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Abstract

Polynomial decomposition expresses a polynomial f as the functional composition
f = g o h of lower degree polynomials g and %, and has various applications. In
this paper, we will show that for a minimal, non-degenerate, simple, binary, linearly
recurrent sequence (G, (x));2, of complex polynomials whose coefficients in the
Binet form are constants, if G,(x) = g(h(x)), then apart from some exceptional
situations that have to be taken into account, the degree of g is bounded by a constant
independent of n. We will build on a general but conditional result of this type that
already exists in the literature. We will then present one Diophantine application of
the main result.

Keywords Polynomial decomposition - Linear recurrences - Diophantine equations

Mathematics Subject Classification 11R09 - 12E99 - 39B12

1 Introduction

In the 1920’s, Ritt [12] studied the functional decomposition f = fi o---o f; of
a complex polynomial f into indecomposable complex polynomials fi, ..., fi,. A
complex polynomial f with deg f > 1 is said to be indecomposable if it cannot be
represented as a composition of two lower degree polynomials. Ritt gave a procedure
for obtaining any decomposition of a complex polynomial from any other by applying
certain transformations. Ritt’s results about polynomial decomposition have applica-
tions to number theory, complex analysis, arithmetic dynamics, finite geometries, etc.
@ See e.g. [11] for an overview of the theory and applications. Of our interest in this
paper are decomposition properties of binary recurrent sequences of polynomials. This
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topic has been studied in several papers [6—8] and relevant results will be mentioned
later in the introduction. For Ag(x), A1(x), Go(x), G1(x) € C[x], let (G,, (x))f;ozo be
a minimal, non-degenerate and simple binary linearly recurrent sequence of polyno-
mials defined by

Gpr(x) = A1(X)Grp1(x) + Ao(x)Gr(x), n >0, sothat G,(x) = ma] +moaj,

(1.1)
for 1, mo € L, where L/C(x) is the splitting field of the characteristic polynomial of
the recurrence and 1, ap € L are its distinct roots (distinct since the recurrence is sim-
ple) such that o /aa ¢ C* (since the recurrence is non-degenerate), and furthermore
Ay, Ag, may, maj # 0 (by minimality).

To state our first result, we recall the definitions of cyclic and dihedral polynomials.
These polynomials play a prominent role in Ritt’s theory (more details will be given
in Sect. 2). A polynomial / is said to be cyclic if #(x) = £{(x) o x" o £(x) for some
n > 2 and ¢1, £, linear polynomials and dihedral if 2(x) = £1(x) o T,,(x) o £2(x)
for some n > 3 and {1, £> linear polynomials, where 7}, (x) is the n-th Chebychev
polynomial of the first kind given by T,,42(x) = 2xT,41(x) — T,,(x), To(x) = 1,
T1(x) = x.

Theorem 1 Consider the sequence (1.1) such that 71, 7wy € C. Assume that for some
n > 0 we have G, (x) = g(h(x)) for g(x), h(x) € C[x], where h is indecomposable
and neither cyclic nor dihedral. Further asume that we do not have G, (x) € C[h(x)]
forallm > 0. Then degg < C for a constant C = C({A;,G; : i = 0,1}) > 0,
independent of n.

It is well known that T,k (x) = T,,(x) o Tx(x) for any m,k € N and since for
Chebychev polynomials of the first kind the coefficients in the Binet form are constants,
already these polynomials illustrate that Theorem 1 would not hold if we allow / to be
dihedral. Indeed, for dihedral i (x) € C[x] of any degree there exists n > 0 such that
T,(x) = g(h(x)) for some g(x) € C[x] whose degree depends on n. Furthermore,
the sequence T, (h(x)) with 2(x) € C[x] is of type (1.1) and its coefficients in the
Binet form are constants, and we clearly cannot bound deg 7,, independently of n.
This illustrates why we also have to exclude the case when G, (x) € C[h(x)] for all
m > 0. Also, for cyclic h(x) € C[x] of any degree there exists a sequence (G, (x))fl‘;o
satisfying (1.1), whose coefficients in the Binet form are constants, such that we do
not have G,,(x) € C[h(x)] for all m, but G,(x) = g(h(x)) for some n > 0 and
some g(x) € C[x] whose degree depends on n. (Picke.g. 711 = 2 = 1, Ag(x) = x,
A1(x) = x + 1. Then G (x) = x™  +1 = (x™ 4 1) o x* for any k, m € N.)

