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Abstract

We consider the problem of splitting a symmetric positive definite (SPD) stiffness matrix A arising from
finite element discretization into a sum of edge matrices thereby assuming that A is given as the sum of
symmetric positive semidefinite (SPSD) element matrices. We give necessary and sufficient conditions
for the existence of an exact splitting into SPSD edge matrices and address the problem of best positive
(nonnegative) approximation.

Based on this disassembling process we present a new concept of “strong” and “weak” connections
(edges), which provides a basis for selecting the coarse-grid nodes in algebraic multigrid methods. Fur-
thermore, we examine the utilization of computational molecules (small collections of edge matrices) for
deriving interpolation rules. The reproduction of edge matrices on coarse levels offers the opportunity
to combine classical coarsening algorithms with effective (energy minimizing) interpolation principles
yielding a flexible and robust new variant of AMG.

AMS Subject Classifications: 65F10, 65N20, 65N30.

Keywords: Edge matrices, algebraic multigrid, interpolation weights, coarse-grid selection.

1. Introduction
We are concerned with the solution of large-scale systems of linear equations
Au="f (1)

arising from finite element (FE) discretization of second-order self-adjoint elliptic
boundary-value problems. In this situation, the matrix A in (1) is typically sparse
and symmetric positive definite (SPD).

In many instances (of this huge class of problems) Algebraic MultiGrid (AMG)
methods [2]-[5] can be used to build highly efficient and robust linear solvers
[10], [12], [16], [18], [19], [21]. AMG using element interpolation (AMGe) [6], [13],
[14], so-called spectral AMGe [9], and AMG based on smoothed aggregation [17],
[22], [24], [25], [26] have even broadened the range of applicability of the classical
AMG algorithm [18]. These more recent developments are based on techniques
of energy-minimizing interpolation (or prolongation), which can be achieved by
different means.

The computation of edge matrices, we are suggesting in the present paper, is
motivated by the fact that they provide a good starting point for building efficient


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 595 842 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice


58 J. K. Kraus and J. Schicho

AMG components, while keeping the set-up costs low. The main emphasis of this
paper is on the algebraic construction of edge matrices and their utilization in the
framework of algebraic multigrid: We discuss how to alter the concept of “strong”
and “weak” connections, as it is used in the process of coarse-grid selection (and
interpolation) with classical AMG. The interpolation component in our approach
is very similar to the element interpolation used in so-called AMGe methods. How-
ever, the computational molecules involved in the arising local min-max problem are
assembled from edge matrices in our case.

The resulting method lies in-between classical AMG (strong and weak edges affect
the coarsening and the formation of interpolation molecules) and AMGe based on
element agglomeration (small-sized neighborhood matrices serve for the computa-
tion of the actual interpolation coefficients). Numerical tests indicate the robustness
of the considered method to which we refer as AMGm (Algebraic MultiGrid based
on computational molecules) with respect to anisotropy as well as perturbations of
the M-matrix property.

2. Edge Matrices

Let A7 bean (nd) x (nd) symmetric and semipositive element matrix. Here, n denotes
the number of nodes in the element 7', and d denotes the number of degrees of free-
dom in each node. For i, j, 1 <i < j < n, let E;; be an (nd) x (nd) symmetric
matrix whose entries are zero except for the (2d) x (2d) entries corresponding to the
nodes i, j. Such a matrix will also be called an edge matrix. We say that A7 has a
positive splitting iff we can write it as a sum of positive semidefinite edge matrices.
Note that positivity implies that E;;v = 0 for all v € ker(Ar), because for any sum
of positive semidefinite matrices, the kernel of the summands contains the kernel of
the sum.

As the edge matrices correspond to edges connecting nodes, we sometimes write
E;j .= Ej; fori > j;ifi = j, then E;; is not defined.

The main goal in this section is to give a necessary and sufficient criterion for the
existence of a positive splitting in the case d = 1. We also specify the construction
for the case when this criterion is fulfilled.

Using the terminology from [23], we say that a matrix is irreducible iff the graph with
nodes 1, ..., n and edges representing nonzero matrix entries is connected. If Ay is
reducible, then there is a numbering of nodes for which Ar has the shape of a block
diagonal matrix. One can show that A7 has a positive splitting iff every diagonal
block has a positive splitting. Therefore, we will focus our attention to irreducible
matrices.

We say that A7 = (a;;);,; is an L-matrix iff a;; > O and a;; <Ofor1 <i # j < n.
If A7 is not an L-matrix, then there is a unique L-matrix B := (b;;); ; such that
laij| = |b;;| for all i, j. We say that B is the L-ation of Ar.

