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Abstract

In this paper, we first provide a brief overview of Landau-type theorems for log-p-
harmonic mappings. Next, we establish four new versions of Landau-type theorems
for certain bounded p-harmonic mappings F with Jr(0) = 1. Then, as applications
of these results, the corresponding Landau-type theorems for certain log- p-harmonic
mappings f with J7(0) = 1 are provided. In particular, several sharp results of
Landau-type theorems for certain bounded p-harmonic mappings or log- p-harmonic
mappings with J7(0) = 1 are obtained. Finally, we also establish a Landau-type
theorem for a certain bounded log-p-harmonic mappings with J(0) = 1, which
improves the corresponding results of different authors.
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1 Introduction

Suppose that F(z) = u(z) +iv(z) is a 2 p times continuously differentiable complex-
valued function in a domain D € C, where p is a positive integer. Forz = x +iy € D,
we denote the formal derivatives of f by

1 1
F= 5 (Fe = iFy) and Fr = S (Fc = i Fy).

Let A denote the complex Laplacian operator

92 92 92
A=d— =+
9207 9x2 + dy?

Then we say that F is p-harmonic in D if F satisfies the p-harmonic equation
APF = A(AP"HF = 0.

Evidently, when p = 1 (resp. p = 2), F is called harmonic (resp. biharmonic) map-
ping. For k € {1,..., p}, we recall that a mapping F is p-harmonic in a simply
connected domain D C C if and only if F has the following representation:

p
F@) =Y 12P*"VGpi11(2), (1.1)
k=1

where each G ,_j41 is harmonic in D. For details and the special case of p = 2 for
biharmonic mappings, we refer to [1, 9], and [25] where one can find characterizations
of certain p-harmonic functions.

A mapping f is said to be log- p-harmonic if log f is a p-harmonic mapping. Then
it follows from (1.1) that f is log- p-harmonic in a simply connected domain D if and
only if f can be written as

P
2(k—1)
f@=]]E€par1@ " ", (12)
k=1
where g,_+1 are log-harmonic mappings in D for each k € {1, ..., p}. Obviously,

when p = 1, f is log-harmonic; when p = 2, f is the so-called log-biharmonic (cf.
[23, 24]).

By [21], it’s known that a harmonic mapping f is locally univalent in D if and only
if the Jacobian of f satisfies J7(z) = | f; ()% — | f=(z)|* # O forall z € D.

For a continuously differentiable mapping f in D, we may define

Ap= max |f+e 2 fol =1 fi] +|fz] and
b= 0<ngi<nzn \fo+ e 20 el = N1 fel = I f2.

@ Springer



Estimates on Bloch constants for certain log-p-harmonic mappings 177

Then Jp =ApAypif Jy > 0.

Methods of Harmonic mappings have been used to study and solve fluid flow
problems (cf. [4, 15]). For example, in 2012, Aleman and Constantin [4] established
a connection between harmonic mappings and ideal fluid flows. In fact, they have
developed ingenious technique to solve the incompressible two dimensional Euler
equations in terms of univalent harmonic mappings (cf. [15]). However, the investi-
gation of harmonic mappings in the context of geometric function theory is a recent
one (cf. [7, 8, 16, 17, 19, 27] and the references therein).

The classical Landau’s theorem [20] states thatif f is an analytic function on the unit
diskD :={z € C: |z|] < 1} with f(0) = f'(0)—1 =0and|f(z)| < M forallz € D,
then f is univalent in the disk D,, := {z € C : |z| < ro} withro = M — VM2 — 1,
and f(ID,,) contains adisk Dg, with Ry = M rg. This result is sharp, with the extremal
function fy(z) = Mz((1 — Mz)/(M — z)). The Bloch theorem asserts the existence
of a positive constant number b such that if f is an analytic function on the unit disk
D with f/(0) = 1, then f(ID) contains a schlicht disk of radius b, that is, a disk of
radius b which is the univalent image of some region on . The supremum of all such
constants b is called the Bloch constant (cf. [7]). For the sake of convenience, we say
that f € Sy (r, R) if f is an univalent log- p-harmonic mapping in the disk I, and
f(ID,) contains a schlicht disk D(z’, R) := {z € C : |z — Z/| < R}. In particular, we
denote So(r, R) by S(r, R).

The study on Landau-type theorems for harmonic mappings has attracted much
attention. We may refer the interested readers to [7, 8, 10-12, 16, 17, 19, 22, 27—
29] for more discussions on harmonic mappings, and refer to [2, 3, 9, 24, 26, 31,
34] for more results of biharmonic and p-harmonic mappings. Recently, Chen et al.
generalized the results of planar harmonic mappings to several variables (cf. [6, 8]).
In 2011, Li and Wang [23] introduced the log- p-harmonic mappings and derived
two versions of Landau-type theorems. We recall the following result which actually
improves the result of [23].

Theorem A ([30]) Let f(z) = ]_[,le(gp_k+1(z))|z|2(k71) be a log-p-harmonic map-
ping of D, where all g, 1 are log-harmonic on D with g, _11(0) = g,(0) =
Jr(0) = 1, |gp—kt1l < M;ikle fork e {2,...,p}, and |g,| < M}, where
M >1, M; =logM} +m (i =1,..., p)and Ao(M) is defined by

V2
e LS M s Mo,
)

/; (1.3)
M M>M()

ro(M) = {

Then f € S;,(p2, 02), where py is the unique root in (0, 1) of the equation:

o(Mp) 20 —r2)  x—r))

k=1
SroMp Mt — 1 TR

(1=

@ Springer



178 M.-S. Liu et al.

7o = cosh (;—2/5) , 02 = min {sinh (%) , cosh <%> sin <%>} ,

and

p—1

2
P 4p)
05 = ro(Mp)p2 — Ao(Mp) [ (Mp)* — 1 - 2 __ My p3~.
7(l—p) &=

(1=p3)2

Theorem B ([30]) Let f(z) = g(z)'z‘z(pfl) be a log-p-harmonic of D, where p > 1,
g is log-harmonic, g(0) = J,(0) = 1, |g(2)| < M* for some M* > 1, and M =
log M*+m.Then f € S;;(p3, 03), where p3 is the unique root in (0, 1) of the following
equation:

4 _ 2
TP vz DY vz oy P Lt s e Y
(1-r2)2 (1-r2)3

mo(5). = (%) o () (5}

and

2
o)
= 03"V ao(m) <p3 M —1. —3)
(1—p})?