Corollary 2 Let p(x), g(x) € C[x]besuchthat p(x)"+q(x)" = g(h(x))forsomen >
0and g(x), h(x) € C[x], where h is indecomposable and neither cyclic nor dihedral.
Then either p(x),q(x) € Clh(x)] or degg < C for a constant C = C(p,q) > 0,
independent of n.

Inrelation to Corollary 2, we remark that it is well known (see Lemma 5) and follows
from Ritt’s results that if the n-th power of a complex polynomial u is a composite
of a complex polynomial & (more precisely, u is nonconstant and u(x)" € C[h(x)]),
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where & is indecomposable and neither dihedral nor cyclic, then u is a composite of
h. Moreover, Ritt [12] gave a description of all g(x), 2(x) € C[x] whose composition
is an n-th power of a complex polynomial. Cohen [3] described all rational functions
g(x), h(x) € C(x) whose composition is an n-th power in C(x). It would be of interest
to give a full description of all g(x), h(x) € C(x) whose composition is a sum of two
n-th powers in C(x).

Theorem 1 relies on the main result of [8], which is a general but conditional result
for an element of the sequence (1.1) to satisfy G,(x) = g(h(x)), for g(x), h(x) €
Clx], where h is indecomposable and neither cyclic nor dihedral. To state this result
precisely, assume that G, (x) = g(h(x)), for g(x), h(x) € C[x], where & is inde-
composable. The polynomial #(X) — h(x) € C(h(x))[X] is clearly separable and
since degh > 2 by assumption, there exists y # x such that #(x) = h(y). Then
G, (x) = G,(y) and by equating the corresponding Binet forms, we obtain

may +may = p1fy + p2p5, (1.2)

where o,y are distinct roots of the characteristic polynomial of the sequence
(G, (x));'lio, B1, B2 are distinct roots of the characteristic polynomial of the sequence
(Gn(y))gio, w1, w2 € Ly and py, po € Lo, where L and L, are the splitting fields
of the corresponding characteristic polynomials over C(x) and C(y), respectively.
According to [8, Thm. 1], there is a constant C > 0, independent of n, with the fol-
lowing property: If G, (x) = g(h(x)) for some n > 0 and g(x), h(x) € C[x], where h
is indecomposable and neither cyclic nor dihedral, and (1.2) has no vanishing subsum,
then deg g < C. We say that there exists a vanishing subsum of (1.2) if there is a
permutation o of the set {1, 2} such that ;o] = pg(i)ﬁ;’(i) for i = 1,2. With the
above restrictions on %, one can show that this holds if and only if

G (x)? — Go(x)G1(x)A1(x) — Ag(x)Go(x)?
A1(x)? +4A0(x)

Ao(x)" € Clh(x)].

(1.3)
See Sect. 2 for details. It appears to be difficult to classify all such Gg, G1, Ao, A1.
In regard to this problem, we mention [10], where the authors solved the equation
gx) f(x)" = g(h(x)) where f, g, h are unknown nonconstant complex polynomials,
n > 1,degh > 2 and g is separable. We also mention [4], where the authors com-
pletely classified binomials which have a non-trivial factor which is a composition of
two polynomials of degree > 1. We further mention that certain sufficient, but unfor-
tunately not quite illuminating, conditions for (1.2) to have no vanishing subsum were
presented in [8, Thm. 2]. Finally, we mention that the constant C can be effectively
computed; this is done in the proof of [8, Thm. 1].

To the proof of Theorem 1, we will show that under the assumptions of the theorem,
there does not exist a vanishing subsum of (1.2). We will build on the techniques from
[8] and strengthen the arguments, in particular by utilizing a well known result of
Fried (Theorem 6). We will complement Theorem 1 with the following result. It will
be proved using a similar approach.

mmAg(x)" =
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138 D. Kreso

Proposition 3 Consider the sequence (1.1) with Ao constant and any of Go, G1, A}
constant. Assume G, (x) = g(h(x)) for somen > Q0and g(x), h(x) € C[x], where h is
indecomposable and neither cyclic nor dihedral. Further assume that we do not have
Gp(x) € Clh(x)] for allm > 0. Then degg < C for a constant C = C({A;, G; :
i=0,1}).

