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Abstract

We obtain asymptotic formulae for the second discrete moments of the Riemann zeta
function over arithmetic progressions % + i(an + b). It reveals noticeable relation
between the discrete moments and the continuous moment of the Riemann zeta func-
tion. Especially, when a is a positive integer, main terms of the formula are equal to
those for the continuous mean value. The proof requires the rational approximation
of e™*/4 for positive integers k.
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1 Introduction and statement of results

In this paper, we shall consider averages

2

an+b<T

2

. (1)

e <% +i(an +b)>

This study is one of the attempts to enrich our knowledge on the vertical distribution
of the values of the Riemann zeta function ¢ (s). Discrete moments of the Riemann
zeta function have relation to the distribution of the zeros. Putnam [12] showed that
there is no infinite arithmetic progression of non-trivial zeros of ¢ (s). In this direction,
there is an important conjecture called the linear independence conjecture, which
states that the ordinates of non-trivial zeros of ¢(s) are linearly independent over Q.
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In 1942, Ingham [3] found out the relation between the linear independent conjecture
and the oscillations of M (x) = )", _ . u(n), where 1(n) is the Mobius function. He
showed that the linear independent conjecture implies the failure of the inequality
M (x) < x'/2. For this reason, many mathematicians doubt this inequality.

We may need much more progress to solve the problem. However, we have an
easier conjecture in this direction, that is, there are no non-trivial zeros of {(s) in
any arithmetic progression of length more than two. To consider this problem, dis-
crete moments play an important role. Martin and Ng [7] attacked this conjecture
for Dirichlet L-functions by considering some kinds of discrete means of Dirichlet
L-functions. Later, Li and Radziwilt [6] showed that at least one third of the values
of the Riemann zeta function on arithmetic progression does not vanish. One of their
results (Theorem 2) stated that we have, as T — oo,

Xn:'g (% +i(an+b))‘2 ¢(%)

.

where ¢ (-) is a smooth compactly supported function with support in [1, 2], and

2 @)
5 (%) dr(1 + 8(a, b) + 04,55 (1)),

¢ (% +ilat + b))

5(a.b) 0 if e27k/a ig jrrational for all k > 0
a, = 2./rs cos(blog(r/s))—2 e 2mk/a s .
Pt 1—2gs cos(blog(/s)) ife is rational for some k > 0,

with r/s # 1 denoting the smallest reduced fraction having a representation in the
form e2™*/% for some k > 0. This clarify the notable correspondence of discrete means
to the continuous one. However, it is difficult to obtain asymptotic formula of the sum
(1), since the error term depends on ¢.

Ozbek and Steuding [11] proved asymptotic formulae for the first discrete moment
of ¢£(s) on certain vertical arithmetic progressions inside the critical strip. The first
discrete moment have been studied recently by Ozbek, Steuding and Wegert (see [13]
and [10]). Especially, in [10], they showed that

1 2ng
lim — so +ina) = logi”
Tooo T Z §(so +ina) 1 otherwise,

0<n<T

{(1—1—SO)—1 ifa=24 geN,2<IleN,

where sop may be any complex number with real part in (0, 1).

Remark 1 Good [2] proved asymptotic formulae for fourth moments of the Riemann
zeta function on arbitrary arithmetic progressions to the right of the critical line.

Namely, he showed that for o > %

o0 2
S ko +ind)t =TS 2 oy (T o),

m

0<n<T m=1
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The Riemann zeta function over arithmetic progressions

where d is not of the form 2w//log(k;/k,) with integral I # 0 and positive integers
k1 # k>.

Remark 2 van Frankenhuijsen [14] gave an explicit bound for the length of arithmetic
progressions of non-trivial zeros of the Riemann zeta function.

The object of this paper is to prove asymptotic formulae for discrete mean-squares
of the Riemann zeta function on vertical arithmetic progressions.
Theorem 1 Let a be a real number such that e**/@
k. We have, as T — oo,

2

an+b<T

is irrational for all positive integer

2T
= —logT + 04(T logT). 3)
a

¢ (% +i(an+b)>

Moreover, when a is a positive integer with a = o((loglog T)?), we have

2

an+b<T

T
= —(logT +2y — 1 —log2m)
a

¢ <% +i(an +b)>

+04(@ ' TAogT)™),

for any fixed A > 0.