Lemma 2.1: A symmetric matrix At has a positive splitting iff its L-ation has a
positive splitting.
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Proof: LetAr =}, ; Eij beapositive splitting into edge matrices. Then the L-ation
of Ar is the sum of the L-ations of the edge matrices E;;. Because positivity of a
symmetric 2 x 2-matrix does not depend on the sign of the off-diagonal entry, this
decomposition is a positive splitting of the L-ation.

Conversely, assume that ), ; Ej; is a positive splitting of the L-ation. We multiply
the off-diagonal entries of the matrices E;; by &1, according to the sign of the entry
(A7);,j- The 2 x 2-matrices remain positive semidefinite, and sum up to A7. o

Lemma 2.2: [If A7 is a symmetric irreducible singular L-matrix, then its kernel has
dimension 1, and it is generated by a positive vector.

Proof: This is well-known. We include a proof for the sake of self-containedness.

Letv = (vq, ..., v,)" be an element of the kernel. By simultanuous permutation of
rows and columns, and maybe replacing v by —v, we may assume that vy, ..., v; > 0,
Vigls---,Um < 0,and v,y = ... = v, = Oforindices/, m suchthatl </ <m <n.

Then A7 can be written as block matrix

Al Ap A
Ar = | Ay A A
A3zl Az Az

with positive semidefinite A;;, and A;; < 0 elementwise for i # j.

Fori=1+1,...,m, we have
m
aivy + - - +aijv + Z aijvj =0,
j=l+1
hence
m )
Z ajjvivj = v; Zaijvj <0.
j=1+1 j=1

Summing up, we get Z;’szl 41 aijvivy < 0. But Ay is positive semidefinite, which

shows that we have equality everywhere. Hence A;; = 0 and the vectors w :=

(v,...,v,0,...,0) and v — w are both in the kernel of A. But Aw = 0 implies
A31 = 0,and A(v —w) = 0 imples A3p = 0. Since A is assumed to be connected, we
havel =m = n. O

Lemma 2.3: If A7 is a symmetric irreducible singular L-matrix, then it has a unique
splitting into edge matrices. Moreover, this splitting is positive.

Proof: By Lemma 2.2, there is a positive vector v = (vy, ..., v,)" generating the
kernel. For any i, j, 1 <i < j < n, there is a unique edge matrix E;; annihilating v
and with off-diagonal entry a;;, namely the matrix with nonzero entries
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—aijvj/vi  ajj
a,-j —a,-jv,-/vj

(except when a;; = 0, which yields a zero edge matrix). Direct computation shows
that the sum of these E;; equals A7. This shows that we have a unique splitting. The
positivity is a consequence of a;; < 0 and v;v; > 0. O

Lemma 2.4:  Any positive semidefinite matrix can be written as a sum of a singular
positive semidefinite matrix and a positive semidefinite diagonal matrix.

Proof: Let B be a positive semidefinite matrix. Let D be a nonzero positive diagonal
matrix. The set of all real numbers A such that B — A D is positive semidefinite is
closed and it contains zero. Moreover, it is bounded because —D is certainly not
positive semidefinite. If 1 is the maximum of this set, then B — A D is singular and
positive semidefinite and 1y D is a positive semidefinite diagonal matrix. O

Theorem 2.1: A symmetric matrix At has a positive splitting iff its L-ation is positive
semidefinite.

Proof: Without loss of generality, we may assume that Ay is irreducible. By
Lemma 2.1, we may also assume that A7 is an L-matrix. Then one direction is
obvious: if A7 has a positive splitting, then it is positive semidefinite.

Assume that A7 is positive semidefinite. If A7 is singular, then it has a positive des-
composition by Lemma 2.3. Otherwise, we use Lemma 2.4 and write Ay = A’ + D,
where A’ is a singular L-matrix and D is a positive diagonal matrix. By Lemma 2.3,
A’ has a positive splitting. Clearly, D has a positive splitting. By summing the edge
matrices for A" and for D, we get a positive splitting for Ar. O

We turn to the question how to compute a positive splitting, in case we know there
exists one? If Ay is a singular positive semidefinite L-matrix, then we can use the
explicit construction in the proof of Lemma 2.3. If A7 is a nonsingular positive
semidefinite L-matrix, then we compute the smallest eigenvalue Ai,, construct a
positive splitting of A7 — Anin/, and add suitable diagonal edge matrices. If A7 is
not an L-matrix but its L-ation is positive semidefinite, then we L-ate A7, compute a
positive splitting of the L-ation, and de-L-ate the edge matrices again by multiplying
the off diagonal elements with +1.