We will then present some well-understood sequences from the literature exhibit-
ing the decomposition property from Theorem 1 and Proposition 3. These include
Chebyshev polynomials of the first kind, Lucas polynomials, Fibonacci polynomials,
Fermat polynomials, Chebyshev polynomials of the second kind, etc. See Sect. 3 for
precise definitions and for further applications.

We remark that Zannier [15] proved a result similar to Theorem 1 for lacunary
polynomials, i.e. polynomials with a fixed number of terms. Theorem 1 relies on the
main result of [8], which is obtained using techniques similar to Zannier’s. There are
several applications of Zannier’s result, see e.g. [8] for more details . We conclude this
paper by illustrating one Diophantine application of Theorem 1. Consider a minimal,
simple and non-degenerate sequence (G, (x));2, satisfying

Gny2(x) = A1(X)Gpy1(x) + Ao(X)Gp(x), n=0, (1.4)

with Go(x), G1(x), Ag(x), A1(x) € Q[x], such that its coefficients in the Binet form
are constants and that there is no h(x) € Cl[x] such that G,,(x) € C[h(x)] for
all m > 0. Further consider another minimal, simple and non-degenerate sequence
(Hy(x));2, of the same type

Hp2(x) = Bi(x)Hpy1(x) + Bo(x) Hp(x), n =0, (1.5)

with Hy(x), Hi(x), Bo(x), B1(x) € Q[x], such that its coefficients in the Binet form
are constants and that there is no i(x) € C[x] such that H, (x) € C[h(x)] for all
m > 0. Recall that P(x) € C|[x] is said to be a composite of a cyclic or dihedral
polynomial if it is nonconstant and P(x) = g(h(x)), where h is either cyclic or
dihedral and g(x) € C[x].

Theorem 4 Consider sequences (G(x));>, and (Hy(x));>, satisfying (1.4) and
(1.5), respectively. Then there exists a constant C = C({A;,G; : i = 0,1}) > 0
with the following property. If G, (x) and H,,(x) with deg G, > deg H,, > C are not
composites of either cylic or dihedral polynomials, and the equation G, (x) = H,, (y)
has infinitely many integer solutions x,y, then G,(x) = H,({(x)) for a linear

L(x) € C[x].

Theorem 4 is an almost immediate consequence of Theorem 1 and the main result
of [2]. The latter result is a criterion for the finiteness of integer solutions of Dio-
phantine equations of type f(x) = g(y), where f(x), g(x) € Q[x] are nonconstant
polynomials. All details will be given in Sect. 5.
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On decompositions of binary recurrent polynomials 139

2 Auxiliary results

We now recall some basic facts about complex polynomial decomposition. For f (x) €
C[x] with deg f > 1, we say that two decompositions f = fjo---0 f, and f =
g1 o---og,of fareequivalent if m = n and there are linear i1, ..., ;-1 € Clx]
such that f; o u; = g; and Ml(*l) o fi+1 = gi+1,i = 1,2,...,m — 1. Here /Jclgfl)
denotes the inverse of u with respect to functional composition which clearly exists
exactly when p is alinear polynomial. For a given polynomial f there may exist several
complete decompositions, that is decompositions into indecomposable polynomials,
but they are all related in the following way: any complete decomposition of f can be
obtained from any other through a sequence of steps, each of which involves replacing
two adjacent indecomposables by two others with the same composition. The only
solutions of the equation a o b = ¢ o d in indecomposable complex polynomials, up
to composing with linear polynomials, are the trivial a o b = a o b and the non-trivial
solutions x” o x" P(x™) = x" P(x)" o x™, T,(x) o T,(x) = T,,(x) o T;;;(x) where
P(x) € Clx], r,m,n € N and T, is the n-th Chebyshev polynomial defined in the
introduction. These results are due to Ritt [12]. There are many interesting results on
various topics (see e.g. [11] for an overview of such results) relying on Ritt’s findings.
In particular, the following corollary of one such more recent result will be repeatedly
used in this paper, [1, Thm. 5.1] which, roughly speaking, states that ‘most’ pairs of
complex polynomials have no common composite; f and h with deg f,degh > 1
have a common composite if there are nonconstant u, v such that u(f (x)) = v(h(x)).

