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Abstract

In this paper, we first construct some explicit solutions to the b-family of equations,
which will become unbounded in a finite time. Then, we investigate the asymptotic
stability of the aforementioned singular solutions of the b-family of equations in the
Sobolev space H® withs > % Itis also interesting to point out that this stability highly
depends on the values of parameter b, that is, b € (—1, 2]. The proof is based on the
detailed analysis on the estimates of the perturbed solutions and the properties of the

corresponding linear operators.
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1 Introduction and main results
1.1 Introduction
In this paper, we consider the following b-family of equations (b-equation)
ur — yyr + (b 4+ Duuy — buyuyy — utyy =0, (1.1

and the initial datum is given by

Communicated by Joachim Escher.

B Shou-Jun Huang
sjhuangyy @ 126.com

Li-Fan Wu

963747238 @qq.com

College of Mathematical Medicine, Zhejiang Normal University, Jinhua 321004, People’s
Republic of China

Department of Mathematics, Anhui Normal University, Wuhu 241002, People’s Republic of China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00605-024-01964-0&domain=pdf
http://orcid.org/0000-0002-4385-6023

64 S.-J.Huang, L.-F. Wu

u(0, x) = ug(x). (1.2)

Here b is a real parameter, and u(x, t) is a horizontal velocity. The b-equation was
introduced originally by Degasperis, Holm and Hone [16, 17] (see also Holm and
Staley [29, 30]) and can be derived as the family of asymptotically equivalent shal-
low water wave equations [18, 19]. Note that the b-equation can be rewritten in the
following nonlocal form

25—1 b 2
ur +uuy + 0y (1 —95) Eu +

3-b 2)
(ux)” ) =0, (1.3)

2
where the nonlocal term represents a balance between the dispersion and nonlinearity.
The equation (1.3) can be seen as a dispersive perturbation of the famous Burgers
equation u; + uu, = 0.

We note that if we take b = 2 and b = 3, then the b-equation (1.1) reduces into two
integrable members, i.e., the Camassa—Holm (CH) equation [5] and the Degasperis-
Procesi (DP) equation [18], respectively. Moreover, for any b € R, the b-equation
(1.1) possesses the following peakon traveling wave solutions

u(x, 1) = ce el

where c is a constant. In fact, this equation possesses n-peakons like

n
u(x,r) = ij(,)e—\)r—qj(t)l’

j=1

where the positions ¢; and the momenta p; satisfy a system of ODEs [35].

The well-posedness of (1.1) in the Sobolev space H® with s > 3/2 has been proved
extensively (see for instance Escher et al. [20], Escher and Yin [21], Zhang and Yin
[37], Grayshan [24] and Himonas and Holliman [28]). For the ill-posedness of b-
equation (1.1), Himonas et al. [27] showed that it is ill-posed in H® when s < %
and b > 1 on both the torus and the line. On the other hand, whenever b < 1,
Novruzov [35] established the ill-posedness for (1.1) by constructing some peakon-
antipeakon solutions. However, the results in [35] can hold by adding the b-equation
an additional dispersion term k(sign(u)(u — uyy),. To the best of our knowledge,
if one removes this term, the ill-posedness of the b-equation (1.1) is still not clear.
For the remaining critical case s = %, Guo et al. pointed out that the b-equation

with 1 < b < 3 is ill-posed in the critical Sobolev space H 2 on both the torus
and the line (see Remark 1.2 in [25]). Besides the above results, there is many other
literatures about the well-posedness theory, traveling wave solutions, stability of the
solution map, unique continuation and other analytic and geometric properties of the
b-equation, CH-equation and DP-equation (see [3, 4, 6, 10-12] and the references
therein). Here we would like to mention that there are also some interesting works
on the Lipschitz metrics for nonlinear wave equations or Novikov equation and other
shallow water wave equations [2, 7, 9].
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Recently, Li et al. [33] studied the wave-breaking mechanism and dynamical
behavior of solutions near the explicit self-similar singularity for the two component
Camassa—Holm equations. In 2019, Li and Yan [34] considered the dynamical behavior
of solutions near explicit self-similar singularity for a class of nonlinear shallow water
models including the Camassa—Holm equation, the dispersive rod equation. They
showed that the constructed explicit self-similar solutions for the Dullin-Gottwald-
Holm equation, the Camassa—Holm equation and the dispersive rod equation are
asymptotic stable, but for the Korteweg-de Vries equation and the Benjamin-Bona-
Mahony equation being unstable. Gao and Chen [23] also studied the stability problem
of special solutions for the Dullin-Gottwald-Holm equation. For the stability of soli-
tary wave solutions to the shallow water wave equations, we refer the readers to the
works [13-15, 26] and the references therein.

