a posteriori estimates of the norms of
inverse operators for linear parabolic differential equations. In case that the corre-
sponding elliptic operator is not coercive, existing methods for a priori estimates of
the inverse operators are not accurate and, usually, exponentially increase in time vari-
able. We propose a new technique for obtaining the estimates of the inverse operator by
using the finite dimensional approximation and error estimates. It enables us to obtain
very sharp bounds compared with a priori estimates. We will give some numerical
examples which confirm the actual effectiveness of our method.
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1 Introduction

We consider the following linear parabolic initial-boundary value problems,

9
L,wza—lf—vAw—i-(l%V)w—i—cw:g, inQxJ, (1a)
w(x,t) =0, ondf2 x J, (1b)
w(x, 0) = 0, in 2, (1c)

where 2 € R? (d = 1,2, 3) is a bounded convex polygonal or polyhedral domain,
J = (0,T) C R abounded interval, v a positive parameter, b € L*°(J; LOO(SZ))d,
c e L®(J; L®(R)) and g € L*(J; L*(2)).

As well known, for all g € L? (J ; LZ(.Q)), there exists a unique solution w €
L?(J; H}(£2) N H?(£2)) to the problem (1). Denoting the solution operator of (1) by
Lt_l , it is bounded from L2 (J; LZ(Q)) into L2 (J; H(} (.Q)). In this paper, we present
a numerical method to compute a positive constant C o s.t.

@)

|
L(L2(J5L2(2)), L2 (J; HY(2))) '

It is not so difficult to determine such a constant, by some theoretical consideration
(e.g. [10]), which we call ‘a priori estimates’. Howeyver, in general, C ol obtained by
existing a priori methods is exponentially dependent on the time interval J unless that
the corresponding elliptic operator to the right-hand side of (1a) is coercive [3]. For
example, in case of b = 0, the following a priori estimate is easily derived [10],

e
H bollc(zr; ). 2o e (2)

Cp
< eXP(ﬂT)T, 3)
where C, is a Poincaré constant and 8 a nonnegative parameter defined as 8 =
max{supg, ;(—c), 0}. Therefore, if the function ¢ takes negative value, then the right-
hand side of (3) becomes very large and it leads to an over-estimation of the inverse
operator L, ! which yields the worse results for various purposes using the norm
bounds. For example, applying the estimates (2) or (3), we can develop a numerical
verification method for solutions of nonlinear problem (4) in a similar way as in [7].

d

8—’: —vAu = ft,x,u, Vi), in 2 xJ, (4a)
u(x,t) =0, on 082 x J, (4b)
u(x,0) = uo, in £2. (4¢)

In the verification process, the estimation of the norm for £;1 plays an essential role.
In order to obtain a successful and efficient verification, we usually need to estimate
it as small as possible. As described later, our a posteriori estimates will present more
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accurate bounds than a priori bounds (3) or similar result in [4]. Particularly, it will be
illustrated by some numerical examples that our method could remove the exponential
dependency on T even though c is negative. Therefore, our a posteriori approach is
more efficient than the existing a priori method.

2 Function spaces and projections

In this section, we introduce some function spaces and finite dimensional projections.
Let S,(£2) C HO1 (£2) be a finite dimensional subspace dependent on the parameter /.
For example, / stands for the mesh size when we use the finite element method. Let
{¢i }1<i<n be abasis for S, (£2). Then, letting P : L?(£2) — S;(£2) be the orthogonal
L?-projection, we extend it to the projection P,? L2 (J; L2(.Q)) — L? (J; Sh (.Q))
by

(u(t) — POu(r), vh)wm —0, Vo, €SiR), ae tel. (5)
Here, (-, -) 12(2) Means L? inner product on £2. It is easy to show that

| 6
H Ml (2oire), r2usr@y) ~ ©

Also using the orthogonal Hj-projection P, : HJ(2) — Si(£2), we define P} :
L*(J; H} (2)) — L2(J; Sp(£2)) by

— Plu@), =0, V Sh(£2), ae. J. 7
(u(t) ) Uh)HO'(Q) wh € Sy(2), ae. fe %)

Here, H(} inner product on £2 is defined as (u, v)H01 @) = (Vu, Vv)2(p). Further,
we define the function space vl c H'(J) by

Vi) = {u e H'(J): u(0) = 0}

and the inner product (u, v)y1 ;) = (i, v’)Lz(J).
And define V1(J; L*(£2)) ¢ H'(J; L*(£2)) by

