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Abstract

We introduce the spectral decomposition property for measures and prove that a
homeomorphism has the spectral decomposition property if and only if every Borel
probability measure has the property too. Furthermore, we show that all shadowable
measures for expansive homeomorphisms have the spectral decomposition property.
Additionally, we provide illustrative examples relevant to these results.
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1 Introduction

One of the purpose of the dynamical system is to determinate the asymptotic behavior
of the orbits. Since the nonwandering set is the ultimate concept of these orbits,
it is important to determinate the structure of the set. A relevant property is if the
nonwandering set can be decomposed into finitely many disjoint indecomposable
pieces. Inspired from operator theory [10], this is often called spectral decomposition
property, or SDP for short. SDT in dynamical system has been studied elsewhere in
the literature. Let us present some well-known results.

In 1967, Smale [20] proved that any Axiom A diffeomorphism on a compact man-
ifold has the SDP. Bowen improved it in 1975 [4]. In 1983, Aoki [1] proved, on
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compact metric spaces, that expansive homeomorphisms with the shadowing prop-
erty on the nonwandering set have the SDP. It was extended to flows by Komuro
[13]. In 2008, Oprocha [19] obtained the SDP for expansive 74 -actions with a certain
type of shadowing property. In 2009, Choi and Kim [6] obtained SDP on G-spaces for
G-expansive homeomorphisms with the G-shadowing property. They focused on a G-
space, defined as a space with a continuous action of a topological group G, and proved
the decomposition theorem in the context of G-action dynamics. In 2013, Das et al. [9]
obtained SDP for topologically Anosov homeomorphisms on first countable, locally
compact, paracompact, Hausdorff topological spaces. This was improved in 2018 by
Das et al. [8]. In 2014, Kim and Lee [12] proved a SDP for expansive 7Z2-actions with
shadowing on compact metric spaces. In 2016, Thakkar and Das [22] proved the SDP
for nonautonomous equicontinuous time varying homeomorphisms with shadowing
on compact metric spaces. In 2017, Cordeiro et al.[7] obtained the SDP for strong
measure expansive homeomorphisms with the shadowing property on compact metric
spaces. In 2018, Lee et al.[17] extended the notions of shadowing and expansivity to
noncompact metric spaces to obtain SDP for homeomorphisms on locally compact
metric spaces. Furthermore, Jung et al. [11] obtained the SDP for rescaling expansive
flows with the shadowing property on locally compact metric spaces. More recently,
Le et al.[14] introduced the mild expansiveness and demonstrated that mild expansive
homeomorphisms with the shadowing property has the SDP. In 2020, Artigue et al.[3]
introduced the L-shadowing property and proved that the chain recurrent classes of
homeomorphisms with the L-shadowing property has the SDP into pieces exhibiting
the two-sided limit shadowing property. All the versions of the SDP mentioned above
are derived from the classical shadowing property and variations of expansiveness.

In this paper, we extend the spectral decomposition property for homeomorphisms
to measures. Unlike the aforementioned studies, the spectral decomposition property
presented in this work arises from measurable variation of the shadowing prop-
erty and classical expansiveness. We prove that a homeomorphism has the spectral
decomposition property if and only if every Borel probability measure also has this
property. Furthermore, we demonstrate that every shadowable measure of an expansive
homeomorphism in a compact metric space has the spectral decomposition property.
Additionally, we provide some illustrative examples related to these results. This paper
is organized as follows. First, we present main results below in this section. In Sect. 2,
we provide some examples related to the spectral decomposition for measures. Finally,
in Sect. 3, we prove our results.

Consider a compact metric space X, and f : X — X be a homeomorphism. The
nonwandwering set Q(f) of f is the set of points x € X such that

o0
unlJrrw #e
n=1
for every neighborhood U of x. We say that C € X is invariant if f(C) = C.

Moreover, C is chain transitive if foralla, b € C and € > 0, there are x;, ..., x, € X
such that x; = a, x, = b and d(f(x;), xi4+1) <€, forevery 1 <i <n — 1.
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Definition 1.1 We say that f has the spectral decomposition property (abbrev. SDP)

if there are finitely many disjoint chain transitive compact invariant sets Cq, ..., C;
such that l
en=Jc. ey
i=1

It is important to determine when a given homeomorphism of a compact metric
space has the SDP. As previously mentioned, this is the case for Axiom A diffeomor-
phisms of a closed manifold or for expansive, or more generally, for strong measure
expansive homeomorphisms with the shadowing property. On the other hand, there are
homeomorphisms without this property, such as the identity of an infinite metric space
or even the N-expansive homeomorphisms with the shadowing property as discussed
in [5].