It is well-known that wave breaking phenomena often happens for shallow water
wave equations. For example, the b-equation admits multipeakon solutions. Moreover,
as pointed out most recently by Barnes and Hone [1] the b-family of equations admits
the Burgers “ramp and cliffs" solutions for —1 < b < 1, in particular the following
similarity ramp solution (see (1.19) in [1])

X
b+ Dt

u(t,x) = (1.4)

Beyond the ramp (1.4), the scaling similarity solutions of the b-equation are extensively
investigated and are related to an autonomous third-order ODE [1]. We remark here
that in Sect. 2, for our purpose we shall derive the following explicit singular solutions
to the b-equation

_ 1 c—x
it x) =1y T

) (1.5)

where T > 0, c are arbitrary constants. We mention that the work of Holm and Staley
[29, 30] presented a numerical study of the solutions of b-equation (1.1) for different
values of b. More precisely, they pointed out that there are three distinct parameter
regimes separated by b = 1 and b = —1, that is, peakon regime for b > 1, ramp-cliff
regime for —1 < b < 1 and lefton regime for b < —1. At the same time, there
have been some recent literatures on the (spectral) stability/instability of the peakon
solutions to the b-equation (1.1), see for example Charalampidis, Parker, Kevrekidis
et al. [8], Lafortune and Pelinovsky [32]. However, it seems that the stability for ramp
solutions (1.4), or (1.5) has not been proven before.

In this paper, we shall focus on the ramp solutions (1.5) to the b-equation and
prove the asymptotic stability of these solutions by employing the Banach fixed point
theorem and the analysis on the perturbed solutions. The most novelty is that our
results depend on the parameter b in the equation (1.1). More precisely, the stability
of the explicit solutions can persist only for b € (—1, 2] including the corresponding
results for the CH-equation. On the contrary, if b ¢ (—1, 2], the stability for these
explicit solutions remains unsolved.
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1.2 Main results

We provide the stability of the above singular ramp solutions (1.5) for the b-equation

(1.1).

Theorem 1.1 Assume that —1 < b < 2,5 > % Let ¢ > 0 is a sufficiently small
parameter. Then, the solution (2.4) of the b-equation (1.1) is asymptotically stable,
that is, whenever the initial data uo(x) satisfies

luo(-) — u(0, )l gs+1 < e, (1.6)
then there exists a solution u of (1.1) such that

lir;l lu(t, ) —a()||lgs =0, (t,x) €0, T)xR.
(=T~

Remark 1.1 When b = 2, the b-equation (1.1) becomes the celebrated Camassa—Holm
equation. This means that the results in Theorem 1.2 also hold for the Camassa—Holm
equation.

Remark 1.2 The condition (1.6) for the initial data implies that H*T!(R) norm of
uop(x)— ﬁ is sufficiently small and uo (x) approaches to the linear function %
as |x| — oo.Inaddition, by the Sobolev embedding theorem [22] H* (R") — C"(R")
for s > r + 5, we know that u¢(x) is actually smooth in C 4(R).

In this paper, we denote the usual norms of Lebesgue space L%(R) and Sobolev
space H*(R) by || - | ,2(r) and || - || s (r), respectively. For brevity, we often use the
notations L2 and H*, instead of LZ(R), H* (R). In the meantime, we use * to represent
the convolution. The symbol [A, B] denotes the commutator of two linear operators
A, B. D(L) stands for the domain of the operator L.

The rest of this paper is organized as follows. In Sect.2, we construct the explicit
singular solutions for the b-equation (1.1). Section 3 is devoted to studying the stabil-
ity behavior of solutions near the derived explicit singular solutions and to proving
Theorem 1.1.

