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90 W.Li, X. Da

1 Introduction

Consider the partial integro-differential equation with a weakly singular kernel of the
form

t
/ﬁ(t —S)us(x,s)ds —ux(x,t) = f(x,1), xe A=(0,1), 0<t<T,
0

(1.1)
along with the initial conditions
ux,0) =¢kx), 0<x<l, (1.2)
and the boundary conditions
u@,t)=u(l,t)=0, 0<tr<T. (1.3)

a—1

Here, u; = du/dt, the kernel B(t) = ﬁ, 0 < o < 1, is a singular kernel at t = 0
and I" denotes the gamma function.

The integro-differential equation of the above type often occurs in applications
such as heat conduction in material with memory, compression of poroviscoelastic
media, population dynamics, nuclear reactor dynamics, etc. The situation studied in
detail in [1] was regarded as the intermediate model between the usual heat flow
model (a parabolic type) and Gurtin-Piptin heat flow model (a problem of hyperbolic
type). There are lots of documents of Thomée [3,7,19,27-30], Wahlbin [7,29,30],
Brunner [5], Mclean [27-29], Lubich [19], Fairweather [9-13,16,34] and Lin [4],
Sanz-serna [32], Yan [4,5], Chen [7], Xu [21-26], Tang [17], Sun [18], Lin [20],
Zhang [35,36]. A lot of them use FEM; finite difference methods; spectral collo-
cation methods; spline collocation methods, etc. (Much of the work published to
date has been concerned with this fractional partial differential equations (see e.g.
[6-8,13,14,20,33,34] for a non-exhaustive list of reference)). Sun [18] gives a fully
discrete difference scheme for the fractional diffusion-wave equation and proves that
the difference scheme is uniquely solvable, unconditionally stable and convergent
in L, norm. The convergence order is 0(1:2_0‘ + hz), where 0 < a < 1. Lin [20]
constructs and analyzes stable and high order scheme to efficiently solve the time-frac-
tional diffusion equation, which an approach is based on a finite difference scheme
in time and Legendre spectral methods in space; and prove that the full discretiza-
tion is unconditionally stable, and the numerical solution converges to the exact one
with order O(Ar2~% + N~™), where 0 < « < 1. Herein, we construct and ana-
lyze stable and high order scheme to efficiently solve the integro-differential equation
which is discretized in time by the finite difference and in space by the finite element
method. We prove that the full discretization is unconditionally stable and the numeri-
cal solution converges to the exact one with orderO (At + h'). A numerical example
demonstrates the theoretical results. Throughout this paper, we assume that f (x, ¢) in
(1.1) and ug in (1.2) is such that the problem (1.1)—(1.3) has a unique and sufficiently
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Finite central difference/finite element approximations 91

smooth solution in [0, 1] x [0, T]. Furthermore, we suppose that u; is continuous in
[0, 1] x [0, T']. We also assume that u;; and u;;; are continuous in [0, 1] x [0, T'], and
that there exists positive constants Co and C such that for x € [0, 1], ¢ € [0, T],

[ (2, x)| < Co, |uw (2, x)| < Cy. (1.4)

Remark 1 If f = 0, (1.4) is not hold at the point = 0, but the following formulation

luy (£, X)| < Cot ™2, Jug (2, x)| < Cre73/2. (1.5)

hold (see [17] for these assumptions).

Remark 2 For example: an exact analytical solution:
u(x, 1) = 2 sin(2w x),

the corresponding forcing term and the initial condition are, respectively, f(x,t) =
ﬁt“‘“ sin2x) + 47212 sin(2wx), p(x) = 0, are satisfy with the problem
(1.1)—(1.3). The problem (1.1) possesses a weakly kernel, but the analytical solu-
tion: u(x, 1) = r2sin(2wx) is unique and sufficiently smooth. Furthermore, we can

prove that the solution u(x, t) = 2 sin(2m x) is satisfy with (1.4).

The remainder of the article is organized as follows: First, a finite difference scheme
for temporal discretization of the problem is proposed in Sect. 2, where the stability
and convergence analysis is given. A detailed error analysis is carried out for the semi-
discrete problem, showing that the temporal accuracy is of 2-order. Second, Sect. 3 is
concerned with the discretization in space by the FEM, error estimates are provided
for the fully discrete problem. A numerical experiment is presented in Sect. 4 which
support the theoretical results.