This should be compared with the continuous mean-square

o1
= t+it
iG]
where y is Euler’s constant and E(T) is an error term. Theorem 1 reveals that the

discrete mean values (3) equal to the continuous mean valueas 7 — oo asymptotically.
Our starting point is the approximate functional equation of £ (s)

200y — dm) > d(n) .
¢ (s)—wz/zn St (S)g/;nnl-s +R<s, 27{), 4

2
dt =TlogT + 2y — 1 —1log2m)T + E(T),

where x (s) = 2°7°~!sin(rs/2)T'(1 —s) and R(s; t/27) is the error term. Motohashi
[8, 9] proved that

t t ' 14
x(1—5)R <s, E) =2 (Z) A <§> + 0@, 5)

where A(¢/2m) is the error term in the Dirichlet divisor problem, defined by

) 1
A(x)= > d(n) —x(logx +2y — 1) — e

n<x
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Here Y indicates that the last term is to be halved if x is an integer. We note that
Jutila [S] gave another proof of Motohashi’s result (5).
The key step in our proof is to estimate the sum

Z eﬂk/a Z d(m)e(_eZJTk/tlm)’ (6)

I<k<(a/2m)log(T /) m<Te~2mk/a

where e(x) := exp(2wix). Bugeaud and Ivi¢ [1] also studied a quite similar sum to
evaluate the discrete mean value of E(T'). Thus, the same problem arises in the discrete
mean value of E(7T) and discrete mean-squares of ¢ (s). They gave the upper bound

wk loglog T
Z 67 Z d(m)e(@™*m) « T log T exp (—C&>,

1=(1/2m)log(T /) " m=Te 27k logloglog 7

where C > 0 is some constant. In our proof, we improve this bound. By the hyperbola
method, we obtain the upper bound derived from the exponential sum estimate. The
estimate requires a rational approximation of ¢**¥/ by Dirichlet’s approximation
theorem. Moreover, in the case when a is a positive integer, we have a better estimate
applying a result of Waldschmidt [15]. Finally, we apply the argument of Li and
Radziwilt [6] to calculate the sum (6). Consequently, we have

Z enk/a Z d(m)e(_ean/am)

1<k<(a/2m)log(T /) m<Te~2mk/a
__Joa(TlogT) (a is not a integer),
T | 04(TQogT)™4)  (a is an integer),

for any fixed A > 0.

Remark 3 Bugeaud and Ivié [1] have asserted that

Y E(m) =mx + H(x), @)

n=<x
where, for some C > 0, unconditionally

loglog x
H(x) < xlogxexp|—C .

logloglog x
By our improvement of the upper bound of (6), this upper bound is also improved to
H(x) <4 x(logx)™

for any fixed A > 0. Thus we can clarify that the term 7 x in (7) is the main term.
Bugeaud and Ivi¢€ [1] suggested a conjecture on the upper bound. Now let

™ = [ag(k); ar (k), ...
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The Riemann zeta function over arithmetic progressions

be the expansion of ¢™* as a continued fraction for any non-zero integer k. From
the result of Wilton [16], if a, (k) satisfies a, (k) < n!tK (K > 0), then

Z d(m) exprime®™) <« x'/?1og? X x.

m=<x

If this estimate is verified, we can improve the upper bound of H(x) and also
Theorem 1 witha = 1.

On the other hand, when e27%0/¢ is rational for some ko, another main term appears.

Theorem 2 Let r, s be co-prime with r > 2s. Let a be a real number such that

r
eano/a — _
N

for some positive integer ko. We have, as T — oo,

2

> §<%+i(an+b))
an+b<T (8)

T 2./rs cos(blog(r/s)) — 2

=g oeT (1 S T 1= 2rscosblog(r/s) 0“’b(1)> '

Moreover, when ko = 1, we have

2

2

an+b<T

¢ <% +i(an —i—b))

— D log T+ 2y — 1~ log2m) <1 4 _2rscosblog(r/s)) =2 ) ©
a

rs + 1 —24/rscos(blog(r/s))
B 2 /rscos(blog(r/s)) —2 /rslog(rs) T 4 op(T)
s+ 1— 2 rscos(blog(r/s)) rs—1 a @ 007

In this case, the sum (6) turns out to be
Kk
) S dme <_m ).
1<k<log(T /7)/ log(r/s) m<T (s /r)k s
Another main term comes from this sum.

