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Abstract

Andrews, Hirschhorn, and Sellers studied the partition function ped(n) which enu-
merates the number of partitions of n with even parts distinct, and obtained a number
of interesting congruences. This paper aims to introduce a partition statistic to inves-
tigate the partition function ped(n). We give combinatorial interpretations for some
properties of ped(n) including the infinite families of congruences given by Andrews
et al.
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1 Introduction

A partition A of a positive integer n is a finite non-increasing sequence of positive
integers A = (A1, ..., A7) such that |A] = ZLI Ai = n. The Ferrers graph of a
partition A is a set of coordinates in the bottom right quadrant of the plane where the
i-th row contains A; dots. We denote by A’ the conjugate of A, which is the partition
whose graph is obtained by reflecting the Ferrers graph of A about the main diagonal.
For example, we give A = (4,4, 2,2, 1) and its conjugate partition A" = (5, 4, 2, 2)
in Fig. 1.

Let p(n) denote the ordinary partition function. The partition statistic crank defined
by Andrews and Garvan [2, 6] can be used to provide combinatorial interpretations
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Fig.1 Ferrers graph of partitions A = (4,4,2,2, 1) and A’ = (5,4,2,2)

for Ramanujan’s famous congruences

pGn+4)=0 (mod 5),
p(In+5)=0 (mod 7),
p(1ln+6)=0 (mod 11). (L.1)

The crank of a partition A # (1) is defined as follows:

A, if ni(d) =0,

c(r) = {M()\) —n1(A), if ni(x) >0,

where n1()) denotes the number of parts equal to one in A and @(X) denotes the
number of parts in A larger than n1(X). Let M (m, n) enumerate partitions of n with
crank m. It should be pointed out that when A = (1),

M@©O,1)=—1, M(—1,1)=M(1,1)=1.

Andrews and Garvan [2, 6] established the generating function of M (m, n) as given
by

2 - - (45 @)oo
M(m, = . 1.2
2D Memm = (12

n=0m=—00
Here and throughout this paper, (a; ¢)o stands for the g-shifted factorial
oo
@ @)oo = [ [(1 —ag"™", lgl <1,
n=1
and for any positive integer k,
fe =" 4o
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A partition statistic for partitions... 1107

Let M(m, t, n) denote the number of partitions of n with crank congruent to m
modulo 7. In 1990, Garvan [7] presented a graceful refinement of the congruence (1.1)

M(@m,2,5n+4)=0 (modS5), m=0,1,
together with the combinatorial interpretation

M(m,?2,5n +4)
M(m + 2k, 10,5n+4)=f, 0<k<4,m=0,1.

Let ped(n) be the function that enumerates partitions of n with even parts distinct.
Obviously,

(=47 4% oo
Zped(n)q @D

The sequence ped(n), s is well known and can be seen in [11, A001935], as well
as other combinatorial interpretations. In 2010, Andrews, Hirschhorn, and Sellers [3]
proved the following congruences.

Theorem 1.1 Foroa,n > 0,

ped <32“+2n + 4 '320;1 — 1) =0 (mod?2),
ped (32“+2n A 320;1 — 1) =0 (mod?2).
Theorem 1.2 Forn > 0,
ped(On +4) =0 (mod 4), (1.3)
pedOn+7) =0 (mod 12). (1.4)

In 2017, Merca [9] provided a simple criterion for deciding the parity of ped(n).

Theorem 1.3 The number of partitions of n with distinct even parts is odd if and only
if n is a triangular number.

In this paper, we aim at introducing a partition statistic which we call ped-crank to
study the partition function ped(n). Let M .4 (m, n) denote the number of partitions
of n with even parts distinct with ped-crank m, and let

M pea(m, t,n) = Z M pea(k, n). (1.5)

k=m (mod t)

The main results of this paper are summarized below.
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1108 R.X.J.Hao

Theorem 1.4 Foroa,n > 0,

1- 320‘+1 1 11- 320”rl 1

32¢x+2

Mpea <0, 6, 320+2y, + = Mpeq | 3

ped <1 6 320{-’1‘2

19 320‘+1 1 19-3%+ —1 32a+1 1

Mped 3 6 320t+2

)
)

— Mp y (2 6 32(x+2 11- 320[+l 1)
= e ,

M pea (0, 6,3% " n +

19 - 320l+1 )

19 32(X+1
Mpeq (1, 6,32+ 2 —) :

8 ped <2 6 320[+2

Any of the following three corollaries deduced from Theorem 1.4 provides a com-
binatorial interpretation or a refinement of Theorem 1.1. When o = 0, combining
Corollary 1.5 and Corollary 1.6 refines (1.3). Meanwhile, Corollary 1.7 combinatori-
ally interprets (1.3).

