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Abstract

In this note, we solve the open problem posted by Tien and Khoi (Monatsh Math
188:183-193, 2019). We prove that when 0 < ¢ < p < oo, the difference of two
weighted composition operators between Fock spaces Wy, o, — Wy, o, : FP — F1
is bounded if and only if both Wy, o, and Wy, ,, are bounded. Furthermore, we prove
that the same conclusion holds for the differences of a weighted composition operator
and a weighted composition-differential operator on F7.
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1 Introduction

Let C be the complex plane and H (C) be the space of all entire functions on C. For
0 < p < o0, the classical Fock space F7 is defined as

FP = {f ceHO:|flp= L/ If@IPe 1 aA) < 00},
2w C

where d A is the Lebesgue measure on C. Furthermore, the space F°° consists of all
functions f € H(C) such that

k2
I fllcc =sup|f(z)le” 2 < oo.
zeC
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It is known that F? is a Banach space for 1 < p < co. When0 < p < 1, F?
is a complete metric space with distance d(f, g) = || f — g||ﬁ. In particular, F2 is a
Hilbert space with the following inner product

(f.g) / F(g@e P dA).

For each w € C, the linear point evaluation of nth order f — f (w) is continuous
on F2. It follows from the Riesz representation theorem in Hilbert space theory that
there exsits a unique function K ,[,7] in F2 such that

FPw) = (f, KM

forall f e F~. Vs called the reproducing kernel function in 2 at w of order n.
It is known that Kw (z) = %% and

n g 101

w (Z) — ZHEEZ

Kl[lfl] (Z) = awn

w2

w)?
for n > 1. Moreover, | K|, = ¢ and KU, < (1 + [w])e"* forall w € C

w2 \
and 0 < p < oo. Let ky(2) = e , then each k,, is a unit vector in F” and

converges to 0 uniformly on compact subsets of C as |w| — oo. One can refer to the
monograph by Zhu [15] for more information about Fock spaces.

If ¢, ¥ € H(C), the weighted composition operator Wy, , on H(C) is defined by
Wyof =% - (f op). When ¥ = 1, it reduces to the composition operator Cy,. The
relationship between the operator-theoretic properties of Cy, and the function-theoretic
properties of ¢ has been studied extensively during the past several decades. We refer
the readers to monographs by Cowen and MacCluer [3] and by Shapiro [13] for more
details. The boundedness and compactness of Wy, , between Fock spaces have been
completely characterized in [7, 8, 10]. One could also see [12] for the case in several
variables and see [ 1] for large Fock spaces. Let Df = f’ be the differentiation operator
on H(C) and D" be the nth iterate of D. Write WXL for the product of D" and Wy 4,
ie.

Wy f =Wy D"f =9 f®og.

W(’f) is called a weighted composition-differential operator of order n. It is clear that
Wy, is the special case n = 0. When n > 1, the boundedness and compactness of

W;f; between Fock spaces have been studied completely in [4].

In [9], Moorhouse characterized compactness of the difference of two composition
operators on classical weighted Bergman spaces over the unit disk. Moorhouse showed
that the difference of two composition operators is compact when suitable cancelation
occurs and also that there exist two non-compact composition operators whose their
difference is compact. However, no cancelation phenomenon exists on Fock spaces.
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Precisely, Choe et al. [2] showed that a linear sum of two composition operators is
bounded (compact, resp.) on the Hilbert Fock spaces if and only if both composition
operators are bounded (compact, resp.) Tien and Khoi [11] studied the differences of
weighted composition operators between different Fock spaces and also showed that
no cancelation exists. They proved that Wy, o, — Wy, 4, 1 FP — F? is bounded
(compact, resp.) if and only if both Wy, ,, and Wy, o, : FP — F9 are bounded
(compact, resp.) for 0 < p < g < oo. But this problem for the case 0 < g < p < c©
is left open. In this paper, we completely solve this problem by using Khinchine’s
inequality. Our first main result reads as follows.

