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Abstract

We introduce and study an extension of the Roberts orthogonality, in the setting of
C*-algebras. More precisely, in a C*-algebra <7, for a,b € </ and a nonempty
subset of <7, say 4, a is called Z-Roberts orthogonal to b, denoted by a J_}%? b, if
la + bc|| = |la — bc|| for all ¢ € A. For certain special C*-algebras, including the
C*-algebra of all 2 x 2 complex matrices, we obtain a nontrivial subset % such that the
Z-Roberts orthogonality coincides with the usual orthogonality. We also introduce a
new concept of smoothness in normed linear spaces in terms of the additivity property
of the usual Roberts orthogonality. A complete characterization of the same is obtained
in the case of the classical £ spaces.
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1 Introduction

It is interesting to extend the usual orthogonality in inner product spaces to the other
realms. Roberts [13] was one of the earliest mathematicians who generalized the
geometric concept of orthogonality to the setting of real normed linear spaces. In a
complex normed linear space (X, || - ||), a vector x € X is called Roberts orthogonal
toavector y € X, writtenasx Lg y, if |[x + Ay|| = ||lx — Ay|| for all A € C; see also
the survey article [6]. It is elementary to note that the Roberts orthogonality is both
symmetric (i.e., x Lgp y = y L x) and homogeneous (i.e., x Lg y = ax Lg By
for all a, B € C). The notion of approximate Roberts orthogonality was introduced
and studied in [17, 18].

A vector x € X is called Birkhoff-James orthogonal to a vector y € X, written
asx Lp y,if |[x + Ay|| = ||x]|| for each A € C; see [7, 10]. The Birkhoff-James
orthogonality is homogeneous, but in contrast to the Roberts orthogonality, it is not
symmetric.

The Roberts orthogonality implies the Birkhoff-James orthogonality through the fol-
lowing chain of (in)equalities:

2xll=12x + 21y —ayll < lx + Ayl + llx — Ayl =2[x + 2yl (A €O).

If the norm on X is induced by an inner product (-, -), then it is easy to verify that x
and y are both Roberts and Birkhoff—James orthogonal if and only if (x, y) = 0.

By virtue of the Hahn—Banach theorem, x L p y if and only if there is a norm one linear
functional f on X such that f(x) = ||x]| and f(y) =0.By Sx = {x e X: ||x|| = 1}
we denote the unit sphere of a normed linear space X.

Let us denote by B(7) the C*-algebra of all bounded linear operators acting on a
Hilbert space H. The identity operator on a space is denoted by /, and an operator
A € B(H) is called a similarity when A is a scalar multiple of 7, thatis, A = A[
for some A € C. Also, we say that A is a positive similarity when A = AI for some
A > 0. For A € B(H), the unique positive square root of A*A is denoted by |A|.
When H is of a finite dimension n, we identify B(7) with the algebra M, (C) of all
n x n matrices with complex entries. Let K(H) denote the collection of all compact
operators on a Hilbert space H.

Let s1(A), s2(A), ..., s,(A) be the singular values of A € M, (C), arranged in
decreasing order and counted with their multiplicities. For p > 0, the p-Schatten
norm is defined by

1

n P
IAl, := <ZSi(A)P> — (tr]A") 7.

i=1
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The norm || -||; is the trace-class norm. Several authors have explored the orthogonality
with respect to the norm || - ||, (for more details, we refer the interested reader to [8,
11, 16]).

It is known that if A € M (C), then the eigenvalues of A*A are as follows:

tr(A*A) + tr2(A*A) — 4|det(A)|?

AL = ,
2

L, M(ATA) V(A% A) — 4]det(A)|2

2= )
2

Hence, ||A||1 = /A1 + +~/A2, which ensures that
||A||% = tr(A*A) + 2|det(A)]. (1.1

In the context of C*-algebras, the authors of [3] presented a characterization of the
Roberts orthogonality in terms of the notion of Davis-Wielandt shell. In the setting
of Hilbert C*-modules, [2] and [9] serve as useful references for understanding the
Birkhoff-James and Roberts orthogonalities. In this paper, one of our aims is to present
a meaningful extension of the Roberts orthogonality in C*-algebras and to derive
some interesting relations on the structure of the space, in light of a newly introduced
generalized version.

Arambasi¢ and Raji¢ [1] introduced a new version of the Birkhoff-James orthog-
onality in the setting of C*-algebras in the following way. An element a € o7 is
called strong Birkhoff-James orthogonal to an element b € o7, in short a L% b, if
llall < |la+bc|| foreach ¢ € o. The strong Birkhoff-James orthogonality implies the
Birkhoff-James orthogonality. Furthermore, a L% b if and only if there exists a posi-
tive linear functional ¢ of norm one on .« such that ¢ (a*a) = ||a||* and ¢ (|a*b|?) = 0;
see [1, Theorem 2.5].

We say that two elements a and b in a C*-algebra &/ are orthogonal if a*b = 0,
and in that case, we write @ L b. Applying [4, Theorem 2], one gets the following
characterization of the orthogonality in a C*-algebra.

Theorem 1.1 [4, Theorem 2] Let </ be a C*-algebra and let a,b € <. Then the
following conditions are equivalent:

(i) la+bc|| = |la— be| forall c € o
(ii) a L b.

For a comprehensive study of the theory of C*-algebras, we refer the reader to [12].