Corollary 1.5 Form =0, 1,2 and a,n > 0,

— 32041 _
M ( 6,3%0t2, 4 11 .32+ 1) Mpea (m, 3,3%t2, 4 %)
ped | M, O, n

8 2 ’
19 . 32a+1 -1 Mped <m, 3, 320‘+2n + %)
M peq (m 6,3%0+2, 4 g ) = 5 .

Corollary 1.6 Fora,n >0,

)

2042 11.32+1_q
d(3 12, 32042, 4 11'32‘”1_1) MpEd(O’3’3a+n+ 8 )
pe

8 4
2042 19-32¢+1_
a(3,12,3% %20 4 193+ — 1y _ Mped (0,3,3 o2y 4 T)
Mpe < : |

Corollary 1.7 Fora,n > 0,

11.320{_’_1 1 - ped (32a+2n+%>
8 B 4 ’

19 . 32a+1 -1 _ ped (32“+2n -+ %)

8 B 4 '

ped (1 4 320{+2

ped (1 4 32a+2

Theorem 1.8 If n cannot be written as a sum of a triangular number and a square of
even integer, we have

Mped (07 45 l’l) = Mped (27 45 n)
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A partition statistic for partitions... 1109

Moreover, M eq(0, n) is odd if and only if n is a triangular number.

Theorem 1.9 Form =0,1,2,3,4,5andn > 0,

M gd(m, 69 g’n—‘- ;) —%’
e 3 ped On+7
M[? d( ,12,9n+7)—#. (1 )

It is worth mentioning that Theorem 1.8 not only combinatorially interprets but
also refines Theorem 1.3, and (1.6) provides a combinatorial interpretation for (1.4).

2 Definition of the ped-crank

In this section, we shall define the ped-crank of partitions with even parts distinct
based on Glaisher’s bijection and a modified version ¢ of the Wright map established
by Seo and Yee [10].

We first give a quick overview of Glaisher’s bijection and the Frobenius symbol.
Let D,, denote the set of distinct partitions, and let O, denote the set of odd partitions
of n respectively. Glaisher’s bijection ¢: O,, — D,, is defined as follows. Let A =
(1"™3m3 ) € O, be an odd partition. For every odd i, let ¢(A) contain part i - 2",
if and only if the integer m; written in binary has 1 at the r-th position. In the other
direction, let Y: D, — O, be defined by an iterative procedure. Start with . =
(X1, X2, ...) € D,. Substitute every even part A; with two parts A; /2. Repeat until the
resulting partition has no even parts.

The Frobenius symbol of 7 is a two-rowed array [1, 14]

al az DY ae
F = ,
(/31 B2 - /34)
wherea; >ap > ...>ap>0,81 > B >...> B¢ >0andn = |a| + |B| + £. If
we express an ordinary partition by Ferrers graph, it is easy to see that ;; form rows to
the right of the diagonal and 8; form columns below the diagonal. Thus the Frobenius

symbol is another representation of an ordinary partition. For instance, the Frobenius
symbol for (8,7, 4,3, 1) is

7 5 1

4 2 1)°

Giving a real number ¢, we define cA as the partition whose parts are ¢ times each
part of A. For example, let & = (4, 2, 2). We have 4\ = (16, 8, 8) and %A =2, 1,1).
Suppose © and v are two partitions. Let ;U v denote the partition consisting of all the
parts of  and v. The definition of ped-crank is given based on the following theorem.

Theorem 2.1 For integer ki > —1, ko > 1, there is a bijection A between the set of
partitions of n with even parts distinct and the set of vector partitions (o, B, y) with
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l| + 18] + |y | equal to n. Here o is an even partition, B is a partition of the form

(4ky +

1,...,9,5, 1) or (4ko — 1,...,11,7,3) and y is a distinct even partition.

Proof The bijection A can be decomposed into six weight preserving steps.

Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Case 1.

Case 2.

Step 6.

A — (w, y): Start with a partition A of n with even parts distinct. Split A into
a pair of partitions (w, y) according to the parts odd or even. It is clear that w
is an odd partition and y is a distinct even partition.