VI(J; LX) = {u e H'(J; L2(2)) ; u(0) =0, in LZ(Q)}

and the inner product (i, v)Vl(J LQ(Q)) = (uy, vz)Lz(J 122))’ where u; = a—’; and

Hilbert space with the inner product (u, v)

(u, U)L2(J;L2(.Q)) means L2 inner product on §2 x J. Further, L2(J H (£2) ) s a
(Vu, Vo) )

2 (rml@) LZ(J L2(®2)
Let V:=V!(J; L2(2))NL?(J; H} (22)) and X (2):={u € L*(2); Auec L*(22)}.
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154 M. T. Nakao et al.

We assume that the following estimates hold for Phl.

Assumption 1 There exists a constant C' (k) > 0 satisfying

= PhluHHl(Q) < C) DUl 2y, Yue HA2)NX(E),  ®)
0

u—Phlu u—Phlu , Yu GHOI(.Q). O]

) < C(h)

L2(2 Hl ()
In many cases, the explicit values for C () satisfying Assumption 1 are decidable. For
examples, see [6].

3 Constructive a priori error estimates for a simple problem

In this section, we discuss the a priori estimate for linear simple equations, which is
important to estimate a more general problem (1).

For a given constant v > Oand g € L? (J ; L2(.Q)), we consider a linear heat equation
of the form

ou .

E—vAu:g, in 2 xJ, (10a)
ulx,t) =0, onof2 x J, (10b)
u(x,0) =0, in 2. (10c)

We define the weak solution of (10) by

(3@, 0) 2y TV (Vu0), Vo) 20y = (8(1), V) 12y, YVEHG (), ae. 1€,
(11)

It is known that (11) has a unique solutionu € V.
We now define the linear differential operator A, : V N LZ(J i X (.Q)) —

L? (J; L2(.Q)) by A; := % —vA. Then we have the following estimate [5, Lemma 2].

Lemma 2 It holds that

)= 1A ) VueVNL*(J;X(2). (12)

“ %”HLZ(j;LZ(Q) L? (J;LZ(.Q)

Defining the P -projection P, : V — V!(J; 84(£2)) by

’

(8w = BYu@).vn) o v (V) = B ). Vo) |, =
Yop € Sp(2), ae. i€l

13)

L2(£2)

We have the following estimates [5].
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Lemma 3 We have

Also, we have the following error estimates.

) pV
Ephu‘

2(-
2(n2@) = IIAtulle(J;Lz(m), YueVNL(J;X(R). 14

Theorem 4 Under Assumption 1, the following inequality holds.

<2 Al

v

Hu—PhVu‘

2(7.
12(7:HL(2)) 12(1:22(2)) Vue VAL (J; X(2)), (15)

Proof See [5, Lemma 2]. O

Note that the statements in Lemma 2 and 3 and Theorem 4 are valid not only for
the case of d = 1 but also d = 2 and 3, because the concerning arguments in [5] are
exactly same as to the multi-dimensional case.

The Aubin-Nitsche trick is a well-known technique to obtain a higher order a priori
L? error estimate than H(} estimates by considering the dual problem. We now present
a priori L? error estimates using the Aubin-Nitsche trick by [3] for applied numerical
verification methods. Consider the conjugate problem of (10),

ow .

E—FVAU):MJ_, in$2 xJ, (16a)
w(x,t) =0, on a2 x J, (16b)
wx,T)=0, in £2, (16¢)

where u| :=u — PhVu. Let w be a weak solution of (16) satisfying

(%w,v)Lz(Q)—v(Vu),Vv)Lz(Q)dz(uJ_,v)Lz(_Q), Yve H} (2), ae. tel,
(17)

By the variable transformation s := 7 — ¢ and setting

V(75 L2(2)) == {w e H'(J; L*(2)) ; w(T) =0, in L*(2)}, it is seen that
(17) has a unique solution w € V,!(J; L*(2)) N L*(J; H}(R2)).

Next, let wy, € V*1 (J YA (.Q)) be the semi-discrete approximate solution of the (17)
satisfying

(Zwy, vh)Lz(_Q) — v (Vwp, Vo) 20y = (1, vh)r2@)
Yun € Sp(2), ae. teJ. (18)

Theorem 5 Under Assumption 1, we have the following inequality,

YueV. (19)

< 4C(h) Hu - thu’

L2(J:12(2)) L2(nHy@)’
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156 M. T. Nakao et al.