@ Springer



H. Kobayashi

2 The proof of Theorem 1.1

By (4), (5) and the functional equation {(1 —s) = x (1 — s)¢(s), we have

d(n d
(A=) =x(1—5) Y ;)+ () Y = o

n<t/2mw n<t/2n

It is known that A(r) < t1/3+¢_ Thus, taking s = 1/2 + it, we have

|
¢ §+1t

P (1. d(n) 1j6te
=20y (5t > S + O ).

n<t/2mw
Hence we consider
1 2
Z e (5 +i(an +b))
an+b<T
. 1 d(m)
=2 ) x (5 —l(a"+b)) 2.
an+b<T m<(an+b)/2n

+Oo| Y (an+b)7/ote
an+b<T

As for the error term, it is clear that

Z (an+b)—1/6+8 << a_lT5/6.
an+b<T

To consider the main term, we note the following formula

—rija L o2 , t 1
x(l—s)=¢ — exp|itlog— | (1 4+ 0@ "))
2 2me
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The Riemann zeta function over arithmetic progressions

for fixed o and ¢t > 1. Using this, we have

1 dom)
3 X<§—z(an+b)> ) m1/2+i(an+b)

T <an+b<2T m<(an+b)/2n

g . an+b d(m)
=e Z exp <’ (an +b) log e Z 1/ 2+ @n+b)
T <an+b<2T m<(an+b)/2n

1 d(m)

+o| 2 >
/2

T <an+b<2T an +b m<(an+b) /27 mn

: d(m) an+b
_ —mi/4 .
= § 7 E exp <l(an + b) log e )
m<T/n max(2rm,T)<an+b<2T

+ O(a_lTl/2 log T)

. d b
= Ti/4 Z (:72) Z exp (i (an + b) log a2n + )
m Tem

m<T/2n T <an+b<2T
) d b
4o Ti/A Z dim) Z exp | i(an + b) log ant
ml/2 2mem
T/2r<m<T/m 2nrm<an+b<2T

+ 0@ 'T?10gT)
= e TS+ 8) + 0@ ' TV log T),

say. To obtain the second equality, we used

d

E (;") < T 1ogT.
ml/?

m<T

For the convenience, we put

ax +b ax +b
log
2 2mwem

fx) =

and
gk(x) :== f(x) —kx.
To calculate S and S>, we use the saddle-point method.
2.1 An estimate of S,

Since the first and second derivative of f(x) are

ax +b Y a?
2am frx = 27 (ax +b)’

f'@) = 5 log
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we have (see Proposition 8.7. in [4])

Z eZﬂif(n)

T <an+b<2T
(2T —b)/a

= > /( e(g(x))dx

(a)270) 1og(T 2t m)—0 <k <(a/270) log(T fmm)+0 * (T —)/a
+ 00" +log(a +2)),

where 6 is any number with 0 < 8 < 1. We choose 6 = a/2m(a + 1) and assume
a > 2m/log(T /m) hereafter. If a < 27 /log(T /m), we see that k = 0 and then, the
integral is < a~!'T'/? by the second derivative test.

Here S1 can be rewritten as

d QT—b)/a
> o > /( (g (x))dx

m=<T /2 (a/27) log(T /2t m)—6 <k <(a/270) log(T Jxm)+6 * (T —b)/a
+O(T"?10g T (67" +log(a +2)))
0<k<(a/2m)log(T /m)+6

d T —b)/a
X > (Tmﬂ) e(gr(x))dx

(T )270)e=27k+0)/a <y < (T )27 k=0)/a (T=b)/a
+ O(T"?10g T (67" +log(a + 2))).

