Monatshefte fiir Mathematik (2024) 204:127-155
https://doi.org/10.1007/s00605-024-01952-4

®

Check for
updates

Exponential sums with the Dirichlet coefficients of
Rankin-Selberg L-functions

Guangshi Li' - Qiang Ma?

Received: 7 April 2023 / Accepted: 27 January 2024 / Published online: 12 March 2024
© The Author(s), under exclusive licence to Springer-Verlag GmbH Austria, part of Springer Nature 2024

Abstract

We describe a new method to obtain upper bounds for exponential sums with multi-
plicative coefficients without the Ramanujan conjecture. We verify these hypothesis
for (with mild restrictions) the Rankin—Selberg L-functions attached to two cuspidal
automorphic representations.
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1 Statement of results

Exponential sums with multiplicative coefficients have attracted a lot of attention
among mathematicians. In 1974, Daboussi [3] first studied a class of multiplicative
functions f € F, where F denotes the set of those multiplicative functions f with
| f(n)| < 1. He proved that if @ — a/q| < 1/g° for some (a,q) = land 3 < ¢ <
(N/log N)'/2, then one has

Y fmena) <

n<N

N
(loglog N)1/2

uniformly for f € F.
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Montgomery and Vaughan [16] supposed that a class of multiplicative function f
satisfies the following two conditions:

|f(p)| <A, forall primes p (1.1)
and

Z |f(n)|2 < A%N, for all natural numbers N, (1.2)
n<N

where A is an arbitrary constant with A > 1. They proved that if |« — a/q| < 1/¢>
for some (a,gq) =1land2 < R < g < N/R, then

N 3
s
L5 (log R)

N
Y fmena) < eV T R

n<N

uniformly for f satisfying the conditions (1.1) and (1.2).

Very recently, Jiang et al. [8] generalized the work of Montgomery and Vaughan
[16]. They study exponential sums involving a multiplicative function f under milder
conditions on the range of f. More precisely, f satisfies the following conditions:

Y IfmP <N, (1.3)
n<N
Y ()P logp < N (1.4)
P=N
and
I fp < N (1.5)
@(h) (logN)?

P=N
p-+h is prime

where £ is any positive integer. For f satisfying the conditions (1.3), (1.4) and (1.5),
they proved that if @ — a/q| < 1/g° for some (a,q) = l and 1 < g < N, then

> fm N N a2 (log (X ”
Jmete) <oy * g TN <°g<?>> '

n<N

Letm > 2be aninteger and 7w be an automorphic irreducible cuspidal representation of
GL,, over Q with unitary central character. Denote by A (n) the Dirichlet coefficients
of automorphic L-function L(s, 7r) attached to . As an application, they used it
together with the analytic theory of automorphic L-functions to prove that for any
automorphic cuspidal representation 7 over GL,,,

X

S () =Y dx(n)e (ne) <x fogx
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Exponential sums with the Dirichlet coefficients of... 129

for any o € R. A striking feature of their result is that it applies to the coefficients of
automorphic L-functions without the Ramanujan conjecture.

Actually, Jiang et al.’s result [8] can not apply to multiplicative function f the size
of the second power-moment of which is more than N. In this paper, we will use a
new method to study the exponential sum involving multiplicative function f under
milder conditions on the size of the second power-moment of f.Let A be an arbitrary
positive constant and M be the class of all multipticative functions f such that

Z |f(m))* <5 xexp ((loglogx)'™?) (1.6)
and
Y log(PIf (P <5 x, (1.7
p=x

where § is a positive constant depending on f. For f € M, the exponential sum
involving multiplicative function f is defined by

S(N.a) := Y f(n)e(na).

n<N

Although by the Cauchy—Schwarz inequality and the Chebyshev theorem, we can
deduce condition (1.7) from condition (1.4), our results will apply to more classes of
L-functions than those in the work of Jiang et al. [8].

Using the theory of smooth numbers, we prove the following result.

Theorem 1.1 Uniformly in o € R, we suppose that

0
a2

RS
<

with 0] < 1,2 <y < q < x/y and (a,q)=1. Then for any multiplicative function
f € M, we have

S(N. o) < x(exp ((loglogx)'+)) exp ( — 1+ 0(1))1(;?;)

148\ 4 14+8)) 2

+ xogx) <exp ((oglog x)'*?) ) 2 N x(exp ((loglog y)'*°))2 log y .
y log x

Remark 1.2 In Theorem 1.1, we establish a weak upper bound of S(N, «), but with a

much milder hypothesis on the size of the second power-moment of f. In particular,

our result will apply to all automorphic L-functions and (with mild restrictions) to

Rankin-Selberg L-functions attached to two automorphic representations.
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130 G. L3, Q. Ma

In order to make clear the application of our result, we will review some more or less
standard facts about L-functions arising from cuspidal automorphic representations
and their Rankin—Selberg convolutions in Sect. 3. Let A(m) be the set of all cuspidal
automorphic representations of GL,, over Q with unitary central character. By the
general theory (see Sect. 3), each pair of 7 € A(m) and 7’ € A(m’) admits a Rankin—
Selberg L-function

00
A /
LSTL’XTL’ Z nxn(n)

n=1

for M(s) > 1. We denote by 7 the contragradient representation of 7= which is also an
irreducible cuspidal automorphic representation with unitary central character. More-
over, we say 7 and 7" are not twist equivalent when there exists no primitive character
x satisfying the property that 7 = 7 ® x. Denote this by = = 7.