2 Explicit solutions

In this section, we are going to find the following solutions
n .
u(t,x) = aj()x’,
j=0
where a;(t) (j = 0,1, ---,n) are to be determined. Substituting the above formula

into (1.1) and letting a; = 0 (j > 2) gives the following solutions

X+

u(t,x) = m,

2.1
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Stability of singular solutions to the b-family ... 67

where ¢y, ¢p are arbitrary constants. Here we have used the homogeneous balance
principle. Throughout this paper, we assume that

2—-b

T 20 ie. —l<bs2 2.2)

Since we only have interest in the singular solutions, soweletc; = (1+b)T, c2 =
—c. Then, (2.1) becomes

c—x
1+b T—1t

u(t, x) = 2.3)

where T > 0, ¢ are constants. Thus, as a conclusion, we obtain an existence result of
solutions to the b-equation (1.1).

Theorem 2.1 Assume T > 0 be the maximal existence time of the solution. Then, the
b-equation has the following singular solutions

it 1) 1 c—Xx 2.4)
u(t,x) = ——- , .
14+b T—t

where c is an arbitrary constant.
Remark 2.1 We know that

8,7t %) 1 1

u(t,x) = ———- — —00,
y 1+b T—t

as t tends to T from below. This implies the solutions (2.4) are indeed the singular
solutions to the b-family of equations (1.1).

3 Proof of main results

In this section, we consider stability of the explicit solution (2.3) for the b-equation
(1.1). Let

u(t,x) =v(t,x)+ut, x), 3.1

where u(¢, x) is given in (2.3). Substituting (3.1) into (1.1) leads to the following
dissipative quasilinear equation with singular coefficients

U — Uxxr + (b + Doy — Duxvyy — vgay
1 c—x b 1 c—x

— - v . v v
1+b T—t "”+1+b Tt

v=0, V(,x)e(0,T) xR, 3.2)

T —1t
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and the initial condition is

wax)=uwm-—T;Z-c;x

, Vx eR. (3.3)

Due to the presence of singular terms in (3.2), we now introduce the coordinates in
the form

X
T—1t

T=—log(T —1), y=

Then, we denote the solution v(¢, x) = ¢ (7, ¥). A direct computation shows that
v =€ (¢ + 34y, v =€y, v =TTy,
and
_ 3T __ 31
Uxxx = € ‘Pyyy’ Urxx = € (¢ryy + 2¢yy + y¢yyy)-

Based on the above identities, the equation (3.2) can be transformed to

(¢ - €2t¢yy)r — ¥ Py + Ty —ce) pyyy — ¢

1
1+5b
e yy + (1 +b)poy + ce’py = e (bpybyy + Pdyyy) . (34

b
1+b

Furthermore, we introduce the variables z = ye™", ¥/ (t, z) = e~ " ¢. Noting that
- -2
o ZeTI/"“eTwr_Zefl//zv ¢y=1//m by =e "z, Dyyy =€ TI/’ZZZ»

and

¢ry = Y — 2V, ¢ryy =e " (Vrzz — Y2z — 2¥222)
we can rewrite (3.4) as follows

1 c+bz

w‘f - I#‘L’ZZ - 1 + beZ - 1 + b 1p‘ZZZ +C¢Z + (b + 1)1#1#2 = bwzwzz + WWZZZ'
(3.5)

Recall the operator A = (1 — 33)1/2 and we know that A2 f = p« f forany f €
L%(R), where p(z) = %e"z‘ is the fundamental solution to the equation (1 — 8?) p=39.
Then, it would be convenient to introduce a new unknown w = (1 — 83)1#, which
implies that

sz_zwzp*w.
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It is easy to see that

(prxw)g=pxw—w, VYg=(p*rw),— w;.

As a consequence, the equation (3.5) can be written by in the non-local form

N 1 +c+bz 1 . +b(c—z)( )
B T I R L A
+A +D)(pxw)(p *w),
= b(p w2 (pxw —w) + (px w) ((p o+ w): — w.). (3.6)

We need to derive the corresponding initial condition for w. Note the relations

v(t,x) = €Y (t,2), T=—log(T —1), z=ye ™= TLI(T — 1) =x,

we have
1 1
v(0,x) = TW— logT,x), vyx(0,x)= Tlﬂzz(—log T, x)
and

w(—1logT,z) =y (—logT,z) — Y (—logT,z)

P 1 c—Xx
=T|:uo(x)—u0(x)—1+—b- T i|

Hence, it suggests to let ' = t 4 log T and the initial condition for w can be given as

w(0.2) = Tluo(2) — u§(2)] = T = wo(2). (3.7)
The boundary conditions for w are
Iim w(t,z) =0, lim w.(t7,z) =0. (3.8)
|z]—>+00 |z]—+o00

While, the equation (3.6) can be rewritten in the form

1 +c+bz 1 . +b(c—z)
w w, — w
1+b 1+b 2 147 145

F b)Y (p o+ w)(p W)z = b(p# w)(pxw = w) + (pxw)((pxw) = w,).

wy + (p*w),;

For simplicity, we still denote ¢’ by T and have the equation in the form (3.6).
We introduce a commutator estimate which can be found in [31].
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70 S.-J.Huang, L.-F. Wu

Lemma 3.1 Lets > 0. Then it holds that
1A% uloll > = C (Nl 1A vl g2 + IAul 20l ), (B9)

where positive constant C depending only on s.