In our first result, we provide a measure-theoretical characterization of the SDP for
homeomorphisms: A homeomorphism of a compact metric space has the SDP if and
only if every Borel probability measure does. Recall that a Borel probability measure
is a o -finite measure u of X defined on the Borel o -algebra of X such that u(X) = 1.

Theorem 1.2 A homeomorphism of a compact metric space f : X — X has the
spectral decomposition property if and only if for every Borel probability measure j of
X there are finitely many disjoint chain transitive compact invariant sets C1, ..., C; C
Q(f) such that

1
W) =Y n(C). )

i=1

This theorem suggests the study of those measures p for which there are a finite
collection of chain transitive sets C, ..., C; C Q(f) satisfying (2). Note that we can
assume, without loss of generality, that u(C;) # Oforalli = 1, ..., [. More precisely,
we consider measures as defined in the following.

Definition 1.3 Let f : X — X be a homeomorphism of a compact metric space. We
say that a Borel probability measure p of X has the spectral decomposition property
(abbrev. SDP) if there are finitely many chain transitive sets Cp, ..., C; C Q2(f) such
that

l
W) =Y u(C).
i=1
In such a case, we say that f has the p-spectral decomposition property (abbrev.
u-SDP).

This highlights the significance of measures with the spectral decomposition prop-
erty in the study of homeomorphisms of compact metric spaces. We will present some
pertinent examples in the next section. In the meantime, we will establish sufficient
conditions for a Borel probability measure to possess this property. So, we introduce
some fundamental concepts.

Consider a compact metric space X and a homeomorphism f : X — X. We
say f is expansive if there is 6, called expansivity constant, such that I's(x) = {x}
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for all x € X where I's(x) = {y € X : d(f'(x), fi(y) <8, Vi € Z}. Now,

consider a Borel probability measure p of X. We say that u is shadowable if for every

€ > 0, there exist 6 > 0 and a Borelian set B with u(X \ B) = 0 which is (e, §)-

shadowable. In other words, for every bi-infinite sequence (x;);cz satisfying xo € B

and d(f(x;), xj+1) < &, there is & € X such that d(f(£), x;) < e foralli € Z.
With these definitions we can state our second result.

Theorem 1.4 Every shadowable measure of an expansive homeomorphism of a com-
pact metric space has the spectral decomposition property.

In particular, these theorems can be used to obtain a probabilistic proof of the well
known spectral decomposition theorem below.

Corollary 1.5 Every expansive homeomorphism with the shadowing property of a com-
pact metric space has the spectral decomposition theorem.

Proof Due to the shadowing property, we have that every Borel probability measure is
shadowable. Since the homeomorphism is expansive, every Borel probability measure
has the SDP as proven in Theorem 1.4. Consequently, the homeomorphism also has
the SDP by Theorem 1.2. O

A natural question arising from our results is whether a property of a homeomor-
phism can be extended to the context of flows. In this regard, we can cite the work
of Lee and Nguyen [16], where the SDP was established for invariantly measure
expanding flows with the invariant shadowing property on the chain recurrent set.

2 Examples

In this section, we present some relevant examples related to measures with the spectral
decomposition property. Recall that for every x, y € X and § > 0, we say thatx ~s y
if there are xq, ..., x; such that xo = x, x; = y, and d(f(x;), x;4+1) < 8 for every
0 <i <l-—1. Wesaythatx ~ yif x ~5 y for every § > 0. We define the chain
recurrent set by CR(f) = {x € X : x ~ x}. The relation ~ is an equivalent relation
when restricted to C R(f), and the equivalent classes of this relation are called the
chain recurrent classes of f. It turns out that CR(f) = UieA C; where {C; :i € A}
is the set of chain recurrent classes of f. We also note that every chain recurrent class
is chain transitive. Cleary, Q(f) € CR(f).

The spectral decomposition property for measures is related to the chain recurrent
set, as demonstrated in the following example. For every p € X, denote by 4, the
Dirac measure supported on p € X.

Example 2.1 Let f : X — X be a homeomorphism of a compact metric space. If
p € Q(f)U(X\CR(f)),then §, has the SDP.

Proof First, suppose p € Q(f). Since Q(f) C CR(f), p € CR(f) and so the
chain recurrent class C,, containing p is well defined. We have that C), is a chain
transitive compact invariant set of f. Also §,(2(f)) = 1 = §,(Cp) so §,, has the
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SDP with respect to f (by taking/ = 1 and C; = C, in the corresponding definition).
Second, suppose that p ¢ CR(f). Take any chain recurrent class C intersecting
Q(f), s06,(R(f)) =0 =6,(CNK(S)). Thus, 6, has the SDP with / = 1 and
Ci=CnNny). O

The converse in the above example is false, by the following counterexample.