In 2019, Bai and Liu established two new versions of Landau-type theorems as
follows:

Theorem C ([5]) Let f(z) = [/_,(gp—k+1 @)™ be alog-p-harmonic mapping
in D satisfying f(0) = g,(0) = A 7(0) = 1. Suppose that for each k € {1, ..., p}, we
have

(i) gp—k+1(z) is log-harmonic in D, and G ,(z) :=log g,(z);

(ii) 18p—k+1() < My_y 1, and Ag,(2) < Ap for all z € D, where My, > 1,
A > 1.
Then f € S.,(p4, 04), where ps € (0, 1) satisfies the following equation:

—1 p—1
4 =, 8 w Ap—1 7
SR S My — ———— 3 kM, ™ — =0,
n(l—rz),;r pk n(l—r); p=kT A, 1—7r

where M,_i11 = log M;—k+1 4+, k=2,3,...,p,

) 04 = min {smh( ) cosh(—) s1n(—4)} (1.5)

V2 V22

o,
z4 = cosh(—=

V2
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and
A2 p—14M kp2k+1
0f=ps+—L—[ps+In(l — pp] — Yy —L—4 (1.6)
! Ap ,; (1 — pa)

In 2021, Liu and Luo obtained the following sharp forms of [5, Theorem 2.9].

Theorem D ([32]) Suppose that p is a positive integer, A1, Az, ..., Ap_1 =

0, Ap > L Let f(z) = H;le(gp—kJrl(Z))'Z'Z(k_l) be a log-p-harmonic mapping

of D, satisfying f(0) = A¢(0) = 1. Suppose that for each k € {1, ..., p} we have

that

(i) gp—ik+1(2) is log-harmonic in D, gp_x4+1(0) =1, and G p_j11 =108 gp—k+1;

(ii) foreachk € {2, ..., p}, Acpfkﬂ(z) < Ap_ktt, andAGp(z) < Apforallz € D.
Then f € S;(ps, 06), Where pg is the unique root in (0, 1) of the equation

1—-A,r L,
—— @k + DA, =0,
Ap —r P

Ap

_ ’ o ’ I A2 r—1 2k+1
and zg = coshog, og = sinhoy, and oy = Ap,o(, — Zk:l Apkpg +

(A?7 — Ap) In (1 — K—i). Both of the radii, pe and o = sinh o are sharp.

Theorem E ([32]) Suppose that p is a positive integer, p > 2, A1, Ao, ..., Ap_1 2>

0. Let f(z) = [T (8p—k+1 N be a log-p-harmonic mapping in D satisfying

f(0) = Ar(0) = 1. Suppose that for each k € {1, ..., p}, we have that

(i) gp—k+1(2) is log-harmonicinD, gp ;11(0) =1, and G 1 :=1loggp r11;

(ii) foreachk € {2,..., p}, AG, 1, (2) < Ap—k+1, and Ag,(z) < 1 forall z € D.
Then (1) F(z) :=log f(z) = Z,f:l |z|2(k_1)G,,_k+1(z) is a p-harmonic map-

ping inD, and F (z) € S(p7, 04), where o) = p7 — Z,f;ll Ap_k,o%kH,

p—1
L, if Y Qk+ DA,k <1,

p7 = f,fll
Ph if Y 2k DAy > 1,

k=1

and p’ is the unique root in (0, 1) of the equation: 1 — Z,f:_ll Qk+1DAp_yr* = 0.
Both of the radii, p7 and o5£— are sharp, with an extremal function given by
p—1
Fi@)=z—Y Aplzz z€U. (1.7)

k=1

(2) f € S;;(p7, 07), where z7 = cosh o, o7 = sinh o). Both of the radii, p7 and
07, are sharp.
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Remark F The number og = sinh 06’ is the accurate value of the Bloch constant of
the subclass of log- p-harmonic mappings in the unit disk D satisfying the hypotheses
of Theorem D, and o7 = sinh o7 is the accurate value of the Bloch constant of the
subclass of log- p-harmonic mappings in the unit disk D satisfying the hypotheses of
Theorem E.

It is natural to raise the following problems.

Problem 1: If the condition Ar(0) = 1 is replaced by Jr(0) = 1 in Theorems D
or E, can we obtain the sharp versions of Landau-type theorems for such bounded and
normalized log- p-harmonic mappings?

Problem 2: Can we improve the radii in Theorem A?

The paper is organized as follows. In Sect. 2, we recall several lemmas, and
prove five new lemmas which play crucial role in the proofs of our Theorems, where
Lemma 2.6 is sharp. In Sect. 3, we establish four new versions of Landau-type the-
orems for certain bounded p-harmonic mappings with J#(0) = 1. In Sect. 4, using
these estimates, we present four versions of Landau-type theorems for log- p-harmonic
mappings (see Theorems 4.1, 4.3, 4.4 and 4.5), which are the analogues versions of
Theorems D, C and B respectively. We also establish a sharp version of Landau-type
theorem for a certain log- p-harmonic mappings (see Theorems 4.2), which gives a part
of answer to Problem 1. Finally, we improve Theorem A by establishing Theorem 4.6,
which gives an affirmative answer to Problem 2.