In this paper, we are concerned with obtaining upper bounds for exponential sums
with the coefficients of (with mild restrictions) Rankin—Selberg L-functions. More
precisely, we give a notably milder hypothesis on the size of the second power-moment
of Ay w7 (n). That is

Y s ()P Kz x exp((loglog x)' %), (1.8)

n<x

where § is the positive constant depending on 7 and 7’. Under the above hypothesis,
we shall apply the Hardy-Littlewood circle method to obtain the following result.

Theorem 1.3 Suppose w € A(m) and n’ € A(m'). If m = 7" and Ay« (n) satisfies
condition (1.8), then we have

D ks (n)e(ne) K
n<x

X
(log x)!-¢

uniformly in o € R.

Throughout our paper, € denotes an arbitrarily small positive constant the value of
which may shift in different occurrences.

Remark 1.4 More specifically, we apply Theorem 1.1 to obtain an estimate in the sit-
uation where o belongs to so-called minor arcs. In the following proof, we need to
discuss how the coefficients A x(n) satisfy condition (1.7). When « belongs to the
so-called major arcs, we will use a weak subconvexity bound which Soundarajan and
Thorner [20] obtained. Their result applies to all automorphic L-functions and (with
mild restrictions) the Rankin—Selberg L-functions attached to two cuspidal automor-
phic representations. For this question we are concerned about, we can also obtain our
result by using a convexity bound for Rankin—Selberg L-functions. The principal rea-
son why we use the subconvexity bound is to illustrate if we have a better subconvexty
bound, we can obtain a better saving for the result when o belongs to the major arcs.
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Exponential sums with the Dirichlet coefficients of... 131

Remark 1.5 In a number of special situations, condition (1.8) may be dropped, and we
give a few such examples.

e Either 7 or 7’ satisfies the Ramanujan conjecture (see Sect.3). If 7 satisfies the
Ramanujan conjecture, by Lemma 3.1 and the Rankin—Selberg theory, we obtain

Z }”rr’xzf’ ()

n<x

D P < Pz ] Y 1 ()] < max{da (n)

n<x n<x

K xexp ((loglog x)'19).

Especially, let f, g be newforms and ji, j» > 0. Denote by Agymit £ xsymi2 g(n)

the coefficients of the Dirichlet expansion of L (symj I f x sym# g, s). Then by
the same method, we easily have

D Pymit fxsymiz g (DI < maxida 12 (m)}

n=<x

A -~ (n
Z sym/2 g xsym/2 g( )
n<x

Lo,z X exp ((loglog X)),

e 7 and 7/ are both self-contragredient € A(2). It’s known from [12] that

D i ()2 <o x(log ).

n=<x

Thus by Lemma 3.1 and the Cauchy—Schwarz inequality, we obtain that

3 D (M) K x(log )™,

n<x

e 7 and 7/ are both self-contragredient and € A(3). There exists 7; € A(2) such
that

L(s, 7T X7 X7 X7) = L(s, (Ad“m M Adr; B 1)

x (Ad4n1 B Ad 7, B 1))

where Ad*m; ~ Sym4 7' @ w2, and w is the central character of 77;. Since Ad*m;
and Adm are cuspidal automorphic representations, then by the (generalized)
Ikehara’s theorem, see [21, Chapter II.7, Theorem 15], we have

D Phasw (M Kz x(logx)™.

n<x

Thus using Lemma 3.1 and the Cauchy—Schwarz inequality, we obtain that

D s ()] L x(logx)3,

n<x
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132 G.Li, Q. Ma

e 7 and 7’ are self-contragredient automorphic cuspidal representations either on
GL; or on GL3. By the same method as above, we deduce that

Z st (W Lo v x(logx)'.

n<x

Denote by () the Dirichlet coefficients of the inverse of L(s, ) and [ty x5 (1)
the Dirichlet coefficients of the inverse of L(s, = x ’). Another fascinating application
of our results is to obtain the upper bound of

Spty s (X, 00) = Z W xx (n)e(na),

n=<x

which is uniform in «. Jiang and Lii [7] first proved that under Hypothesis H and
Hypothesis S,

loglog x
Sy, (x, ) = Ur()e(na) K x ———.

Very lately, Jiang et al. [9] has proved

X

My (x) = ;u(n))\n (nNe(na) <Kz @’

where 1 denotes the Mobius function. Since in [7], Jiang and Lii found M, (x) and
Sy, (x) are equivalent by some relation, we easily have

X

Y ua(me(na) K ——.
log x

n<x

In this paper, we will use Theorem 1.1 and a standard zero-free region of Rankin—
Selberg L-functions [5, Theorem A.1] to obtain the following result with milder
hypothesis on the size of the second power-moment of (i« (1),

> bt P K or x expl(loglog x)' ). (19)

n<x

Theorem 1.6 Suppose m € A(m) and ©’ € A(m'). Assume that 7 is not self-dual, 7’
is self-dual and condition (1.9) holds, then we have

x
Z Mo sz (M)e(ne) Lz (ogx) ¢

n=<x

uniformly in o € R.
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Exponential sums with the Dirichlet coefficients of... 133

Remark 1.7 According to [10], when m # 2, the density of self-dual cuspidal auto-
morphic representations is indeed zero. When m = 2, self-dual cuspidal automorphic
representations have positive density due to the fact that SO3 = PGL,—the lifts from
this group to GL; provide for the positive proportion of self-dual representations. It’s
well known that L(s, 7 xw) = L (s, T, symz) L (s, T, /\2), where L (s, T, symz) are
the symmetric square L-functions and L (s, 7T, /\2) are the exterior square L-functions.
Thus from [14], the representation 7 is self-dual if and only if the symmetric square
or exterior square L-function has a pole. Furthermore, following from [17], we know
that 7 is a self-dual automorphic representation for GL3 if and only if  is a symmetric
square lift of a GL; automorphic representation.