TheoremA Let 0 < g < p < oo and @1 # ¢2. Then the following conditions are
equivalent:

(a) Wy,.00 — Wy 0, : FP — F1 is bounded;
(b) Wy .01 — Wyn,p : FP — F9 is compact;
(c) Both Wy, o, and Wy, o, : FP — F4 are bounded;
(d) Both Wy, o, and Wy, o, : FP — F9 are compact.

Actually, we can characterize the differences of a weighted composition operator
and a weighted composition-differential operator. To the best of our knowledge, no
prior results on describing the compactness of two such operators on Fock spaces F7,
and even analytic function spaces on any other domains. Our second main result reads
as follows.

Theorem B Let n be a positive integer and @1 # ¢2. Then Wy, o — W&,’Qm is bounded

(compact, resp.) on FP if and only if both Wy, o, and Wl(;;) 0, are bounded (compact,
resp.) on FP.

The paper is organized as follows. In Sect.2, we present some known facts and
auxiliary lemmas that will be needed later. Section3 and Sect.4 are devoted to the
proof of Theorem A and B, respectively.

Throughout the paper, we write A < B if there exists an absolute constant C > 0
such that A < CB. Asusual, A < Bmeans A < B and B < A. We will be more
specific if the dependence of such constants on certain parameters becomes critical.

2 Preliminaries
In this section, we collet some preliminary facts and auxiliary lemmas which will be
used later. Firstly, according to [5] and [14], we have the following characterizations

for Fock spaces via higher order derivatives.

Lemma2.1 Let0 < p <ocoand f € H(C). Then f € FP if and only if

(n) .
LT errcan
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for any non-negative integer n. Moreover,

S O e\
11, = D 1P+ | e T dA)

port o (T4

for0 < p < o0o. And

= £ i

I flloe < Y 1FD0)] +su e 2
©= 2 et (L + 2"

By Lemma 2.1, we can easily get the following estimate for derivatives of functions
in Fock space. See also [4] for details.

Lemma 2.2 Let 0 < p < oo and n be a non-negative integer. Then
Iz

IfP@I S A+1zD)"e T 1 flp

forall f € FP and 7z € C.

For z € Cand r > 0, write
Dz, r)={weC:|lw—z|<r}

for the Euclidean disk centered at z with radius r. A sequence {a;} in C is called an
r-lattice if the following conditions are satisfied:
(i) U2, D(aj.r) =C,
(i) {D(a;, %)}?021 are pairwise disjoint.
For example, the set of points on rZ2 is an r-lattice. With hypotheses (i) and (ii), it is
easy to check that

(iii) there exists a positive integer N (depending only on r) such that every point in C
belongs to at most N of the sets {D(a;, r)}.

Lemma2.3 ([6]) Let 1 < s < 00, u be a positive Borel measure on C and {a;} be an
r-lattice in C. Then the following conditions are equivalent:

(i) {n(D(aj,r)} el’,
(ii) w(D(-,8)) € L°(C,dA) for some (or any) § > 0.

The boundedness and compactness of Wy, , : F¥ — F9for0 < g < p < oo has
been charaterized in [10]. We state the results as follows.

Lemma24 ([10])Let0 < g < p < oo, ¥ € Flandp(z) = az+bwith0 < |a| < 1.
Then the following conditions are equivalent:

(i) Wy.p : FP — F4 is bounded;
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(ii) Wy, : FP — F9 is compact;
-2 pq
(iii) [ (2))e ™55 e L77a (C, dA).

In order to study the difference Wy, o, — Wv(j';) ¢,» We need to estimate the norm of

the reproducing kernels from below. The following lemmas play important roles in
our proof.

Lemma 2.5 Let n be a positive integer, o, B € C\{0} and ¢ > 0. Then there exists a
contant C = C(g, n) > 0, independent of a and B, such that

oKy + BE oo = € (Il Ky lloo + 1BIIK S o)

wy

for all wy, wy € C with lw; — wy| > e.

