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Abstract. For measures on the unit sphere in R?, d>3, we derive discrepancy estimates in terms
of the quality of corresponding quadrature formulas and in terms of bounds for potential differences.

1. Introduction and Statement of the Results

Distributing points on the unit sphere in R* has attracted the interest of many
mathematicians (see [6] and [15] for an interesting overview). Although
applications go far beyond the construction of quadrature rules on the sphere,
this paper is devoted in part to a relationship between the equidistribution of points
and the quality of a corresponding quadrature formula. The other part, namely,
discrepancy estimates in terms of bounds for Newtonian potentials, has its roots in
the complex plane. Starting from quantitative equidistribution results by Erpos and
TurAN [10] on the unit disk and unit interval for the zeros of polynomials, the
second author and GroTHMANN [7] were able to give a potential-theoretic
interpretation, which in the sequel led to various discrepancy estimates for the
distribution of zeros of polynomials (see, e.g., [21], [8], [1]).

We place ourselves in RY, >3, and denote by y the surface measure on the
unit sphere § = {x € R? : |x| = 1}, normalized to total mass 1. Here, | - | denotes
the euclidean norm. We are interested in the question, how well one can
approximate p by means of certain masses on S. More specifically, suppose v is a
unit measure on S. For reasonable classes % of test sets B C S we focus on the
discrepancy

sup |u(B) — v(B)].

Be#
Our choice of 4 is based on the following definition, introduced by Si6GREN [20].
A measurable set B C S is said to be K-regular, if for

03B := {y € §|dist (y, B) <6, dist(y,S\ B) <5}

it holds that
W@ B)<Ks (6> 0).
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Here, dist (x,A) denotes the euclidean distance of a point x from a set A, where
dist (x,0) := ooc.

Note that for ¢ sufficiently small, 5B is the §-neighbourhood of the boundary
of B relative to S. It is not hard to see that so-called spherical caps, i.e.,
intersections of balls with the sphere, are Kp-regular with some constant Ky > 0
depending only on the dimension d. In the case d = 3, Sjogren has shown that any
rectifiable curve on S having length / is (K + [ K )-regular with absolute constants
Ko, K. In this paper we will see that the classes %k of K-regular sets in some
sense form the “‘appropriate classes” of test sets when dealing with quadrature
formulae or potential-theoretic estimates.

A relationship between discrepancy and the polynomial quality of the
corresponding quadrature formula is given in the following theorem. To formulate
the result we choose the integer s = s(d) minimal so that 2s>d + 2.

Theorem 1. There exists a constant Cy > 0 depending only on d such that for
every unit measure v on S and every K-regular set B C S it holds that

K
_ < i _
1u(B) WBN\Q)gan+C@%%d07
where

C(m,v,d) = sup{”pdu - deV

. p polynomial,
" deg(p)<ms,|p|<lonS [’

There are immediate consequences for so-called spherical designs: A spherical
(¢,n)-design is a set of different points y1,...,y, € S such that the corresponding
quadrature formula of Chebyshev type associating equal weight 1/n with each
point is exact up to order ¢, i.e.,

1 n
dp =-— i
Jp p=- ;p(y,)
for all multivariate polynomials p of total degree at most ¢.

Corollary 1. There exists a constant Cy > 0 such that for all spherical (t,n)-

designs yy,...,y, and all K-regular sets B C S it holds that
up) - HE2 B i 0
n t

Note that in the case d =3 and when considering only spherical caps, an
estimate of the form (1) was derived by GraBNER and TicHy [12].

If d = 3, then from any n points yy,...,y, € S more than y/n points of these
can be connected by a rectifiable arc [ on S of length Ly (Ly being an absolute
constant). In fact, any N points in the unit square [0, 1] x [0, 1] can be connected
by a path of length < ¢o v/N [17, Pr. 73]. Now, suppose w.l.0.g. that n be the fourth
power of an integer. Following an idea of V. Totik, we partition the unit square into
\/n subsquares of equal side length 1/+/n. If n points are placed on the unit square,
then there will be such a subsquare containing at least N := y/n points. By the
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previous reasoning, they can be joined by a path of length <co+/N//n = ;. The
assertion for points on the sphere now follows by means of a parametrization with
respect to a finite number of local coordinate systems.