We note that the saddle-point of gi(x), 2mme*™ /% — b)/a, is in (Te >"0/@ —
b)/a, (2T e**?/% — b)/a) by the condition in the inner sum. We divide the inner sum
(T )2m)e 2 k+0)/a (T /)e—2m(k=0)/a) into the following five intervals:

1. le—Zn(k+9)/a le—an/a e
27 ‘2w ’

2. (%e%{k/a —c, %efﬁtk/a 4 C),
3. [218—271k/a +c, Ze—Zﬂk/a _ C:|,
T T

4. <Ze—2nk/a —c, Ze—an/a + C),
b/ b4

5 Ze—2nk/a +e Ze—Zn(k—Q)/a
T ‘m ’
where ¢ = c(a) := 1/4e(1 + a). Since 6 = a/2x(a + 1), inequalities

T onitorja _ T omkja _

T 2nk/a te< T onkja _,
2 2

2 T

) ’
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The Riemann zeta function over arithmetic progressions

and
Ze—an/a +e< Ze—Zn(k—Q)/a
T
are valid.
)
By the first derivative test, we have
(2T —b)/a 8
/ e(gr(x))dx| < .
(T=b)/a lo
alog 5 rnkia

and

T — 2mme?™k/a T — 2mmemk/a
log =‘—10g(1— )‘N .

T T

2mwmerwk/a

Therefore, in this case, the contribution is

- d(m) T

1

«a > b M2 T — dpmenkia
0<k=(a/2m)log(T /) m<(T /2m)e~27k/a—c

T m
< a~\'T¢ Z Z _e—an/a
2 ( T )
m

0<k=(a/27)log(T /m) m<(T /2m)e—27k/a_¢

o ww el

0<k=(a/2m)1log(T /7t) m<(T /27)e~27k/a—c e 2mkja _ 1y
2w

1
—11/2+¢ —nk/a —11/2+¢
< T — .
La E e E o tal|l<Ka T
0<k<(a/2m)log(T /7) m<T /2r

(v)
In a similar manner, we can see that the contribution of this case is <« a~ 1T/ 2+e,
(ii), (iv)

First we note that the number of m in each interval is at most one and
m = Te 7kla < T,

By the second derivative test, we have

QT—b)/a
/( e(gr(x))dx

T—b)/a

< 16a"'V=T.
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Hence we see that the contribution is

d(m)
112
a'T Z Z don
0<k=(a/27)10g(T /) +0 (T j27)e 2" k4 —c<m<(T /21)e~ 2"/ +c
(T J7)e 27k/4 _c < <(T Jr)e 27k a4 ¢

< el2apt/2te o T5/6,

(iii)

In this case, the sum of k starts from 1. If k = 0, then we have that 7' /27 4+ ¢ < m.
However, this is impossible, because we consider the case m < T /2m. Using the
saddle-point method (see for example Corollary 8.15. in [4]), we have

QT—b)/a o _
/ e(gr (x))dx =6‘711/4_enk/a+2mbk/a\/aexp (_zn_miebrk/a>
(T—b)/a a

T T
o 1).
+ <2T “2ameka  dgmerkia — 1 T )

By the same argument as the case (i) and (v), we see that the contribution of the
error term is < a LT 1/2te, Finally, we have to consider

Z e(n+2nib)k/u
I1<k<(a/2m)log(T /m)+6

X Z d(m)e(—e™ /).

(T )27)e~2mk/afe<m<(T /m)e=27k/a—¢

However we see that

Z e(n+2nib)k/a Z < T1/2+8,

1<k<(a/2m)log(T /m)+60 (T/27T)e_2”k/”+C§m§(T/2T[)e_2”k/“
(T/n)e—erk/tz Smf(T/rr)e_z”k/“—c

and when (a/2m) log(T /) < k < (a/2m)log(T /7) + 6, the inner sum is an empty
sum. Thus we calculate

Z e(n+2m’b)k/a Z d(m)e(_eZUk/am).
1<k<(a/2m)log(T /) (T /27)e=27k/a < < (T Jmr)e=27k/a
(10)
In this section we consider the case when ¢27k/4
k. In this case, we consider the sum

is irrational for all positive integer

Z d(m)e(am),

m<M
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The Riemann zeta function over arithmetic progressions

where « = (k) = ¢>"%/¢ By the hyperbola method, we have

Z d(m)e(am) = Z e(auv)

m<M uv<M
=2 Z Z e(auv) + Z e(auz).
u</Mu<v<Mju u<vM

We can plainly see that the second term is << +/ M.
As for the first sum, making use of the estimate