2 Preliminaries

In order to establish our main results, we need the following key lemmas.

Lemma 2.1 ([14]) Suppose that f(z) is a harmonic mapping of the unit disk D such
that | f(z)| < M for all D. Then

Ar(z) < zeD.
T

M
(1—1z1%’
The inequality is sharp.

Lemma 2.2 ([18]) Suppose that f(z) is a harmonic mapping of the unit disk D with
f(0)=0and f(D) C D. Then

4 4
[ f (@) < ;arctan|z| < ;|z| for z € D.

Lemma 2.3 ([13]) Suppose A > 1. Let f(z) be a harmonic mapping of the unit disk
D with J7(0) = 1 and Ay(z) < A forall z € D. Then:

(1) forallz1,z20 €D, (0 <r < 1,21 # 22), we have

i Ar(0) — Ar
| f@dz+ f@dz) > AT

| f(z2) — fzD)]| = - A —xp(O)r

lz1 — z2|.
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(2) Sety = f~Yow') withw' € f(OD,)(0 < r < 1) and ow’ denotes the closed
line segment joining the origin and w’, then

" 3 (0) — At
A —As(0)

f Je (©)dE + fg(;)df‘ > A/O
14

Lemma 2.4 Suppose f(z) is a harmonic mapping of the unit disk D. If Jy(0) = 1 and
Ar(z) < A(A > 1) forall z € D, then

(i) forallz1,z220 € D, (0 < r < 1, z1 # 22), we have

Al — A%r)

FG) = @)l =z —5—

|21 — z2l.

(ii) forw € 3fM,) (0 < r < 1), y = f~'(ow) and ow denotes the closed line
segment joining the origin and w, we have

/ fe()d§ + fg(é)dg‘ > A4+ (A= A)In(l — %).
14

Proof For any 71, zp € D, with z1 # zp, by Lemma 2.3, we have

Ap(0) — Ar
A — A (0)r

&)d ()d_‘>A rw
/yfsé £+ f(6)dE| > /OA_M(O)I

[f(z1) = f(z) = A

Since J¢(0) = A r(0)A £(0) = 1, it follows that

1 1

As Af\’_‘;: is an increasing function of x, we obtain that

Al — A%r)

FG@) = @)z =5

|z1 — z2l,
andforw € 3 f(D,)(0 <r < 1) and y = f~ ' (ow),

" xr(0) — At 1 — A%
Ld;z /—d[
0

()] A?—1t

/ fe(€)d + fg(é)dg‘ > A /0
Y
= A3r + (A% = M)in(1 — é).
O
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182 M.-S. Liu et al.

Lemma 2.5 ([13]) Suppose that f(z) = h(z) + g(z) is a harmonic mapping in D with
h(z) =302 an?", 8(2) = Y02 bpz" and f(0) = J(0) = 1 = 0. Then | f(2)| < 1
forallz € Difand only if A¢(z) < 1 forall z € D.

Moreover, if Ay(z) < Aforallz € D, then A > 1, |aj| + |bi| < A, and

41

1
,n=23,..., —<Arp0)<1. 2.1)

lan| + by < A3 A

When A =1, then f(z) = aiz with |aj| = 1, and A 7(0) = 1.
Now we establish several sharp coefficient inequalities for harmonic mappings with
bounded dilation and Jy(0) = 1, which has independent interest.

Lemma 2.6 Suppose that f(z) = h(z) + g(z) is a harmonic mapping in D with
h(z) =Y 02 anz", 8(z) = > pe 1 bu", f(0) = J£(0) — 1 = 0and As(0) < A for
some A > 1. Then we have the following sharp inequalities:

1
X.
2.2)

1 1 1 1
<X(a _>, b <_<A__>, bi| < A and A7 (0) >
il < 5(A+ ). Il <5(A=5). larl+1bil < A and 27(0)

Proof By the assumption, the proofs of the inequalities for |a; | and |b | follow trivially
by solving x + y < A and x2 —y? =1, wherex = |a;| and y = |by|. The sharpness
follow from the affine mapping

folz) = az + bz —1<A+1>b—1<A 1)
0lg) = az 2, a—2 A —2 .
O

Remark 2.1 Itis natural to raise an open problem: under the assumptions of Lemma 2.6,
and A (z) < A forall z € D, what is the sharp upper bound of |a,| + |b,| for each
n>2?

Lemma 2.7 ([26]) Suppose that f(z) = h(z) + g(z) is a harmonic mapping in D such
that | f(z)| < M forall z € D with h(z) = Y oo oanz" and g(z) = Y vy bpz". If
Jr(0) =1, then A r(0) = Ao(M), where Lo(M) is defined by (1.3).

Lemma 2.8 Suppose that F(z) = |z|*G () is p-harmonic in D, where k > 0 is an
integer, and G (z) is harmonic in D with G(0) = 0.

(1) If Ag(2) < A forall z € D. Then for z1, z2 € D, (0 < r < 1), we have
|F(z1) — F(22)| < |21 — 2212k + 1) Ar?-. (2.3)

(2) If |G(2)| < M forall z € D. Then for z1, z2 € D, (0 < r < 1), we have

4 8k %k
|F(z1) — F(z2)| < |21 — 22| m+; Mr=". 2.4)
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Proof The case k = 0 is trivial. For k > 1, we choose two distinct points z1, z2 € D,
andletI' = {(zo0 — z1)t + z1 : t € [0, 1]}. Elementary calculations show that

F(z1) — F(a)l < /F 2¥11G- @) lldz] + 1G=()ldzl]
+/Fk|G<z)|[|z"zk‘1||dz| + 2R dz)
< /F Ag(2))z*|dz| + /r 2%IG@)[* dz],  (2.5)
and

|G(2)| < ‘/ G dz + Gzdz
[0,z]