Proof Put L = |laK,, + ﬂK,E’,;]HOO for brevity. It is enough to prove that L >

Clo|| Ky, |loo for some C = C(e,n) > 0. After achieving that, it follows imme-
diately from the triangle inequality that

IBIK S oo < lleKw, + BEL oo + e Ky Nl
1
<(l1+ —=)L.
=0+

Firstly, we know that

I2I? — — Iz|?
L > |aKy (2) + BRI ()l 7 = |ae”™ 4 B e™ e T ey

for all z € C. By Lemma 2.1, there exists a constant C; = Cy(n) > 0 such that

oL s K@+ BRI @
7(n + [z)" - @)
|aw—1new1z 4 ﬁh(w—zz)ewzzk_%
(n + 12"

forall z € C, where h(x) = > "j_ (}) (nf!k)!xn_k. Let R > 4 be a sufficiently large
number satisfying

Rn

1 e2
S Z(l4e 7).
(n—I—R)”>2( +e 7)

If lwi| < R, then

R w?
L>|al>e Zlale 2.
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If lwi] > R and |wz| < 1, then taking z = wy + ¢ in (1), where ¢ = wy/|wa| if
wy #0and ¢ = 1 if wy =0, we get

2

L> e_%|ﬂ|(1 + Iwzl)”e% — |o:|e%e_lwliw227[I2 3
> e HBI + a3 — e 2ale™S
Taking z = wy in (2), we have
CiL > ol lwy|" e% Bl h(Jwiws|) e% i
(n+ w1 " (n + [wi)" @
z %|“|@% — 3B+ Iwzl)”e%.

Adding (3) and (4), we obtain that

12

|w

11
I+ CDL = (5~ Flale 2

If lwi| > R and |wz| > 1, then taking z = wy in (1) and taing z = wy in (2), we
get

wp]? [wi? Jwy-wo?
L>|Bllwal"e 2 —lale 2 e 2
lwy 2 2 lwy 12 ®)
> |Bllwal"e 2 —e  Zjale 2
and |w|" Jwy 2 h(lwiwa|)  Jwl? _w—w?
CiL> | —————e 2 —|fl-————-e 2 e 2
(n+ [wi)" (n+ lwih” 6)
1 &2 Jwy wo |2
2 S +e Dlale 2 — |llunl"e .
Adding (5) and (6), we obtain that
1 2 lwy
(1+C1)L2§ l—e 7 ||ale 2
. P 1 1 _e
Therefore, letting C = min{e™ 2, m(z — 8—2), m(l — e~ 7)}, we have
L>Clale 2 = Cle||Kw, lloo-
The proof is complete. O

Lemma 2.6 Let n be a positive integer and a, B € C\{0}. Then there exists a contant
C > 0, independent of o and B, such that

oy P Jwy — wa|*
aKy, + BKM2 > Clal|Ble = :
loe Ky + BKyy, lloe = Cle|A] 1+ |w — wa|?)?
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forall wy, wy € C.

Proof Put L = ||aK,, + /31(,[172]”0o for brevity. Let R > 4 be a sufficiently large
number satisfying

R" 1 _1
m > 5(1 +e 2).

If lwi| < Ror |wy| > R with jw; — waz| > 1, then by Lemma 2.5, we have

‘wl‘Z 2

Jwy® [wal”
L= C (10llKu, oo + IBIIK ) = Clale 2 +1Ble 3),

|w \2 |w \2
where C is independent of « and B. It follow that L? > Cla||Ble e

It remains to prove the results for the case where |w;| > R and |w; — wy| < 1. If
|wz| > |wq], then taking z = wj in (1), we have

2 — lwy 12
L > |ae™l” 4 gule™|e™ 2 (7
And taking z = w» in (1), we have
— 2wl
L > |ae™™? 4 Bulel™2 |e™ 2 (®)
Adding (7) and (8), we obtain that
lwp 2 wy " lwmwl?
L=Clpllwale 2 (1—|—=| e 2
w2
\11)2\2 \wl—wzlz
> C|B|lwal"e 2 (e 2 —1)
lwy 2
> C|Bllwal"e 2 [wi — wy?
and
I w2 wi |t _lwmw?
L > Clof e 2 (1—|—] e 2
[wy | w2
> C 1 % M 1
= Clalp et (e -
e |w£|2 )
> |0t||w1|n€ lwy — wal”.
no w2+, ? wy 12+wy |2
Thus, L2 = Clalg] 2| ™ 7 = Claliple ™
Now suppose |wi| > R, |w; —wz| < 1 and |wy| < |wy|. Let¢ = ﬁnﬁ::ﬁ\i or
¢ = —/3n =22 ; guch that the included angle between ¢ and w; is not more than