Proof For arbitrary u € V, we put uy := u — PYu. Let w € V}(J; L*(2)) N
L?(J; H}(£2)) be the solution of (17). For almost every ¢ € J, by taking the test
functionv = u (t) € Hé (£2) in (17), we have

”ul_(t)”%}(g) - (%w7 ML)LZ(Q) -V (VU}, V”L)Lz(ﬂ)d
= % (w,ui)r20) — (w, %MJ_)Lz(_Q) —v(Vw, Vui)2gy -

By some simple calculations, taking into account the definition of Phl— and PhV—pro—
jection, we obtain the following equality

2 _d D — _pl
”uJ_(t)”LZ(_Q) = dr (wh’ ul)Lz(Q) + (8[ (w 'LUh), u Ph M)LZ(_Q)

— (V(w —wy), V(i — Phlu))Lz(md .

Integrating this on J, we get

2
”uLHLZ(J;Lz(Q))

(2 w—w) u—p! _ _ _p}
= (s w—wy). u Phu)Lz(J;LZ(Q)) v (Vaw—wy), V@ Phu))Lz(J;Lz(m)d

1
‘M—Phu‘

<llw=wnllyis.r2 +V||U)—wh||L2(J;H(})

‘u—Phlu‘
L2(J;HY)

(20)

L2(J;L2)

where we used the properties u | (0) = 0 and w;,(T) = 0. By the fact that the error of
Ph1 -projection in the HO1 norm is minimized, we have from (9)
g

Hu—Phu <C(h) Hu—PhVu

L2(7:22(9)) L2(rHj @)

Next, since we can obtain the same error estimates in Theorem 4 for the dual problem,
we have

— 200

20(h) || @
” L2(s:L2@) = v ””L”LZ(J;B(Q))‘

LZ(J;HOI(Q))S | Lw 4+ vAw|

lw—wsll T

Finally, from Lemmas 2 and 3, we have
lw — thIVI(J;Lz(Q)) <2 IIAzwlle(J;Lz(m) =2 IIMLIILZ(J;LZ(Q)) :
Therefore, (20) implies

2
IIMIILZ(J;LZ(Q)) <4C(h) IIMLIILZ(J;LZ(_Q)) ||”L||Lz(J;HO|(9)) :
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4 A numerically verified a posteriori estimates for solutions of parabolic
problems

In this section, we discuss the a posteriori estimates for solutions of (1), especially,
an efficient computation of C -1 in (2).
t

First, we define the n x n matrices Ly, Dy and Q4 associated with the equation
(1) by

L¢,i,j = (¢/v ¢i)L2(.Q) s D¢,i,j = (V¢Jv V¢i)L2(Q)d ’ (21)
Q¢,i,j =V (Vd)]v V¢i)L2(Q)d + ((b : V)d)], ¢)i)L2(Q) + (Cd)j» ¢i)L2(.Q) . (22)

Note that Dy and L are symmetric positive definite matrices. Let Yy and Zy be the
Cholesky factors of Dy and L, respectively, i.e.,

Dy =YsYy and Ly=ZsZ].

Next, we consider the semi-discrete finite element solution wy, € V! (J ; Sh(.Q)) of
(1) defined by

(%, vh)Lz(m + 0 (Vg (), Vou) 122y
+((6@) - V)wn(0) + cOwn(t), vn) 12 o)
= (g(1), vh)Lz(_Q)’ Yv, € $5,(82), ae. t e J. (23)

Defining two vector functions @ and B by wy = >/, oi(t)¢i(x) and B; :=
(&, #i) 2y (i = 1,...,n), (23) can be rewritten as

(L¢>% + Qg()) a(t) = B(1), ae. t€J.

. -1 .
Therefore, if we can compute (L(p% + Qp)  then we can estimate wy,.
We now define the positive constant

MO0 = | Y] (Lo + Qo) Zo)| (24)

c(L2@y, L2y’

We can compute an upper bound of M ;,O (h) by applying the numerical method intro-

2 2
Joi e+ b

[l

duced in [2]. Also we define positive constants Cp := ‘

L (:L(2))

Ci=Cp+ Cp ||C||LQQ(J;L90(Q)) and Cy := Cp +4C(h) ”C”LOO(J;Lw(Q))'
Theorem 6 Under Assumption 1, let kg > 0 be satisfy
kp 1= 2C(IC2 (1 + CLM}° () < v. (25)
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Then, we have following estimates,

‘ c

Proof For an arbitrary g € L?(J; L?(£2)), we putu := L;'g € V.N L2(J; X(£2))
and decompose it into two parts, namely, the finite and infinite dimensional parts, as
follows

del)O(h) +2Ch) +2C(h)Cy Mdl)o(h)
< .