Define

Mapsni(X) = () h s (We(n@).

n<x
Jiang and Lii established the Mobius randomness principle for the sequence

{Ar (n)e(n*)} in [7]. The Mobius randomness principle asserts that p is asymp-
totically orthogonal to any low-complexity function & : N — C in the sense that

Y umEm =o (Z |s<n>|> ,

n<x n=x

which is advanced by Sarnak [18]. Also, we will find some relation between M, « 5/ (x)
and S, (x) to prove the sequence {A; ' (n)e(na)} and {1 (n)} are orthogonal.

Corollary 1.8 Suppose & € A(m) and &’ € A(m’). Assume that 7 is not self-dual, 7’
is self-dual, condition (1.9) holds and

ot s j(P)] < pY for1 < j < mm’, (1.10)

where y < 1/2 is a positive constant. Then we have

D ) ks (n)e(net) Ko

n=<x

X
(logx)!—¢

uniformly in o € R.

2 Proof of Theorem 1.1
2.1 Contributions from A7 (x).

For a positive integer m, put P (m) for the largest prime factor of m with P(1) = 1.
Let

N@E)={1<n<x:Pn <y}
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134 G.Li, Q. Ma

From the theory of smooth numbers [2], we know that in our range for y versus x,

#N1(x) € xexp(—(1 +o(1))u), where u = iz% (x = 00). 2.1
Yy

By the Cauchy-Schwarz inequality, (1.6) and (2.1), we have

> fmena)
neNi(x)

5( > If(n)|2>%< > 1);

neNi(x) neN(x) (22)

1/2
< x(exp ((log logx)Ha))l/z(exp ( B 00»%)) ‘

2.2 Contributions from A5 (x).

Define P(n) = p. Next let
M(x) = {n e(l,x]: p*|nforp > y/2].

Fixing p, the number of n € [1, x] which are multiples of p? is at most Lx/pﬂ + 1.
Thus,

#NL) < Y (LX/P2J+1)<<x 3 %+n(ﬁ)<<§.

y/2<p=<x!/? y/2<p=<x!/?

Then, by the Cauchy—Schwarz inequality, we have

Y fmema)| < Y | f(me(na)
neN>(x) neNa(x)

172 (2.3)

IA

N DT 1P
neN(x)

x(exp ((log logx)1+3))l/2y_1/2,

IA

as x — OoQ.

2.3 Contributions from N3 (x)

Consider MV3(x) C [1, x]\ (N1 (x) U./\/z(x)). Define P(n) = p. Let
Ni(x) = {n €[l,x]:n=pm, p*tnwherey < p < f}.
y
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Exponential sums with the Dirichlet coefficients of... 135

For each suchn = pm € N3(x), let M(x) be the set of all possible values of 7. Then
by the multiplicative property of f(n), we consider

S\ = Y, fmemay =Y f(p) Y flm)e(pma)

neNs(x) y<p<x/y m=x/p
P(m)<p
= Z f(m) Z f(pe(pma) (3 4)
meM(x) P(m)<p=<x/m
< Y sl

1<j<log %5+1
3
with

Si= Y. fm) Y. f(pe(pma).
2/ ty<m<2ly P(m)<p=x/m

meM(x)

We use the Cauchy—Schwarz inequality and the inequality of arithmetic and geo-
metric means to estimate the sum

1

S; |f(m>|2)2

I /\

20— 1} <m<2/y
meM(x)

1

2

> F(p1) f(p2)e(m(pr — Pz)a)>

2/~ Vy<m<2/y P(m)<p1,p2=x/m

(,.Z
.z
=(,.Z
1>

meM(x)
1
2
If(m)lz)
2 lyem<2iy
meM(x)
1
2
If(p1)|2 ) ‘ ) e<m<p1_p2)a)>.
[p1—p2l<s— mp1<x,mpy<x

PI=3 T2y Pam)<pi,P(m)<pa
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136 G. L3, Q. Ma

Then taking absolute values, S;(x) is bounded by

1

( 3 |f<m)|2)7( S P

3
> (| X omei-m)t| X - pw)))
\I’l*l’z|§ﬁ m§2jy m§2jy
’ m(p1—p2)=<x P(m)=pior P(m)=p>

5( > |f(m>|2)é(xz |f<p1>|2);

j—1 Iy N e —
2/ y<m<2/y 2y pl*Z/’l,\'

meM(x)
1
X 2
( Z Z e(m(p1 — p2)o)| + Z <{ /J—H)) .
[p1—p2l<— m<2/y S<p=<p'=x!/2 pp