[wi—ws|
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7. Taking z = wy + ¢ in (1), we get

lwy+¢|?
2

L> ‘aeﬂ(wz+{) + B(wy + £)" w2t |

lwyl? _L — 122
> (IBllwa +¢1"e 2 — |af|e™2]e le"17 W28 )™ 2 ©)

n n \11)2\2 \wl\ _ [wy —11)2\2
=CIBl|lw2l+——) e 2 —lale 2 e 72 .
[wa|

By Lemma 2.1, we have

L > C sup QWM 4 Ph(irz)et B

S |z]"

_ 2 J—

C|06w1"€|w1| + Bh(wawp)e™™!| (10)
- DG ¢
112 n " M _\Wﬁur‘z\z
>CIOlIE =a — 18l IW2|+ﬁ e e 2
w2

Thus, adding (9) and (10), we obtain that

[wq —11)2\2

L= C(lale e +I/3|Iw2|”e i )(l—e )
2

‘2 _ 2
> Cllale™" +ple"3) L — w2l

1+ |wp — wa|?

|w 1\ +Iu.2|

2 [wi —wa|* ;
It follows that L= > C|«||Ble - The proof is complete. O

(I+|wy—wa|

3 The proof of Theorem A

In order to prove Theorem A for the case 0 < ¢ < p < 0o, we also need to use the
classical Khinchine’s inequality, which is an important tool in complex and functional
analysis. Here we recall the basic facts about this inequality.

Let {r¢(¢)} denotes the sequence of Rademacher functions defined by

1, ifo<r—[t]<3%
ro(t) = el 2
-1, 1f§§t—[t]<1,

where [¢] denotes the largest integer not greater than ¢ and r¢(¢) = ro(2%1) for k =
1,2,---.If 0 < p < oo, then Khinchine’s inequality states that

(o) -

dt
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for complex sequences {cy}.
Now we are ready to prove Theorem A.

Proof of Theorem A 1t is obvious that (d) implies (b) and (b) implies (a). The equiva-
lence of (¢) and (d) follows from Proposition 3.1, Corollary 3.2 in [10] and Lemma
2.4. Thus we only need to prove (a) implies (d).

Suppose Wy, o, — Wy, o, : FP — F4 is bounded. Let

i @P—1z>
M =sup|yi(x)le 2, i=12
zeC

By [11, Proposition 2.2], we have M; < oo and ¢;(z) = a;jz + b; with |a;| < 1 for
i = 1, 2. We consider the following three cases.
Case 1.a; = ap =0, i.e. ¢1(z) = by and 2 (z) = by with by # b; since g1 # ¢7.
Then
Y1 — Y2 = Wy, g — Wi )1 € F (1)

and b1y1 — by = (Wy o — Wy, 0,)2 € F9. Thus ¢, Yy € F9. It follows that
both Wy, o, and Wy, o, : FP — F9 are compact by [10, Corollary 3.2].
Case 2. a; = 0, ap # 0 (it is similar for the case a; # 0, a; = 0). Then

22 —lagz—by |2 (—lay Pz

V2(2) < Mae 2 SMe 7, (12)

which means that o € F9. Combining this with (11), we also have y; € F9. By
[10, Corollary 3.2] again, we have Wy, o, : F¥ — F4 is compact, then so is Wy, ¢,.