Lemma5 Assume that for some f(x), g(x) € C[x] where f is either cyclic or dihe-
dral, we have f(g(x)) € C[h(x)]foranindecomposable h(x) € C[x]which is neither
cyclic nor dihedral. Then g(x) € C[h(x)].

Proof By [1, Thm. 5.1], it follows that if g(x), h(x) € C[x] satisfy degg > 1,
and & is indecomposable and neither cyclic nor dihedral, then ¢ and 4 have a com-
mon composite if and only if either g(x) € C[h(x)] or there are linear polynomials
L1(x), £2(x), £3(x) € C[x] such that

g(x) =L1(x) ox™ o l3(x), h(x)=4L2(x)ox"P(x"™)ol3(x),

wherer,m € N, P(x) € C[x], gcd(deg g, degh) = 1. In particular, if deg g > 1, then
g is either cyclic or g(x) € C[h(x)]. However, for a cyclic polynomial there is clearly
a complete decomposition consisting only of cyclic polynomials (since x" = x" ox”"
for any m, n), and for a dihedral polynomial there is clearly a complete decomposition
consisting only of dihedral polynomials and possibly cyclic polynomials of degree 2
(since Ty (x) = Ty (x) o T, (x) for any m, n, and T>(x) = 2x2 — 1is cyclic). More-
over, if one complete decomposition of a complex polynomial consists only of cyclic
and dihedral polynomials, then all complete decompositions consist only of cyclic
and dihedral polynomials (see e.g. [11, Thm. 1.3, Lemma 3.6]). Thus, any complete
decomposition of the polynomial f(g(x)), where f is either cyclic or dihedral and
g is either cyclic or deg g = 1, consists only of cyclic or dihedral polynomials. This
implies that unless g(x) € C[h(x)] or deg g = 0, h must be either cyclic or dihedral,
a contradiction. If g is constant, the statement trivially holds. O
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140 D. Kreso

Another famous result on the topic of polynomial decomposition that we will make
use of in this paper is the following theorem due to Fried [5].

Theorem 6 For h(x) € C[x] the following assertions are equivalent.

1) (h(x) — h(y))/(x — y) is irreducible in C[x, y],

(i1) h is indecomposable and if n := degh is an odd prime then h(x) # aD,(x +
b,a) + c with a,a,b,c € C, witha = 0 ifn = 3, where D,/ (x, a) is the n-th
Dickson polynomial with parameter a satisfying

D,(x,0) =x", D,Qax,a*) =2d"T,(x), a # 0 2.1

where T, denotes, as usual, the n-th Chebyshev polynomial of the first kind.

Thus, for an indecomposable /(x) € C[x] which is neither cyclic nor dihedral, we
have that (2(X) — h(Y)/(X —Y)) is an irreducible polynomial in C[ X, Y]. A detailed
exposition of Fried’s proof of Theorem 6 can be found in [14], along with various
properties of Dickson polynomials.

Next we recall a few auxiliary results recorded in [8] that we will use to prove The-
orem 1. Consider the sequence (1.1) and assume G, (x) = g(h(x)) for g(x), h(x) €
Cl[x], where h is indecomposable and neither cyclic nor dihedral. Let y 7# x be a root
of h(X) — h(x) € C(x)[X] so that h(x) = h(y) and consequently G, (x) = G,(y).
Then (1.2) holds. In [8], we showed that then either C(x) N C(y) = C(x) and
h is cyclic, or C(x) N C(y) = C(h(x)). Indeed, since h(x) = h(y), we have
C(h(x)) € C(x) N C(y) € C(x). By Liiroth’s theorem ([13, p. 13]) it follows that
C(x) N C(y) = C(r(x)) for some r € C(x). Moreover, since 4 is a polynomial, r
can be chosen to be a polynomial as well by [13, p. 16]. Then i(x) € C[r(x)]. Since
h is indecomposable, it follows that either degr = degh or degr = 1, i.e. @ either
Cx) NC(y) = C(h(x)) or C(x) N C(y) = C(x). If C(x) N C(y) = C(x), then
v(y) = x for some v(x) € C(x) and hence h(v(y)) = h(x) = h(y). We deduce
that v(x) € C[x] and degv = 1. One can show that such 2 must be cyclic (see [8,
Lemma 4]), so that if % is not cyclic, then