< / Ag(2)ldz|. (2.6)
[0,z]
(1) Since Ag(z) < A for all z € D, by (2.5) and (2.6), we have

(1) = F(22)] </AG(z>|z|2’<|dz|+/2kA|z|-|z|2k—1|dz|
I r

< lz1 — 222k + DAr,

This implies that the inequality (2.3) holds.
(2) Since |G(z)| < M for all z € D, by Lemmas 2.1, 2.2, (2.5) and (2.6), we have
that

4M|z| _
|F(z1) — F(z2)| </AG<z>|z|2’<|dz|+/2k'Tomz" Ndz|
r I

<| | 4 + 8k M r3k
< lz1 — —+ — | M.
AT n(l—r?) =«

This implies the inequalities (2.4) hold. The proof of Lemma 2.8 is complete.
O

Lemma 2.9 ([34]) Suppose that f(z) = h(z) + g(2) is a harmonic mapping in D
with h(z) = > 2 ganz" and g(z) = > p2 by If | f(2)| < M forall z € D and
[J£(0)] =1, then

1

00 2
(Z(w + |bn|>2) <VMH =1 245(0).

n=2
Lemma 2.10 Suppose 0 <t < 1, then min{sinhz, cosht - sint} = sinhr.

Proof Set g(t) = cosht-sint—sinht,then g(0) = 0, and a direct computation yields
g'(t) =sinht -sint + cosht (cost — 1), g'(0) =0,
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184 M.-S. Liu et al.

and
g’ (t) =sinht - (2cost — 1) > sinht- (2cos1 —1) >0, e [0,]1].

We conclude that g’(¢) is an increasing function of ¢ in [0, 1] and therefore, g’(r) >
g'(0) = 0fort € [0, 1], which shows that g(r) is an increasing function of 7 in [0, 1].
Hence we obtain that g(t) > g(0) = 0 for ¢ € [0, 1], which completes the proof. O

By means of Lemma 2.10, using arguments similar to those in the proof of [32,
Lemma 2.4], we may prove the following lemma, and so we omit the details.

Lemma 2.11 Suppose that p is a positive integer, 0 <t < 1 and 0 < p < 1. Let
f(z) be a log-p-harmonic mapping in D with f(0) = J¢(0) = 1. Suppose that f(z)
is univalent in D, and F(D,) D Iy, where F(z) = log f(z). Then the range f(ID,)
contains a schlicht disk D(w1, r1) = {w € Cllw — wy| < r1}, where

wi = cosht, ry =sinht. 2.7

Moreover, if p is the biggest univalent radius of f(z) and t is the biggest radius of the
schlicht disk of F(z), then the radius r1 = sinht is sharp.

Remark 2.2 In Sect. 4, we mainly focus on Landau-type theorems for log- p-harmonic
mappings when p > 2. As for the case of p = 1, we may recall [33, Theorem 3.2] as
follows:

Suppose F = HG is a logharmonic mapping in D. If F(0) = Jr(0) = 1
and My < |F(z)] < M,, where M| and M, are positive constants, M* =
max{— log M1, log M>} 4+ 7 and

_ 2

min ————
re(0,) r(1 —r?)

~ 4.20.

Then F is univalent in the disk Dg, and F(IDg,) contains a schlicht disk D(zo, ro),
where

3

= W’ 20 = COSh(TIO/\/E)» no =

T

&o S

&o,
and
ro = min { sinh(no/«/z), cosh(no/\/i) sin(no/ﬁ)}.

It is worth mentioning that the radius r( in this theorem is not sharp, while Lemma 2.11
provides a new way to obtain the accurate value of the Bloch constant for log-p-
harmonic mappings.
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Lemma 2.12 ([30]) Let p be a positive integer. Thenforanyz) # z2inD. (0 <r < 1),
we have

1 2p—1 2p—1
- 1 2117777 4+ |22l
ltz1 4+ (1 — 0)z2)*PVdr > :
/0 2p—1 [z1] + |22

3 Landau-type theorems of certain bounded p-harmonic mappings

We establish four new versions of Landau-type theorems for bounded p-harmonic

mappings.

Theorem 3.1 Let F(z) = Z,le |z|2(k71)Gp_k+1(z) be a p-harmonic mapping in D

with F(0) = Jp(0) — 1 = 0. Suppose that for each k € {2,...,p}, Ap_ky1 2 0,

Ap > 1land

(i) foreachk € {1, ..., p}, Gp_x41(2) is harmonic in D and G,_x+1(0) = 0;

(ii) foreachk € {2, ..., p}, AGp—k-H(Z) < Apkt1 andAGp(z) < Apforallz € D.
Then F(z) € S(r1, R1), where ry is the unique root in (0, 1) of the equation

Ap(l=A2r) 22

Vet Z(Zk + DA =0, (3.1)
p k=1
and
r pi]
1
Ri=AJri+ (A — Ap)n(l — ) > Apartth (3.2)
P k=1

Proof We first observe that
Jr(0) = [F-(0)* = [Fz(0)* = [(G »): (0)]* = (G )=z(0)* = Jg,(0) = 1.

Next, to prove that F is univalent in D, , we choose two distinct points z1, z2 €
D,(0<r <ry),andletl’ = {z1 +1 (z2 —z1) : t € [0, 1]}. By Lemmas 2.4 and
2.8(1), we find that

p—1
F(z1) = F@)| > [Gplan) = Gpe)| = Y |Gpor@nlar = G stz
k=1

Ap(1—A2r) 22
> | = Y @k + DA™ |21 — zal.
[ A%,—r k_]( + DAy ™ |lz1 — 22|

Moreover, an easy calculation shows that the function
-1
Ap(1—=AZr) %

-7 = k4 DA,
P k=1

wu(r) =
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186 M.-S. Liu et al.