In this paper, we introduce a nontrivial subset 2 in some C*-algebra such that even
after restricting the element ¢ to be in %, the above theorem remains valid. In Sect. 2,
we first present an extension of the Roberts orthogonality, to the setting of C*-algebras.
Then we describe several basic properties of such an orthogonality relation. In Sect. 3,
we obtain some characterizations of the usual orthogonality in certain C*-algebras. In
the final section, we introduce the concept of R-smoothness in a normed linear space,
in order to essentially study the additivity property of the usual Roberts orthogonality.
We completely characterize the R-smoothness in £7 spaces.
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608 E. Faryad et al.

2 Roberts orthogonality with respect to a subset

Let us begin this section with a definition.

Definition 2.1 Let % be a nonempty subset of a C*-algebra o7 and leta, b € 7. Then
a is said to be B-Roberts orthogonal to b, denoted by a J_‘Igf b, if

la + bc|| = |la — be||  forall c € A.

The following proposition presents some useful properties of this relationship.

Proposition 2.2 Let o/ be a C*-algebra and let 8 C <f. For every a,b € <7, the
following properties hold:
(i) a J_j? a if and only if a = 0, where A is a nonzero C*-subalgebra of </ and
a € By
(ii) The %-Roberts orthogonality is homogeneous, where % is a subalgebra of <7 ;
(iii) a J_'?f b ifand only if a J_'I? bc for each ¢ € B, where B is a C*-subalgebra of
A
(iv) Ifa L9 b, thena 1% b;
(v) If%’;nd € are nonempty subsets of </ such that  C €, then a J_f b implies
al?b.

Proof (i) Let % be a nonzero C*-subalgebra of o7. Then it has an approximate unit
(u;). Hence,

2llall = lim la + au; || = lim [la — au;|| = 0.
1 1

The other proofs are straightforward and so we omit them. O

It should be noted that the case (i) of Proposition 2.2 no longer holds true in general,
for elements of 7. The following easy example illustrates this fact.

Example 2.3 Let p and g be nonzero projections in B(7H) such that the range of ¢ is a
subset of the kernel of p. Let # = Cq. Then it is immediate that p J_R%) pbut p #0.

The converse of the case (iv) of Proposition 2.2 also does not hold in general, as we
will show in the next example.

Example 2.4 Consider the C*-algebra M (C). If B = |:8 (l)i| then for each C =

clc
|:1 2],wehave
c3 ¢4

|1 + BC| = sup
[x[2+yl?=1

X
c3x + (1 +cqg)y

= sup \/|x|2+ lesx + (14 ca)y)? = |11,
2+ yP=1
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where the last inequality is obtained by considering x = 1 and y = 0. Therefore,
I 13 B.If we take C = B, then || + BC|| = 2 # 1 = ||I — BC]||, that is,

1 452 © B.

Remark 2.5 If 2 is a nonzero subset of a C*-algebra <7, then clearly | C J_'I? .
Moreover, if # is a C*-subalgebra of <7 and if a,b € 2, then by employing the
approximate unit (u;) of %, we obtain

lla + Ab|| = lim ||la + Abu;|| = lim ||a — Abu;|| = |la — Ab]|
1 1

for each A € C, ensuring thata 1 b.

The next example shows that a L g b does not imply a J_‘I? b, in general. Let us fix
our notation. Let C?(X) be the normed linear space of all continuous bounded scalar-
valued functions on a metric space X, endowed with the usual supremum norm. For
f € Cb(X), the support supp(f) of f is the closure of the set {x € X : f(x) # 0}.
The diameter of a set . C X is denoted by diam(.%).

Example2.6 Let ¢ = {f € C([—1,1]): f =0on [—1,0]}. It is easy to see that €
is an ideal of the C*-algebra C ([—1, 1]).
Suppose f, g € C([—1, 1]) with f(x) = x and g(x) = |x|. Then

If + *glloo =sup ({lx —Ax|[: =1 <x <O0}U{lx+ x| : 0 <x < 1})
:sup({|x+kx|:—1§x§0}U{|x—Ax| :Ofxgl})

=lf — Aglloo-
Hence, f 1g g.
, 0<x<1,
Now, if h(x) = * =r= then & € %, and we have
0, —-1<x<0,

If + ghlloo = sup ({lx]: =1 <x <OJU{lx +x*:0<x <1}) =2
and
If —ghllos =sup ({lx] : =1 <x <O}U{lx —x*:0<x < 1)) =1

Thus, f ,ch g.

Furthermore, for some C*-subalgebras 4, the inclusion J-}% C. is generally not true.
The next example illustrates this fact.

Example 2.7 Let A =

[= el
(=N el e}
(=N}
- o O O

1 0 0 O
0 0 0 O
00 1 0 and let B =
0O 0 0 O
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Let Z be the unital C*-subalgebra of My (C) generated by A and B. Now, let X =

1 0 O 0
0O 1 O 0 .
00 -1 0 . Obviously, I f X. However, for each C € %, we have
0O 0 0 -1
BEDS 0 0 0
_ 0 I+p 0 0
I+ XCl=11 g 0 1-x 0
| O 0 0 1 —p
= max{|1+ AL, [1 = AL, 11+ ], |1 = el
11— 0 0 0
_ 0 I —u 0 0 oy
o 0 0 14+ A 0 = I = XCl.
0 0 0 L+ |

Therefore, 1 J_'I? X.