2 Discretization in time: a finite difference scheme

First, we introduce a finite difference approximation to discretize the time derivative.
Let t; = k - At, where At = % is the time step. To motivate the construction of the
scheme, we set the first step of the difference u;, = w then we use the
following formulation: forall0 < k < K — 1,

Ikt1
(ter1 — ) du(x, s)
ds
IN'(a) as
1 1
_/u(x,tl) —ux.to) (k1 — )"
N At ()
fo
LG 2 u(x, 141) — ux, 1;-1)
k+1 =S ulx, tjy1) —ulx, tj— k1
d.
+,§ / () QA1 Ry
i
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92 W.Li, X. Da

_ u(x,tl)—u(x,to)/
T At (tk+1—s)‘ =

u(x, tjp1) —ux, tj_1) / "
d
+j21 2A1-T(a) (tk+1—s)1 F 48 T
u(x, 1) — u(x, o)
= ——[(k DY — g«
O{F(O[) LAt [( + ) 1
k-1
U, fep1—j) —ux, e—j—1) ., "
1
+,§ 20l () - At(1-®) [+ DY = j¥T+ 7y
—1
- ku(x,t1) - u(x,to) Z u(x, tg1—j) — u(x, ty—j—1) e
Ploc+1) - At 2F(a+ e Ar(—a) AL
2.1)
where the notations b; = (j +1D* —j%, j =0,1,...,k rk-;rl < the truncation eror.

It can be verified that the truncation error takes the following form:

1
‘ k+l‘ B ‘ 1A41to—2s uy(s,x)

d
I, (tk+1—s)l_°‘ 2 @

Z / t]+l+tj 1_25 uz (s, x)
F(a) (tgg1 — )17 2

+ max_|us (s, x)| o(Ar?)
0<t<T

0=<x<l
n Lit1
<cu ! i+t —2s Z / wdﬂ_o(mz) i
F(Ot)t (k1 — )™ «! 1ﬂ(ot) (trp1 — )=
0

2.2)

where ¢, = c( max_|u,(t, x)| + max |usy (2, x)|) is a constant depending only on
0<t<T 0<t<T

0<x<l1 0=<x<l1
u. For
7 2 | ! 2
t fo — k ti ti_1—
1+1 I_Sds+ /1+1+111 S Js
F(a)t (teg1 —8)" ¢ F(Ol)j=lt (teg1 —8)' ¢
0 J
Arlte (-1 -2
= —(—=1—2k k+ DY+ —— k%t — (k + D!
r@ [ (= MK —( )“] T a — ( )]
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Finite central difference/finite element approximations 93

At1+oc k _2

T ;70%—1)[(k—j>“—<k+1—j>“]
k

—2 _oaat+l _ oo+l
+_1+aj§[(" ) (k41— j)*]

At 2 2
e A k 1 _ka+1 - = (k 1 a+1
F(Ot-i—])’ &+ +1+ot 1+a(+)

2AL1H 1

== 10! 20[ k_la__ka+l
F(a—l—l)[ A ) I+« }
Atl—i—a

=m|:(k+l) + k

o o o 2 a+1
+2(k=D*+ k] =2)"+-- -+ 1% — ——(*k+1) .
1+«
Let
M(k):(k+1)“+k°‘+2((k—1)“+(k—2)°‘+--~+1“)—%(k+l)°‘+l.

We find that M (k) is bounded for all 0 <« < 1 and all kK > 1.
In order to prove M (k) is bounded, at first, we set a formula N (k):

N(k):(k+1)“+2(k°‘+(k—1)“+(k—2)‘*+---+1‘1)—Hia(kﬂ)““.

Then we get the following lemma:

Lemmal Forall0 <a <1landall K > 1, it holds
IN(K)| < C,

where C is a constant independent of o, K .

Proof First, for « = 1, a direct computation shows N(K) = 0 for all K > 1. Then
we prove the lemma for 0 < o < 1. It can be certified that

NK)=(K+D*+2(K*+ (K —1D)*+ (K —=2)+---+1%)

5 K
_l—l——a(K + 1ot = Zak’
k=0

where

2
ar = (k + 1% + k% — ——[(k + )% —koF1],
1+«

When K =1, N(1) =2% +2 — 2 - 2*F!, we can get [N ()| < 1.
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94 W. Li, X. Da

Table 1 The value of N(K)

=10 K =100 K = 1,000 K =5,000 K = 10,000
o =0.01 —0.9816 —0.9818 —0.9818 —0.9818 —0.9818
a=02 —0.6941 —0.6985 —0.6992 —0.6993 —0.6993
a=05 —0.3894 —0.4074 —0.4131 —0.4146 —0.4149
a=0.8 —0.1598 —0.1909 —0.2105 —-0.2197 —0.2228
a =0.99 —0.0088 —0.0124 —0.0160 —0.0185 —0.0195

When K > 2, by using Taylor series expansion, we have

10{ 2k 1d+l
1+- 1—— {1+~ -1
() == | ()

1 al@=1) 1 al@—)@=2) 1
o+ = 3! K3

lag| = &*

= K

bopro 2k 1+(1+)
I +a *

I+ a)a 1 lI4+a)aa—1) 1 I+ a)ae—1(a—2) 1
T et 3! e 41 K

a(a—1) 1 2 (a—2) (1 2 (x—2)(x—3) (1 2
e [(a‘§)+ k (i‘m)+ikz (a‘§)+”

+..._1]‘

:ka

_el-oa 22— 1 32-a)3-0) N
I )| 4k 20k2

1 1 1 1 2 . 1
—5“(1 “) 1+k+k2+' —5“( _“)kZa—k2a

It is well known that the series >~ | klp converges forall p > 1. Herefor0 <o < 1,

we have 2 — o > 1, so that the series Z,fiz kz%u converges.
Therefore, | N (K)| is bounded, the proof is completed. O

More precise bound of N(K) can be obtained by numerical computations. Our
numerical tests show that —1 < N(k) < 0,V0 <o < 1,k = 1,2,.... As can be
seen clearly from Table 1 and Fig. 1, where the limit of | N (K)| as K tends to infinity
as a function of « is shown in Fig. 1.