Table 1 For the case p = 2. The values of r{, Ry are in Theorem 3.1

(A1, Ap) (1,1.1) (1.2, 1) (1.5,2.1) (3,4) 4,5)
1 0.420000 0.394382 0.166761 0.055546 0.036755
Ry 0.254210 0.238504 0.043843 0.007210 0.003769

is continuous and strictly decreasing on [0, 1], and

p—1
©n(0) = i >0, u() ==Y Qk+ DA, <O.
Ap k=0

Then it follows from the intermediate value theorem that the equation w(r) = 0 has a
unique root rq in (0, 1). Hence

Ap(1—A2r) 22
|F(z1) — F(z2)| = <IJA2—_Fp - Z(Zk + I)Ap—erk)|Zl — 22|
p k=1

> |z1 — z2lp(r) =0,

which shows that F(z) is univalent in D, .
Finally, for any z € 0ID,,, by Lemmas 2.4, 2.8 and (2.6), we have

p—1 p—1
[F(2) = FO) = |G + Y Gpi@Iz*| 2 |Gp)| = Y 1G,x()lIzl*
k=1 k=1

v

A?,r1+(Af,—A,,)1n(1— —) - ZA,, it = Ry
P

This completes the proof of Theorem 3.1. O

Using Computer Algebra System, we list some numerical solutions in Table 1 to
Egs. (3.1)-(3.2).

Remark 3.1 Note that for harmonic mapping G , (z) of D with G ,(0) = Jg » O)—-1=
0,and Ag,(z) < 1or|G,(z)| < 1 forall z € D, it follows from Lemma 2.5 that
Gp(z) = ajz with |a;| = 1 and rG, (0) = 1, then by Theorem E(1), we have the
following theorem.

Theorem 3.2 Let F(z) = Z,’::l |z|2(k71)Gp_k+1(z) be a p-harmonic mapping in D
with F(0) = Jp(0) — 1 = 0. Suppose that for each k € {2, ..., p}, Ap_x41 = 0 and

(i) foreachk € {1,..., p}, Gp_x41(2) is harmonic in D and G ,_x4+1(0) = 0;
(ii) foreachk € {2, ..., p}, A(;prl(z) < Ap_k+1,andAGP(z) <lor|Gp(z)| <1
forall 7z € D.
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Then F(z) € S(r2, R2), where

p—1
Loif 2 Qk+ DApg <1,
r = | (3.3)
rh, isz1(2k+ DAp— > 1,

and ré is the unique root in (0, 1) of the equation

p—1
1= "@k+ DA, =0, (3.4)
k=1

and Ry =r) — Zk | Dp—k rzk+1 Moreover, both of radii, ry and R are sharp,
with an extremal function given by (1.7).

Theorem 3.3 Let F(z) = Z,le |z|2(k_1)Gp,k+1 (z) be a p-harmonic mapping in D
with F(0) = Jp(0) — 1 = 0. Suppose that for each k € {2, ..., p}, Mp_y1 2 0,
Ap > 1and

(i) foreachk € {1, ..., p}, Gp_x41(2) is harmonic in D and G ,_x4+1(0) = 0;

(ii) for each k € {2,...,p}, |Gp—i41(2)| < Mp_i41 and Ag,(z) < Ap for all
z € D.
Then F(z) € S(r3, R3), where r3 is the unique root in (0, 1) of the equation

(1 A2r> = | 8k
Ay ( ) My =0, (3.5)

p P w(l —r2 T

and
r i aM
3 —k
Ry =Ar3+ (A — Ap)In(l — =) > T”rgk“. (3.6)
p k=1

Proof We first prove that F(z) is univalent in D,. In fact, for any two distinct points
721,22 €D, (0 <7 <r3),letl’ ={z1+1 (zo0 —z1) : t €0, 1]}. Then we have

p—1
|F(z1) = F(z2)] > |G p(z1) = Gplza)| = D \prk(zom 1* = G pi(z2)]za*
k=1

Note that JF(0) = 1 implies Jg,(0) = 1, and thus, by using Lemma 2.4(i), we
obtain

Ap(l —Af,r)

Gp(z1) = Gplz)l 2 — lz1 — z2l.
2 -
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Table 2 For the case p = 2. The values of r3, R3 are in Theorem 3.3

(Mq, Ap) (1,1.1) (1.2, 1) (1.5,2.1) (3.4) 4,5)
r3 0.379287 0.365639 0.157884 0.054096 0.036029
R3 0.233366 0.218269 0.042042 0.007074 0.003724

Consequently, by the hypotheses of Theorem 3.3 and Lemma 2.8(2), we have
Ap(1—A2r) 224 4 8k
F _F > (£ P T WM.k _
[F(z1) (z2)| = < Af, — E (n(l =7 + n) p—kT >|Zl 22|

> 0,

which shows that F(z) is univalent in D, .
Next, we denote any z € 3D, by r3¢’”. By Lemmas 2.2 and 2.4(ii), we have

p—1 p—1
[F(2) = FO)l = F@)| = [Gp() + ) Gpir@Iz*| 2 (G| = Y 1G k@Il
k=1 k=1
3 5 3 = AMpk i1
> A3+ (A = ApIn(l = —5) = 37 = = Ry,
p k=1
This completes the proof. O

Using Computer Algebra System, we list some numerical solutions in Table 2 to
Eqgs. (3.5)-(3.6).

By means of Remark 3.1, using the same method as in our proof of Theorem 3.3,
we have the following theorem.