—2ly 2y =

m(p1—p2)<x

where p’ = P(m). If x is sufficiently large, there is a reduced fraction a/q such that
lo —a/q| < g~2. Then we use the following estimate from [6, Lemma 13.7] about
exponential sums, for any M, N > 1,

MN
< <M+N+T+q>logq,

2

[n|<N

Z e(amn)

m<M
m=<x(n)

to have

1

2
Sj§< > |f(m)|2>
271 y<m§2-’j7
meM(x)
1

. 1

2\ 2 i X X 227 y2\ 2

: > [f(pD) 2yt o ta)logg + :
X x Yy 9q X

— < <—
2y SP1=37-T;

Wetake y < g < ;—‘ By (2.4), (1.6) and the above inequality, we have

1/2 _
Sna ) < s x(logx)(exp ((loglog x)'+9))!/2y=1/2, (2.5)
2.4 Contributions from N3 (x)

Next let Na(x) = [1, x]\ (M1 (x) UMN2(x) UN3(x)). We know n = P(n)m and
m <y, where n € Ny(x). Let P(n) = p.
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Exponential sums with the Dirichlet coefficients of... 137

By the multiplicative property of f(pm), we have

SNy = D, fme(nay =" fm) > f(ple(mpa). 26)

<X m=< X <X
n=y y S <P<iy

Due to (1.7), we know

X X
log Y U= Y Ifpllogp < .

S <P=m S <P=i
Obviously,
-1
X X
> |f(p)|§—(10g—> : 2.7)
‘ N m ym
ym <P=w

We use the Cauchy—Schwarz inequality and (1.6) to obtain

Y1) < x(exp ((oglog x)'+)) /2. @.8)
n<x
Hence it follows from (2.6), (2.7), partial summation and (2.8) that
1/2
x(exp ((loglog y)!1+? logy
SNy ) K ( ( )) . 2.9)

log x

Combining (2.2), (2.3), (2.5) with (2.9), we deduce

>~ fmena) < x(exp ((loglog x)'*))" " exp ( —(+ o<1>>12§)yc>

”SX
+ x(log x)(exp ((loglogx)““‘s))l/zy’l/2

x(exp ((loglog y)l'*“s))l/2 logy
+ log x '

3 Preliminaries
3.1 Standard L-functions

Let m > 2 be an integer, and let A(m) be the set of all cuspidal automorphic repre-
sentations of GL,, over Q with unitary central character. Fix 7 € A(m). The standard
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138 G. L3, Q. Ma

function L(s, 7) is given by a Dirichlet series and Euler product

00 Ay
L(S,JT):Z nin) :l_[Lp(s’jT)’
n=1 p
m ) —1 0 J
i -2ty $ )
i P P

with both the series and the product converging absolutely for is > 1. The function
L~1(s, ) can be written as

oo

— M (1)
L l(S,T[) ZnXZ;n—A

for fs > 1. Then it can be given by

) 0, p"*1 | n for some prime p,
U ) =
e =D Y1)y cjpem @i (P) @ (p), forall € < m.

Clearly, p,(n) is multiplicative. Taking the logarithmic derivative for L(s, ), we
define, for Ns > 1,

’ oo

Lgmy = 3 22 AD

nS
n=1

where A (n) is the von Mangoldt function defined by

log p, ifn = pk,
A= {108 1=
0, otherwise.

Then for Rs > 1,

[e'9) 00 k

az (n)A(n) ar (p")
log L(s,m) = E W, logL,y(s,m) = E : kp’“ ’
2 k=1

n=

where

ax (1) = Yy
j=1
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Exponential sums with the Dirichlet coefficients of... 139

Let N, denote the conductor of w. At the archimedean place of Q, there exist m
complex Langlands parameters 1 (j) from which we define

(s, 7) =N v/2 —mv/21_[ <S+M7t(])>.

Let 77 denote the contragredient of w € A(m), which is also an irreducible cuspidal
automorphic representation in .4 (m). For each p < 0o, we have

ozt =j=m)={o(p)i1<j=m
and
a(pit=j=m={u(h:1=j=m.
The generalized Ramanujan conjecture and Selberg’s conjecture assert that
lejz(p)|=1 and  [Rpz(DI=0 (1= j=<m).

Due to Kim and Sarnak [11] (2 < m < 4) and Luo, Rudnick and Sarnak [13] (m > 5),
the best known record is

iz (p)| < P, and  — Rux(j) < O
for all primes p and 1 < j < m, where

G =D g= 2 g =) (m > 5) (3.1)
g —_ — = —, = - — m = . .
2 3 YT MT T 2

The analytic conductor of 7 is defined by
m
C(m,t) = Ny l_[ A+ it + uz(HD, C@r) =C(x,0),
j=1
which we need to use in the following proof.
3.2 Rankin-Selberg L-functions

Letn' = ®,7, € A(m') and 7 = ®,7, € A(m). We define the Rankin-Selberg
L-function L (s, Txm’ ) associated to 7 and 7/ to be

>\ Ao (1)
L(s,mxn') HL(snpxn) ann

n=1
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140 G.Li, Q. Ma

for N(s) > 1. For each (finite) prime p, the inverse of the local factor L (s, Tp X n;,)

is defined to be a polynomial in p—* of degree < mm’,

L(srrpxn> ]‘[]‘[( M) (3.2)

j=1j'=1

for suitable complex numbers o« 7 (p). With 6y, asin (3.1), we have the pointwise
bound

1
|0[/J’,n><7r’(p)| = p o < p o (33)

If p ¥ Ny Ny, we have the equality of sets

o jyasn(p) i j<m,j <m'} = {Olj,n(P)Otj’,n’(P) cj<m,j < m/} :
(3.4)

The inverse of L(s, w x 7’) is

-1 , > Mo xqr (1)
L (s,nxn)zz—,

ns
n=1

where
p"”"/+1 | n for some prime p,

Hl’ll\n( 1) ZI<J1< <je<mm’ ¥jr.wxa’ (.. Qg xa’ (), forall £ < mm’.