(w,y) — (&, y): By Glaisher’s bijection, let ¢ (w) = &. One can see that £ is
a distinct partition.

(£,y) — (u', u?, 7, y): Divide & into a triple of partitions (u', u2, m)
according to the remainder of the parts mod 4. Here p!' (112) consist of all
the parts congruent to 1(3) mod 4 and 7 consists of all the even parts of &.
(w', w2, 1, y) — (uhwu? o y): Letc = 21#(%71) by applying Glaisher’s
bijection. Since %n is a distinct partition, we can say that ¢ is a partition with
all parts congruent to 2 mod 4.

(' 12 ¢, y) = (1, B. ¢, y): Write ! and pu? as

p' = (@dar + 1, 4a + 1, ... dagim + 1),
W = (4by +3,4by + 3, ..., 4bs + 3),

where a; > ar» > -+ > ag4; > 0and by > by > -+ > by > 0.

m > 0. Using the bijection ¢ established by Seo and Yee [10], a Frobenius
symbol

_ [ Y4m  A24m - Astm
H=1\p, by - by
and a partitionv = (a1 —m + 1,ap —m + 2, ..., a,) can be constructed.
Leto(n', u?) = (n, B), where n = 4(nUv)and B = 4(m — 1)+ 1, 4(m —

2)+1,...,5 1.
m < 0. Correspondingly, a Frobenius symbol

w= blfm bem bs
aj ar s s4m
and a partitionv = (b1 +m + 1,00 +m+2, ..., b_,,) can be constructed.

Let o(u', u?) = (, B), where n = 4(uUv) and B = (4(-m — 1) +
3,4(-m—2)+3,...,7,3).

n,B,¢,v) — («, B, y): Ultimately, let « = n U ¢ and define A(A) =
(a, B, ).

Furthermore, one sees that the above construction can be reversed. This completes
the proof. O

Ane

xample of the bijection A is given below.
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A partition statistic for partitions... mnm

Example 2.2

A =(30,25,18,13,11,9,6,5,5,5,5,3,3,3,3,3,3,3, 1,1, 1)

Estep 1.
(0,y) = ((25,13,11,9,5,5,5,5,3,3,3,3,3,3,3,1, 1, 1), (30, 18, 6))
Tstep 2.
¢, v) =((25,20,13,12,11,9,6,3,2, 1), (30, 18, 6))
Tstep 3.
(' 1P y) = ((25,13,9, 1),(11, 3), (20, 12,6, 2), (30, 18, 6))
Estep 4.
(' 1t oy) = ((25,13,9, 1), (11, 3), (10, 10, 6, 6, 6, 2), (30, 18, 6))
LEstep 5.
(. B.¢.v) =((20,12,12,8,4), (5, 1), (10, 10, 6, 6, 6, 2), (30, 18, 6))
LEstep 6.

(@ B,7) = ((20,12,12,10,10,8, 6,6, 6,4,2), (5, 1), (30, 18,6))

Now we are ready to give the definition of the ped-crank of a partition with even
parts distinct under the bijection A.

Definition 2.3 Let A be a partition with even parts distinct and A(A) = («, 8, ). The
ped-crank of A, denoted by c¢q(1), is defined as the crank of %oz.

3 Generating function of Mpeq(m, n)

This section focuses on the generating function of M .q(m, n).
According to the bijection A, the generating function of 8 can be derived by using
Jacobi’s triple product identity.

o0 —1
Y g D 4 3 GO = (g1 4o (=07 4o (g 4o
n=0 n=-—00
Moreover, it is trivial that the generating function of y is
(4% %) oo

Since the ped-crank only relies on the even partition o, by (1.2), the generating
function of M .4 (m, n) can be given as

@ Springer



1112 R.X.J.Hao

oo 0

Z Z Mped(mvn)zmqn

n=0m=—-00

_ 4% 4" .4 3. 4 4, 4 2. 2y .
- (Zqz. qz) (z_lqz‘ qz) : (_qa q )OO(_q 5 q )oo(q ' q )00 : (_q 5 q )OO
’ o0 k] o0
(@% 4P oo (q* 9%

T 202 )07 Do (@5 4D
(3.1

By considering the transformation that interchanges z and z~! in (3.1), we have
Mpea(m,n) = Mpeq(—m, n).
Thus, for any positive integer ?,
Mpeq(m,t,n) = Mpeq(—m, t, n).
In other words,

M[Jed(mﬂtvn)=Mp€d(t_mvtvn)- (32)

4 Preliminaries

In this section we present some results that will be used in Section 5.