Y. elan) < min(Ny — Ny, [le]| "),

Ni<n<N>

we obtain

Yoy ey« Y min(%,“au”—l).

u< /M u<v<M/u u< /M

Here, by Dirichlet’s approximation theorem, we can take integers p = p(k),q =
q (k) such that (p,q) =1,1 <g <+/M and

1 1
TR ()

In this situation, we have

> mi (M I ||1)<<M(1+ ! —i—q)log( M)

in | —, |lou 4 — 4 L gM).
M

usvM ! 9 VM

—2mk/a

Applying this estimate with M = Te , we see that the sum (10) is

< > (Te ™)~ + T2 + ™ /g (k) log T
1<k<(a/2m)log(T /21)
&L TlogT > e gty +aT 108’ T.
1<k<(a/2m)log(T /2m)
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We note that the condition (11) leads to p < g« and pg > «. Therefore we can
find an A such that

Z e—nk/aq(k)—l - Z (p(k)q(k))_1/2
1=k<(a/2m)log(T /2m) I<k<(a/2m)log(T /27)
< Z (p(k)gk)~1* + Z o—k/a
1<k<A A<k
< Y (plgky)) 12 4 gmClogloe T
1<k<A

By the condition (11), when T tends to infinity, for each k, p(k)q (k) does so. Thus

> (pkR)gk)) ™ = 04(1)

1<k<A

as T — oo. We conclude that the sum (10) is 0,(T log T') and so as Sj.
Now we consider the special case when a is a positive integer. Then we can obtain
better estimate, applying an inequality

emkla > exp{—2"?(log 2k) (log 2a)(log p)(loglog p)}

due to Waldschmidt. By this bound, when the condition (11) is valid, we have
e™aT=1/2 > exp{—c(log 2k)(log 2a) (log p)(log log p)}.

When k < (loglog T)!*¢, we obtain (log p)(loglog p) > log T/(log2a)(log
log T)%, by the above inequality, and hence log p > log T'/(log 2a)(loglog T)'*¢.
Therefore we find that

Yo (g = Y (pRghy) ek toe 2

I<k<(loglog T)!te I<k<(loglog T)1te
—c 14+
<Le clog T /(log2a)(loglog T') Z 1
I<k<(loglog T)!te

e € log T /(log2a)(log log T)!t¢

& e~—ClogT/(loglog T)l+e

Thus, in this case, S is O(a_lT(log T)_A) for any fixed A > 0.
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The Riemann zeta function over arithmetic progressions

2.2 A contribution of S,

As in the case of S;, we have

Z 2if ()

2rm<an+b<2T
QT—b)/a
- Z / e(gr(x)dx + 00" +log(alogT)),
(

0<k<(a/2m)log(T /mm)-+6 2rm—b)/a

where 0 = a/2n(a + 1).
Since

d(m) 12
Z e LT "'*logT,
m<T

the contribution of the error term is < T''/? log T log(a log T).
Finally, we calculate

d(m) Q2T -b)/a
y A 3 / (g (x))dx.
Tjamem<T/x " O<k<(aj2m)log(T jmm)+6 ¥ 2TFm—b)/a
When k& = 0, the above is
d(m) Q2T —-b)/a
- e(f (x)dx.
m

T/2nr<m<T/w (2rm—b)/a

The saddle-point of f(x) is (2mzm — b)/a, thus, the saddle-point method leads to

(2T —b)/a o T
/ e(f(x)dx == m+ 0 <— + 1) )
( a 2T —2mtm

2nrm—b)/a

Therefore

d QT —b)/a
> % ( e(f(x))dx

T/27<m<T/x 2rm—b)/a W)

:eni/4z Z d(m) + O(T"/>*),
T/2r<m<T/m
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When k # 0, we have to calculate

(2T—b)/a

d(m)
> > /( e(gi(x))dx

T/2r<m<T/m 1<k<(a/2m)log(T /m)+0 2ntm—>b)/a

= 2 2

I<k<(a/27)10g2 T /27 <m=(T /m)e-2"k=0)/a

d(m) 2T —-b)/a

— e(gr(x))dx,
172 (2am—b)/a

but in a similar manner to the case of S;, we can see that the contribution of this case
is

04(T logT) (a is not integer),
Os(a™'T(ogT)™4)  (a is integer).