For this arc / joining the points y,...,y, we thus always have the bounds
1 #{i:yiel} 1
— < pl) - ———< G (K Ky) . 2
7 w(l) . 0 (Ko + LoK7) ; (2)

This gives the previously known (cf. [13, p.108]) result of

Corollary 2. Let d = 3. There exists an absolute constant Cy such that for any
(t,n)-design, t< Cor/n.

It was the work of Korevaar and MEYErs [13] that connected polynomial
quality of quadrature formulas to the approximate Faraday cage effect, roughly
stating thatind = 3, y;,...,y, € S are good points for Chebychev type quadrature
if and only if the difference

1
Jlx—y\ le—y,

of the corresponding Newtonian potentials is small inside the sphere. For a precise
statement, see their equivalence principle (see also [14, p. 59]).
Some parts of this result can be generalized to arbitrary dimensions d > 3 and

arbitrary (unit) measures v on S: In the following, || - ||, denotes the L*(;)-Norm
on S and
1
U= [y (e R)
e =l

the Newtonian potential of the unit measure v. Slightly modifying the technique of
Korevaar and Meyers one can prove the following result.

Theorem 2. There exists a constant Cy > 0 depending only on d such that for
all unit measures v on S, all 0 < r < 1 and all polynomials p of degree < n it
holds that

Upw auta) ~ [ ) avto)

Combining Theorem 1 and 2 gives

< Gollpllynr™" [JU"(rQ) — 1], (3)

Corollary 3. There exists a constant Cy depending only on d such that for
every unit measure v on S, every 1 > r > 0 and each K-regular set B C S it holds
that

K
|i(B) — v(B)| < Cp inf <— + mr"”a(r)),
meN \ m

where
g(r) = sup [U"(z) — U”(z)|. (4)

|z[=r



182 V. V. ANDRIEVSKII et al.

Note that U*(z) =1 for |z|<1, since p is the equilibrium measure for the
sphere.
With the choice

1
log i (e(r), 1/2)

m:=max | I, 1
2s log—
-

Corollary 3 implies

Corollary 4. There exists a constant Cy depending only on d such that for
every unit measure v on S, every 0 < r < 1 and every K-regular set B C S it holds
that

\u(B) — v(B)| < CoKlog% (1ogm> -

where €(r) is defined in (4).

Corollary 4 has its two-dimensional counterpart in a theorem of Erpos and
TuURrAN [9], where a similar estimate of discrepancy for the unit disk can be used to
give a quantitative equidistribution result for zeros of polynomials. This was quite
recently generalized by the first two authors to discrepancy estimates on analytic
curves and Dini-smooth arcs [2], [3].

We now want to formulate a special case of Corollary 4, namely, when v
consists of point masses.

Corollary 5. Let 0 < r < 1, C, ¢, a > 0. There exists a constant Cy depending
only on d, r, C, ¢ and « such that for all n € N, all y<1”), . ,yS,”) e S with

1< 1
1 -y -
n ; |x _ yl(n> ‘d—z
and for all K-regular sets B C § it holds that

#{i:y" € B}
n

sup < Cexp (—cn®) (5)

Il <r

1

w(B) — < G K prg (6)

The formulation of the last statement is related to the following. In [13],
Korevaar and MEYERs consider the case d = 3 and the problem of finding points
with property (5). Roughly speaking, they are seeking to approximate the Faraday
cage effect, i.e., constant potential on the conductor, exponentially well in the
interior of the unit ball. For n along some subsequence they construct points
satisfying (5) with parameter o = 1/3 and show, that point sequences for v > 1/2
do not exist (this also follows from Corollary 5 and (2)). In addition, they
conjecture that such a sequence of n-tupels of points can be found for « = 1/2. In
this case the discrepancy estimate (6) would at least up to a log-term be of the
order O(logn/+/n) of the discrepancy estimate for Fekete-points as derived by the
third author in his Ph.D.-thesis [11].
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It is interesting to note that preliminary numerical results of Kuijlaars and
Voogd (see [14, p. 50]) give some evidence that for Fekete points there is no very
small potential difference in (5). Based on this observation we do not expect an
immediate converse to Theorem 1.