Now we turn to consider M (k). Obviously, M (k) < N(K), then we can get M (k)
is bounded and |M(K)| < 1.

As a result, it holds

U Al (2.3)

)k+1 -
“T(a+1)

At
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Fig. 1 Limit of |[N(K)| as a function of «

We define the discrete differential operator LY by

b u(x,n) —u(x, 1)
MNa+1) Atl-e
k—
1 _u(x,tk_j+1)—u(x,tk_j_1)

1
b
+2F((x +1) IZ(:) / Arl—a

L?‘u(x, thg1) =

Then (2.1) reads

71 (tks1 — )" u(x,s)
I'a) s

k+1
ds = L‘,xu(x, tes1) + rA—;_ .

a—1
Using LZu(x, t511) as an approximation of [;*! (”‘+le;)) . 3”2;;’3)ds leads to the
following finite difference scheme to (1.1):

LIu(x, tkp1) — sy (X, 1) = F (X, trt1),

i.e.
k=1
br  u(x,t1) —u(x,to) 1 zb'u(x»tk+1—j)_u(x,tk—j—l)
D+ 1) Arl—e e+ & / Arl—«
O2u(x, i)
B dx?
= fx, try1). 2.4
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96 W.Li, X. Da

Let us introduce the notations u*T!(x) is an approximation to u(x, fx4+1), scheme
(2.4) can be rewritten into, with simplification by omitting the dependence of u* ! (x)
on x:

2, k+1

9x2

bou ! — 2T (a + 1) At
k—1 - .
= bouF! —ij(uk“—f — I 22b ! — W) 42T (4 1) AT R
j=1
2.5)
It is direct to check that
b;j >0, j=0,1,...,k, 1=by>by>by>--->by, by —> 0, ask — oo.

Let us introduce the parameter o : o9 = 2I'(1 + a)Atl_“ and note that by = 1,
then by reformulating the right-hand side of (2.5), we obtain an equivalent form to
scheme (2.5)

. 92 k+1 . k—1 o
w1 — o o = b +Z(bj_1—bj+1)u I — beu!
j=1
+(bx—1 + 26’ + ap A, k=1 (2.6)

Here again, when & = 1 scheme (2.6) becomes:

2,2
2 0“u
U — a0
ox

= —2bu' + (1 +2b)u’ + o f2.
For the special case k = 0, that is the first time step, the scheme simply reads

1 %!
u — -
270852

=u’+ %aofl. 2.7
Equations (2.6) and (2.7), together with the boundary conditions
W) =" (1) =0, k>0, (2.8)
and the initial conditions
W) =p), 0<x<l, (2.9)
form a complete set of the semi-discrete problem.
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It will be useful to define the error term %! by

Tk41
-1
k+1 . (tky1 — 5)* du(x,s) k+1
= g o) . " ds — LYu(x, trq1) | = = oty -
0
(2.10)
Then we have from (2.1) and (2.3)
P =2ra +oar =k < o ar @.11)

In order to introduce the variational formulation of the problem (2.6) and (2.7), we
define some functional spaces endowed with standard norms and inner products that
will be used hereafter.

H'(A) = v e L2(A) eL (A)]

Hy(A) i={v e Hl(A), vlsa =0},

dk
H"™(A):=1v e LZ(A), il € L2(A) for all positive integer k < m ¢,
dx* P

where L?(A) is the space of measurable functions whose square is Lebesgue integrable
in A. The inner products of LZ(A) and H'(A) are defined, respectively, by

_ J du dv
(u, v) _/uv x, (u,v); = (u, v)+(d dx)
A

and the corresponding norms by

1 1
Ivllg = (v, v)2, vl = (v, v)].

I
In this paper, instead of using the above standard H ! —norm, we prefer to define || - || { by

2N\ 2
2 u
vl =(|lvllo+ao ) . (2.12)
0

The norm || - ||,,0f the space H" (A) is defined by

dxk

vl =(i0

dx
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98 W.Li, X. Da

It is well known that the standard H'-norm and the norm defined by (2.12) are equiv-
alent; the latter will be used in what follows.

The variational (weak) formulation of Eq. (2.6) and (2.7) subject to the boundary
condition (2.8) reads: find u**! e HO1 (A), such that for Vv € HO1 (A):

k—1
k+1 8uk+l dv k k—j 1
@ v +ag o) = —b1E )+ D b = b vy = b v)

dx  ox ¢
j=1
+bp—1 + 26 W0, v)+ag (L v), k=1, (2.13a)
1 (o ) (N B
v)+5 0(8x 8x)_(u ,v)+5ao(f ,v), k=0. (2.13b)

We denote from now on by ¢ a generic constant which may not be the same at
different occurrences. In order to prove the following stability result, we introduce the
Lemma 2.