Case 3. a; # 0 and ay # 0. In this case, a similar argument as (12) gives {1, Y, €
JF4. Let {a;} be an r—lattice in C. For any {A;} € [”, we set

f@ =) hjka; ().
J

Then f € FP with | fll, < 1A e I Wy, o — Wyn g : FP — F4 is bounded,

then
q

_ 91,2
[E D T hj Wy gy = Wy ke, 2)| e S dAG) S G (13)
j

In (13), we replace A; by r;(t)A}, so that the right-hand side does not change. Then
we integrate both sides with respact to ¢ from O to 1 to obtain

q
1
g2
/0 /é er(t))‘j(wllfl,% — Wy p0)ka; (2)| € i dA(2) S ”{)"j}”;]p'
J
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By Fubini’s Theorem and Khinchine’s inequality,

SIS

a2
/C D 1P Wy = Wy ke, ()17 | dAG)
J

q
1 —Ll2
S/(C/O er(l))»j(le,wl _Wlﬁz,rpz)kaj(z)e 71zl dtdA(z)
J

q

1 12
S’[O [(; er(t))L/.(W‘/flq(ﬂl - ng,(pz)kaj(z)e_zm dA(z)dt
J

S A

Recall that there is a positive N such that each point z € C belongs to at most N of
the disks {D(a;, r)}. Let

E={zeC:lpi(2) —¢(2)| > 3r}.

Applying Minkowski’s inequality if % < 1 and Holder’s inequality if % > 1, we
obtain

41,2
/ - DN Wyy gy = Wy ke D19 21 xp(2)d A )
¢, (D(aj.r)) F

q
2
_4q 112
<max(1. N5y [ D11 P Wy o = W g )ka; 170 ) dAG)
¢, (D(aj,r)NE F

q
2

2
s /c (Z 1 P Wiy 1 = Wi, gk, ()™ ) dA()
j
S AT
It follows from duality argument that
_ 4,2 L
/ -1 |(Wy1.1 = W g2 )ka; ()17e 2 xp(2)d Az) e 1777
o1 (D(aj.r)
Ifz € ;' (D(aj, ) N E, then

_ L2
(W00 = Wy.gn)ka; (2)]e 2kl

o) @2 =1z _|aj*(/’|(2)|2 log (12|21 _\“j*(ﬂz(lﬂz

> Wn(@le 2 e 2 —Wa)le 2z e 2

|¢1(Z)‘2,|Z‘2

_1,2 _3,2 |<P1(Z)\2*\Z\2
ze 2 | Yi@]e 2 —e 2 [Ya(z)le 2
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Thus

lor @RIz _3,2 @P-1z2 \ 7 -
[Yi(2)le 2 —e 2 Wz(Z)Ie 2 dA(z) e lra.
o7 (D@aj,r)NE
It follows from Lemma 2.3 that

o1 @12 1z?

I |2—| 2\? .
<|1//1(Z)|€ — 3 [Y2(2)le ) dA(z) € Lr—1(C,dA).

/wrl (Dw.r)NE

This implies that

L(w <)

lay|

3,2 o2 >\ Il e
<|1/11(z)|e —e 2 Y )le ) XE()dA(z) € Lr=4(C, dA).

(14)
Similarly, we have

/;(w —-)

@212 3. |«z1<>\2 212\ .
(IWz(Z)Ie z —e 2 |Y1(@le ) xE()dA(z) € Lr=4(C,dA).

la|
(15)
Letting § = min{la’T, Iar_zl} and adding (14) and (15), we obtain
/ i ()[4e3 09 @1y () d Az) € L7 (C,dA), i =1,2.
D(w,8)
It follows that
/ Wi (@12 WOP D gA) € L77(C,dA), i=1.2
D(w,8)
since M; < oo and E€ is bounded in C. Notice that
lo; )P —lz? . (g P=DlzP b 2
Wi@le 7 =i@e e
y [15, Lemma 2.32], there exists a constant C = C(q, r) such that
/ [ (2)|9e3 10 @QP=1ZD g A(z) > C|wi (w)|9ed e @P=lw)
D(w,5)
l; (w) 2 —|wl? 4
for i = 1, 2. Therefore, |y (w)|e 1 eL = (C,dA). Then the compactness
of Wy, 4 fori =1, 2 is established by Lemma 2.4. The proof is complete. O
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4 The proof of Theorem B
In this section, we give the proof of Theorem B.

Lemma 4.1 Let0 < p < oo, n be a positive integer and o1 # 2. If Wy, o, — Ww(ﬁ’;),wz
is bounded on FP, then ¢1(z) — ¢2(z) = az + b for some a, b € C.