The next question is what to do when there does not exist a positive splitting? In such
a case, we want to come as close as possible to a positive splitting. More precisely,
we want to compute a symmetric matrix A4 with a positive splitting, such that there
exist positive numbers A, pu with

AMX, Ay X) < (X, ArX) < (X, AL X) VX, 2

and the quotient w/A is minimal. Such an A will be called a best positive approxi-
mation.
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Such a best positive approximation does not always exist: if rank(Ar) < n — 2,
and the kernel is not in a special position with respect to the basis, then there is
no nonzero edge matrix that annihilates the kernel. It follows that for any nonzero
matrix A4 with a positive splitting, there is a vector v € ker(Ar) which is not in the
kernel of any of its edge matrix summands. It follows that (v, A,v) > 0, and there
is no positive A such that (2) holds.

Assume now that rank(A7) < n — 1, and that the vector v generating the kernel has
nonzero entries. By multiplying A7 from both sides with a suitable diagonal matrix,
we can reduce to the case v = (1,...,1)". If A is a sum of positive semidefinite
edge matrices E;; such that (2) holds for some positive A, u, then E;;v = 0 for all
edge matrices E;;. This determines E;; up to a constant factor, as in the proof of
Lemma 2.3.

We define an SPM matrix to be a symmetric positive definite matrix with off diag-
onal entries negative or zero, and with row sums (or, equivalently, column sums)
positive or zero. Our problem of computing a best approximation to matrices with
kernel as above can be reduced to best SPM approximation, in the following way.

Lemma 2.5: Let Ap be a symmetric semipositive matrix with kernel K generated by
v=(1,..., 1" Let A,_ be the first minor of At (obtained by removing the last row
and column). Let B be a symmetric matrix with kernel K, such that its first minor
B, _1 is an SPM matrix. Then B is a best positive approximation of At iff B,_1 is a
best SPM approximation of A,_1.

Proof: Note that B is uniquely determined by B,_; and the requirements to be
symmetric and to have v in the kernel. In fact, there is a unique way of adding a new
row and column such that all row sums are zero and the new matrix is symmetric.
As Bj,_1 is an SPM matrix, the so constructed matrix has no positive off diagonal
elements. For any negative off diagonal entry, there is exactly one positive semidefi-
nite edge matrix annihilating v with the same off diagonal entry. Obviously, B is the
sum of all these edge matrices. This shows in particular that B is a sum of positive
definite edge matrices.

As B,,_1 is a best SPM approximation of A,_, there exist A, u > 0 such that
MX, Byo1x) < (X, Ap1X) < (X, By_1X) VX

holds, and such that the quotient w /A is minimal. Because the construction described
above (adding a row and column such that row and column sums are zero) is linear
and preserves positivity, we conclude that (2) holds with the same A, u > 0. The
quotient p /X is minimal with respect to the validity of (2), because otherwise we
could find a better SPM approximation of A,_; by cutting off the last row and
column. O

The problem of computing the best SPM approximation has been considered in
[16]. They gave a complete solution for n = 3 and n = 4 (i.e., for matrices of size
2 x 2 and 3 x 3). We write down the solution for n = 3, which will be used later.
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As (1,1, 1)! is in the kernel of A7, we can write the matrix uniquely as

a+b —a —b
Ar = —a a-+c —c
—b —c b+c

with a, b, ¢ € R. Because Ay is positive semidefinite, there is at most one negative
number among a, b, ¢ (otherwise we have a negative diagonal entry). We distinguish
two cases.

Case 1: All numbers a, b, ¢ are positive or zero. Then Ar has itself a positive
splitting:

a —a 0 b 0 -—-b 0 0 0
Ar=l—-a a O]+ 0 0 O ]+]0 ¢ -—c
0 0 O -b 0 b 0 — ¢

Case 2: One number, say a, is negative. Then the best positive approximation is

a+b 0 —a-b>b 0 0 0
AL = 0 0 0 +1{0 a4+c¢ —-a-c
—a—b 0 a+b 0 —a—c a+c

If A7 has full rank n, then there exists also a best positive approximation, but we
could not compute a solution formula.

3. Coarse Grid Selection
3.1. “Strong” and “Weak” Edges

In contrast to Geometric MultiGrid (GMG) the relaxation in AMG is fixed [18].
Thus the coarsening process and the interpolation rule have to be chosen in a way
such that the range of interpolation approximates those errors not efficiently reduced
by relaxation.! These algebraically smooth error components e are characterized by

Sella ~ llella, ()

wherein S denotes the smoother. For (most of) the common smoothers, e.g., Gaul3-
Seidel or Jacobi, error that is slow to converge in energy norm equivalently fulfills
the condition

ajje; ~ — Za,-jej. (4)
J#i
In particular, for M-matrices this means that for each node i the error component

e; is essentially determined by those e; for which —a;; is large. This leads to the
following definition of strong connections used in classical AMG [18]:

I In GMG the hierarchy of grid equations is given, i.e., a fixed coarsening is used, and
the smoother is adjusted in order to obtain efficient multigrid cycles.
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Definition 3.1 (Strong connections in Classical AMG): Node i is strongly connected
to node j (strongly depends on j) if —a;; > 6 - maxgx{—aix} with some0 < 6 <1
(eg,0 =0.25).