(3.5)

M xq(n) =

Taking the logarithmic derivative for L(s, 7 x ©’), we define, for fs > 1,

L e A (M)A ()
—Z(s,n xn)_r;T.

Then for Ns > 1,

o
(A
log Ls, ) = 3 I

n=2

> Ar </ (pk)
, logLy(s,m xn')= ZT,
k=1

where

A<’ (pk) = Z Z aj,j/‘nxn’(p)k~ (3.6)

j=1j=1
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Exponential sums with the Dirichlet coefficients of... 141

At the archimedean place of Q, there are mm’ complex Langlands parameters
s (j. j') from which we define

m m .
Lo (SJTXJT mm?l_[l_[F(s"f'/Lnxzn’(]’])).

/

j=1j=1
These parameters satisfy the pointwise bound
R (Mn x7! (]a J/)) > —Op — Opy. (3.7

As with L(s, ), we define the analytic conductor of 7 x 7’ to be

C(m x7',t) = Nyynr l—[l_[ (14 |it + taxer (. )

j=1j'=1
= ssC (n X 71’,0) ,

), C(mx7')

where N, - is the conductor of 7 x 7r”. Bushnell and Henniart [1] proved that N, 5, |
Nnm,N .. It will be essential to be able to decouple the dependencies of C (7r x 7', t)
on 7, 7w/, and t. The combined work of Bushnell and Henniart [1, Theorem 1] and
Brumley [5, Lemma A.2] yields

C(rxnt)<C(mxna)d+ ltH™™, C (rx7n') < O (mtm) c(ym' ¢ (=")".
The first result is due to Jiang et al. [8]. They proved an inequality between the
coefficients of the L-function L(s, ) and those of the Rankin—Selberg L-function

L(s,m X 7).

Lemma3.1 Letw € A(m)and ' € A (m/) Then the inequality

s ()| < Vit (W0 ()
holds for any positive integer n. In particular, for any & € A(m), we have
Ax (WP < d ez (n).

In order to prove Theorem 1.3, we need the weak bound of Rankin—Selberg L-
functions, which is obtained by Soundarajan and Thorner [20].

Lemma3.2 If7r € A(m) and ' € A (m’) are two cuspidal automorphic represen-
tations, then

C (7 x n/)l/4
/))1/(10]71’”31’”/3) :

|L(1/2,7Tx71’) L(3/2,71><71’)|2

(logC (m x 7
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142 G.Li, Q. Ma

Remark 3.3 The above result for the L-values is at the central point 1 /2. In the -aspect,
the results in [20] can apply equally to any point 1/2 + it on the critical line with
trivial modifications. Their work gives the weak subconvexity bound

C(m xn, t)1/4

(log C (r x 7', £))"/(10"7m*m™) "

IL(1/24it, 7 x ') Knpomy |L (3727 x )|

By the condition (1.8) and partial summation, we know L (3 /2, x 7’ ) is bounded
for w and 7/ in Theorem 1.3.

In the proof of Theorem 1.6, we need a standard zero-free region whenever at least
one of the forms is self-dual. This is the following lemma which is proved by Brumley
in [5, Appendix A].

Lemma3.4 Letw € A(m) and n’ € A (m/) Assume that 7’ is self-dual. There is
an effective absolute constant ¢ > 0 such that L (s, 7 xa ) is non-vanishing for all
s = o +it € C satisfying

C
(m +m")*log (C()C (') (|t| + 3)™)

o>1-—

with the possible exception of one real zero whenever 1 is also self-dual.

3.3 twists
Let x be a primitive Dirichlet character with conductor ¢, 7’ = ® pn;, e A (m/ ) and

T =Q,m, € A(m).It’swellknownthatr ® x € A (m). The twisted Rankin—Selberg
L-function is defined by

A /(n) m . m o (P!
Lom g xny =y o LI (1 @osmone )
n=1 p j=1j'=1 p
in which
)"JT®X ' (M) = x (M) Ay xp ().

Moreover, by (3.4), if p 1 ¢, then

o), i royxn(p) 1< j<m 1<) <m'}

={x(P)aj jpaxw(P):1<j<m1=<j <m'}.
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Thus, we have

X M () 1 T T XDy ()
R )

n=1 J=1j=1 ps
m m
=L, 7o x <) [[]1T] (1 _"‘f’i””@—im’(l’))'
plg j=1j'=1 p

Denote Ny gy« the conductor of 7 ® x x 7’. In fact, due to the work of Bushnell
and Henniart [1], the conductor Ny g, x»' has the upper bound

/
mm
Nrgyxn' < Nexz'q .