~1
Hﬁ(LZ(J;LZ(.Q)), L2(J:H}(2))) v —Kg

t

(26)

0
8—1:—1)Au—|—(b~V)u+cu=g — uzAt_l(—(l%V)u—cu—i—g)

PYu=P A (b VIu—cu+g), (27a)
(I—P)yu=UI-PYA (=0 VIu—cu+g). (27b)

Denoting u | :=u — thu and 0; := %, by some simple calculations using (27a), it

is readily seen, for almost every ¢ € J and arbitrary v, € S,(§2), that

v Vv \4 Vv
(atPh u, vh)Lz(Q) +v (VPh u, Vvh)Lz(Q)d + ((b -V)P, u+cP,u, vh)LZ(SZ)

= (P~ Vous —cus +g), vs) (28)

L)
Since PYu and P (—(b - V)uy — cuy + g) are elements in V!(J; S;(£2)) and
L? (J 3 Sh (.Q)), respectively, they are represented by the linear combinations of the

basis of S;,(£2). Namely, there exists @ = (ai,...,a,)! € Vi) and B =
(B, ..., BT € L?(J)" such that

P ue, 1) =D ai)pi(x), P(—(b-VIuy —cuy +g)(x, 1) = D Bi(t)i (x).

i=1 i=1

Therefore, (28) is rewritten by using o and 8 of the form
L¢Oé/ + Q¢,Ol = L¢,3, 29)

where the matrices Ly and Q4 are defined by (21) and (22), respectively. By (29), we
have

H Py u(®) Hizol @ =% ) Dya(t)
= (Yq{a(t))T Y¢T (L¢% + Q¢(t))_l Zs (Zgﬂ(t)) .
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Integrating both sides of the above in ¢ and by using (24), we get

2

v
H By u L2(:HL()

T _
_ / (Y¢T a(t)) Y (Lo + 0s0) " 24 (zg ,B(t)) dt

J

~1
Yy (Lo + Q) Z¢H£(

= [ |z¢8
- H ¢ LZ(J)n) LZ(J)”) ¢ﬁ

=[]

LZ(J)n LQ(J)n

M) | P (~(b - Vyus = cus +g)|

L2(J:H)(2)) L2(r2@)

Therefore, by (6), we have
| 2|

< ML) 1= - Vyuy —cui + gl

L2(J:H) (@) L2(1:L2(2))

Moreover, from (19), we obtain

1%
th u

10 10
LZ(J 5l (9)) =M, (h) ||MJ_||L2(J;H01(Q))+M¢ (h) ||g||L2(J LZ(Q)) 30)

Next, taking the L*(J; H{ (£2)) norm of (27b) with (15), we have

Jus ] C(= Vo= cu+ )|

_ _ pV
L2(s:HN @) — ” (=F L2(J:HY ()

IA

2C(h
= Vou—cu+ g”LZ(J;LZ(m)

2C(h)

A

2C(h) \%4
266 Cb(HPh ul

L2(J:HY () + ||MJ‘”L2(J;H01(Q))) ”g”LZ(J;LZ(.Q))
2B e

\%4
+ e (si@) (C” H Ey ”‘

LZ(J;H(}(.Q)) + ||MJ‘||L2(J;L2(Q))) .

Hence from (19) and (30), we have

||uJ‘||L2(J,H01(Q))
2C h)

= (Cb +Cp ”c”LOO(J LOO(Q))) (C2M¢0(h) ”uJ_”LZ(J HL(2))

+ My () llgl 2. L2(9)>)

+2cv(h) (

= 2GRC (14+-C M () N Ll 2yt o+ 252 (1+clM;,°<h)) lglz2cr r2¢2)-

Co +4C ) licl oo, oo (2y) sl 25, HY(2) + €0 ||g||L2(J L2(2))
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Therefore, by the assumption kg := 2C(h)C(1 + C1 M, qlbo(h)) < v, it implies that

1+ C1 M0 (h)