Theorem 3.4 Ler F(z) = Z,le Izlz(k_l)Gp_k+1(z) be a p-harmonic mapping of D
satisfying F'(0) = Jp(0)—1 = 0. Suppose that foreachk € {2, ..., p}, Mp_j4+1 = 0,
and
(i) foreachk € {1,..., p}, Gp_x41(2) is harmonic in D and G _x4+1(0) =0;
(ii) foreachk € {2, ..., p}, |Gp—k+1(2)| < Mp—+1,and Ag,(2) < 1or|Gp(z)| <
1 for all z € D.
Then F(z) € S(r4, R4), where rgy =1 for Mp_j+1 =0k =2,---, p) and ri,
otherwise. Here r) is the unique root in (0, 1) of the equation

p—1
1_Z<n(1—r2) +?>M”_kr =0 G-
k=1
p—1
AMp—k it
Ry=r4— k; — (3.8)

When M1 =0(k =2,---, p), Ry =r4 =1, which is sharp.
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4 Landau-type theorems for log-p-harmonic mappings

By means of Theorem 3.1 and Lemma 2.11, we may establish the following Landau-
type theorem of log- p-harmonic mappings, which is the analogues version of Theorem
D.

Theorem 4.1 Suppose that p is a positive mteger p 2, A1, Ao, oo, Ap 1 20

and Ap > 1. Let f(z) = Hk=1(gp—k+] (Z))IZI Y bea log- p-harmonic mapping of
D with J(0) = 1. Assume that for each k € {1, ..., p}, we have

(i) gr(z)is log-harmonic inDand gr(0) = 1, and Gy (z) :=log gk (2);

(ii) foreachk € {1, ... — 1}, A, (z) < Ay and Ag, () < Ay forall z € D.
Then f(z) € Swl(rl R \), where ry is the unique root in (0,1) of Eq. (3.1), Ry is
defined by (3.2), w; = cosh Ry and R} = sinh R.

Proof Since Gi(z) = log gi(z) foreach k € {1, ---, p}, we obtain that

P
Fz)=log f(2) =Y 12** VG 411(2)

k=1
is p-harmonic in . A direct computation yields
- 2 (N2 — 2 2 M2y
Jr0) =200 = 1O =1fOF(FO) = [FO)) = Jr ).
Thus the condition g, (0) = J¢(0) = 1leadsto G,(0) = Jp(0)—1=J;(0)—1 =

0.
Therefore, for 71 # z2 in D, (0 < r < ry), by Theorem 3.1, we have

llog f(z1) —log f(z2)| = |F(z1) — F(z2)]

Ap(1 =A%) 224
2 |z1 —Z2|(p—_rp - Z(Zk + l)Ap_kr2k> > 0.

A2
p k=1

This implies that f is univalent in I, .
For any z € 0D,,, it also follows from Theorem 3.1 that

llog f()| = IF ()] > Ajri+ (A} — Ap)In (1 — ZAP e =Ry

Hence, by Lemma 2.11, we get that the range f(ID,) contains a schlicht disk
D(wi, R)) = {w € Cllw — wi| < R}}, where w; = cosh R, R| = sinhR;.
This completes the proof. O

Remark 4.1 Note that for harmonic mapping G ,(z) of D with G,(0) = Jg p(O) —
1 = 0, and AGp (z) < Ap forall z € D, it follows from Lemma 2.5 that A, >
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1. Theorem 4.1 provides a version of the Landau-type theorem of certain log-p-
harmonic mappings with J;(0) = 1 for the cases A1, ..., Ap—1 =2 0and A, > 1.
IfAy, ..., Ap_1 2 0,and A, = 1, then we will prove the following precise form of
the Landau-type theorem of certain log- p-harmonic mappings by using Lemma 2.5
and Theorem E(2).

Theorem 4.2 Suppose that p is a positive integer, p > 2, Ay, Ao, ..., Ap1 20
Let f(z) = ]_[,le (8p—k+1 (Z))‘le(kfl) be a log- p-harmonic mapping of D satisfying
f(0) = J7(0) = L. Suppose that for each k € {1, ..., p}, we have that

(i) gp—k+1(2) is log-harmonic inD, gy ;+1(0) =1, and G 1 :=1og gpr+1;
(ii) foreachk € {2, ..., p}, AG,,_k+1(Z) < Ap—i+1, andAGP(z) <lor|Gp() <1
forall z € D.
Then f(z) € Su,(r2, Ré), where ry is defined by (3.3), Ry is defined by (3.4) and

wy = cosh Ry, R}, =sinh Ry, 4.1

Both of the radii, ry and R/2 = sinh Ry, are sharp.

Proof Since f(0) = J(0) = 1, itis easy to verify that JG,0) =Jr(0) =1

Since G,(0) = 0, and Ag,(z) < Lor |Gp(z)| < 1forall z € D, it follows from
Lemma 2.5 that Ag,(0) = 1. Hence A¢(0) = Ag,(0) = 1, and the conclusion of
Theorem 4.2 follows from Theorem E(2). |

By means of Theorem 3.3 and Lemma 2.11, we may establish the following Landau-
type theorem of log- p-harmonic mappings, which is the analogues version of Theorem
C.

Theorem 4.3 Suppose that p is a positive integer, p > 2, M}, M5, ..., M;_l > 1
and Ap > 1. Let f(z) = [To_,(8p—k+1 )" be a log-p-harmonic mapping of
D such that Jr(0) = 1. Suppose that for each k € {1, ..., p}, we have

(i) gp—i+1(2) is log-harmonic in D and g,,—x+1(0) =1, G,(z) =log g,(2);

(ii) foreachk € {2, ..., p}, |gp—k+1(2)] < M;—k+1 and A, (z) < Apforallz € D.
Then f(2) € Suy(r3, Ry), where M; =logM} + 7 (i =1,...,p—1), and r3
is the unique root in (0, 1) of Eq.(3.5), R3 is defined by (3.6), w3 = cosh Rz and
R/, = sinh R;.