Using Lemma 3.4 and the same method in [7, Lemma 4.2], we obtain upper bounds
1
for L(s,m®xxn’)"*
Lemma 3.5 For any Dirichlet character y (mod q) and for all s = o + it € C, let c
be the constant in Lemma 3.4, and suppose that

C
2 (m+m)3log (C(r ® x)C)([t] + 3)m)

o>1

Then

Lo.m®xxn) Lo log (C(w @ Y)C ) (1] +3)) . (3-8)

Proof In order to derive the estimate for we need to consider the estimate

m’
for %(s,rr ® x x ').

Firstly, suppose that x is a primitive character modulo ¢g. Then L(s, 7 ® x x 7’)
is an L-function of degree mm’. By Proposition 5.7 in [6], we know that the number
of zeros p = B+ iy suchthat |y — T| < 1,say m(T, 7w ® x x 7’), satisfies

m(T, 7 ® x x ') < log (C(n ® )" CxY"(|IT| + 3)’”””) (3.9)

and for any s in the strip —1/2 < o < 2,

Yore ) > ! :

— S, T X XTT)— — - — E—
L S+Mn®x><n’(], Jj) 4 Ky
[t (.71 <1 ‘

<« log (C(n ® )" C'y"(|t] + 3)'"/'") .
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So by (3.7), we get

1
o—p+i(t=y)l

L/
f(s,ﬂ®xxn’) < Z |
[t—yl|<l

+log (C(n ® )" Cr )™ (1| + 3)’""") .

Due to

Cm,m’ Cm,m'

— , 1—
log (Cr ® )C@)(r[+3)" 7~ 2log(Clx @ \)CG)(It] + 3))

B <1

and (3.9), we have

— (5,7 @ x X 7') Ly pr log (Cw @ x)C()(It] +3)) ( > 1+ 1)
L
li—yl<1 (3.10)

< log? (C(r @ x)C()(|t] +3)).

Then, suppose x * modulo ¢g* with ¢* | ¢ is the primitive character which includes
x (mod g). We deduce the following equality between logarithmic derivatives

/

L e
7 5, Tp ® X* X 7T,

L' L'
—f(s,rr®x xn’):—f(s,n®x* x7')+ 0 ( Z
plg.ptq*

using equality

Ls, 7' xm®x)=L(s,7® x* xx') l_[ L(s,n,,@x*xrrl’,).
plg,ptq*

For the second term on the right hand side, it follows from (3.3) that

L’ |an’xn j '/(p)| plogp
— (s, 7, ® x* /) < -~ «!
L (s Tp @ X XTI, Z Z 1 - |a7r/><ﬂ,j,j/(p)| P

I<j<nl<j'<n’

which holds for any o > 1 — 1/(mm’). Thus, we control the error term by

Z 1 <« log(g + 1).
rlq

Combining with (3.10), we have, for any character x,

/

L
T (5T ® X X 7'y < log? (C(m @ x)C(@) (1] +3)). (3.11)
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: : —1 / _ 1
Next, consider bounding L™ (s, t® x x7’). Lets; = 1+ o Cr e CET3) +
it. To getan estimate for the logarithm of L(s, 7 ® x x ), we integrate the logarithmic

derivative along the horizontal line

logL(s,m® x x ') —log L (s;, 7 ® x x ')
L/
= —(w, 7 ® x x 7)dw
fsl (3.12)
< Is1 = sllog? (C(m ® x)C () (1] +3))
<1,

where the penultimate inequality is due to the estimate (3.11). It’s known from [20,
Lemma 2.2] that

st (W] < Jatmez (Wa,, - (n). (3.13)

Then if 1 < o < 3/2, by (3.13) and estimating trivially, we obtain

© A(n) anxﬁ(”)aﬂrxg/(n)
[logL(s,m @ x x 1')| < Z

n=2

n? logn

< Z A(n)az xz(n) + i A(n)aﬂ’xr;’(n).

e n’ logn e n° logn

Using Shahidi’s non-vanishing result of L(s, 7 x 77) on Hs = 1 (see [19]), we get

> AM)ag i () ~ x. (3.14)

n<x

Then we will use the exponential integral formula [4, 3.35(5)]

00 p—HX
f dx = —Ei(—p) foru > 0
1 X

and the asymptotic representation [4, 8.214(1)] of the function

Ei(x) =

forx < 0.

kk'
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By partial integral and the above two equalities, we have

o0
[log L(s,m ® x x 7')] 52/ dt + O(1)
2

t° logt
00 e(l—o)x

< 2/ dx +0(1)
1 X

< [log(o — D]+ O(1).

Especially, at the point s1, the estimate
log L (s1. 7 ® x x 7')| < loglog (C(w ® x)C(x')(1] +3))

holds. Thus it follows from (3.12) and the above inequality that log L(s, 7’ x 7 ® x)
has the same upper bound. Since

1
1 = —Nlog L(s, ",
OglL(s,n@xxrr/M tlog L(s,m ® x x ')

we get the result (3.8) that we want. O

4 Proof of Theorems 1.3 and 1.6
4.1 The circle method
We shall consider @ € [0, 1). Let 1 < P < Q, PQ = x, P, Q be parameters to be

chosen later. By the Dirichlet approximation theorem, for any « € [0, 1), there exists
a rational number a/¢q such that

, (a,q)=1, 0<a<g=<0. “4.1)

The initial step of the Hardy—Littlewood circle method would be to divide all « into
the major arcs and the minor arcs. For 0 < a < g < P, we first denote the major arcs
by

a 1 a 1
Ma,q)=|-——.—+—|.
@) [61 q0 q qQ}

Write 901 for the union of all the major arcs

im:U U M(a, q).

q=<P 1=za=q
(a,q)=1
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Next, define

= [0, I\,

which is the complement of M in [0, 1).