Lemma 4.1

SN
(—q; Q)oo—flf4~

Proof Replacing g by —¢ in (¢; ¢) oo, We have

(=4 —Doo = (=45 1) o0(q%; D)o
(4 D% 4P
(4% M)
(@ Doo(—q: Doo(q?: gD,
(4 Doo(—4% 4P 0425 4P oo
e
(45 Do 4Moo
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A partition statistic for partitions... 113

Lemma 4.2 ([4, Entry 22, p. 36])

$(q) = qu =

n=—00 fl f4.

5

Replacing g by —q in the above equation, we get

o0 )
—g) =2 (-D)"g" —1=:L.
#(—q) n=0( )'q I3

Lemma 4.3 ([4, p. 49])

v (q) :iq(w{') = 5 f6_f92+ Iy

qg—=.
o i ffis fo
Theorem 4.4 ([5, Lemma 2.2])

L _ ¢
o(—=q)  o*(—¢?)

(14200 +44%%@).

1 :w<f)< L] +q0
V(@) Y@ \?(@®)  Tol@d) '
where

fifd

0@ = L1

Lemma4.5 ([13, Lemma 2.5])

i Lfh B
T fifs

Lemma 4.6 ([8, p.5])

f6f4 2f3f13
- —2g
T ey

Lemma4.7 ([3, Theorem 3.1])

fifa=

fa fiafis 1213 f6 2 f6/18/36
=3, T4 +2q )
h 13 f36 f3 f18 f3

The following two theorems are crucial for establishing combinatorial interpreta-
tions.
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1114 R.X.J.Hao

Theorem 4.8 For any fixed n, if

Mped(07 21 n) = Mped(1721 n)a (4'1)
Mped(oa 3,n) = Mped(lvsa n, 4.2)
Mped(oa 65 l’l) + Mped(la 65 l’l) = Mped(za 65 }’l) + Mped(3a 65 n)v (43)
then
d d
Mopeq(m, 6,n) = 25 () W =0.1.2.3.4.5. and Mopea(3.12, 1) = pelz(”).
Proof By (3.2), we have
Mped (07 27 n) = M[?ed(ov 67 I’l) + 2M[1€d(2a 67 n)? (44)
Mp(:‘d(1727 n) =2Mp(3d(1765 n)+Mp(3d(3765 n)v (45)
Mped(01 37 n) = Mped(os 69 n) + Mpea'(?’y 6» n)s (4'6)
Mpea(1,3,n) = Mpeq(1,6,n) + Mpea(2, 6, n). 4.7

Substituting (4.4)—(4.7) into (4.1)—(4.2), we have

Mped (0,6, 1) — 2M poi (1,6, 1) +2M ped (2, 6, 1) — Mpoa(3,6,n) =0,  (4.8)
Mpea(0,6,n) — Mpeq(1,6,n)—Mpeq(2,6,n) + Mpeqa(3,6,n) =0. 4.9

Solving system of linear homogeneous equations (4.3), (4.8) and (4.9), we get

ped(n)
6

Mpeq(m,6,n) = ., m=0,1,2,3,4,5.

Moreover,
Mpea (3, 6,n) = Mpea(3,12,n) + Mpea(9, 12, n) = 2Mpea(3,12,n),  (4.10)
which implies

Mpeqa(3,6,n) _ ped(n)

Mped(3, 127 n) = 2 - 12

This completes the proof. O
The following theorem can be checked similarly.

Theorem 4.9 For any fixed n, if

Mped(ov 2,n) = Mped(la 2, n),
Mpea(0,6,n) + Mpea(1,6,n) = Mpea(2,6,n) + Mpeqa(3, 6, n),

@ Springer



A partition statistic for partitions... 1115

then
Mped(ov 6,n) = Mped(3, 6, n),
Mpea(1,6,n) = Mpeq(2,6,n).

5 Proofs of main results

In this section, we give proofs of our main results. Hereafter we always assume «, n > 0
unless specified otherwise.