3 Characterization of the usual orthogonality in some C*-algebras

In this section, we present some characterizations of the usual orthogonality in certain
special C*-algebras. Let X be a metric space. For each positive integer n, we define
the subset %, of C?(X) as follows:

Py = {f € C*(X) : diam (supp(f)) < %} )

It is rather easy to observe that %, is closed in c’ (X) for each n. Indeed, assume
that { f,,} C %, with f,, — fo € C’(X). We claim that f, € %,. Consider any
x,y € Xsuchthat fo(x), fo(y) # 0. Itis easy to deduce that there exists a sufficiently
large my € N such that f,,(x), f(y) # 0 for all m > my. In particular, we obtain

1
that | £, (x) — fi(¥)| < —, whenever m > my. Since the diameter of a set equals the

diameter of its closure, it is now clear that fy € %, establishes our claim.

It is also elementary to note that 2, is not dense in C>(X), in general. For example,
let X = R with its usual metric. If f € %, then clearly R \ supp(f) # ¥. We claim
that the constant function 1 is not in Z,. Suppose on the contrary that there exists a
sequence { f;,;} in %, such that f,, —> 1. Thus, for any x € R and for sufficiently
large m, we have

[fn ) =1 < 1 fm — Ul <

N =
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1
In particular, for x € R\supp(f,), we have | f,,(x) — 1| < > which is an obvious

contradiction. Therefore, %, ; C’(R).

7 . . . .
The next theorem shows that J_’If” and | may coincide in a commutative C*-

algebra.

Theorem 3.1 Let X be a metric space and let f, g € CP(X). Then f J_f” g for some
positive integer n if and only if f L g.

Proof Let f 1 g. Combining Theorem 1.1 and the case (v) of Proposition 2.2, we
conclude that f L,?” g for all n.

By,
Conversely, suppose that f L™
f(x)g(x) =0 forevery x € X.
Let xo € X. Without loss of generality, we can assume that g(xo) # 0. We prove that
f(x0) = 0. Suppose that Re (f(x0)) > 0 (if Re (f(xp)) < 0, then we replace f by
.
Let Ny, be the set of all open neighborhoods U of xp. Let 0 < & < m. Then for

o Al
[ o) 4 41 £ oo |

1
radius n such that | f(x) — f(x0)| < €o and |g(x) — g(x0)| < &p, for every x € U.
n

g for some positive integer ng. We show that

g ¢, thereexistn > ngand U € Ny, of the

each0 < gy < min :

Selection 0 < ¢ < m requires that g(x) # 0 foreachx € U.

By the Uryshon’s lemma, there exists 0 < hj, < 1 such that i}, (xo) = 1 and
hy (x) = 0 forall x € X\ U. Define hy as follows:

4 f oo

hy(x) =1 &)
0, x e X\U.

hy(x), xeU,

Then

supp(hy) = {x Dhiy(x) # O} cU.

1
Hence, diam(supp(hy)) < —, thatis, hy € B,.
n

Moreover, for every x € X\ U, we have

| £ () + g(0)hy ()] = | f ()]
<1 fllos
<[ £x0) + 4 flloo]
= | f(x0) + 41| f lochy (x0)|
= | f(x0) + g(x0)hu (x0)|, 3.1
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and for every x € U, we get
| f () + g)hy ()] < | f(x0) + g@)hy (x)| + | f(x) — f(x0)|
< [f(x0) + 41l f lloohyy ()] + €0
=V (Re (£(0)) + 41 Fllochly (0)* + (Im (£ (o)) + 0

< \/ (Re (f (x0)) + 411 fl00)* + (Im (f (x0)))* + €0
= | f(x0) + g(x0)hy (x0)| + £0. (3.2)

Using (3.1) and (3.2), we obtain || f + ghyllce < |f(x0) + g(xo)hy(xo)| + &op.
Therefore,

17 + ghulloe = | £ o) + g o)y (o) | < eo. (3.3)
In the next step, we have
() = ghu ()] = | f ()]
<1 fllc
< JOIFIo0)? + (m (£ (xo)))?

< @1 f oo = Re (£ (x0))? + (Im (£ (xo)))?

= | f(x0) = 4[| flloo|

= | f(x0) — 4l f lloohy (x0) |

= | f(x0) — g(x0)hu (x0)| (3.4)

for every x € X'\ U. On the other hand, if x € U, then
| f(x) = g)hy ()] < | f(x0) — gy ()] + | f () — f(x0)|
< |f(x0) — 4l flloohy ()| + €0
=/ (Re (£ (x0)) — 41l Fllaolty (0)? + (Im (£ (x0))? + 0

< \/ (Re (f (x0)) = 411 fllo0)> + (Im (f (x0)))* + €0
= | f(x0) — g(x0)hu (x0)| + €0. 3.5)

Thus, using (3.4) and (3.5), we conclude that || f —ghy |l co < |f(x0)—g(xo)hU(xo)|+
&o. Hence,