Proof Since G (z) = log gr(z) foreach k € {1, ..., p}, we obtain that

p
F@) =log f(2) = ) 1zP* VG )1 @)

k=1

is p-harmonic in . Also, it is easy to see that
Tr(0) = | £z0))* = | fz0)]* = | fO)*(|Fz(0)]> — [F=(0)[*) = J£(0).
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Thus the condition g,(0) = J¢(0) = 1 leads to G,(0) = Jr(0) — 1 = 0. For
ke{l,...,p—1},wehaveargg, y4+1 € (—m, ] and

|G p—tt1l = |]0ggp—k—l| = |]0g|gp—k—l| +iarggpi—1l < |10g|gp—k—1|| + .

This implies that |G 41| < logM;_kJrl +ri=Mp_jy1,ke{l,...,p—1}.
Therefore, for 71 # z2 in D, (0 < r < r3), by Theorem 3.3, we have

g £(z1) ~log f(e2)| = 1FG) = Fleo)l =| [ £tz + P

Ap(1— A2y 22 4 8k
2| — Zzl(pip — Z (7 + f)M,,_erk) > 0.

2 _ _ 2
A[, r = w(l —r?) T

This implies that f is univalent in D,.
For any z € 0D, it also follows from Theorem 3.3 that

p—1
= 3 5 3 AMp—k opqr _
llog f ()| = [F ()] = Aprs + (A}, = Ap)in(l — A—%) - k}_l: — =R

Hence, by Lemma 2.11, we get that the range f(ID,,) contains a schlicht disk
D(ws, R3) = {w € C||lw — w3| < R3}, where

w3 = cosh R3, R} = sinh Rj3.

This completes the proof of Theorem 4.3. O

By means of Theorem 3.4 and Lemma 2.11, using the same method as in our proof
of Theorem 4.3, we have the following theorem.

Theorem 4.4 Suppose that p is a positive integer, p > 2, M{, M5, ..., M > 1.

3
p—1
Let f(z) = H,le (8p—k+1 (z))lzlm_]) be a log- p-harmonic mapping of D such that
J(0) = 1. Suppose that for each k € {1, ..., p}, we have

(i) gp—k+1(2) islog-harmonic in D and g,_11(0) = 1, G (z) = log g,(2);

(ii) foreachk € {2, ..., p}, 1gp—k+1(2)| < M;fkﬂ’ and Ag,(z) < 1or|G,(2)] <
1 forall z € D.
Then f(z) € Sw,(rs, Ré’t), where M; = log Ml.* +rm@@=1,....,p—1),andry
is the unique root in (0, 1) of Eq. (3.7), Ry is defined by (3.8), wa = cosh R4 and
R}, = sinh Ry.
Next, we establish the following result, which is the analogues version of Theorem
B.

Theorem 4.5 Suppose that f(z) = g(z)‘zlﬂpﬂ) is a log-p-harmonic of D, where p >
1, g is log-harmonic and g(0) = Jg(0) = 1. Let G(z) = log g(2), and Ag < A.
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Then f(z) € S;5(rs, RS), where rs = 1 for A = 1 and ri, otherwise, and r§ is the
unique root in (0, 1) of the equation
1 +2A4— [ln(l —r) +1] A*—1 r
A A3 r A3 1-—r
zs = cosh (Rs), RS = sinh (Rs) and

a1 [T A*=17In(1l —rs)
Rs = 13" {X+ A3 [ rs +1]'

=0, 4.2)

When A = 1, the radii rs = 1 and Rg = sinh 1 are sharp.
Proof Let
F(z) :=1log f(2) = |2*P P log g(2) = 127"V G(2).

Then F is p-harmonic in D, G(z) = log g(z) is harmonic in ID, and it has the series
expansion:

o0 o0
G) =) and"+ ) b7
n=1 n=1

Note that
2(0) = J4(0) = |g:(0)* — 1gz(0)]* = [g(O)*(1G.(0)* — |Gz(0)*) = J5(0) = 1.

So,when A > 1,forz; #22inD. (0 <7 < rg), we adopt the same method as in [9].
By Lemmas 2.5 and 2.11, we have

[log f(z1) — log f(z2)| = |F(z1) — F(z2)l
1
2 |z1 —zzl(/ ltz1 + (1 —t)zzlz(”_l)dt)
0

o0 o0
x[llar] = loall =23l + 16" = 3 nllanl + [balyr~"|
n=2 n=2

1
> |21 — 22 ( / ltz1 + (1 — r)zz|2<P—”dt)
0
o] A4— o0
Ag(0) —2
X( 6 (0) Z nA3 Z A3
n=2 n=2
1
> |21 - Zzl(/ 121+ (1 = 2P~ Var)
0

1+2A4—1[1n(1—r)+1] A*—1 r
X §— —
A A3 r A3 1—r
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Table 3 For the case p = 2. The values of rs, Rg are in Theorem 4.5

A 11 15 2 25 3
rs 0.605505 0224286 0.119898 0.076818 0.053722
R} 5.8812¢72 2.8795¢4 9.3588¢ 6 8.0610¢~" 1.1222¢77

1
> |z —Zzl(/ ltz1 + (1 —t)z2|2(1’*‘>dr)
0

1 +2A4—1[1n(1—rg)+1] A =1 1
X J— — —_— =
A A3 rs A3 1—rf

This implies f is univalent in Drg.
When A = 1, it follows from Lemmas 2.5 that G(z) = ajz with |a;| = 1. Thus,
F(2) = ay|z|*P~Vz, and for z; # z5 in D, by Lemma 2.12, we have that

[log f(z1) —log f(z2)| = |F(z1) — F(z2)| =

/7 F.(2)dz + Fx(2)dZ|
7122
-| / plzP~Vdz + (p — DIPP 22|
[z1,22]
1
> |z1 —Zzl(/ ltz1 + (1 —t)z2|2(1’*1>dt) > 0.
0

This implies f is univalent in D, and the radius r5 = 1 is sharp.
Finally, for any z € 0ID,,, by Lemma 2.5, we obtain

9]
llog f@)] = [F@] > 27" (la1z+ 517 = | (@2 +BaZ"1)

n=2

(1 A*—1rln(1 -
>r52p1{x+ - [n(r r5)+1]}:R5.
5

Thus it follows from Lemma 2.11 that f(ID,;) contains a schlicht disk D(zs, Rg),
where Table 3

z5 = cosh (Rs) and R§ = sinh (Rs) .