Lemma 2 (Discrete Gronwall inequality) If the sequences {a;} and {z;}, j = 1,2,
., n, satisfy inequality

Jj—1

<> azi+b j=12....n

where aj > 0, b > 0, then the inequality

zi<beexp(Dlai]. j=12.....n (2.14)

is true (see [31]).
For the weak semi-discrete problem, we have the following stability result.

Theorem 2.1 The semi-discrete problem (2.13) is unconditionally stable in the sense
that for all At > 0, it holds

k+1 0 k+1 _ _
[, el ) Km0k s

Proof First when k = 0, we have

1 1
', v+ ao(aau gv) w’, v)—l-zao(fl,v), Vv € Hy (A).

Taking v = u' and using Schwarz inequality, we have

du!
Bx

du!
x

o |2 <2t o 2] <2 o], ], o,
0 0 0 0

)
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using the inequality |[v]lo < ||v|l1,we can get

2

1" <2

u I/to ul I/tl

’

1
o
ool ],

1 0 1

obtain immediately

'], =[], +eo ]

0’

hence [lu' |1 < c(lu®llo + ol £ llo)-
ForO <by <byp=1,0<1—->b; <1, whenk > 1, takingv = uk‘H, Eq. (2.13a)
become the following form

2 d k+1 2
uk+1H +ao u
0 dx |
k—1 .
= (=bi, u Y 17 (b = by )@ T — b Wb
j=1
+ (b1 + 2b1) @, WY o (L W, (2.16)

Using the inequality [[v|lo < ||v]|; and Schwarz inequality, we obtain

2

e ”
1

k—1
=120 VS N Ul RO USRS Ul W Ul I Y T8 M Ul
A NE O+]Z;(]1 1) |[u u 0+ku0u 0

0

+ (b1 + 2by) |[u®

s S ey

o

0 0 0

k=1
k k+1 k—j k+1
<o | [ 2 e = by [u ]t
- 1 1 Zl J It 1 1
j:

MO

+by ul

] s i ] 1 ]

(2.17)

’

1 0

hence, (2.17) become the following form:

<]

k—1
k . k—j 1
(=0 ] =i [ ],
]:

v s ]+ |1
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100 W.Li, X. Da

by using (2.14), we have

1], = (0280 ], 24 Yoo -
k—1

+ D (bj1 —bjy1) +by)
j=2

< (9], o] ot 2m -

<o

The proof is completed. O

MO

0+anHWJ, (Vk, k — 00,0 < by < 1, by — 0).

Now we carry an error analysis for the solution of the semi-discrete problem.

Theorem 2.2 Let u be the exact solution of (1.1)—(1.3), {uk}fzo be the time-discrete
solution of (2.6) and (2.7) with the initial condition uo(x) = u(x,0), then we have
the following error estimates:

‘MmyﬂﬂhgwA& k=1.2.... K. (2.18)

Proof Let & =ulx,n) — uk(x), we have, for k = 1, by combining (1.1), (2.7) and
(2.10), the error equation

1 1 (de' dv 0 | ! v 1
(e",v) + an Fle = —bi(e”’,v) + (aorA,, v) =(r,v), YveH)A).

(2.19)

Taking v = ¢!, we have

2 2

2 de! 2 de!
le'lo+eo| 5, =2l + 0 5], =21 o '],

0 ax o 0 0 0 0

and can get
12 1 1 1 1
'l =21, Je'ly =21, Il
1 0 0 0 1

This, together with (2.11), we obtain
Hu(ll) —u! Hl < cuAtz.
Therefore, (2.18) is proven for the case k = 1.
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For k > 2, by combining (1.1), (2.10) and (2.13), we derive

aektl gy
k+1
) + [
(e V) + a0 ( ox Bx)
k—1
= (=b1e, v) + D (bj1 —bjp) (€ v) — br(e!, v)
j=1
+@2b; 4 b1, v) + FT ), Vo e HI(A). (2.20)
Let v = ¢t in (2.20), using the inequality ||v]lo < [lv|l1 and Schwarz inequality,

we obtain immediately

k—1
2 .
k+1 k k+1 . k—j k+1 1 k+1
T LY U N L PR DI R Gl 1 Gt PR U M L
J:

bt 200 ] ]+

4 ol
0 0

k—1

o] SR W Eas A S

< by He Hlue 1+Z‘i(b]_1 bjt1) ||e e 1+bk e
]=

’ek+1 H

e,

b 200 ] e ot ]

therefore, (2.20) become the following form
k—1
k41 k . k—j 1 k+1
|, = o[t + s —pasn [ ] e[t + ]
/:

By using (2.14) and (2.11), we thus obtain

k-1
k+1 <H k+1H i —b;
s Bl R CED N OSBRI
j=1
< r"“HOexp(l 4 2by —b_1)
VN
This proof is completed. O

3 Full discretization
In this section we shall consider the discretization in space of the initial-boundary value

problem (1.1) by finite element method. Let thus {5} be a family of finite-dimensional
subspaces of H(} (£2) with the approximation property inf {||lv — x|lo + Zljv — x|1} <
XESh
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102 W.Li, X. Da

ch?||vl|2, forv € HO1 (Q)NH?(K2), where ||-||» denotes the norm in H2(£2). The numer-
ical solution is sought, for each # > 0, in a finite-dimensional space S, C H& (A),
depending on a small parameter /4. In applications, # is typically the maximum diam-
eter of a triangle in the triangulation underlying the definition of the finite element
space S, (cf., e.g. Ciarlet [2]).