Now we are ready to derive some a priori estimates for the solution of perturbation
equations (3.6), (3.7) and (3.8). Applying A® with s > 0 at the both sides of (3.6)
yields

145 1+6 %) " 1+0»

s | blc—2)
+A |: b (P*w)zi|

+(1+BHAT(p % w)(p x w),]
= A w)o(p o w — w)] + A [ w) ((p xw), = w.) ] 3.10)

1 b 1
(Aw)y + ——Aw + A° (C +o ) — ——A(p*w)

Lemma3.2 Lets > % and the Assumption (2.2) holds. Then, we have

lwll s ECCXP< llwoll as » (3.11)

2—>
-7
2(1 +b)
where C is a positive constant depending on s and b.

Proof Taking L>-inner product with (3.10) by ASw gives

1d ) 1 ) , [c+bz
— L wle + —— w2 Aw - AS d
3z Wl + o el +/R v <1+bwz> ‘

1 s s s K b(C—Z)
“11b RA w~A(p*w)dz+/RA w- A [ 5 (p*w)z]dz
HA+0) [ A AUp ) (px w)ldz
R
:b/Asw-AS[(p*w)Z(p*w—w)]dz

R
+ AS ‘AS z— 2 d 312

/1; w [(p*w)((p*w) w)] z ( )

Next we shall estimate each term in (3.12). First, by the integration by parts, we
have

: , b b :
/Asw_Aé c+ sz dz=/ c+ sz ASwdz
R 1+b ~ rR\1+b ~

b ' b ! .
= [ @w)de - [ At
1+b Jr R 1+0D
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b 1 b
__||w||%p——/ ctoe [(Asw)2] dz
R z

1+b 2 1+b
1 2
:_l—i—_b” ||Hs+§-m||w||ys
1 b
=-3 1+b”w”Hs

It is easy to see that
/ Aw - AN (p rwydz = w3 .
R

Still by the integration by parts, we have

b(c — b(c —
/RASw~AS|: (lc+bZ)(P>kw)zi| dz=[l;€ (1€+bZ)A2Sw-(P*w)zdz

b
= 1erllwllﬁ,y !

1 b(c —z2) s—1.\2
_2_/1; 140 [(A w) ]zdz

= 1erIIuJIIHY 1T 1+bIIwIIHV i

- .7 2
- 2 1+b”w”Hs—l

In addition, we have

[ w215 w)p )l
R
1 : ‘
= -/ Aw - A [(p xw)?].dz
2 Jr
1 1 2
= ——/ w A% (p % w)ldz = ——/ wZ<AS_2w) dz
2 Jr 2 Jr
1
< s lwelielwiG . < 2||w||HA .
since we have assumed s > % Here we have made use of the embedding result
H"Y(R) € L®(R) with s > 3.

By using the commutator estimate (3.9), the Cauchy-Schwartz inequality and the
embedding H*~'(R) ¢ L>®°(R) with s > %, we have

/ Aw - A [(pxw)z(p*w—w)ldz
R

=/ Asw~([As, p*w—w](p*u))z—i—(p*w—w)AS(p*w)z)dz
R
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=/ Aw - [A°, p*w—w](p*w)zdz—i—/ Aw-(p*xw—w)A*(p*w),dz
R R

= C(Ip#w = Wil A (p w2
HIA (P w = w)ll 2 1(p % w)elle ) s

+(Ip# w = wllzs + 1(p #w = w)elo )il

3
= Cllwllys,
where C is a positive constant depending on s. Here we have utilized the following

facts

3
1P xw = w)zlize. (P xw)liie. lp*w—wlieo = Cllwllas. s> 2.

which are valid due to || p % w||z~ < |[w|/z~ and the inequality H*~'(R) C L>®(R)
with 5 > %
In a similar way, we have