Here we want to base the concept of strong connectivity on edge matrices. In [§]
a reliable evaluation of strong connections based on element stiffness matrices has
been presented. It uses the simple formula

|aij

where A7 =(a;);,; is a local stiffness matrix corresponding to some element 7' € 7
and 7 is a triangulation of the computational domain. Note that (5) defines the
energy cosine of the abstract angle between the i-th and j-th (nodal) basis func-
tion in this case. However, the reproduction of local element stiffness matrices on
coarser levels increases the set-up costs of an AMG method significantly and — what
is even more serious — is subject to strong geometrical restrictions. That is why we
suggest to construct edge matrices (from element matrices) and reproduce those on
coarser levels.

®)

S,'ji:

Definition 3.2 (Direct connections): Any two nodesi and j are said to be directly con-
nected iff there is an edge {i, j} connecting i and j, let E;; denote the corresponding
edge matrix.

Now for every loop of length three (triangle) in the algebraic grid with direct con-
nections (edges) {i, j}, {J, k}, and {k, i} we consider the molecule

MEIR = B Ej + E. (©6)

Furthermore, let
ME= (M0 = (cp)pqicpp 70 ¥p=1,2,3} (7
be the set of all such local matrices given as the sum of three edge contributions (for

edges that form a triangle) having non vanishing diagonal entries. Then the following
definition provides an altered concept of strong connections (“strong” edges).

Definition 3.3 (Strong connections via edge matrices): The strength of a (direct)
connection {i, j} is defined by

sij = min {1, M(i.g’r]})igMAHcpiij( /Cpipicp,-p,-)}} (8)

where connections with s;; > 6 are said to be strong, 0 < 6 < 1 (e.g, 8 = 0.25).
Here p; and pj denote the local indices associated with nodes i and j, respectively,
ie,1<pi=p@),pj=pQ() =3
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Remark 3.1: Note that the strength of a connection {i, j} computed via either of the
formulas (5) or (8) will be nonnegative and bounded above by 1 for general symmetric
positive semidefinite stiffness matrices. A value close to one (an abstract angle close to
zero) indicates a strong connection. Extending the definition (8) by ming{...}:= oo
we have s;; = 1 whenever nodes i and j are directly connected but there is no path of
length two connecting i and j via a third node k.

3.2. Coarsening Algorithm

There are several reasonable ways of selecting the coarse grid nodes in AMG. Our
approach is similar to the one used in classical AMG [18] in that it is based on
a concept of strong connections (here “strong” edges). However, since the precise
coarsening algorithm we use in detail differs from the one proposed in [18] it will
be presented in this section. Following [18] a good coarse grid D, should satisfy the
following two criterions:

C1: D, should be a maximum independent set, which means that no strong connections
within D, are allowed.

C2: Eachnode j being strongly connected to an f-node i is either contained in D, or it
strongly depends on at least one c-node k that itself is strongly connected to nodei.

Similar to the procedure proposed in [18] we select the coarse grid in a two-stage
process: First, a quick c-node choice attempts to enforce criterion (C1). Then, at
a second stage, all f-nodes resulting from the first stage are tested to ensure that
criterion (C2) holds, adding new c-nodes if necessary.

The main difference to the methodology in [18] is that our relation of strong con-
nectivity, as defined in Definition 3.3, is symmetric whereas this is not the common
practice in classical AMG, even not in the SPD case. That means, whenever a node
i is strongly connected to a node j the reverse (j being strongly connected to i) is
also true. However, this even simplifies the selection of an initial coarse grid that
takes into account criterion (C1). A greedy algorithm serving this purpose is given
by Algorithm 3.1. The testing of the initial coarse grid, and its adjustment with
respect to criterion (C2), can be performed according to Algorithm 3.2. Note that
we slightly simplified the corresponding procedure from [18] by avoiding multiple
testing of f-nodes in the course of adding c-nodes (doing without an intermedi-
ate choice of “tentative” c-nodes). Instead, we prefer to decide immediately which
f-nodes are going to be changed into c-nodes: if two f-nodes are strongly connected
to each other with no c-node that strongly depends on both of them the necessity
arises to change either of them to a c-node; we take the one having fewer strongly
dependent c-nodes. For a formal description of this two stage process we define the
node sets:

Dy ... fine nodes (f-nodes)

D, ... coarse nodes (c-nodes)
D:=DysUD, ... allnodes

N; direct neighbors of node i

i e
l.f =N;NDy ... finedirect neighbors
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S; strongly connected direct neighbors of node i
§=85ND, strongly connected coarse direct neighbors
D] or |Spl

cardinality of D respectively S,

Algorithm 3.1: (Selection of initial coarse grid)

[D.=0; Dp=0; U:=D;
A =|Su| Ym=1,2,...,|D]; n=0;
[ while (n < |D|)
find i such that ); = maXyey Am
Dei= D, U {i}
U=U\{i}
n=n-+1
Jorall j e §;NU
Dfl: DfU{j}
U=U\{j}
n=n+1
Jorallk e S;NU
[ A= Ap 4 1

Algorithm 3.2: (Adjustment of initial coarse grid)

[An=0 Vm=1,2,...,|D]; i=0;

" while (i < |DJ)
iI=i+1

Cif i € D)
ny=0

[ for all k € S; N D,
nii=n;+1

| A= 1

[ forall j € §; N Dy
np,=0; n3=0;

[ forallk € S; N D,
ny=ny+1

if =1

| n3=n3+1

if (nz < 1)

[ if (n1 < ny)
Dei= D, U (i)
Dyp="Dy\ {i}

else
D.= DCU{]}
Dy=Dr\ {j}
ni=n;+1

L LL Aj= 1

_:forallkej\/i M=0

65
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4. Interpolation

In this section, we want to figure out how to benefit from edge matrices when con-
structing the interpolation component of our AMGm method. The basic idea is to
construct suitable small-sized computational molecules from edge matrices and to
choose the interpolation coefficients in such a way that they provide a local minimum
energy extension with respect to the considered interpolation molecule.

4.1. Interpolation Molecules

We will say that M is a computational molecule if M is a small-sized irreducible
matrix that can be assembled from edge matrices. Let £y be a small subset of the set
of all edges &, £y C £. Then, for notational convenience we represent the molecule
associated with the edge set £ by

M= Z E;j. )

{i.j}e€m

Note that M is a small-sized n s x ny; matrix where n,, denotes the number of dis-
tinct nodes k belonging to any of the edges {i, j} € £y . To be precise, this matrix is
obtained from the full-sized N x N matrix

C= Z R£Ein[j (10)
{i.jlelm

by deleting all its zero rows and columns; the 2 x N permutation matrices R;; in (10)
provide the mapping to the global ordering of nodes.

Consider now the set {Ar} of individual element matrices all of which are split
(disassembled) into edge matrices, i.e.,

Ar & Z E;j VT. (11)
{i.jlcT

We note that if the splittings (11) are positive throughout, i.e., all edge matrices E;;
are SPSD, then every computational molecule locally preserves the kernel of the
global stiffness matrix:

Lemmad4.1: Let B = ZTeTB Ar and vg € ker(B), i.e, Bvg = 0. Further, let
M = Z{i,j}eSM E;;j be any computational molecule such that every edge {i, j} € Eu

belongs to some element T € Tg. Moreover, let vy; denote the restriction of Vg to the
edges in £y, i.e, Vyr'=vglg,,. If the splitting (11) is positive for all elements T € Tg,
it follows that

Mvy = 0. (12)
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Proof: For an SPSD matrix B the condition Bvp = 0 is equivalent to VEBVB =0.
Thus,

0=vEBvp =V} Z Eij + Z Eij | vs
{i.jleém {i.j}e€p\EM

= vy Z Eij | vu +¥"Fy
{i,j}e€m

for an SPSD matrix F and an adequate restriction v of the vector vg. This proves
vl Mvy = 0 and thus (12). o

The task is now to define suitable computational molecules for building interpola-
tion. Assume that “weak” and “strong” edges have been identified, the coarse grid
has been selected, and a set of edge matrices is available. Then for any f-node i
(to which interpolation is desired) we define a so-called interpolation molecule

M) =Y Eu+ > E;j+ > Ep (13)

keS; jeN/ :3keS N keSENN;: jeN/

This molecule arises from assembling all edge matrices associated with three types
of edges: The first sum corresponds to the strong edges connecting node i to some
coarse direct neighbor & (interpolatory edges). The second sum represents edges con-
necting the considered f-node i to any of its fine direct neighbors j being directly
connected to at least one c-node & that is strongly connected to node i. Finally, the
last sum in (13) corresponds to these latter mentioned connections (edges) between
fine direct neighbors j and strongly connected coarse direct neighbors & of node .
The formation of interpolation molecules is illustrated in Fig. 1.