Now we consider the finite element discretization to the (2.13) as follows: find

ui“ € Sy, such that for all v, € Sj:

k! gy, < -
(u’;ﬁ‘,vhwao( . —)=—b1(u’,;,vh)+2<b,-1—b,-+1><u,,‘f,vh>

ax ~ ox ¢
j=1
—bi (), vp) + (br—1 + 26D @S, vp) + oo (FF o), k=1, (3.12)
1 [ ou) v, 0 1 .
(uflp vp) + 5050 (gﬁ a = (uy, vp) + zao(f sun), k=0. (3.1b)

For the fully discrete problem, we have the following stability result.

Theorem 3.1 The fully discrete problem (3.1) is unconditionally stable in the sense
that for all At > 0, it holds

, k=0,1,..., K —1. (3.2)

[, = el + e,

Proof The proof of Theorem 3.1 is similar to that for Theorem 2.1. So we omit the
process of the proof here. O

Now we are interested in deriving error estimates for the fully discrete solution
()

Let R, be the projection operator from HO1 (A) into Sy, thatis, for all Y € H(} (A),
define R,y € Sy, such that

dRyY d dvy d
R om) + a0 (XY 90 o a0 (CX 1Y, v e s
dx dx dx dx

(3.3)

In order to prove the following error estimates, we introduce the lemma.

Lemma 3 Let Ry, be the projection operator from H(} (A) into Sy, satisfies (3.3), then
the following projection estimate holds:

Iy — Ruwlly < ch' Iy ll,, if Y € HE(A) N H2(A).

Proof By the definition of R, we have
0 a
(R — Y, vn) +ao | - (RnYy — V), —¥n ) =0. (34
ax ox
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For the purpose of the proof of Lemma 3, we introduce the L?— projection operator
Py : H}(A) — S, and satisfy

(PyW — W, v,) =0, VYo, eS8y for WeH(A), (3.5)
so that, we have the inequality holds, for v € H In H{),
| Prv—vlly < chlvll,. (3.6)
(cf., e.g., Chen [37] pp.374 [11.1.4]) and hence by (3.4)
B |
(R W — Py + P,V —, vp) 4+ ap a [(Rpy W — PyV¥) + (PR — W)], avh
0 0
=Ry — PV, vp) +ap | —(Rp¥ — PW), —uy
0x 0x
0 0
+oo | —(PpV — ), —uy
0x 0x
=0, 3.7
which is equivalent to
0 0 0 0
(RpW =Py, vp)+ao | — (RpV—PpV¥), —vp ) = —ao | — (P —W), —up).
0x 0x 0x 0x
(3.8)

Taking vy, = R, ¥ — P, W into (3.8) results in

2

d
IRy — Py 13+ oo o (R — Py 0)

0

0 0
<ay|— ¥ — P,V¥) —(Rp¥ — Pp¥)
0x 0x

0 0

) (3.9)
0

d
<oag-ch|¥|, E(Rh‘y - Ppy)

here the first term of the left-side is nonnegative, we obtain

2
<ap-ch|V¥l,

d d
ag B—(Rh‘lf—Ph‘I’) —(Rp¥ — P ¥)
X 0 0x

)

0

hence

<ch|¥]>. (3.10)

ad
H — Ry — PpW)
0x 0

@ Springer



104 W.Li, X. Da

It is well known that Friedrichs’ inequality holds

, Ry eS, CHI(Q. (3.11)
0

V- RVl <c

0
— (¥ — RpV¥)
0x

(Friedrichs’ lemma, see e.g. [2] or [15]) and hence, using (3.11) together with (3.10)
and (3.6)

a
W — Ry =c||—(V—Rp¥)
ox 0
ad d
S =W =PY)|| +|—P¥Y —RpY¥)
0x 0 ax 0
< ch|Wla+ch Vi,
=ch|¥l;.
Which is completed the proof of the Lemma 3. O

Theorem 3.2 Let {u],i}fzo is the solution of the problem (3.1) with the initial con-
dition u2 taken to be Rpu®, {uk},f:0 the solution of the problem (2.13) such that
uk € H*(A) N HY (A), then

, k=1,2,...,K.