Proof of Theorem 1.4. Setting z = ¢™' = —1in (3.1), we get

00 00 00 4
DY Mpealm, m)(=1)"q" =Y (Mpea(0,2,n) = Mpea(1,2, 1)) q" = S
n=0 fl f4

5.1

n=0m=—00

Let g(g) be a polynomial of ¢, observing that the coefficient of ¢” in g(g) is zero
implies the coefficient of ¢” in g(—gq) is zero and vice versa. Hence we consider the
following equation. By Lemma 4.1, replacing ¢ by —¢ in (5.1), we have

o8]

D (Mpea(0,2,n) = Mpea(1,2,m)) (—=9)" = fi fa. (5.2)
n=0

According to Lemma 4.6, we find that

oo

4
(Mped(o’ 2,n) — Mpea(1, 2, n)) (=q)" = fﬁ_fgz —qfof18 —2q

2f3f148
fofs
(5.3)

Extracting those terms associated with powers ¢>"! on both sides of (5.3), then
dividing by ¢ and replacing g3 by ¢, we arrive at

o0
D (Mpea(0.2,3n 4 1) = Mpea(1,2,3n + 1) (=D g" = — f3 5. (5.4)
n=0

3n+1 3n+2

Since the coefficients of g and g in (5.4) are both zero, we can conclude that
the coefficients of ¢”"** and ¢®"*7 in (5.2) are both zero. This yields

M ped(0, 2,90 +4) = Mpea(1,2, 9 + 4), (5.5)
Mpea(0,2,9n +7) = Mpea(1,2,92 + 7). (5.6)
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1116 R.X.J.Hao

3n

Extracting the terms involving ¢ in (5.4) and substituting ¢3 by ¢ gives

D (Mpea(0.2,9n 4 1) = Mpea(1,2,9n + 1)) (=1 g" = —fi fo. (5.7
n=0

Since 9n has the same parity as n, (5.7) becomes

o0

Z (Mped(o, 2,9n+1) — Mped(l, 2,91 + 1)) (_Q)n = f1f2- (5.8)

From (5.2), (5.8) and mathematical induction, it follows that

o ) 320(_1 ’ 320(_1
Z Mpea 0,2,3%n + 3 — Mpea 1,2,3an+T =" = fifa.

n=0
(5.9)

Comparing (5.9) with (5.2), the following equations can be proved by similar argu-
ments for (5.5)—(5.6), and hence the proof is omitted.

1132+l _q 11.320+1 _
(0253 L) (1 g )

8 8
(5.10)
19 . 32a+1 -1 19 . 32a+1 -1
Mped <0, 2, 32"‘+2n + T) = Mped <1, 2, 32a+2l’l + T) .
(5.11)
Substituting z = ¢ into (3.1), by (3.2) and ¥ + ¢35 = —(¢3 +eT) =

—e™ = 1, we see that

mui
ped(mv6s n)e 3 q

Mg i Mw

i Smi
(Mpea (0, 6,m)n+ (3 +e3 )Mpea(1,6,m)n

n=0

2mi 4mi Ti n
T e T Mpea2,6,1) + €™ Mpeg(3,6,m)) g"n

= Z (Mped(O, 6,n) + Mpeq(1,6,n)n —Mpeq(2,6,n) — Mpeq (3, 6, n)) q"n

f2 f4 1—[ 1
fi 1_q2n +q4n

n=0
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A partition statistic for partitions... 117

_f22f41°—°[ L+g™
Ay et

_f22f42 f6

iR 2

By Lemma 4.3, we have

(Mped(O, 6,n) + Mped(l’ 6,n) — Mped(za 6,n) — Mped(3a 6, n)) q"
n=0
f6f92 f]zg f12f]23 2f326 f6
= — —_= | —. 5.12
<f3f18 +q fo )\ fef36 i fis ] fi2 612

3n+1

Extracting the terms involving g in (5.12), then dividing by ¢ and replacing ¢>

by g, we find that

o0
3 (Mpea(0,6,3n + 1) + Mpea(1,6,3n + 1) — Mpeq(2,6,3n + 1)
n=0
w_ 1o
_Mped(3, 6,3n + 1))q = m (5.13)
Obviously, the coefficients of ¢3"*! and ¢3"*2 in (5.13) are both zero, which gives

Mpeq(0,6,9n +4) + Mpea(1,6,9n +4) = Mpeq(2,6,9n +4) + Mpoa(3,6,9n + 4), (5.14)
Mped(0,6,9n +7) + Mpeq(1,6,9n +7) =Mpeq(2,6,9n +7) + Mpea(3,6,9n 4+ 7). (5.15)