Proof Suppose Wy, ,, — w

Vo is bounded on F”. By Lemma 2.2, we have

IWinor = Wy | 2 1 W0 = Wil okl

2

> Wy 0 — Wéfr;),wz)kl"(zﬂei% (16)
11:2 12

= 1) Ku(@12) — V2 K™ (g2(2)|e™ T e~ T

22

TN —_— w|?
= 1@ Ko@) = @K @)le™ T e

for all z, w € C. This means that

22

T < Wy — W (a7

V1@ Kpy0) — V2@ KL lloe™

for all z € C. Combining this with Lemma 2.6, we get

"”1<Z>‘2§“"2(“)‘2—|z|2 l91(2) — p2(2)|*

(n)
V1 (D) Y2 (2)]e < Woro — W |
1+ o1(2) —a(2)|4 Yot = Wyn g

for all z € C. Therefore

1@ — @@ |a0e0f pp
RO & — @

< 00.
Modifying the proof of [8, Proposition 2.1], we obtain ¢1(z) — ¢2(z) = az + b for
some a, b € C. The proof is complete. O

We are now ready to prove Theorem B. For any ¢ > 0, we denote

Q ={zeC:|p1(x) —e2(2)| < 1}.

Proof of Theorem B The “if part” is trivial, we only need to prove the “only if part”.

First assume Wy, o, — WI/(Z) o is bounded on F7. Lemma 4.1 tells us that ¢ (z) —
¢2(2) = az+b.Lett = %ifa =0and s = 1ifa # 0. Then there exists R > 0
such that {|z| > R} C f. By (17) and Lemma 2.5, we can find a constant C > 0,
independent of ¥r; and y», such that

lo1 @12 =z
2

Wy = Wi I = Clyn @)le
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o1 @17l
for all z € Q7. It follows that sup, ¢ [¥1(2)]e S < 00 since €2, is bounded in
C. Obviously, Y11 = (Wy, ¢, — W&Z?wz)l € JF4. Thus according to [10, Theorem 3.4],
Wy, ¢ 1s bounded, then so is Wl;/r;) o

Now suppose Wy, o, — WI/(Z) 4, 18 compact on F7, then both Wy, o, and Wg;) o
are bounded. It follows from [10, Propsition 3.1] and [4, Lemma 4.3] that

\wl(z)lz—\z\z
My =sup|yi(2)le 2 <00
zeC
and
, n o2 )12zl
M; = sup [Y2(2)|lg2(2)|"e 2 < 0.
zeC

Moreover, ¢;(z) = a;z + b; fori = 1,2. If a; = 0, then [10, Corollary 3.2] tells us
that Wy, o, is bounded on F7. So is W&Z) ¢, NOow we consider the case a; # 0.
Taking w = ¢1(z) in (16), we obtain

n
e

lo1 @Il

|V (2)e 2 _ Mé ¢1(2)

©2(2)
(n)
<N Wyr.00 = Wy, kol p-

_leg @9 @)
2

(18)

The compactness of Wy, o, — W;Z)’m yields that [|(Wy, o, — W'(;/l;),(pz)k(/)l(z)”[’ -0
as |z| — oo. If ay # ap, then lim ;| o |¢1(2) — 2(2)| = 0o. Then by (18), we have

lo1 @)1 -1z?

lim |¢i(z)le 2 =0.
|z]—>00

If 0 # a; = az, then by # by and |91 (2)], |¢2(z)| — o0 as |z] — oo. By the proof of
Lemma 2.5, we obtain

o1 @)=z

[Y1(z)le 2
SH(WVHAM - Wn(pz),<p2k<p1(z)||17 + 11 Wy 0 — Wx(p’;),mk(ﬁz(Z)”P

for |z| large enough. Then the compactness of Wy, 4, — w

V2 yields that

. lo1 @)1 -1z?
lim |¥((z)le 2 =0.

|z]—>00

Therefore, by [10, Theorem 3.4], Wy, 4, is compact. Then so is Wfp’;) o The proof is

complete. O
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Remark The methods in this paper can be applied to study the difference Wl(ﬁ’)(pl -

W](;;) P FP — F1 with p # q, ¢1 # @2 and m # n through more elaborate

computations.
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