In particular, when A = 1, it follows from Lemma 2.11 and the sharpness
of s = 1 that the radius R; = sinh1 is sharp. This completes the proof of
Theorem 4.5. O

Finally, we establish the following result, which improves Theorem A.

Theorem 4.6 Let f(z) = [[1_,(gp—k+1 NP be a log- p-harmonic mapping of
D such that J(0) = 1. Suppose that for each k € {1, ..., p}, we have that
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(i) gk(2) is log-harmonic in D, g (0) = 1, and G¢(z) := log gk (2);
(ii) |gk(2)| < M for all z € D, where M > 1 and My := log M} + .
Then f(z) € Sy (rs, Ré), where r¢ is the unique root in (0, 1) of the equation

L 4 8k
)\' M _ - _ M _ 2k
o(Mp) ,;(n(l—rz) + 7{) p—kT
=32+ 4
—2o(Mp), /My — 1+ ————— =0, 4.3)
(1=
26 = cosh (Rg), Rg = sinh (Rs), (4.4)

and

2 p—l
r 4
Rg = )Lo(Mp)rﬁ — )\()(Mp) M; —-1- ﬁ — ; ZMpfkrgk—H.
—Ts k=1
(4.5)

Proof For all k € {1, ..., p}, assume G, = log g have the following series expan-
sions:

o0 o0
Gr(@) =) a2+ Y burZ".
n=1 n=1

Then F(z) = log f(z) = >4_, 1z21** VG 411 (2) is p-harmonic in D. By the proof
of Theorem 4.1, we can prove that G ,(0) = Jp(0) — 1 = J#(0) — 1 = 0, and for any
ke{l,..., p}, we have

|G p—i+1| < |loglgp—k—1ll + 7.

This implies |G p—i+1] < log M;—k+1 +rm=Mp_jy1forkefl,..., p}
Now, we prove that f is univalent in ID,,. To this end, for any z; # z> in D, (0 <
r <re),let

p—1 p—1
I =Gy = Gplen)| and 1o = |37 Gpsenla = Y Gpilen)lea|.
k=1 k=1

By Lemmas 2.2, 2.9 and 2.8(2), simple calculation yields

2| @0zt G0
21,22

—/ (I(Gp)z(Z) —(Gp):(0)]ldz] + (G p)z(z) — (Gp)z(O)I|d3|>
[z1.22]
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o0
> / G, O)ldz| — 21 — 221 Y n(lan,pl + [ba,pr" !
[z1,22] n=2

1
ad 2
> I —Zzl(kcp@)— (Z<Ian,p|+|bn,p|>2> (an 20 1>> )
n=2
_ 2
2 |z1 _ZZMGP(O)( \/m r~vr 3r >

2)2
2 ra/r# —3r2—|—4
>|Zl_12|)\.0(Mp) 1— Mp—lﬁ .
— r2)2

.
<Y |Gpk@la P = Gpre)lzal|
k=1

p—1

4 8k 2%k

< |z1 — 22| Z <m + ;)Mp_kr .
k=1

Thus, we have

llog f(z1) —log f(z2)| = [F(z1) = F(z22)| 2 I1 — I

P 4 8k
> |z1 — 22| Mo (M) — <—+—>M_r2k
|z1 2|[ 0(M)p) ]; Ai—r) 7w p—kTG

—o(Mp) /M4 — 1

rﬁ,/r6 3r6 + 4:|

(1-12)3

This implies that f is univalent in D).
For any z € 0D, again by Lemmas 2.2 and 2.9, we obtain

oo p—1
llog £ = [F@)| = | Y @np2" +BapZ + Y 2*Gps(2)|
k=1

n=1

o0
= |al,pZ + El,pa - ‘ Z(an,pzn + Zn,pzn) 2ka—k(Z)‘
n=2
o0 1 o ) 4r6
2 2
> 26,76 — (Y anpl + bu,p)?) " (Z ) Z My
n=2 n=2
r62 4r6
> 16, (0) (m — i1 —) Z M2t
(I —rg
> ho(Mp)re — ho(Mp) /M4 —1. — 6 = ZMp kgt = R

(1 -
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Table 4 For the case p = 2. The values of rg, Rg are in Theorem 4.6 and the values of py, oo are in
Theorem A

(My, M2) 1.2, (1.5, 1) (2. 1.5) (3.25) 4,3.5)

P2 0.050352 0.050324 0.039588 0.030300 0.025854
6 0.050366 0.050339 0.039593 0.030302 0.025855
07 0.071575 0.071548 0.063423 0.055462 0.051221
Re 0.101337 0.101301 0.089767 0.078480 0.072472

Also, this together with Lemma 2.11 imply that f(ID,;) contains a schlicht disk
D(z6, Ry), where

z6 = cosh Rg and Ry, = sinh Rg.

This completes the proof of Theorem 4.6. O

Remark 4.2 Note that for r = rg, we have

p—1 p—1
(L + %>Mp—kr2k < Z ( ! + Sk )Mp_krzk and
= 7(l—r2) =& — a(l—r2) 7wl —r)
-1 p—1
4% 4
2N My < 1 My 21,
T3 m(l—=r) k=1

It is easy to verify that r¢ > pp and Rg > 02, where p;, 07 are given in Theorem A.

Using Computer Algebra System, we list some numerical solutions to Egs. (4.3)—
(4.4). By Table 4, we know that the results of Theorem 4.6 are better than that of
Theorem A.
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