Example 2.2 There exists a homeomorphism of a compact metric space f : X — X
and a point p € X such that §,, has the SDP, but p ¢ Q(f) U (X \ CR(f)).

Proof Let fi : [0, 1] — [0, 1] be defined by f(x) = x2. By identifying 0 ~ 1, we
obtain a homeomorphism still denoted by f : § — S of the unit circle S. In this
case, Q(f) = {0} and lim,, L f"(x) = O for every x € S, which implies that
CR(f) = S. Take any point p € S\ {0}. It follows that p € CR(f)\Q(f), and thus,
p & Q(f)U X\ CR(f)). Furthermore, §,(2(f)) = 0 = §,({0}) which indicates
that §,, has the SDP with / = 1 and Cy = {0}. This concludes the proof. O

Recall that a Borel probability measure w is invariant under a homeomorphism
f:X = Xif u(f~'(A)) = u(A) for every measurable set A C X. We say that ;1
is ergodic if u(I) = 0 or 1 for every measurable set / C X which is invariant (i.e.

i =n.

Example 2.3 Every ergodic invariant measure of a homeomorphism of a compact met-
ric space has the SDP.

Proof The support of a Borel probability measure is defined as the complement of the
union of those open sets with measure zero. It is well known that the support of every
invariant measure is compact, invariant, and contained in the nonwandering set. If the
measure is additionally ergodic, then the support is also chain transitive. From this,
we derive the assertion. O

It is natural to ask whether the conclusion of Theorem 1.4 holds with general
notions of expansivity. For example, recall that a Borel probability measure u of a
homeomorphism f : X — X is expansive if there is § > 0 (called expansivity
constant) such that

py € X :d(f" ), f"(y) <8, VneZ)h=0, VxeX.

On the other hand, we say that a homeomorphim f : X — X is measure expansive
[7] if every non-atomic invariant measure is expansive with a common expansivity
constant. Every expansive homeomorphism is measure expansive, but the converse is
not true. The following example illustrates that the context of Theorem 1.4 is not valid
with measure expansive homeomorphism instead of expansive ones.

Example 2.4 There exists a shadowable measure of a measure expansive homeomor-
phism of a compact metric space which doesn’t have the spectral decomposition

property.
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Proof Consider an N-expansive homeomorphism with the shadowing property in The-
orem A in [5]. Since N-expansive homeomorphisms are measure expansive, it has the
shadowing property but not has the SDP. Consequently, this exhibits a Borel proba-
bility measure without the SDP by Theorem 1.2. O

This example also shows that there are homeomorphisms of compact metric spaces
exhibiting shadowable expansive measures without the SDP. This observation con-
trasts with the fact that these measures exhibit topological stability [15].

On the other hand, we say that a homeomorphism f : X — X is strong measure
expansive [7] if there is § > 0 such that u(I's(x)) = u{x} for every x € X and
every Borel probabilitty measure p of x. They have proven that every strong measure
expansive homeomorphism with the shadowing property of a compact metric space
has the SDP. This also motivates the following question if the conclusion of Theorem
1.4 true for strong measure expansive homeomorphisms instead of expansive ones.
The question is still open and we leave the answer for other study.

Quetion 2.5 Does every shadowable measure of a strong measure expansive homeo-
morphism on a compact metric space have the spectral decomposition property?

3 Proof of the theorems

Proof of Theorem 1.2 First, suppose that f has the SDP. Take the corresponding invari-
ant chain transitive sets Cp, ..., C; C Q(f) satisfying (1). Then,

! !
QUN\Jci=0 ad (JcrQ() =0
i=1 i=1
SO

l l
w (Q(f)\ U Ci) =0 and p (U cl-\sz<f)) =0,
i=l i=1

for every Borel probability measure 1. But, the latter two identities together are equiv-

alent to l
1@ =p (U cl-)
i=1

and the union is disjoint. So we have

l
W) =Y uw(C.

i=1

Therefore, u has the SDP.