”I/U‘HLZ(];H&(Q)) < 2C(h) ||g||L2(];L2(Q)) . (3])
Substituting (31) into the right-hand side of (30), we have
|2 Mg e (32)
u _— .
Pl (nHl @) T v -k Eliz(rr2c2)
Finally, we obtain the following estimates by using (31) and (32),
v
Il . mycn) = | P ) T @)
vM 2 (h) +2C(h) +2C () C1 M0 (h)
E v —K¢ |g||L2(J;L2(Q)) N
Therefore, this proof is completed. O
5 Numerical examples
We considered the following linear problem, thatis, » = 0 and ¢ = —Zu];l in (1a) :
Eth%w—UAw—Zuﬁwzg, in 2 x J, (33a)
w(x,t) =0, onds2 x J, (33b)
w(x,0) =0, in £2, (33c)

where u];l is supposed to be an approximate solution of the following nonlinear prob-

lem,

Du—vAu=u+ f(x,1), inf2xJ, (34a)
u(x,1) =0, on 32 x J, (34b)
u(x,0) =0, in 2. (34c)

Therefore, (33) corresponds to the linearized problem of (34). We only considered
one dimensional case with £2 = (0, 1) and adjusted the function f(x, t) so that the
problem (34) has the following exact solutions.

e u(x,t) =0.5tsin(rx), v =0.1, (Example 1);
e u(x,t) =sin(rt)sin(wrx), v = 0.1, (Example 2);

We used the finite element subspace S, (§2) spanned by piecewise linear functions with
n =5 and u];l is taken as the linear interpolation of u. Then, the values of constants
can be taken as C(h) = h/m, Cp = 1/m and Cp = 0. Moreover, we have,
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10
Table 1 «p and M, p

T 0.5 1.0 1.5 2.0
Example 1 K 0.0119 0.0263 0.0451 0.0697
M(;O 22978  3.1871 42178  5.1665
Example 2 K 0.0552 0.0622 0.0643 0.0656
M(;O 21326 3.5926  4.0394  4.2974
Fig.1 Example 1 200 - :
a posteriori estimate
——-a priori estimate 7
[}
150 | i
/
!
!
—— !
T . 100 /
50+ /
/
7
0 - m—— A .
05 1 15 2
T
Fig. 2 Example 2 200 . .
a posterion estimate
———a priori estimate 5
/
150 /
!
/
T . 100
= s
/
/
/
50 P
-
ol et
0 05 1 15 2

_ k
lell oo (s 20(2)) =2 H”h HLoo(J;Loo(m) =

T (Example 1)
2 (Example 2).

And computational results for x4 and M, (})0 in Theorem 6 are shown in Table 1. We
compared a posteriori estimates C -1 computed by the right-hand side of (26) with
t

a priori estimated values exp(8 T)%

in (3). Numerical results of Example 1 and

2 are given in Figs. 1 and 2, respectively. All computations are carried out on a
Dell Precision T7500 (Intel Xeon x5680, 72GB of memory) with MATLAB R2010b.
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The computation errors have been taken into account by using INTLAB [8], a Toolbox
of MATLAB.

Remark 7 In these figures, the values computed by our numerical method are always
smaller than the a priori estimates. Particularly, both results by our method look like
no exponential dependency on T for 7 < 2. The constant M (/1)0 (h) defined by (24) is

considered as an approximate value of the exact norm for £, ! In case of Example 1,
M (})0 (h) is rapidly, exponentially-like, increasing from 7' & 5. Hence the exact value

for the norm of Lt_l should be actually exponential-like increasing in time. On the
other hand, in Example 2, which also has non-coercive elliptic part, we could not
observe such an exponential dependency at all for a long time, large T, in the compu-
tation of M (}’O (h). Therefore, we can say our verified computational result should be
more truly represent the actual behavior of the inverse norm.

6 Conclusions

We presented a posteriori estimates of inverse operators for linear parabolic differen-
tial equations (1). Our method uses an approximate operator norm and error estimates
of semi-discrete approximation as well as verified estimation of the inverse operator
for linear ordinary differential equations. The numerical results show that our method
gives more accurate value than existing a priori estimate. Particularly, there is a possi-
bility to remove the exponential dependency on time, even if the corresponding elliptic
problem is not coercive, which confirms us the actual usefulness of our approach for
the numerical verification of solutions for complicated nonlinear evolution problems.
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