2.3 Conclusion

From the above, we can see that

1 d(m)
Z X<§—l(an+b)> Z m1/2+i(an+by

T <an+b<2T m<(an+b)/27

=2 Y dm+ R,

a
T/2r<m<T/m

and so,
1 2 2x
> |elgtientn)l == 3 dem+RD).
T <an+b<2T T/ 2nr<m<T/m
where
04(T log T) (a is not integer)

R(T) = { Oa(a™'T(ogT) ) (ais integer).

Finally, replacing T by 7' /2, T /4, and so on, and adding we have

2 2
== > d(m)+ R(T)

m<T/2n

2

an+b<T

¢ <% +i(an +b)>

T
= —(logT +2y —1—log2m)+ R(T).
a

This completes the proof.
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The Riemann zeta function over arithmetic progressions

3 The proof of Theorem 2

Now we consider the case that e27X0/¢ is rational for some k. In this case, we can
write
2k
a=—
log(r/s)

with relatively prime integers » and s and |r| minimal. Let / be the maximal positive
integer such that r /s = (x/y)! with r, s relatively prime. Then,

N ko 2
1 log(x/y)

For each k divisible by kg, e>"X/¢ = (r /s)*/%0 is rational. On the other hand, k is

not divisible by ko, e2mkja — (x/ y)kl/ ko is irrational since ko 1 I. Therefore, the sum
(10) can be divided as

Z e(n+2nib)k/a Z d(m)e(_e2nk/am)

15k<(a/in|3{10g(T/n) (T )2m)e=27kla < < (T Jmr)e—27k/a
0
+ Z e(n+2m’b)k/a Z d(m)e(_lerk/am).
1§k<(a/2ﬂ+) log(T /m) (T )27)e~27k/a << (T Jmr)e=27k/a
kotk

When ko = 1, the second sum is an empty sum, otherwise it is o, (7 log T') as can be
seen by repeating the same argument as in Case 1 of the proof of Theorem 1.
As for the first sum, we separate the outer sum into two parts as follows :

3 (£)<1/2+ib)k 3 dmye (_m (£)k>

I<k<(a/2mko)log(T /) s (T )27) (s /r)k <m<(T J7) (s /r)*
r\ (1/24ib)k Ak
-y > ame(-n(}))
I=<k<log(T /m)/ log(rs) g (T /270) (s /r)k<m<(T /) (s/r)k s

N (1/2+ib)k
. 3 '

log(T /m)/ log(rs)<k<log(T /m)/log(r/s)
rak
X Z d(m)e (—m (—) ) .
N
(T /27) (s /r)k <m<(T /7)(s [r)k

Using

3 dmye (?) — % (logx +2y — 1 —2logs) + O((VX + ) log 2s),

m<x
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we have

r/s)"\* T T

1<k<log(T /m)/log(rs)
+ O0p(T'?10g’ T)

_ et T <log T,y Vrsleels)

= Op(T'? 108> T).
Jrs— /b 2m \ %8 2n Jrs—1 >+ b log™ 1)

As for the other sum, since

Z d(m) < xlogx,

m=<x

we see that

7 (1/2+ib)k

2

log(T /m)/log(rs)<k<log(T /m)/log(r/s)
r\k
X Z d(m)e (—m (—) )
N
(T /27) (s /r)k <m=<(T /7)(s/r)k

A\ —k/2
& TlogT 3 (;) & T'-108r/9)/21080) o0
log(T /m)/ log(rs)<k<log(T /m)/log(r/s)

Therefore, we obtain

o _ i _r/ey® [ GlogT( 4 0up(1) (ko > 1)
=e e (o /\ib rslog(rs
1 Jrs— /sy | & (log & 42y — 1= LB ) o) (ko = 1),

As for S;, we have

S:=e ST dmy + 0T
@ T 2r<m<T/m
d(m) [@T-b)/a

+ > > —i7 e(gr(x))dx.

1<k<(a/2m)10g2 T /27 <m<(T Jx)e-2xk~0)/a (2em=b)/a
When ko = 1, by the condition of r and s, the double sum is empty, otherwise it is
04(T log T) as can be seen by repeating the same argument as in Case 1 of the proof
of Theorem 1.
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