15 = ghulloe = | £ x0) = gCro)hu (o) | = eo. (3.6)
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Now, (3.3), (3.6), and the assumption || f + ghyllecc = | f — ghvllo ensure that
81/ lloo
| £ (x0) + 411 f lloo|
[1£G0) + 41 f Nl = | 7o) = 411 £ oo |
Bl 2] £ (x0) + 4 flloo|
_[l7e0 + geohy o) - | 76o) - g0 o)l
| f (x0) 4+ g(x0)hy (x0)| + | f (x0) — g(x0)hy (x0)]
= )If(xo) + 8 (xo)hy (x0)| — | f(xo) — g(Xo)hU(XO)”

= || £ ) + g0 (x0)| = | £(x0) = g0V ()| = 1 + ghuslloo + 1f = ghulloo|

[Re (f(x0)) |

(since Re (f (xg)) = 0)

= ||/ G0 + g0y )| = If + ghu llo| + || £(x0) = gG0)hws x0)| = 11 = ghorloc|
<2¢

81/l
£ o) + 4l flloo|

Letting ¢ tend to zero, we obtain that Re (f(xo)) = 0. Using analogous techniques
and using the function ik, we can prove that Im ( f(x¢)) = O. O

In the following, we obtain similar results for 2 x 2 complex matrices. More pre-
cisely, we introduce a nontrivial subset & of M (C) such that J_;‘g and L coincide
with respect to both the operator norm and the trace-class norm.

The following relation is a famous equality for an element A of the C*-algebra M, (C) :

[A*A| = % (tr(A*A) + V2 (A*A) — 4det(A*A)) . (3.7)

Recently, Arambasi¢ and Raji¢ [5] proved that for any A, B € M (C),
Algr B= tr(A*B) = 0. (3.8)
Moreover, the following characterization of the Roberts orthogonality for matrices A

and B in M;(C) was established in [5].

Theorem 3.2 [5, Theorem 2.2] Let A, B € M(C), A, B # 0. Then A Lg B if and
only if one of the following conditions holds:

(i) A=alU (1)2 U and B = U, (C)g U, for some unitary matrices Uy, Uy €
M(C),0<a <1,anda,B,b,ceC.

(ii) A =alU, (1) 8 Uy and B = BU| 8 117 U, for some unitary matrices Uy, U €
My (C) and o, B, b € C. o

(iii) A = aU; (1) 8 Uy and B = BU; 2 (1) U, for some unitary matrices Uy, Uy €

M5 (C) and «, B, b € C.
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614 E. Faryad et al.

Let ¥ € M3 (C) be the set of all those elements T € M, (C) whose anticommutator
TT* + T*T is a positive similarity, that is,

¢ ={T e My(C) : TT* + T*T = AI, forsome 1 > 0} .

In the next theorem, we show that J_(f and L coincide.

Theorem 3.3 Let A, B € My (C), let B be the subalgebra of M (C) generated by
B*A, and let € C M (C) be as above. Then the following properties are equivalent:

(i) A*B =0,
.. M, (C)
(ii) A J_%z B,
(iii) A J_'(R' B,
(iv) A L% B.
(v) IA+ BC|l; = ||A — BC||; for all C € M,(C).

Proof (i) < (ii) follows from Theorem 1.1. The implications (ii) = (iii) and (ii) =
(iv) can be deduced directly from the case (v) of Proposition 2.2.

To prove the implication (iii) = (i), suppose that A J_j? B. Then for all A € C, we
have

|A+ABC| =||A—ABC],

where C € %. Therefore, |A + ABB*A| = ||A — ABB*A||, thatis, A L g BB*A.
Using (3.8), we obtain that

[[B*a]?| =u(|B*a]") =t (a"BB"4) =0,

Thus, |B*A|2 = 0, whence A*B = 0. Hence, A is orthogonal to B.

Next, we show that (iv) = (i). Suppose that A J_Cf’: B. Since Al € % for each
A € C, thus, A Lr B. Therefore, one of the conditions in Theorem 3.2 holds. We
show that A* B = 0, for each of the conditions mentioned in Theorem 3.2.

Let us assume that the case (i) of Theorem 3.2 holds true. Then, A = U, |:1 Oi| U,

Oa
0b

and B = U, [c 0

j| U, for some unitary matrices Uy, U € M(C),0 <a <1, and

a, ﬂs byc (S C. Thus A*B — aﬂU; [aocg

A*B = 0. Hence, assume that ¢, 8 # 0. We will now show that b = ac = 0.

:| Uy. If « = 0 or B = 0, then obviously

w [00
Ifb #0,thenput T = —UJ 10 U,. Thus
p Lb
2 0 07 1 2 0 0
T =< v |1 nui |0 7 lvy =2 us 1 |u
2 2Up b |2 0o — | Y2
'3 Z O_ 0 0 :3 |b|2
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2 1 2

and similal‘ly, T*T — UZ* W U2.Theref0re, TT*+T*T = ‘g WI,
0

0 B

whence T € €. Furthermore,

0 0
A+ BT = alU, |:(1) 2] Uy + (,3U1 |:(3 g:| Uz) <ZU2* |:1 Oi| Uz) =alU |:(2) 2:| Us,

b

and similarly, A — BT = aU| [8 2] U,. By the assumption A J_(If B and in light

of the relation (3.7), we have

A+ BT|*> = |A - BT|?
= tr((A+ BT)*(A + BT))

+ (A + BT)*(A + BT)) — 4det((A + BT)*(A + BT))
=tr((A — BT)*(A — BT))

+ \/trz((A — BT)*(A — BT)) — 4det((A — BT)*(A — BT))

= |af? (4 + az) + \/|a|4 (4+a2)” = 16]al*a® = |a|*a® + V|al*a?.