Considering the terms involving ¢*" in (5.13), after simplification, we get
oo
D (Mpea(0,6,9n + 1) + Mpea(1,6,9n + 1) = Mpea(2, 6,9 + 1)
n=0

—M,.q(3,6, 9n+1))q" = f—24
P fifa

Comparing (5.16) with (5.1), according to (5.14)—(5.15) and the proofs of (5.10)—
(5.11), a simple deduction shows that

1132+ 1132+
M peq (0, 6.3 2+ — | + Mpeq | 16,32 —

(5.16)

8 8
1132041
8

11.32a+1_1

= Mped <2, 6,3%912, + o

) + Mpeq (3, 6,32 2n +

(5.17)
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1118 R.X.J.Hao

19. 32a+1 _

8

Mped (0, 6,3% 20 + 5

1
> + Mpeq (1, 6,322, 4

19.32+1 _q 19.32+1 _q
= Mpeq <2, 6,3 24— | + Mpeq 3,63 2 ——

19.32a+1 _ 1)

8 8
(5.18)

Combining (5.10)—(5.11), (5.17)—(5.18) and Theorem 4.9, Theorem 1.4 follows
immediately. O

Proof of Corollary 1.5. Corollary 1.5 can be checked easily by (4.6)—(4.7) and Theo-
rem 1.4, hence we omitted the details. |

Proof of Corollary 1.6 By (4.6), (4.10) and Theorem 1.4, one can see that

32a+l

11- 32a+1 _ 1) Mped (3 6, 32“+2n + 1

3 12 32a+2
ped ( + 3 5

2041
ped 03 32a+2n+113 —1

e
)
g
)

2042 19.3%+1 1 32““ 1
5.12. 32a+2 19.320(-1-1_1 =Mped (3 6,3 n-+
Mpe 8 2
pcd (0 3 32a+2n + 19-3°4T7 —1 32O‘+1 1
- 4
Hence Corollary 1.6 holds.
Proof of Corollary 1.7 By (3.2), we have
Mpea(1,2,n) = Mpea(1,4,0) + Mpea (3,4, n) = 2M peq(1, 4, n). (5.19)

Then Corollary 1.7 follows immediately according to (5.10)—(5.11) and the fact that
ped(n) :Mped(os 2, n) + Mpea(l, 2, n). O

Proof of Theorem 1.8 Substituting 7 = ¢ = iinto (3.1), by (3.2) and Lemmas 4.2—
4.3, we find that

oo 00 o 3
Yo D Mpealmm)i"q" =" Mpealm, 4, n)i"q"

n=0m=—o0 n=0m=0

o
= 3 (Mpea(0.4.m) + (G + ) Mpea (1, 4,m)
+2Mpea @, 4,m)) "

@ Springer



A partition statistic for partitions... 1119

o
= (Mpea(0.4,n) = Mpea(2,4.1)) q"
n=0

fifs

s +1 ad 2
— Zq( 2) (2 Z(—l)"q4n — 1) . (5.20)
n=0 n=0
By (3.2), one can see that

3
ped(n) = Mpea(m.4,n) = Mpea (0. 4, 1) +2Mpeq (1, 4, 1) + 2Mpea (2, 8., n).

m=0

In light of (5.20) and the fact that M., (0, n) has the same parity as Mp.q(0, 4, n),
Theorem 1.8 holds. O

We next aim to prove Theorem 1.9.

Proof of Theorem 1.9 Substituting z = e¥ into (3.1), we obtain

o 2 , 2. 2 4. 4 2
2mmi n (q 7q )OO (q 7q )OO f2 f2f4
Mpea(m, 3, m)e” 5" ¢" = _ 2 2Js
,;,;) ped (3.1 %4 (4% 407 4% o0 @4Me fi fo
(5.21)

Using Lemmas 4.3, 4.6, by (3.2) and the fact that 1 4 e + e = 0, we get

Z (M pea(0,3,n) — Mpea(1,3,n))q" = <f6f9 + &)

= fihis 1 f
fofls o o 5oa el | L
<f6f326 q” 1836 — 2q IS
3n+1

Extracting those terms associated with powers ¢ on both sides of the above equa-
tion, then dividing by ¢ and replacing ¢> by ¢, one can see that

= W fa S8 A
Meq(0,3,3n+1) — M,.q(1,3,3n + 1 = — -2 .
g( ped @334 D = Mpea 3.3 0 D07 = 7 = 205