Fig. 1. Formation of interpolation molecule
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4.2. Interpolation Rule

Element interpolation has been established in connection with so-called AMGe
methods [6], [14]. This technique is based on a heuristic for SPD matrices that takes
into account the nature of algebraically smooth error, cf. (3): Provided that a stan-
dard smoother is used, error that is slow to converge in energy norm corresponds
to the lower part of the spectrum. Hence, one tries to fit interpolation to these low-
energy modes, in particular, to the (near) null space components. The key idea is to
construct local neighborhood matrices that represent the correct coupling between
any given fine node and its interpolatory coarse (neighbor) nodes. In AMGe these
neighborhood matrices are local versions of the stiffness matrix, i.e., small collec-
tions of element matrices. We propose the usage of the interpolation molecule (13),
instead.

For a given f-node i let
- Mypr Mpyc
M@i) =M = 14
=m=( 4 ) (14

be the interpolation molecule where the 2 x 2 block structure in (14) corresponds

to the nL f-nodes and the n¢, c-nodes the molecule is based on. Then there is a
bijection between the local and the global ordering of these nodes, which maps the

global number i to some local numberi’, 1 <i’ < "{/1 Consider now the small-sized
(local) interpolation matrix

pM=P=(’,’fC) (15)

associated with (14). The n,(,, x n$, submatrix Pr. produces interpolation in the

f-nodes; for the c-nodes P equals the identity. Under the assumption that M is
SPSD the AMGe interpolation concept can be applied directly [6], [11]:

For any vector e/ = (e?, el') L ker(M) we denote by
df:=e; — Pyeec (16)

the defect of (local) interpolation. With the objective of realizing the AMGe heuristic
we choose Py, to be the argument that minimizes

er — Pree)l (ef — P
max (ef Fe€c)” (e fe€c) ‘
eLker(M) el Me

(17)

Using the substitutions (16) and G:= P{ . MysPsc + P{ Mfc + My Prc + Mcc We

derive the follwing equivalence for (17):
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T
max 7 dfdf
dy.ec (df+PfceC Mgr Mg, (df+Pfcec
€. M M. €c
T
= max dfdf
dy.ec (Mff(df + Pfcec)v df + Pfcec> + 2(Mfce67 df + Pfcec> + (Mccec, ec)
did
= max S b (18)
1€ df df
(¥) =(¥)
where
Myr  MyPre+ Mfc)
B = 19
(Pfchf + My G 1
is SPSD. Hence,
. d?df . dgdf
minmax ——————— = minmax —F
Pre dr.ec (dy B ds Pre dy min ds B dys
e. e. €\ e, e
d’d
= min max r7 . (20)

Pfe dy d; [Mff — (MyppPpc + Mfc)G_l(P]ZL,Mff + Mcf)] dy

Assuming that M ¢y and G both are SPD the denominator of (20) for an arbitrary
vector d ¢ is maximized and thus the minimum is attained for

Prei=—M7} My 21
which results in 1/(Apin(Mrr)). This motivates to choose the interpolation coeffi-
cients for node i to equal the i’-th row of (21). For a more general framework of
AMG (including convergence analysis) we refer to [11].

5. Multilevel Algorithm

In this section we will describe briefly a multilevel procedure for AMGm (Algebraic
MultiGrid based on computational molecules). So far we discussed how to disas-
semble element matrices into edge matrices that can be utilized in the coarse-grid
selection process as well as in the interpolation set-up, resulting in a new two-level
method. However, assuming that the individual element matrices are given for the
initial (fine) grid only, we need some technique for generating coarse-edge matrices
in order to enable recursion and finally define a multilevel algorithm on this basis.



70 J. K. Kraus and J. Schicho

5.1. Generation of Coarse-edge Matrices

The construction of edge matrices as described in Sect. 2 is such that their total con-
tributions add up to an auxiliary matrix By, which agrees with the fine-grid stiffness
matrix Ay before imposing essential boundary conditions if all element matrices
have only nonpositive off-diagonal entries.

If we stick to the coarse-grid operator Ay = PkT71 Aj_1P_1, obtained from the usual
Galerkin approach, the only way to control the amount of fill (number of nonzero
entries) in Ay is via the nonzero pattern of P,_;. Since interpolation rests on “strong”
edges, the goal is to reduce the number of edges on coarser levels. Therefore, in the
first instance we determine which coarse-grid nodes to connect via coarse edges:

Every pair (i, j) of c-nodes is linked by a coarse edge iff there is a path of at most
three successive strong fine edges connecting nodes i and j via at most two f-nodes,
ie,{i, j}, or{i,ki}yand{ky, j}, or {i, k1} and {k1, kr} and {k>, j} are strong fine edges

where ki, ky are f-nodes.>

Note that the adjacency matrix associated with coarse edges can easily be computed
by evaluating the product of three Boolean sparse matrices.