uk — yk gchl- max |u’
Rl 2

O<j=<k

Proof By the definition of Rj, (3.3), we have, for the solution uktl of (2.13), for
Yv, € Sj,

k—1

d av, ;

k+1 k+1 dvn) _ k ‘ ‘ k—
(Rpu"™", vp) + (ax Ryu™, == ) = —by(u", vp) + E (bj—1=bjr)W 7, vp)

Jj=1
—b (', vp) + (b—1 +2b) @O vp) + ao(FF vy, k=1, (3.12a)
1 d av 1
1 1 dvp 0 1

(Ryu" vp) + S0 (Bx Ryu', 20 ) = (o vn) + o0(f o). k=0, (3.12b)

=k+1 .
Let eh+ = Ryukt! —uﬁ“, eﬁ“ = ykt! —uﬁ“,by subtracting (3.1) from (3.12)

we obtain
(Rhuk—H _ et vh) + 9 (Rhuk+l _uk-H) ivh
heo ax h )" ox

=k+1 0 =k+1 Jdvp
Z(eh ,Uh)+0{() aeh ,a

=~

= (—bl(uk — up), Uh) + 3 (bjm1 = bj11) (“k_j - “lfi_j) »h
=1
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Finite central difference/finite element approximations 105

—bi ((u1 —up), Uh) + ((bk—1 + 2by) (MO - u2) , Uh)

k—1
= [ =bief + D bjo1 = bjr)ey T = beh + brot + 260 v | . k=1,
j=1
(3.13a)
(Rpu' — ul vp) + loto i(Rhu1 —u}) ivh
h 277\ ox W ox
=1 1 0 =1 dvy 0 0
= (eha vh) + an (a €h, g) = (u — Up, vh)a k= 07 (313b)
. =k+1 ., .
Taking v, = e in (3.13) results in
k—1 i
|ei], = orleh], + e —bsen 7] -]
Jj=1
b +200) |eh| L k=1, (3.14a)
e 52He2‘1, k=0, (3.14b)
1
then using the triangular inequality
I AT RS
1

Now, by applying a similar argument as in Theorem 2.1 and using (3.15) together
with (3.14) and Lemma 3, we obtain

k—1
k+1 k k—j 1 0
|ei], = o eb], + Z esa=bisn |67 ] oo fei] e v 200 ],
j=

i HRhuk+l ke Hl <ch!

W Hz.exp(l 4 2by + 2by)

<ch' max Huf( Ck=1,2.. .. K—1. (3.16a)
0<j<k+1 2
He},” §2He2” +HR},M] —MIH §ch1 max HLHH , k=0. (3.16b)
1 1 1 0<j<l1 2
This finished the proof of theorem 3.2. O

Now we aim at deriving an estimate for ||u(#;) — u’fl Il1, which is given in the fol-
lowing theorem.

Theorem 3.3 Let u be the exact solution of (1.1)—(1.3), {uﬁ}fzo is the solution of

the problem (3.1) with the initial condition u2 = Ruu®, such that for all: u €

@ Springer



106 W.Li, X. Da

H'([0, T1, H*(A) N H(A)), then we have

Hu(tk)—u’,;Hl < cu A2 + ch! max Hsz k=1,2,....K. (317

0<j<k

Proof Since the proof follows a standard procedure as above, we omit the details by
giving only the sketch.

From (2.10), {u(1)}_; satisfy Yv € Hj (A),

0x
k—1
= (=b1u(ty), v) + Z bj—1 = bjr1)(utr—j), v) — br(u(1), v)
j=1
+ (br—1 + 2bg) (u(to), v) + ao(F*T ) + ¢F vy, k=1, (3.18a)

1 0 d
(). v) + an( ”a(f), i)

0 0
U(ter1). v) + e (—u(rk+1>, —a”)
X

:(M(lo),v)—l-%ao(fl,v)—f-(rl,v), k=0. (3.18b)

By projection u(#x+1) into Ryu(tx+1) € Sp, andusing (3.3), we have forall vy, € S,

d th
(Rpu(tk+1), vp) + oo | — Rpu(tes1), —
0x 0x

k—1
= (=bru(ty), vp) + Z(bjfl —bj 1) Wte—j), vn) — br(u(tr), vp)
j=I
+(br—1 + 2b) (u(t0), vp) + ao(f* L v) + F L vy), k=1, (3.19)

(R(t), v) + 300 (M a_v)

ax  ox
1
= (M(to),v)+zao(fl,v)Jr(rl,v), k =0. (3.19b)
Let &t = Ryu(tisr) — up T, ef ™ = utes1) — uf*', by subtracting (3.1) from

(3.19), we obtain, for Vv, € Sy,

k—1
_ J _ vy .
@& vn) + o0 (as’h‘“, 5) = (=bief, i) + > (bj1 —bj1)(ey 7 vp)
j=1
—br(e), vn) + (br—1 4+ 2b) (), vp) + K o), k=1, (3.20a)
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1 1 9 _; dvy 0 1
(sh,vh)+§(xo ash, E = (g, vp) +(r,vp), k=0. (3.20b)

Taking vj, = EZH in (3.20) and using the triangular inequality

|

k+1 sk+1
et = ek, + hutsn) = Pty

we have

k-1
H8f,+1 ”1 < b HSII;HO +j§(bj—l —bjt1) Hé-?],f] Ho
+bx ||ehllo + Bt +200) ], + Hr’“rl Ho
+ llutkg1) — Rpu(trs1)l
k-1
< b HEﬁHO + Z%(bjfl —bji1) Hsz_f HO + by ||8}ll ”0 + (br—1 + 2by) ”&‘-guo
j=

Feu A+ u(ter) — RuutieeDlly, k> 1,
leally = 2leillo +2 g + o) = Rautlly
<2 ey + cudr® + llu(t) = Rpu()lly &k =0.