Hence, a’ = 4, which contradicts with the structure of the matrix A, as0 < a < 1.

Therefore, b = 0. Now, we are going to prove that ac = 0. Suppose on the contrary
1

that ac # 0. Then by choosing T = %U;‘ |:O E:| U, wehave T € ¥, A+ BT =
0 0

1 0 1
alU; [0 at 1j| Up,and A — BT = aU; |:O

(3.7), a straightforward computation shows that

0 . @
g 1] U,. Again, from A 1§ B and

L+ @@+ D+ (14 @+ 1D2)° —4a+1)?

— 4@ D2+ (1 +@— 12’ — 4@ —1)?
S1+@+D>+V@+1)2=1D2=1+@— D>+ —(a—1)2)?
= @+1)?=1

= a=0,-2.

Since 0 < a < 1, it follows that a = 0, and therefore, A*B = 0.
Now, assume that the case (ii) of Theorem 3.2 occurs. Then A = aU; |:(1) 8:| U,
0

and B = U, [0

[i:| U,, for some unitary matrices Uy, U, € M(C) and o, B8, b €
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616 E. Faryad et al.

C. Thus, A*B = aBU; |:8 8 U;. When o = 0 or 8 = 0, obviously, A*B = 0.

Hence, assume that o, 8 # 0. We show that b = 0.

Consider T = 2U3 |0 %t Then T e 4, A+ BT = ot |1 T2 |1 and
B 1 0 1 0

1-b 0 . 5 2

A — BT = alU; 1 o0 U». From the assumption ||A + BT || = |A — BT|*,

we conclude that |1 4+ 5|2 = |1 — b|2, which ensures that Re(b) = 0. Similarly,
. _2 100

by choosing T = ,3U2 |:i 0

A*B = 0.

Asaresult, we get A* B = O inastraightforward way from the case (iii) of Theorem 3.2.

Next, for the implication (i) = (v), assume that A*B = 0 and C € M (C). Then

i| U,, we arrive at Im(b) = 0. Hence, b = 0 and so

A+ BC|} = tr (A*A + C*B*BC + 2Re(A*BC))
+2y/det (A*A + C*B*BC + 2Re(A*BC))
=tr (A*A + C*B*BC — 2Re(A*BC))
+2y/det (A*A + C*B*BC — 2Re(A*BC))
= ||A - BC|.

Finally, we prove the implication (v) = (i). Let |[A + BC||; = ||A — BC||; for all
C € M(C). In view of the continuity of the determinant, we can choose r € R™ such
that det (I — 1 BB*) and det (1 + 1 BB*) are positive.

Suppose that B = )ZC Z) ], and consider C = B*A. Then assumption (v) entails that

(A4 + [BB*A” + 2Re| B*A[*) + 2|det(A + BB*A)|
=t (4% + |BB A" - 2Re|B*A*) +2|det(A — BB ).
Therefore,
0< 2tr((B*A)*(B*A)> - 2tr(Re}B*A|2)
= |det(A — BB*A)| — |det(A + BB*A)|
= |det(A)] (det(l — BB*) — det(I + BB*))
= —2[det(A)|(IxI> + [y* + Iz + [w[*) <0,

which establishes the theorem completely. O

The following result gives a sufficient condition for the B(7{)-Roberts orthogonality
of A, B € B(H). For A € B('H), the image of A is denoted by A(H), thatis, A(H) =
{A(x) : x € H}. Let A and B be two subsets of H. We write A 1z Bif x Lz y for
allx e Aand y € B.
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Lemma 3.4 Let H be a Hilbert space and let A, B € B(H). Then the following are
equivalent:

(i) A(H) Lr B(H),

(ii) A*B =0,

B(H)

(iii) A Ly B.
Proof (i) < (ii) follows by using the fact that x Lz y if and only if (x, y) = O for
x,y € 'H. (i) < (iii) follows from Theorem 1.1. O

For rank one operators in B(), B(H)-Roberts orthogonality can be characterized
in the following way.

Theorem 3.5 Let H be a Hilbert space and let A € B(H) be rank one. Suppose
B € B(H). Then the following properties are equivalent:

(i) A(H) Lr B(H),
(ii) A*B =0,

B(H
nmA¢é%&
(iv) A 1570 B,

Proof Equivalence of (i), (ii) and (iii) follows from Lemma 3.4. The implication (iii)
= (iv) is obvious. To complete the proof, we now prove (iv) = (i). Suppose that (iv)
holds. Let xg € H and yo € S such that A(x) = (x, xo)yo forx € H.Letz € ‘H, and
define T : H —> H by T (x) = (x, xo)z for x € H. Then, (ii) implies ||A +ABT| =
|A—ABT| forallA € C.Let A € Csuchthat ||A+ABT| = ||A—ABT]| # 0. Also
let (x,) C Sy such that |[A + ABT| = lim, ||[(A + ABT)(xy)||. Then,

lim [(x, x0)llyo — AB(2)[| = lim [[(A — ABT) (x,)l

<A - ABT|
= ||A+ ABT|
— lirrln 1A+ ABT)(xp)l

= lim [(xn, xo)lllyo + AB(2)]l.