Given the set of coarse edges, we assemble the auxiliary matrix By_; from all fine-

grid edge matrices and evaluate the tripple matrix product PkT_l Bi_1 P in those

off-diagonal positions determined by adjacency along coarse-edges. This yields the
off-diagonal entries for the corresponding two-by-two coarse-grid edge matrices.’

5.2. AMGm

Regarding the multilevel algorithm, we notice that AMGm agrees with classical
AMG, except for the coarse-grid selection and the interpolation component, which
are controlled by edge matrices in case of AMGm. One can also view this as involv-
ing an auxiliary problem — the one determined by the edge matrices — in the process
of coarsening and interpolation. The coarse-grid operators, however, are computed

via the usual Galerkin tripple matrix product, i.e., Ay = PkT_ 1 Ak—1P—1 forall coarse
levelsk=1,...,1.

6. Numerical Experiments

For the numerical experiments presented in this section we considered the bound-
ary-value problem

2 The number of coarse edges can further be reduced by cutting down to paths of length
at most two.
3 For scalar elliptic PDEs every edge matrix has the form

= (4 7)

and thus we store only one value per edge.
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—V.[CVu]=f inQcCR> (22)
u=g onlpCaIR (23)

3
a—” —0 onTy=aQ\Ip. (24)

n

Two different specifications of the matrix C, the right-hand side f, the domain €,
and of the boundary conditions yield the considered test problems:

Problem 1:

c=(3 1) o0 e m@uay

where 21 = (0.2, 0.3) x (—0.5,0.5), €2, = (-0.3,-0.2) x (—0.5,0.5),

Ty = 3((=3,3) x (=3,3)), Tp = 3Q UdQy, and
|1 onoy
£=1-1 on 02,

For discretization we used a finite element space of piecewise linear functions with
Lagrangian basis, where the underlying (locally refined) triangular mesh was gener-
ated using the NETGEN* mesh generator [20] used in NGSolve’, see Fig. 2.

Problem 2:

2 .
C:<e+(cos<b) sm<I>cos<I>>’ f

sin®cos® €+ (sin P)2 =1, ©=(0,2)x(0,1),

Iy ={(x,y):0<x<2andy e {0,1}}, Tp =3dQ\T'y, and g = 0.

Fig. 2. Problem 1: Locally refined unstructured mesh

4 http://www.hpfem.jku.at/netgen/index.html
> http://www.hpfem.jku.at/ngsolve/index.html
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Again we used linear shape-functions, in order to compute a numerical solution by
the finite element method. A value of /12 was chosen for the angle ® causing the
direction of anisotropy to be not aligned with the mesh.

Note that both problems result in stiffness matrices that are not contained in the
class of M-matrices. Moreover, the variation from an M-matrix increases when ¢
tends to zero, i.e., the positive off-diagonal entries gain weight in this case. This
usually makes the problem harder to solve for (algebraic) multigrid methods.

In the first experiment, regarding Problem 1, we studied the convergence of the
preconditioned conjugate gradient method (PCG) utilizing either a single V(1,1),
V(2,2), or a W(1,1) cycle of AMGm with symmetric Gaul3-Seidel pre- and post-
smoothing. Table 1 contains the number of PCG iterations that reduced the residual
norm by a factor 103, the average convergence factor, as well as the grid complexity
o and the operator complexity o*.° The results for a three-dimensional analog of
Problem 1 can be found in [15].

Table 1. AMGm convergence results for Problem 1

#elements 4062 16248 64992 259968
Hlevels 2 4 5 7

e=1: V(1,1) 6 0.04 9 0.12 10 0.15 11 0.18
V(2,2) 4 0.02 7 0.06 7 0.07 8 0.09
w(1,1) - - 8 0.09 8 0.09 8 0.09

o9 1.40 1.61 1.64 1.64

oA 1.70 231 2.48 2.52
e=0.5: V(1,1) 6 0.06 9 0.13 10 0.14 11 0.18
V(2,2) 5 0.03 7 0.06 7 0.06 8 0.09
W(l,1) - - 8 0.09 8 0.09 8 0.09

of 1.44 1.68 1.70 1.69

oA 1.80 2.50 2.64 2.65
e=0.1: V(1,1) 7 0.06 10 0.14 10 0.15 12 0.20
V(2,2) 5 0.03 8 0.08 8 0.08 9 0.11
W(l,1) - - 9 0.11 9 0.11 8 0.09