(5.22)

Since

o

fifs ¥(=q)
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using Lemma 4.4,

o
D (Mpea(0,3.3n 4 1) = Mpea(1,3,3n + 1))q"
" 2 76 3.3 2 £9 3 (5:23)
_ fafis 2q3f6f9 fie 24 Tiafis +4q4ﬁ
1313 F36 13 fis 1315 F56 /3
after simplification.
Clearly, the coefficient of ¢

3n+2 in (5.23) is zero. We can conclude that

Mpeq(0,3,9n +7) = Mpeq(1,3,9 + 7). (5.24)

Combining (5.11), (5.18), (5.24) and Theorem 4.8, we complete the proof of Theo-
rem 1.9. o

Remark 1 Andrews, Hirschhorn, and Sellers [3] presented an interesting infinite family
of congruences modulo 3 as given by

17 -3% — |
ped (32““;1 + T) =0 (mod3), a>1, (5.25)
and deduced that
1732« —
ped (32‘”1;@ + T) =0 (mod6), a> 1. (5.26)

Actually, based on a substantial amount of numerical evidence, we conjecture that the
ped-crank can be used to provide a combinatorial interpretation of (5.25), namely

17-3% —1

8

M pea (0, 3,3% 1y, 4 .

17-3% —1
) = Mped (17 3a 320!“1‘1” + —) )

o>1.

Here, we only prove the case for « = 1, and for any o > 1, we are not able to provide
an elementary proof of this conjecture.

Proof Extracting the terms involving ¢ in (5.23) and substituting ¢> by ¢, we obtain

0 6 3,3
f4 f4 f6 f2f3 f12
(Mpea(0,3,9n + 1) = Mpea(1,3,9n + 1))g" = =5 —2¢—5—==.
2 " RB R TR
(5.27)
From Lemmas 4.4, 4.5, 4.7, considering the terms involving ¢*"*2 in (5.27) leads to
oo
> (Mpea(0.3,27n + 19) = Mpea(1, 3,270 + 19))q"

n=0
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__fle _BRE L BE
ihrh i IHfaf?

Bnrrl f%ffé)

==\ =55 fi+
fi <f33 i fita fafg

_f ((f2f42f122 _quf&) Sl _ s +qf§ff‘2)
A\ A 171 ) s T R

=0.
That means
Mpea(0,3,27n 4 19) = Mpeq(1, 3,270 + 19).

O

Unfortunately, the ped-crank cannot be employed to interpret (5.26) even foro = 1.
Hence, it will be interesting to introduce another partition statistic that could combi-
natorially interpret (5.26).

Remark 2 For ordinary partitions, recall that we define M (0, 1) = —1, M(—1,1) =
M (1, 1) = 1. From the definition of ped-crank, one can see that a similar problem will
arise when A(A) = ((2), B, ¥). So we make the following adjustment to the definition
of ped-crank. Let

Yy = (Vl, Y2, 7J/k)y
Ap ={AAQ) = (), B,y), Al =n},
B, ={AAG) = ((0), B,y), [Al=n, y=(@2) or y1 —y2 = 4}.

Definition 5.1 Let A be a partition of n with even parts distinct. The ¢;peq (1) is given
by

1 if A€ A,,
Cmped()h): -1 if A€ By,
Cped(A) otherwise,

where ¢peq(A) is the ped-crank of A.

When A € A, an injection from A, to B, can be constructed by changing « to ¥ and
adding 2 to the largest part of y. Another direction is obvious. Hence for any non-
negative integer n, there is a bijection between A, and B,. Let M,;p.q(m, n) denote
the number of partitions of n with even parts distinct with ¢;peq(A) = m. By the
definition of ¢;peq (1), one can check Mypeq(m, n) = M peq(m, n) for any integer m
and non-negative integer 7.

For example,if A = (6,5,4,1,1,1), A(X) = ((2), (5, 1), (6,4)), then ¢ppea(X) =
landif A = (8,5,4, 1), A(M) = ((0), (5, 1), (8,4)), then cppea(X) = —1.