/RASw - A [(p * w)((p * W), — wz>] dz

= /I.QASw . ([AS, p * w]((p * W), — wz) + (p = w)As<(p * W), — wz))dz

< LI wllie 14 ((p xw); = w, )2
HIAT (w2 (p )z = wel o s

2
+lp * wllLellwllgs
3
< C”w”Hs,

where C is a positive constant depending on s.
Combining the above analysis yields

- - 1+b
e 2T e T w2 < il CllwlP,,
5 77 1wl NETES lwliz NETTES lwllsmr = —— Wiz + Cllwlys.

and thus,
d 2 —b 2 3
EIIWIIHs-i-—lerIIwIIHs < Cllwlys, (3.13)

where C is a positive constant depending on s and b. Equation (3.13) is a Bernoulli-type

differential inequality. A direct analysis shows that

d ( 1 ) 2-b 1
- + SCa
dt \lwlas ) 2(1 +b) |wlns
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which implies that

lwllgs < Cexp (— llwo ll &+,

2—b
—7
2(1+b)
where C is a positive constant depending on s and b. The proof is completed. O

Now we are going to study the global well-posedness for (3.6) with the initial data
(3.7) and the boundary condition (3.8). By introduce the following linear operator

1 c+ bz 1 b(c —2)
w _
1+b

Llw] :=— (p*xw);,, (3.14)

1+6 1+ T T rp
we can rewrite the equation (3.6) as

wr = Llw] + f(w), (3.15)
where the nonlinear term f(w) is given by

F) = — (14 b)(p % w)(p # w). + b(p + w).(p % w — w)
—}—(p*w)((p*w)z—wz). (3.16)

By the definition of operator £, we can see that
Lemma 3.3 Assume s > % Then, it holds that
Llw] € H®, Yw € D(L).

Moreover, L is closed and densely defined in H®.
Lemma 3.4 Assume s > % Then the linear operator L in (3.14) is dissipative in H®.

Proof 1t suffices to prove that
(Llw], w)ps <0. (3.17)

By the previous computation, we have

1 c+ bz
A Llw]) A wdz = ———— ZX—/AS A’ d
/R( () Awds =~ iy = [ A (waz) 2

1
_H—_b RASIUAS(p*w)dZ
b(c—z
_/RAswAs< (lcJr ;)(P*W)z> dz
1 2 2 1 2
= 1+b”w“m 2(leb)HwHHs 1+b||w||Hx—1
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L

1 2
Tl <0. (3.18)

_ 2
= ||w||Hf 1+

Thus, the proof is completed. O

Lemma 3.5 Assume s > % The operator L in (3.14) is invertible in H® and can
generate a Co-semigroup {S(t)};>0 in H®.

Proof Step 1 We prove the operator L is invertible. We only need to verify that £ is
injective and surjective. Let w € D(L) such that L[w] = 0. Then, it follows that

blc —
AS(pxw)—A* <%<p * w)z) =0.

1
e (

¢+ bz 1
1+b

w; ) —
1+b 1+b

Multiplying A*w on the both sides of the above equation and integrating it over R
leads to

2 2
—lwllgs — lwlizgs-1 =0,

1
1+b
which implies that w = 0 since the boundary condition (3.8). This means the operator

L is injective.
Now we show that £ is surjective. Indeed, for any h € H®, we assume

Llw] = h.

Then, applying A* to the above equation and multiplying it by ASw and integrating
over R gives

lwlls + #uwni,s_l = —/ ASh- A wdz,
14+b R

which furthermore we have
lwllms < Clihll#s.
Thus, by the standard theory of elliptic partial differential equations, there exists a
unique weak solution w € H®. Moreover, for this solution if 4 € H?, then we have
w € HST!. This implies that £ is surjective.
Step 2 By the Lumer-Philips theorem (cf. Chapter 1 in [36]), we can find that the

operator £ generates a Cop-semigroup {S(¢)},>0 in H*. The proof is finished. O

Combining the results in Lemmas 3.3-3.5 yields the following conclusions.
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Proposition 3.1 Lers > % The Cauchy problem

iw = Llw], w(0) = wy,
dt

with the zero boundary condition admits a unique solution
w(t) = S(r)wo,
where the initial data wy is given in (3.7).
In the sequel, we consider the nonlinear problem (3.16). By making use of the

Duhamel’s principle and Proposition 3.1, we are able to write (3.16) in an abstract
form.

w(t) = S(rywo + / S(z — 1) f (w(n))d.
0

As usual, to prove the above integral equation has a solution, one can consider the
closed ball in H* as follows.