Follow the same lines as in Theorem 2.1 to obtain

Jei!], = e Jut =] + e i) — Rty
= ¢ Jutto) = Ruu®| |+ ) = Riuttisn) |y + cur®
< ch! o max lup|, +currt®, k=0,1,2,....K — 1.
The proof of the theorem 3.3 is completed. O

In fact, it is also adapted to treat the equation in high-degree finite element methods,
that is, the numerical solution converges to the exact one with order O(At2 + ! ),
where [ > 1 is the polynomial degree.

4 Numerical experiment

In this section, we describe briefly the computation and present some results to confirm
our theoretical statements. The main purpose is to check the convergence behavior of
the numerical solution with respect to the time step Af used in the calculation. We
compute the problem (1.1)—(1.3) with an exact analytical solution

u(x, t) = 12 sin(27 x),
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108 W.Li, X. Da

Table 2 Temporal

approximation order for k Error Order
several K 4 0.0002
8 0.0008 2.0000
16 0.0033 2.0444
32 0.0130 1.9780
64 0.0518 1.9944
40 0.0002
80 0.0008 2.0000
160 0.0031 1.9542
320 0.0124 2.0000
640 0.0493 1.9912
400 0.0002
800 0.0007 1.8074
1,600 0.0029 2.0506
3,200 0.0117 2.0247
6,400 0.0466 1.9815

the corresponding forcing term and the initial condition are respectively

2 4o 2.2
flx,t) = mt sin(2rx) + 47°t" sin(2rx), @) =0.
o

We take 1, ;= kAt,k=0,1,..., K, At ::%isthetimestep,setT:1,0:x1 <
x2<...<_xN:l’hzl/N,AZ(O,l).WeSet

N
w, =" uM i), k=0.1,....K, 4.1
i=0

where ¢ (x) is the basic function:

It Xj—1 =x < xj
Xi —X

¢j(x) = % Xj <X < Xj41 o
0, otherwise
X|—X

o(x) = = v <x<x
0, otherwise

oy (x) = =L xyo1<x<xy
0, otherwise ’

By bringing (4.1) into (3.1), and taking into account the homogeneous Dirichlet
boundary condition (i.e. u](§+1 = u][‘\,+1 = 0), choosing each function v = ¢;(x), j =
1,2,..., N — 1 and using the definition of the inner product(-, -), thus, we arrive at

the following matrix statement of problem (3.1)
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Fig. 2 Errors as a function of the time step At for several K
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cuMl = FH1 k>, (4.2a)
1 1 —
(A + anB) Ul = zaoF‘, k=0, (4.2b)

where foralli, j =1,2,...,N — 1,

T
Uk-"_1 = (ullc+l,ué+l,u§+l,...,M];V-tll) s C=A+O(OBa A:(Cll’j),
0¢; 09
B = (bij), aij = (¢i,¢j), bij = (a, W s
k—1 )
FMY = —b AU 4+ (bj -1 = bjy ) AU — b AU
j=1
—k+1
(b1 +2b) AU + oo F
—k+1
Foo=oft gt DT T = ).

We investigate the temporal convergence rate. In Table 2, we figure out the temporal
convergence order according to the result of errors. In addition, In Fig. 2, we plot the
errors and the errors in the L°° norms as a function of the time step sizes. A logarithmic
scale has been used for both the time step A¢-axis and error-axis in these figures. From
Table 2 and Fig. 2, we can see clearly that, as predicted by the theoretical estimates,
the finite difference yields a temporal approximation order close to 2. So numerical
experiments support the theoretical error estimates.

References

1. Jin Choi U, Macamy RC (1989) Fractional order Volterra equations. In: Da Prato G, Iannelli M (eds)
Volterra integro-differential equations in Banach spaces and applications. Pitman Res Notes Math, vol
190. Longman, Harlow, pp 231-245

2. Ciarlet PG (1978) The finite element methods for elliptic problems. North-Holland, Amsterdam

3. Thomée V (1997) Galerkin finite element methods for parabolic problems. Springer, Berlin

4. Lin Q, Yan N (1996) Structure and analysis for efficient finite element methods, Publishers of Hebei
University (in Chinese)

5. Brunner H, Yan N (2005) Finite element methods for optimal control problems governed by integral
equations and integro-differential equations. Numer Math 101:1-27