Our assumption on A implies that ||yo — AB(2)|| < |lyo + AB(2)|]. Using similar
arguments, we can also show that ||yp + AB(2)|| < llyo — AB(2)||. Thus, yo Lr B(z)
for all z € 'H. Now, the homogeneity property of Roberts orthogonality implies that
A(H) Lr B(H), and thus the implication (i) follows. O

4 Additivity of the Roberts orthogonality in £

Having generalized the notion of the Roberts orthogonality to the realm of C*-algebras,
we would like to end the present paper with a study of the additivity property of
the original Roberts orthogonality in the real Banach spaces £/ . To put things into
perspective, we start with the following general discussion.
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For a normed linear space X, let X* denote the topological dual of X. Given a
nonzero x € X, let J(x) = {x* € Sx» : x*(x) = ||x]|} denote the collection of all
supporting functionals at x. We say that X is smooth (in the classical sense) at x if
J (x) is singleton. It is well known that the local smoothness at x € X is equivalent
to the Gateaux differentiability of the norm at x. The study of smoothness in normed
linear spaces is intimately connected to the concept of Birkhoff-James orthogonality
[7, 10]. We recall that smoothness in a normed linear space is equivalent to the right-
additivity of the Birkhoff-James orthogonality. In other words, x € X is smooth if
and only if, given any y,z € X, x Lp yandx Lp zimply thatx Lp (y + z). We
further note that unlike the Birkhoff—James orthogonality, the existence of (nontrivial)
Roberts orthogonal elements to a given vector is not a priory guaranteed, in a general
normed linear space. Motivated by these basic observations, we would like to introduce
the following notion of smoothness in normed linear spaces, induced by the Roberts
orthogonality. In this context, let us also mention that the study of smoothness in
normed linear spaces is a vast area of research in the normed geometry, and we refer
to the recent works [14, 15] for two different notions of smoothness in normed linear
spaces and in spaces of operators.

Definition 4.1 Let X be a normed linear space and let 0 # x € X. We say that x is
R-smooth if the following conditions are satisfied:

(a) Thereexists 0 # y € Xsuchthatx Lg y.
() If0 # y1,y2 € Xwithx Lg yyandx Lg yo,thenx Lg (y1 + y2).

We completely characterize the R-smooth points in £ (R), which we simply write
as €7 . For our purpose, let us first fix a few notations. For x = (x1, x2, ..., x,) € €%,
we follow the usual convention to write supp(x) = {i : x; # 0}, and |supp(x)| denotes
the cardinality of supp(x). We recall the sign function on R by

t
sgn(t) = m and sgn(0) = 0.

We now prove the following result, which will be used throughout this section. We
also recall that a unit vector x = (x1, x2, ..., x,) € £4 is a smooth point if and only
if x has precisely one unimodular coordinate.

Lemma4.2 (i) Ifx,y € L%, and supp(x) Nsupp(y) =¥, then x Lg y.
(ii) Let x = (X1,X2,...,X), ¥ = (V1, Y2, ..., Yn) € Sgn_ such that x is a smooth
point with |x;| = land x Lg y. Then y; = 0.

Proof (i) The proof follows directly from the definition of R-orthogonality.

(i) Let x = (x1,x2,..., %) € Sz be a smooth point. Then |x;| = 1 for some
1 <i <mnand|x;| < lforall j # i.In this case, the unique norming functional for x
isx* =, x},....x)) € S['ll, where x/ = sgn(x;) and x¥ = 0 for all j # i. Now,
ify = (y1,y2,.--, 1) € Sgr, withx Lg y, thenx Lpg y and thus x*(y) = 0. This
shows that y; = 0. O

The following result provides a characterization of R-smoothness among the smooth
points of £7 .
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Theorem 4.3 Let x = (x1,Xx2,...,Xp) € Sen. be a smooth point.

(a) If |supp(x)| = 1, then x is R-smooth.

(b) If 1 < |supp(x)| < n, then x is not R-smooth.

(c) If Isupp(x)| = n and |x;| # |xj| for all 1 < i # j < n, then there is no
0#yell suchthatx Lgy.

(d) If n = 3, |supp(x)| = n, and |x;| = |xj| for some 1 < i # j < n, then x is
R-smooth.

(e) If n > 4, |supp(x)| = n, and |x;| = |x;| for some 1 < i # j < n, then x is not
R-smooth.

Proof (a) Let1 < i < nsuch that |x;| = 1 and x; = 0 for all j # i. If we consider
y=O1.¥2,..., ) € L%, wherey; = 0, then the case (i) of Lemma 4.2 implies that
x Lg y.Now,if we assume that y € £2 withx L y, then the case (ii) of Lemma 4.2
implies that y; = 0. This shows that {y € £, :x Lgr y} ={y = (1, y2,...,¥n) €
L%« yi = 0}. Thus it follows that x is R-smooth.
(b) Let I < i, j,k < nsuch that [x;] = 1, x; # 0, and x; = 0. Let y; =
Olva oy, v = O, v3, ..., ¥2) € €7 be defined by
L —|xj| if €= j,
yi=11 if ¢ =k,
0 otherwise,
and
1—|x;| if&=},
yi=1-1 if ¢ =k,
0 otherwise.