N

B€={weH“: lwl| <& s>

where ¢ > 0 is a small constant.
Define the map

Tw(t) =S(t)wo + /f S(r —1t) f(w(t))dt.
0

Now we aim to show that the map 7 has a fixed point in B, for some ¢ < 1. Here we
shall employ the Banach fixed point theorem.
First, we recall the following well-known results [31].

Lemma 3.6 The space H* N L°° with s > 0 is an algebra. Moreover, it holds that
luvligs <= C (lullzellvlims + lullmsllvlize)
where C is a positive constant depending upon s.
Next we have the following lemma.

Lemma3.7 Lets > % Assume that |wol| ys+1 < €. Then T maps B; into B;. More-
over, the map T is a contractive mapping.

Proof Based on Lemma 3.6, we have
If ) llas < X+ D)I(p*w)(p*w)las + D] - [(p*w)(p*w—w)llns
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1 w) (9 w)e = we) s
< (4B 5wl s 1P 5 w)elloo1B] - 1(p 5 w): 1 p o w=wll s
P w1 w) = well .

Bearing in mind that H* 2 c L™ with s > % and Lemma 3.2, we conclude that
2 2 2
I fllas < Cllwllys < Cllwollys < Ce” <,

which implies the map 7 is indeed a self-mapping on B;.
Next we shall prove the mapping 7 is contractive. Suppose w, w € B,. By Lemma
3.6 and the embedding inequality H® C L°°, we have

£ w) = @
= |-+ D cw) o w) + b w)(pxw =)+ (pxw) ((pxw); - ;)

H( ) (px D) (px D): = b(px D)e(p b — ) = (p D) (px D)z — )

HS
= c{Ip xw)p =)zl + 10+ @ = D) (px D)z s
(P (= )z (p 5w = w5 + | (p D)z (p o (w = B)) = (w = D)) s
H(p # w = D) ((p 5wz = w) s

H(p* @) (@ = D)z = (w = ): ) 15}

= C{Ilp s W poell(p s (W — W)zl ps + 1(p* (w — W) s 1(p W)zl Lo

= D)z ls [+ w = w)] o
Hp # D)2l el (p o (w0 = 0) = (w = D)) s
H(p o w — )l gs (0% w)z = ws ) o

1 Do (o (w0 = )z = (w = D)) s |

= Cellw —wlgs-

Then, it follows that

1Tw —Twln = II/0 S(r —lf (w) — f(w)ldt| us
S/O ISt —Olf (w) — f@)]llmsdt
< Cellw — wllgs < lw— wllas,

provided that ¢ > 0 is sufficiently small. This means that 7 is a contractive mapping.
(]

Now we have the following existence results.
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Proposition 3.2 Assume s > % and —1 < b < 2. Let ¢ be a positive and sufficiently
small constant. Then, it holds that

(1) if the initial data ||wo || ys+1 < €, then there is a unique solution w € B; to the
nonlinear problem (3.6), (3.7) and (3.8);

(ii) there admits a global solution ¢(t,y) € H® to the equation (3.5) with the
initial data (3.7) and boundary condition (3.8). In addition, if the initial data
lpoll gs+1 < &, then it holds that

Pllas < ——4 b
Pllus < Ceex T
Hs = p 2(1 b) ’

where C is a positive constant and may depends on b.

Proof (i) By Lemma 3.7 and the Banach fixed point theorem, we find that the map
7T has a fixed point in the set B,, which is exactly the solution of (3.6) with the
initial-boundary conditions (3.7), (3.8).

(i) By the conclusion in (i), we have the solution ¢ (7, y) to (3.4) satisfying

p(r,y)=e"Y(r,y) =e" [p *w(T, e"z)],
which implies that

¢yy = (p* w)zze_r = e_t(P *W — W).

As a consequence, by Lemma 3.2 we have

4+4b
pyyllgs—2 < e Tllpxw —wllys—2 < Ce " |wllgs < Ceexp <——2(1 +b)f> ’

where we used ||wg || gs < . Note that the constant C may depend on the param-
eter b.
O

Finally, by Proposition 3.2 we can obtain the results in Theorem 1.1 (see also [23]
for similar discussions). Thus, the proof of Theorem 1.1 is completed.
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