Conversely, suppose that all Borel probability measures p have the SDP, but f has
not. If Q(f) intersects only a finite number of chain recurrent classes Cy, ..., Cy of
f, then we have
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k

Q) =J@ na).
i=1
Then, we are done since each C; N Q(f) is compact invariant chain transitive and
disjoint each other.
So, we can assume that there is an infinite collection of distinct chain recurrent
classes (Cj);en such that Q(f)NC; # P foreveryi € N. Foreveryi € N, we choose

vi € Q(f) N C; and define
21
H = Z iayi'
i=1

It follows from the hypothesis that u has the SDP. So, there are finitely many disjoint
compact invariant chain transitive sets Fi, ... F; C Q(f) such that

!
W) =Y (k).

=1

Then, from the definition of u that ©(2(f)) = 1, so

l
d_onFp=1.
j=1

Then,
I
M U Fj =1.
j=1
Hence )
vie | JFj, VYi=123....
j=1
Therefore, there exists j = 1, ..., [ such that y;, y, € F; for some i # r. Since Fj is

chain transitive, we would have C; = C; a contradiction. This completes the proof.

We split the proof of Theorem 1.4 into the following lemmas. The first one is well
known by [2]. Given a homeomorphism of a compact metric space f : X — X and
x € X we define

Wi(x) ={y e X :d(f"(x), ["(y)) > 0asn — oo}

and
W) ={yeX:d(f"(x), f"(y) - 0asn — oo}.

If additionally € > 0, we define
W2(x)={y e X :d(f"(x), f"(y)) < e foreveryn € N},

@ Springer



318 B. Shin

and
Wix)={yeX:d(f"(x), f"(y)) <€ foreveryn € N}.

Lemma3.1 [2] If f : X — X is an expansive homeomorphism with expansivity
constant € of a compact metric space, then WS (x) C W*(x) and W¥(x) C W"(x)
forevery x € X.

Now, we define a subset to be open relative to a Borel probability measure .

Definition 3.2 Let © be a Borel probability measure of a compact metric space X.
Given R C X we say that A C R is p-open in R if there is O C X open such that

O>A and  p(ONR) = up(A).

We use this definition to obtain a sufficient condition for a Borel probability measure
to have the SDP.

Lemma3.3 Let f : X — X a homeomorphism of a compact metric space and (. be
a Borel probability measure of X. Suppose that the following two conditions hold:

@ n(f) =pn(CR).
(ii) There is a closed subset B of full measure such that C N B is p-open in CR(f)
for every chain recurrent component C of f.

Then, |& has the SDP.

Proof We have Q(f) C CR(f),so Q(f) = UieA(Ci N Q(f)) where {C; : i € A}
is the collection of chain recurrent classes of f. Then,

QHnB=Jcna)ns). 3

ieA

By the p-openess hypothesis (ii), there is a collection of open sets O; fori € A such
that

0;>CNB and w(O;NCR(f)=wn(CiNB), VieA @

Since Q(f) C CR(f),and u(2(f)) = u(CR(f)) by (i), we obtain from the second
identity of (4) that

u(0;i NQ2(f)) = pn(0iNCR(f)) = w(CiNB) =pu(C;NQFHNB), Viel.
On the other hand, the first inclusion in (4), together with (3), implies that {O; : i € A}

is an open covering of Q(f) N B. Since X is compact, so does €2(f) N B. Then, there
is a finite open covering

1
QfHnB=Jwoinau.

i=1
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So

!
W) = u(Qf)NB) <Y 1(0; NQf))

i=1

I l
=Y wCNQHNB) =) wC N,
i=1

i=1

However, as £ (2(f)) = u(CR(f)), we obtain

1 1
S uwcnQ) =u (U(C,- n Q(f))) < W(CR() = m(Q()).

i=1 i=1
This implies

l
w(Q)) =Y w(C N
i=1

Therefore, we are done, as each C; N Q2 (f) is compact invariant chain transitive and
contained in Q(f). O

Let f be a homeomorphism of a metric space X. Recall that a bi-infinite sequence
(xi)iez of X is a §-pseudo-orbit if d(f(x;), xi+1) < 6 for every i € Z. And we say
(xj)iez can be e-shadowed if there is £ € X such that d(fi(é), x;) < e for every
i € Z. We say that a point x € X is a shadowable if for every € > 0, there exists
8 > 0 such that every §-pseudo-orbit (x;);cz With xg = x can be e-shadowed. Denote
by Sh(f) the set of shadowable points.

Lemma 3.4 If i is a shadowable measure of a homeomorphism of a compact metric
space f : X — X, then u(Sh(f)) = 1.