¥ 1.55 1.82 1.85 1.84

oA 1.97 2.76 2.94 2.95
€ = 0.05: V(1,1) 7 0.07 11 0.16 10 0.14 12 0.20
V(2,2) 6 0.04 8 0.08 8 0.08 9 0.12
W(1,1) - - 9 0.12 7 0.06 8 0.09

of 1.54 1.83 1.86 1.86

oA 1.94 2.75 291 2.95
€ =0.01: V(1,1) 8 0.08 13 0.23 14 0.26 15 0.29
V(2,2) 6 0.05 10 0.14 11 0.18 12 0.22
W(l,1) - - 11 0.16 10 0.15 8 0.09

o 1.53 1.63 1.88 1.88

oA 1.89 2.68 2.85 291

6 5% is the ratio of the total number of points on all grids to that on the fine grid; o4 is

the ratio of the total number of nonzeros in all matrices to that in the fine-grid matrix.
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For the second experiment, regarding Problem 2, using a quasiuniform mesh with
decreasing mesh size, i.e., 49152, 196608, and 786432 elements, we decided to
compare the performance of AMGm to that of classical AMG (both used as a
preconditioner for conjugate gradients). For comparison (in terms of computing
time), we used the commercial software package FEMLAB version 3.1.7, which
implements the classical AMG algorithm.

The iteration was initialized with the zero start vector in all experiments. In Table 2,
we list the number of PCG iterations that reduced the norm of the initial residual by
a factor 10~°. The number of levels was chosen such that the number of nodes on
the coarsest grid was less or equal to one thousand. We used the same value for the
threshold parameter 0, i.e., 8 = 1/4, for classical AMG and AMGm. The solution
time provided in the respective right column of Table 2 in each case includes the
set-up time for the AMG(m) components. All computations were performed on a
2.4 GHz Linux-PC.

7. Concluding Remarks

The application of any AMG method splits into a set-up phase and a solution phase.
Hence, solving a linear system (1) for a single right-hand side, the computational
costs of these two phases have to be balanced properly.

Table 2. Performance comparison for Problem 2

49152 elements (24833 degrees of freedom)

AMG AMGm
€ v(,1) V(2,2) W(1,1) V(,1) V(2,2) W(1,1)
1.0 15 1.38 13 1.48 10 1.49 12 1.31 9 1.30 10 1.43
0.5 15 1.57 13 1.67 11 1.83 9 1.35 8 1.42 7 1.49
0.1 20 1.70 18 2.11 14 1.92 11 1.43 9 1.48 9 1.55
0.05 23 1.81 21 1.93 16 2.03 12 1.49 10 1.51 9 1.57
0.01 34 2.10 32 2.32 24 243 15 1.54 13 1.62 10 1.56

196608 elements (98817 degrees of freedom)

AMG AMGm
€ V(,1) V(2,2) w(,1) v(,1) V(2,2) Ww(,1)
1.0 36 12.9 34 14.5 19 13.1 12 6.2 10 6.6 9 6.4
0.5 20 12.8 19 15.0 12 14.0 11 7.0 9 7.4 8 7.4
0.1 28 13.6 26 15.1 17 15.7 12 7.3 10 7.7 9 7.7
0.05 31 13.8 29 15.3 20 15.8 13 7.5 11 8.0 9 7.6
0.01 44 154 41 16.6 30 20.8 17 7.7 14 8.3 10 7.4

786432 elements (394241 degrees of freedom)

AMG AMGm
€ V(1,1) V(2,2) w(,1) v(,1) V(2,2) Ww(,1)
1.0 79 189 72 202 35 197 13 29 11 31 9 29
0.5 56 251 51 253 20 245 11 32 9 34 8 33
0.1 52 245 50 252 21 246 12 33 10 35 9 36
0.05 60 244 56 255 27 250 14 35 12 38 9 35
0.01 60 244 56 256 36 264 21 38 16 40 10 33

7 http://www.comsol.com
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In fact, the set-up of AMGm took approximately half the (total) time reported in
Table 2. The improved robustness is achieved by controlling the coarse-grid selec-
tion and the interpolation component via edge-matrices. Using AMGm instead of
classical AMG preconditioning, a faster convergence and thence a shorter solution
time was obtained. In particular, as one would expect, the iteration count for the
W(1,1) cycle is (almost) independent of the mesh size (for both problems). The grid-
and operator complexity incurred by AMGm are comparable to those of classical
AMG, cf. [18].

Future investigations will deal with the generalization of the presented AMGm
methodology to cover also systems of PDEs.
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