We have also seen that when d = 3, the discrepancy, based on the concept of
K-regular sets, between p and a measure v, giving mass to at most n points is
bounded from below by Cy/+/n, which then gives lower bounds for potentials and
for quadrature formula estimates. However, in taking as test sets the class Z,ps of
spherical caps, one can do much better w.r.t. discrepancy. This was shown by BEck
[5], who proved that a previously known lower bound due to Schmipt [19] is
optimal up to a logarithmic term. Thus, no sharp estimates for %,,, by means of
potential bounds can be expected. For an extensive list of references on the
spherical cap discrepancy and for a discussion of other concepts in the Weyl-
Hlawka discrepancy theory, see [6].

2. Proofs of the Results

Our proof of Theorem 1 is based on the following construction using a
convolution technique of Nikorskii and LizorkiN [18]. In the sequel, by Cy we
denote positive constants, depending at most on d and possibly different at
different occurences, even if they appear in the same formula or estimate.

For the integer s > d/2 + 1 introduced earlier we consider the generalized
Jackson kernel

 m4 1 2s
sin — t
Dy, (t) := —5— (t e R),
sin >
which has a representation of the form
D,,(t) = P,,(cost) (teR) (7)

with a real, algebraic polynomial P,, of degree ms. If B C S is a measurable set,
we define

1

To08)i= | Palleo)duls)  (re ) ®)
Km JB

where the constant x,, is chosen so that 7,,(-,S) = 1. T,,(-, B) is a polynomial and

due to the representation (7), &, T;n(-,B) is the spherical convolution of the

indicator function of B with the Jackson kernel D,,,

1 —
o B) = = [ L0 Da) i) (),
where Xy denotes the angle between x and y. In addition we note that for a certain
constant ¢ > 0 independent of m the norming constant «,, satisfies the inequalities

1

- m2s7d+l < Ky < cm2s7d+l (9)
Cc
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(see [18 p. 217]). Because of (8) we have that T,,(-, B) is the restriction to S of a
polynomial in d variables of degree < ms having the property

jmz, B) du(z) = u(B).

We derive other specific properties of T,,(-, B).

Lemma 1. There exists a constant Cy > 0 depending only on d such that for
every measurable set B C S and all x € S with dist (x, S\B) > 1/m we have:

Tm(-x7 B) = CO'
Proof. Let x € S. For 2 = r > 0 we consider the spherical cap

2
SNBxr) ={yesS: k=3 <r}={yes: (xy>1-Z}

We have

eS80 =P ) (1)

Bm J1-r2/2
arccos(1—12/2)
= ﬁd—‘J D, (1) (sint)* 2 dr.
Rm 0

By definition of the Jackson kernel, for 7/(m + 1) = v > 0 the following estimate

holds:
(s'n m+ t) :
i
v 2
-~ dt

0 (t/2)257d+2

(m+1)v/2 /s 2s
e [ ()
0

1 d—1
> CQ (m+ 1)2S7d+l (& V> )

JV D, (1) (sint) dr > J

0

2

If dist (x, S\B) = 1/m, then chosing r = 1/m in the previous inequality gives

1 C
Tm(xaB) =Ty <x,SﬂB<x,—>) > =0 (m+ 1)2s7d+l
m

Km

From this taking into account (9) the assertion follows. O

Lemma 2. There exists a constant Cy > 0 depending only on d such that for
all measurable sets B C S, all k € N and all x € S with

k
— < dist (x, B),
m
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it holds that:
1
Tm(X,B) < C() ﬁ
Proof. We again look at the spherical cap S N B(x, r) considered above, where
this time we choose r := dist (x, B). We have
To(x,B) < To(x, 5\ B(x, r)) = 241 J Dun() (sin ) 2dr.