Proof Since u is a shadowable measure, there are § and Borelian B, with w(X \ B,) =
0 such that every §-pseudo-orbit through B, can be %—shadowed for each n € Nt.
Now we put B = (), cn+ By Since

X\ B)=p(X\ (] By

neN+t

=p(|J X\ B

neN+t

< Y w(X\ By =0,

neN+

we have u(B) = 1. Now take x € B and € > 0. Fix N € NT such that % < €.
Define § = 8 and take a §-pseudo-orbit (x)rez through x. As x € B = (), o+ B,
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x € By and so the §-pseudo-orbit (xg)rez intersects with the set By. That is, such
(xk)kez can be %—shadowed. Since % < €, we have that (xg)recz can be e-shadowed
and then x € Sh(f). Therefore B C Sh(f) and so u(Sh(f)) > u(B) = 1. O

Now we state a lemma related to the hypotheses of Lemma 3.3.

Lemma 3.5 If i is a shadowable measure of a homeomorphism of a compact metric
space f: X — X, then u(L(f)) = w(CR(f)).

Proof 1t suffices to show w(CR(f)) < u(2(f)). By Lemma 2.5 in [18] one has
CR(f) N Sh(f) C Q(f). So u(CR(f) N Sh(f)) C w(2(f)). But, Sh(f) has
full measure by Lemma 3.4. Therefore, u(CR(f)) = u(CR(f) N Sh(f)) and then
W(CR(f)) < u(2(f)) as desired. O

One more lemma is as follows.

Lemma 3.6 Let C and C be chain recurrent classes of a homeomorphism of a compact
metric space f : X — X. Ifthere are a € C and a € C such that

Wi(a) N W"(a) # 0 # W"(a) N W'(a), ©)
thenC = C.

Proof We know that the chain recurrent classes are compact invariant sets. For every
x € X, we define the omega-limit and alpha-limit sets by

w(x) = {y € X : I sequence ny — oo such that f"*(x) — y}

and
a(x) = {y € X : 3 sequence n; — oo such that f~"*(x) — y}.

Take b € a(a), d € w(a), b
(S

( )_ a(a) and d € w(a). Since C and C are compact
invariant, b,d € C and b, d

€
C. By (5) we can choose
x € W(a)NW"((a)) and X e W"(a) N W*(@a).

Fix A > 0. By using the negative and positive orbits of x, we can construct A-pseudo-
orbit from b to C. Similarly, using x, we can construct a A-pseudo-orbit from b to C.
Since both ¢ and b belong to C, we obtain a §-pseudo-orbit from C to b. Additionally,
we can construct a A-pseudo-orbit from C to b. By connecting these pseudo-orbits
together, we construct a A-pseudo-orbit from ¢ to b. As A is arbitrary, we have b ~ C
(see p. 120in [2]). Since ¢ € C and b € C, we conclude that C = C, thus proving the
result. O

Proof (Proof of Theorem 1.4) Let 1 be a shadowable measure of an expansive home-
omorphism of a compact metric space f : X — X. Using Lemma 3.5, we have
w(2(f)) = n(CR(f)). Then, to prove the result, it suffices to find B satisfying item
(ii) of Lemma 3.3. We proceed to find such a set as follows.
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According to Lemma 3.1, there is € > 0 such that
Wi(z) C Wi(z) and Wi(z) c W'(z), VzelX. 6)

For this €, we let § > 0 and B be the (¢, §)-shadowable set of full measure, which is
given by the shadowability of u. By [21], we can assume that B is closed.
Now, we prove that this B satisfies the condition (ii) in Lemma 3.3, specifically,
that B N C is p-open in C R( f) for every chain recurrent class C.
Take a chain recurrent class C. Define Us(C) the §-neighborhood of C in CR(f).
We claim that
Us(CNB)CC. @)

Take p € Us(C). Then there is y € C N B such that d(y, p) < 4.
Define the sequence x; by

o, ifi <o,
T i), ifi > o.

It follows that (x;);cz is a §-pseudo-orbit with x9 = y € B. So there is x € X such
that '
d(f'(x), x;) <€, Vi € Z.

Taking i < 0 we getx € W/(y) and withi > 0 we get x € W*(p). So
x € W) NWE(p).
By the choice of € and (6), we get x € W*(y) N W*(p) proving
Wi(y) N W*(p) # 0. ®)

Repeating the argument but with the sequence (x;);cz defined by

_ |, ifi <o,
"o, ifi o0,
we get
W (p) N Wi (y) # 2. 9

Therefore, the point p belongs to C. As p € Us(C N B) is arbitrary, we get (7).
Now, since u(B) = 1, we have

n(Us(C N B)) < u(C) = u(CNB).

This proves that C N B is w-open in C R(f), thus completing the proof. O
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