4.2 Major arcs

Due to (4.1) and partial summation, we obtain that

3 fme <"q—n>’ . 4.2)

Zf(n)e(not) < <1 + _Q) max

n=<x

It follows from the orthogonality of Dirichlet characters that

> fme (an> =h2:e (qu—h> Yo fm

n=<t n=<t

n=h(mod q)
q/d
dh
-r X (“F) X s
d| 4 I<t/d
(h, q/d) 1 I=h(mod q/d)
a/d adh
—Z > Z x(h)e< ) D f@hx
(0(6]/ ) x(mod g /d) I<t/d
(h, /d) 1
1
=Y —— Y. x@t( Y fhx),
d|q ¢(q/d) x(modg/d) I<t/d

where ¢ is the Euler function. As the Gauss sum 7 () has the well-known bound

4 dh 1
=Y. xw(;) < (g/d)?,
hqjd=1

we get

Zf(n)e( )<< Y d1/2X<modq/d> > fEx).

n=t dlg I<x/d
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The multiplicative functions f(d/) need to be factored over [. So let/ = [jl, with
I1 | d* and (I2, d) = 1. Then by (3.3), we have

Y F)x ).

N N
Zf(n)e( ) < q2 Zdi_ﬁ_ 1/2 Z l "o (modq/d)

n<t dlg 111d>® hL=t/(dl)
1151
4.3)
Now it suffices to estimate the sum of type
> Fmxm (44)

n<X

for any x(modr) with0 <r < g and 0 < X < t. We choose a function ¢ supported
on [0, X + Y], such that ¢(z) = 1if ¥ < z < X and ¢ (x) <, Y/ for all
Jj = 0. Here, the parameter Y will be chosen later subject to 1 < Y < X. By partial
integration, the Mellin transform of ¢ satisfies

R X+Y - Y X \/
b(s) =/(; ¢z dz K Xi—o . <W)

forany j > land 1/2 <o =Ns < 2.
By the Cauchy—Schwarz inequality and (1.6), we derive that

2 2
Z MDIRS Z £ ())? Z 1 <y Xiteys

X<n<X+Y X<n<X+Y X<n<X+Y

for 1 <Y < X. Thus we can smooth the sum (4.4) by writing

Y F@xm =Y Fmxm¢m) + 0(XTHY), (4.5)

n<X

Case 1: f(n) = ;7 (n). By Mellin’s inverse transform, we can write
1 " ’
Y ropn ) = s— | $()L(s,m ® x x 7)ds. (4.6)
" 2mi 2)

If x is induced by a primitive character x; (modry), then r; | » and
m m
Lsa@xxa)=L(s.7@xx7)[TTT]] (1 - tronxmji@p™).

Pl j=1j'=1
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Due to the estimate (3.3), for fis = %,

mm’ _m+m’

Nl r 2 mm’
l_[ 1_[ 1_[ (1 _an®x|xn/,j,j/(p)Xl(p)P_s) < (Z)

p|ﬁ j=1j=1

Moving the vertical line of integration in (4.6) to is = 1/2, we obtain by Cauchy’s
theorem and Lemma 3.2 that

Z )"7T®X <z (n)d (n)

n<X

m+m’ _ m4m’

r 2 mm’
(7
ry (Ns)

mam’ _ mim’

r 2 T X/Y X  mw 2+ |t|)mm’/4
S r14 73
TN o t+1 (log r1 (2 + |¢])) /(1077 m*m?)

+/oo Y (X )mZnJrZ % Q-+ |t|)mm’/4 i
. —_— r /
xpy X'y Y Qog (2 + o))/ (07T mm)
m4m’ _ m+m’

mm’ —1
< r 2 ! %n’ X\ 4 . 1 X\ 1077m3n73 X%
/ — r — () .
T\ ! Y &7y

We gather the above results to obtain

P(s)L (S,JT ® X1 X n/)‘ds

m+m’ _ m+m’ , M —1
r 2 mm’ % X 4 r X\ 107m3m73 1
Z)\n®xxn/(n) Lg, 7 r_ ry 7 lo gT X2
n<X 1
1 1
+X27y,
. (erm, _ m+n;l/ ) 2 mm’
Then choose Y2 = (L)' 7 mn'/2bmm’  2@emmh) TR obtainin
ry " g
L+mm’
3 A (1) Ko X
n<X
Inserting this bound into (4.3) yields
m+m’ Ltmm’
Z A s (n)e < ) L 1! 51”'"”1/4_1”*”"”/ e .7
n=<t
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Finally, it follows from (4.2) and (4.7) that

m+m’ L+mm’ te
E )Ln,xn,/(n)e(na) Lgle P 2+mm” T x 24mm’

n<x

4.8)

where « € 9.
Case 2: f(n) = Uy xn(n). Also, from Mellin’s inverse transform, we can write

1 N
D s (M) = 5 — f( L OL o @ 'y,

Define

Q:{S:O’+i[|0’21— 3 ¢ }
2(m~+m')’log (C(w ® x)C(")(|t| + 3)™)

Lemma 3.4 shows that the left edge Z of €2 has no zeros. That is to say, we need not

care about any pole and only estimate the integral over the left edge Z of Q. It follows
from Lemma 3.5 that for any s € Z,

L7, m @ x x ') g log (C(mr @ X)C (") (1] +3)).