Bm Jarccos(1-12/2)

Since for 0 < u <,
N d—2 T 2 1
. — s - S __
J Dm(l) (sm l) dt < J s lﬁ t <Gy 25— i1’

u u

it follows that

1 2std—
T,(x,B) < Cy — (dist (x, B)) >+,
Rm
Taking into account (9) and the choice of s, the asserted estimate follows. O
Proof of Theorem 1. For every measurable set B C S and every m € N it holds
that 0 < 7,,(+,B) < T,u(+,S) = 1 and, consequently,

U T(z,B)du(z) — JTm(Z, B)dv(z)

Now, suppose B C S is K-regular. For k =0,1,2,... set

< C(m,v,d). (10)

k k+1
Ak:{yGS—<dISt(y,B)<L}
m m

and
_ _ 1
Ay = {yGS s dist (y, Ay) < %}

We have A, C 65{+2)/mB and thus (Ag) < Co K (k + 1)/m. Because of Lemma 1
and (10) we have that for k =0,1,...,

Cov(Ar) < L T(y, Ax) du(y)

< C(m,v,d) + JTm(% Ap) du(y)

k+1
< Clm,v,d)+ Cok 2,
m

We have established that

(k+ 1K

V(Ak)<c0< +C(m,u,d)> (k=0,1,...).
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Taking into account (10) and Lemma 2, this estimate implies that

v(B) > JB Tin(x, B)dv

= Tm(x,B)dV—i T(x,B) dv
J I

k=0 JA

> JTm(x,B) du(x) = Cm,v,d) — Co <V(A0) + i% V(Ak>>

> u(B) - Cy (5 +Clm, v, d)).

From this, the desired upper estimate for 1(B) — v(B) follows. The corresponding
lower estimate follows from the upper one when replacing B by S\B, which is also
a K-regular set. O]

For completeness, we present also a proof of Theorem 2, which in major parts
follows the ideas of Korevaar and Meyers.

Proof of Theorem 2. Let (,z € S, let r €]0, 1]. Because of the representation

[16, p. 3] of the Gegenbauer polynomials C,E’\)

Newtonian kernel has a development

1 e o0

= (=2 ) =S N (),
|I’C - Z| k=0

where A := (d — 2)/2. Consequently,

rC—l—JirkCA (2 ():irkjc,i”(@,z))@(z). (11)

k=1 k=1

by a generating function, the

If one sets
00 = [N an) (ces),

then the functions Qy are spherical harmonics of degree k and in particular form an
orthogonal system for integration with respect to the surface measure on S.
Squaring and integrating (11) yields

o0 2 o0
||U”<r<>—1||§=jzrkgk<o (@) =3P ledE (12)
k=1 k=1

Now, let p be an arbitrary polynomial of degree <X n. Any such polynomial can be
developed into a series

7) = z”: Yi(z) (z€S) (13)
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with respect to orthogonal spherical harmonics Y, = Y;(-, p) of degree k. Because
of orthogonality, we have
2 - 2
1Pl = [1¥l5.
k=0

The Y;’s can be continued into R? admitting a representation

Ye(2) = ¥ilep) = jp<<> Zuz0)du(() (2 € BY), (14)

where Z(-, ) denotes the zonal spherical harmonic of degree k with pole in (.
Following [4, Th. 5.24], for x € R? and ¢ € S, the zonal function Z(x,¢) is
equal to the expression

KA d(d+2) ... (d+2k—2j—4)

(d+2k—2)) (~1) I
j=0

(e, ) xf?,

and applying formula [16, p. 50] yields the identity

d+ 2k —
260 =22 0)  @ces)

In particular, when inserting in (13) and (14) the function p = Y, it follows that

d+2k—-2

B =2 RO (@00 ces)

Because of
deu =Y = JYQdV

this implies that

d—|—2k 2
dv — | pd — Y d
Jpar = Jpau=3" [rear=3 22 v e anto
J(id A2, "n@)) (iﬂgxo)mo.
k=1 j=1

Squaring this identity and applying the Cauchy-Schwarz inequality yields

Jr- o

n _ 2 1 ;
< (Z (%) r2’<||Yk(z)\|§> (ZFZ’ IIQJ(C)I|§>

k=1 j=1

d+2n—-2\" SNy
< (TFE52) b Y il

j=1

2

The assertion of the theorem now follows by inserting (12) into this inequality. []
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