Then for A € R, we have

lx 4+ Aytll = max{l, [x; +A(1 — |x;]), [xel, [A] : € # i, j, k}
= max{l, [x; + A1 — [x;]), |A]}

and

lx — Ayl = max{l, |x; — A(1 — |x;]), [A]}.
If |A] < 1, then

lxj £ AL = |x;DI = |xjl + A1 = |x;]) < 1
and if [A| > 1, then

Ixj £ A =[x DE< ol 4 AT = x; D) <l [|A] 4 A = fx;]) < 2]
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Thus,
lx + Ayl = max{1, [A]} = [lx — Ay

By using similar arguments, we can show that ||x +Xy;| = |[x —Ayz| forall X € R.
Thus x Lp y; and x Lg yo. If we assume that x is R-smooth, then x Lg (y; + ).
Now, using supp(y1 + y2) = {j} and the case (ii) of Lemma 4.2, we get x; = 0. This
leads to a contradiction, and thus x is not R-smooth.

(c) Suppose on the contrary that there exists 0 # y = (y1, 2, ..., ¥n) € £ such
that x Lg y. Let 1 < i < n such that |x;| = 1. Now, the case (ii) of Lemma 4.2
implies that y; = 0.

If n = 2, then using |supp(x)| = n, y Lg x, and the case (ii) of Lemma 4.2, we
get y = 0. This leads to a contradiction.

If n > 2, then the case (ii) of Lemma 4.2 implies that there exist 1 <ig # jo <n
such that |y;)| = [yj,| = Ily|l. By our assumption, [[x +Ay| = |[x —Ay| forall A € R.
Thus,

max{1, [x; +Ay;|: j #i} =max{l, |x; — Ay;|: j # i}
forall A € R. Using x; # Oforall 1 < j < n and |y;)| = |yj,| # 0, we can choose
infinitely many values of A (sufficiently large) such that ||x + Ay| > 1.
For each such A, we can find 1 < i, # ji < n such that

|-xl')L +)‘y1)\| = |-Xj)L - )"yjA|

Thus, one of the following equalities is true:

Xi, +Ayi, = Xj, — AYj, “.1)
or
Xiy, + Ay, = —Xxj, +Ayj,. “4.2)
Now, using x; # 0 and x; # x; forall 1 < j # k < n, from (4.1) and (4.2), we get
that either A = 2% op ) = 2t

Vi +Viy, Vi =Yy

This shows that || x + Ay| > 1 is possible only for finitely many values of A, which
is a contradiction. Therefore, there isno 0 # y € €7 such that x Lz y.

(d) Without loss of generality, we assume that [x;| = 1 and that |x3| = |[x3] = o >
0.If y = (y1, 2, ¥3) € Spz with x Lg y, then the case (ii) of Lemma 4.2 implies
that y; = 0 and that |y;| =O|oy3| =1.

We now claim that either (i) sgn(y2) = sgn(x>) and sgn(y3) = —sgn(x3) or (ii)
sgn(yz) = —sgn(x2) and sgn(y3) = sgn(x3).

If sgn(yz) = sgn(xz) and sgn(y3) = sgn(x3), then x Lk y implies that

max{l, & + A|} = max{1, & — A[}
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for all A € R. This leads to a contradiction.

Similar arguments show that sgn(y;) = —sgn(x») and sgn(yz) = —sgn(x3) are
also impossible.

Thus,

(et ix Lry)={y= 01295 € i =0, 2l = lysl, sen(r)
= sgn(x2)and sgn(y3) = —sgn(xs)}
Uy = 01329 € 6131 =0, 2l = sl sgn(e) = —sgn(x2)

and sgn(y3) = Sgn(X3)}-

This shows that x is R-smooth.

(e) We break the proof in the following three subcases.

(1) Let |x;] = 1 for 1 < i < n, and suppose that there exist 1 < i; #
i» # i3 < nsuch that [x;| = |x,| = |xi] = a. Let yi = (v} y2, ..., 90,
y2 = (3, v3, ..., y2) € £ be defined by

sgn(x;,) if =iy,

1) —sen(xgy) if € =i,
T Vsan(ry)  if € =i,
0 otherwise,
and
sgn(x;,) if £ =iy,
2 Jsen(xiy) ifl=is,
o= —sgn(x;;) if € = i3,
0 otherwise.
Then,

lx +Ayill = max{l, | + A|, loo — A|, [xk| : k # i, i1, i2, i3} = |lx — Ayl

and

lx +Ay2|l = max{l, | + A|, | — A|, [xk| : k # i, i1, 2, i3} = [lx — Ayz|l

for all L € R.

Thus x Lz y; and x Lg y>. Now, if we assume that x is R-smooth, then we get
x Lg z,where z = (z1, 22, ..., Zy) 1S given by

2 sgn(x;,) itk =iy,
lk =
k 0 otherwise.

However, the case (ii) of Lemma 4.2 implies that this is impossible, and therefore, x
is not R-smooth.
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(ii)Let1 <1i, j, k <nsuchthat|x;| = |x;| = o, |x¢| = 1,and @ # minj<¢<y, |x¢|.
We now choose 1 < m < n such that |x,| = minj</<, |x¢| and define y; =
(yll, yzl, e y,ll), Yo = (y12, y%, o, y,%) in the following way:

sgn(x;) ifl =i,

1 J—sen(xj) ifl =,
A B if 0= m,
0 otherwise,

—sgn(x;) ifl =1,

5 sgn(x;) ifé=j,
1 if 6 =m,
0 otherwise.