Then we obtain by Cauchy’s theorem and Lemma 3.5 that

D treyxa (WP () K / e

=X 9ts)

ds

d(s)L™! (s, m®x1 x ')

X/Y o)
N / log (C(r ® )C(w') (1] + 3)) dt
0 t+1

o0 Y X 21 c Ccr’ 3))d
+fx/ym'<ﬁ> og (Cr ® 0)CG) (Il +3) dr

o () 002 "X
L X707 log C(7T®X)C(7T)(Y+3) ,

C
2amtm'y log(Cr@CE)(F+3m)

X)1+‘S) in (4.5). So we choose £ = exp (—Vlogx) getting

where o(¥) = 1 — . We know X¢ < exp ((loglog

Y 2(m+m’)3
crlog X
> tara ()X (1) < X exp (— L2 , )
=X Jog X +2(m+m')" log (C(r ® x)C (')

og? (Clr @ X)C(x)X) + X2+ 3

1

< (C(r ® )C(1) I X exp (-%./mg X) 4 xztey

Lg,7 r%Xexp (—%\/log X) ,

0=
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where ¢3 depends on 7 and 7’. Inserting this bound into (4.3) yields

an mm’+1 C
Z Mo s (n)e (7) <L q T t exp (—gw/log t) . (4.9)

n=<t

Finally, for & € 901, we plug (4.9) back into (4.2) and then obtain

X mm’—1 C
3t (Men@) K e (P + 5) P™ " x exp (—33,/1ogx) . (4.10)

n<x

4.3 Minor arcs

We appeal to the following recursion (see [15, Eq. (24)])

2
253 (pl)‘ A xi (pk_l)

for any k > 0. Especially, when k = 1, we note that

kdy i (Pk) = Z

=1

Arxi (P) = I (P = laz (p)I* .

By the above equation and (3.14), we have

D haxa(p)logp < x.

n<x

Then the multiplicative function A « /(1) satisfies the second condition (1.7). Due to
(3.6) and (3.5), we deduce that

Mrxx (P) = azxz' (P).

So Eq. (3.14) implies that the multiplicative function w, « /(1) also satisfies the second
condition (1.7). Hence applying Theorem 1.1, for ¢ € m, we get

S s (Me(n0) <n v x(exp ((loglog 1) %)) exp ( — (14 o(1) 28 )

nex log P
+x(logx)(exp ((loglogx)H"s))%P_% 4.11)
x(exp ((loglog P)H"S))% log P
* log x
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and

Sl (@) <o rr x(exp (loglog 1)) exp ( -+ o(l))—jf,)

n<x

+ x(log x)(exp ((loglog x)' %)) 2 P~ (4.12)

x(exp ((loglog P)1+5))7 log P
log x ’

4.4 The choices of parameters

Put P = exp (4(loglog x)!?). Due to (4.8) and (4.10), we deduce that if € 90,

L+mm’
Z s (M)e(n@) Ko e x 7’ T exp (8(log log x)'1?)

n<x

and

c
Z r'sr (n)e(na) Kz v x exp (4(mm’)(loglog x)1+5) exp (—g,/log x) )

n<x

For @ € m, it follows from (4.11) and (4.12) that

X

Z A st (m)e(na) Lz (ogn)i®

n<x

and

X
Z M xr (n)e(na) Kz qt W (4.13)

n<x

By the above results, we complete the proof of Theorems 1.3 and 1.6.

5 Proof of Corollary 1.8

Define the Dirichlet series

D(s) =) Mgz (mn™*

n=1

Moreover, admit an Euler product

D(s)=l_[<1— M) (5.1

s
» p
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which converges absolutely for fis > 1. By (3.2), we have
m m
D (D) =D Y jraxa(p). (5.2)

j=1j=1

It’s known that L(s, m x 7’) converges absolutely for s > 1. Thus the product
L(s, 7 x ’)D(s) is also given by a Dirichlet series, namely we have

L(s,m x 7')D(s) = H(s) = Zh(n)n_s.
n=1

Since L™ (s, m x 1) converges absolutely for fis > 1, we can write

D(s) = L™ (s, w x w')H(s). (5.3)
Then it follows that
n
W s (1) = D (B (5 ) (5:4)
d|n
It follows from (3.5) that
(2 T pmm’)
-1 N Mrxa'(P)  Hrxx (P ) TXT (
L (S’T[XT[)_H 1+ ps + p2S +oet pmm’s
14
(5.5)

Combining (5.1), (5.3), (5.5), (5.2) with (3.5), we obtian

2 2 00
H(s) = l—[ (1 +0 (|Oln><n’,l(P)| +"'2:‘ ianxn’,mm’(p” )) — Z h,(ll;l)

P p n=1

By (1.10), we know that H (s) converges absolutely in o > 1/2 + y. Thus it follows
from (5.4), the absolute inequality and (4.13) that

D M hgr (e (@) = Y h(m) Y prar(d)e (dma) + O(x' )
n<x m<x!—¢ d<x/m

X

T g

uniformly in o € R.
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