6. Boor C, Swart B (1973) Collocation at Gauss point. SIAM J Numer Anal 10:582-606

7. ChenC, Thomée V, Wahlbin LB (1992) Finite element approximation of a parabolic integro-differential
equation with a weakly singular kernel. Math Comput 58:587-602

8. Adolfsson K, Enelun M, Larsson S (2003) Adaptive discretization of an intergro-differential equation
with a weakly singular convolution kernel. Comput Methods Appl Mech Eng 192:5285-5304

9. Yanik EG, Fairweather G (1988) Finite element methods for parabolic and hyperbolic partial integro-
differential equations, nonlinear analysis. Theory Methods Appl 12:785-809

10. Yan Yi, Fairweather G (1992) Orthogonal collocation methods for some partial integro-differential
equations. STAM J Numer Anal 29:755-768

11. Fairweather G, Meade D (1989) A survey of spline collocation methods for the numerical solution of
differential equations. Marcel Dekker, New York, pp 297-341

12. Fairweather G (1994) Spline collocation methods for a class of hyperbolic partial integro-differential
equations. STAM J Numer Anal 31:444-460

@ Springer



Finite central difference/finite element approximations 111

13.
14.

15.
16.

19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

31
. Sanz-serna JM (1988) A numerical method for a partial integro-differential equation. SIAM J Numer

33.
34.
35.
36.

37.

Greenwell-Yanik E, Fairweather G (1986) Analyses of spline collocation methods for parabolic and
hyperbolic problems in two space variables. SIAM J Numer Anal 23:282-296

Huang Y-q (1994) Time discretization scheme for an integro-differential equation of parabolic type.
J Comput Math 12:259-263

Brenner SC, Scott LR (1994) The mathematical theory of finite element methods. Springer, New York
Robinson MP, Fairweather G (1994) Orthogonal spline collocation methods for Schrodinger-type
equation in one space variable. Numer Math 68:355-376

Tang T (1993) A Finite difference scheme for a partial integro-differential equation with a weakly
singular kernel. Appl Numer Math 2:309-319

Sun Z, Wu X (2006) A fully discrete difference scheme for a diffusion-wave system. Appl Numer
Math 2:193-209

Lubich Ch, Sloan IH, Thomée V (1996) Nonsmooth data error estimates for approximations of an
evolution equation with a positive-type memory term. Math Comput 65:1-17

LinY, Xu C (2007) Finite difference/spectral approximations for the time-fractional diffusion equation.
J Comput Phys 225:1533-1552

Da X (1993) Non-smooth initial data error estimates with the weight norms for the linear finite element
method of parabolic partial differential equations. Appl Math Comput 54:1-24

Da X (1993) On the discretization in time for a parabolic integro-differential equation with a weakly
singular kernel. I: Smooth initial data. Appl Math Comput 58:1-27

Da X (1993) On the discretization in time for a parabolic integro-differential equation with a weakly
singular kernel. II: Non-smooth initial data. Appl Math Comput 58:29-60

Da X (1993) Finite element methods for the nonlinear integro-differential equations. Appl Math
Comput 58:241-273

Da X (1997) The global behaviour of time discretization for an abstract Volterra equation in Hilbert
space. CACOLO 34:71-104

Da X (1998) The long-time global behaviour of time discretization for fractional order Volterra equa-
tion. CACOLO 35:93-116

Mclean W, Thomée V (2004) Time discretization of an evolution equation via Laplace transforms.
SIAM J Numer Anal 24:439-463

Mclean W, Thomée V (1993) Numerical solution of an evolution equation with a positive type memory
term. Austral Math Soc Ser 20:23-70

Mclean W, Thomée V, Wahlbin LB (1996) Discretization with variable time steps of an evolution
equation with a positive-type memory term. J Comput Appl Math 69:49-69

Larsson S, Thomée V, Wahlbin LB (1998) Numerical Solution of Parabolic Integro-differential
equations by the discontinuous Galerkin methods. Math Comput 67:45-71

Chen C (2007) An introduction to scientific computing. http://www.ScienceP.com

Anal 25:319-327

Bialecki B (1998) Convergence analysis of orthogonal spline collocation for elliptic boundary value
problems. SIAM J Numer Anal 35:617-631

Bialecki B, Fairweather G (2001) Orthogonal spline collocation methods for partial differential equa-
tions. J Comput Appl Math 128:55-82

Zhang S, Lin Y, Rao M, Edmonton (2000) Numerical solution for second-kind Volterra integtal equa-
tions by Galerkin methods. Appl. Math. 45(1):19-39

Lin T, Lin Y, Rao M, Zhang S (2000) Petrov—Galerkin methods for linear Volterra integro-differential
equations. SIAM J Numer Anal 38(3):937-963

Chen C (2001) Structure theory of superconvergence of finite elements. Hunan Science and Technology
Press, China

@ Springer


http://www.ScienceP.com

	Finite central difference/finite element approximations for parabolic integro-differential equations
	Abstract
	1 Introduction
	2 Discretization in time: a finite difference scheme
	3 Full discretization
	4 Numerical experiment
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