@ Springer



1122 R.X.J.Hao

Table 1 The case forn =7

A AQ) = (. B, ) T Cmped (V)
) (4), (3), 0) 2) 2
6,1)e B @, (1), (6) ? -1
(5.2) (), (1, @) 2 2
A, 1,1) (4,2), (), ¥ 2,1) 0
“4,3) e B @, (3), 4)) [} —1
“4,2,1) @, (1), 4,2) [} 0
@ 1L1LDeA (@), (D, @) M) 1
(3.3.1) ((6), (1), %) 3) 3
G.2,1,heA (), 3), ) ) 1
3,1,1,1,1) 2,2), 3), V) (1,1 -2
2,1,1,1,1,1) (2,2), (1), 2) (1,1 -2
(1,1,1,1,1,1, 1) 2,2,2), (1), B (1,1, 1) -3

Table 1 gives the 12 partitions of 7 with even parts distinct. It is easy to check that
these partitions are divided into six equinumerous subsets by ped-crank. Moreover,

(7

Mpea(1,4,7) =3 = pe4( ),
(7

Mpea(3,12,7) = 1 = %2()

6 Closing remarks
In 2014, Xia [12] proved the following congruence modulo 4 for ped(n).

Theorem 6.1 [12, Equation (9), Theorem 1] For o, n > 0,

2u

ped (32"‘n + 3 ) = ped(n) (mod 4).

Note that comparing (5.4) with (5.13), a simple deduction gives
Mpeq(1,6,3n 4+ 1) = Mpeq(2,6,3n + 1).
Thus

ped(3n+1) = Mpeq(0,3,3n + 1) +4Mpeq(1, 6,3n + 1).
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Since foralla > 0, n > 0,329, + WT_l =1 (mod 3), a refinement of Theorem 6.1

can be given as

320 ]
M pea (o, 3,3%n + T) = ped(n) (mod 4).

Acknowledgements The author would like to thank the anonymous referee for making valuable comments
and suggestions that significantly improved the quality of this paper. This work was supported by the
National Natural Science Foundation of China (No. 12101307).

References

—_

. Andrews, G.E.: Generalized Frobenius partitions. Mem. Amer. Math. Soc. 49, 301 (1984)

2. Andrews, G.E., Garvan, F.G.: Dyson’s crank of a partition. Bull. Amer. Math. Soc. 18(2), 167-171
(1988)

3. Andrews, G.E., Hirschhorn, M.D., Sellers, J.A.: Arithmetic properties of partitions with even parts
distinct. Ramanujan J. 23(1), 169-181 (2010)

4. Berndt, B.C.: Ramanujan’s Notebooks Part III. Springer-Verlag, New York (1991)

5. Chern, S., Hao, L.J.: Congruences for partition functions related to mock theta functions. Ramanujan
J. 48(2), 369-384 (2019)

6. Garvan, F.G.: New combinatorial interpretations of Ramanujan’s partition congruences mod 5, 7, 11.
Trans. Am. Math. Soc. 305(1), 47-77 (1988)

7. Garvan, F.G.: The crank of partitions mod 8, 9 and 10. Trans. Amer. Math. Soc. 322(1), 79-94 (1990)

8. Hirschhorn, M.D., Sellers, J.A.: A congruence modulo 3 for partitions into distinct non-multiples of
four. J. Integer Seq. 17(9), 14-19 (2014)

9. Merca, M.: New relations for the number of partitions with distinct even parts. J. Number Theory. 176,
1-12 (2017)

10. Seo, S., Yee, A.J.: Overpartitions and singular overpartitions. Analytic Number Theory, Modular Forms
and g-Hypergeometric Series: In Honor of Krishna Alladi’s 60th Birthday. University of Florida,
Gainesville, 693-711 (2016)

11. Sloane, N.J.A.: The on-line encyclopedia of integer sequences, published electronically at http://oeis.
org

12. Xia, E.X.W.: New infinite families of congruences modulo 8 for partitions with even parts distinct.
Electron J. Combin. 21(4), P4-P8 (2014)

13. Yao, O.X.M., Xia, E.X.W.: New Ramanujan-like congruences modulo powers of 2 and 3 for overpar-
titions. J. Number Theory. 133(6), 1932-1949 (2013)

14. Yee, A.J.: Combinatorial proofs of generating function identities for F-partitions. J. Combin. Theory

A.102(1), 217-228 (2003)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer


http://oeis.org
http://oeis.org

	A partition statistic for partitions with even parts distinct
	Abstract
	1 Introduction
	2 Definition of the ped-crank
	3 Generating function of Mped(m,n)
	4 Preliminaries
	5 Proofs of main results
	6 Closing remarks
	Acknowledgements
	References