From our choice of m, we have |x,, £ A| < |x,| + |A| < @ + |A| for any 1 € R.
This shows that

lx + Ayl = max{l, [xel, @ + A, @ — AL, |xm + 4| 2 € £ i, j, k, m}
=max{l, a + |A|}
= llx —ayil.

Thus, x Lg y;. Similar arguments can be applied to show that x L y,. Now, if x
is R-smooth, then x Lz (y; + y2). However, the case (ii) of Lemma 4.2 implies that
this is impossible, and therefore, x is not R-smooth.

(iii) We are left with the case where 1 < i, j, k < n with |x;| = |x| =, |x¢]| = 1
and o = minj<¢<y |x¢|. We now choose 1 < m < n such that m # i, j, k. Without
loss of generality, we assume that x,, > 0. We define

ﬁ:max{Z,);m_a—i—l}

— X,
and y; = (y], y1, ..., y}) € €%, where

B sgn(x;) if¢ =1,

B o=,
¢ 1 if ¢ =m,
0 otherwise.

We claim that x L y;. For any scalar A, we have

X + Ayrll = max{l, |xel, [ + AB, [ = AB, [xm + A| : € £ i, j, k, m}
= max{l, |a + A, l@ = ABI, |xm + Al}.
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Let A > 0.

OIf0o<i<1—xy,thenx,, +1 <1.

(i) If A > 1 — x,,, then we claim that x,, + A < « + AS. If we assume that
Xm + A > a + A8, then

Xm — Xy — o

<14+

B <1+ .
1—x,
Thus, if A > 1 — x,;, then x,,, + A < a + AS.

Let A <O.

A If =1 —x, <A <O0,then |x,, +A] < 1.

(i) If =1 — x,, > A, then we claim that —x,, — A < o — AB. If we assume that
—Xm — A > a — AB, then

Xm + o

I+ —— < L.
;3<—i—)L <

Thus, if —1 — x,, > A, then —x,, — A < o — AB. This shows that
lx + Ayill = max{l, @ + AB[, [« — AB]}.

Using similar arguments, it can be shown that ||x — Ay || = max{1, |« + AB]|, |o —
AB|}. Thus, x Lg yi.
If we define y, = (ylz, y%, e, y,%) € (%, where

—Bsgn(x;) ifl =i,
2 _ ) Psen(x)) ifl = j,
¢ 1 if¢ =m,

0 otherwise,

y

then similar arguments as above can show that x L g y». Now, if x is R-smooth, then
x Lr (y1 + y2). However, the case (ii) of Lemma 4.2 implies that this is impossible,
and therefore, x is not R-smooth. O

Our next result shows that among the nonsmooth points of £, the only R-smooth
points are the elements with exactly two nonzero entries.

Theorem 4.4 Let x € Syn_ be a nonsmooth point.

(a) If |supp(x)| = 2, then x is R-smooth.
(b) If |supp(x)| > 2, then x is not R-smooth.

Proof (a) Let x = (x1,x2,...,X,) € Sgz be a nonsmooth point with [supp(x)| = 2.
Let 1 < i,j < n such that |x;| = |x;| = 1 and xx = O for all k # i, j. Let
y = (Y1, Y2, ..., Yn) € Sgn_ such that x Lg y. Then arguments similar to the proof

of the case (d) of Theorem 4.3 entail that one of the following conditions is true.

@ yi=y; =0,
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(i) |yil = |yjl # 0, sgn(x;) = sgn(y;), and sgn(x;) = —sgn(y;),
(ii)) |yil = lyj| # 0, sgn(x;) = —sgn(y;), and sgn(x;) = sgn(y;).
This shows that x is R-smooth.
(b) Let x = (x1, x2, ..., Xn) € Sgn, be a nonsmooth point with [supp(x)| > 2. Let
1 <i,j,k <nsuchthat |x;| = |x;j| =1and 0 < |x;| < 1.
We now define y; = (yll, yzl, cees y,i), Y = (ylz, y%, ceey y,zl) € S¢n_ in the follow-
ing way:

sgn(x;) if¢ =1,
—sgn(x;) if€=j,
1 if ¢ =k,
0 otherwise,
—sgn(x;) ifl =1,
2 sgn(x;) ifl=j,
1 if £ =k,
0 otherwise.

Then for any A € R, we have

e + Ayl = max{[1 + A, [T = A[, [xx + Al |xe| : € 50, j, k}
= max{l + [A[, [xx + Al}

and
lx — Ayrll = max{l + [A[, |x; — A}

Indeed |xx &= A| < |xk| + |A] < 1 + |A|. Thus, x Lg yj. Similar arguments will
show that x Lg y».

Now, if we assume that x is R-smooth, then x L g (y; + y2). Using the case (ii) of
Lemma 4.2, we can conclude that this is impossible, and hence, x is not R-smooth. O

We end this section with the following remarks.

Remark 4.5 (i) The cases (b) and (e) of Theorem 4.3 show that, in general, a smooth
point in a normed linear space need not be R-smooth.

(ii) The case (a) of Theorem 4.4 shows that a nonsmooth point in a normed linear
space can be R-smooth.
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