Cx) NC(y) = C(h(x)). (2.2

In [8] we then deduced that if / is not cyclic, there exists a vanishing subsum of (1.2)
if and only if
mmaAg(x)" € C(h(x)). (2.3)

This fact will be used repeatedly in the following section. Note that

_G1(®)? = Go(W)G1(0)A1(x) = Ag(x)Go(x)*

. 2.4
AL(0)2 + 4A0(x) € CE® 24

Ty =
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3 Proofs of main results

Proof of Theorem 1 Let y # x be a root of h(X) — h(x) € C(x)[X] so that h(x) =
h(y) and consequently G, (x) = G, (y), so that (1.2) holds. By assumption we have
w1, 2, p1, p2 € C.

Note thato+oay = Ay (x), 0100 = —Ag(x), B1+B2 = A1(y)and B1 82 = —Ao(y)
by Vieta’s formulae. Further note that o, oy are not necessarily polynomials, but
ai’ + af' is a polynomial for any m > 0. Moreover, we have

L% ] .
m m— . .
o+ = Dyp(A1(x), —Ag()) = Y m—_}( ; / )Ao(x)fA1<x>'"—2f, 3.1)
i=0
where D, (X +Y, XY) = X" 4+ Y™ for m > 0 defines the m-th Dickson polynomial
Dy, (x, a) with parameter a, encountered already in Theorem 6. Likewise,

Bi' + By = Dn(A1(y), —Ao(») € Clyl, m = 0. (3.2

By [8, Thm. 1] it suffices to show that (1.2), that is mjaf + moos = p18] + p285,
has no vanishing subsum. Assume the contrary. Since 4 is by assumption not cyclic,
we can further assume that C(x) N C(y) = C(h(x)), as proved in [8, Lemma 4] and
recalled in (2.2).

Since 71, mp € C, note that either p; = 71 and pp = 73, or p; = 7 and pp = 71.
Indeed,

2G1(x) = Go)A1(x)

G = = C, - - 2 =: C.
o) =m +m=ic € A%+ 440 00) (M —m)" =12 €

— — 26iM=GoWAI(y) _ )2 — ;
Then GO()’) = P1 + P2 = C1 and Al(}')2+4A0(y) - (pl 102) = viax — )’»

and we easily deduce the claim. Assume without loss of generality that p; = 71 and
p2 = my. We next show that the existence of a vanishing subsum of (1.2) implies
T = 7).

We have that either miaf = mB] and mah = mpy, or maf = mp) and
myay, = 11 B} . Assume first that the former holds. Then af 4+« = B + B3, and thus
by (3.1) and (3.2) we have that ] + a5 € C(x) N C(y) = C(h(x)), and moreover
clearly af + o € C[h(x)]. Since by assumption G, (x) = mja] + maj € Clh(x)],
it follows that (71 — m2)e € Clh(x)] and (71 — m2)ey € C[h(x)]. We conclude that
either m; = 7y or af, @ € C[h(x)]. In the latter case we easily check that if n > 0,
then we must have o, oy € C[x]. Then o1,y € C[h(x)] by Lemma 5 and hence
G (x) € Clh(x)] for any m > 0, a contradiction. If n = 0, the theorem trivially
holds. Now assume o} = 285 and maa; = 187 Then

(1 + ) (m B + m2By) — mima (B + BY)

a}'l an —
1 ta P,
_ (4 m)Ga(y) — mm(By + By)
B T '
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142 D. Kreso

Since 7y, mp € C, by (3.1) and (3.2) we have af + a) € C(x) N C(y) = C(h(x)),
and moreover o +aj € C[h(x)]. Since also miaf +maj € Clh(x)], it follows that
either 71 = mp or o}, &f € C[h(x)], as in the former case. The latter possibility we
exclude as before. It remains to consider the case 71 = 3.

If 1y = mp =: m, then G,(x) = 7w(a} + ay) = (B} + B;) = G,(y). By
assumption there exists a vanishing subsum of this sum, and we may assume without
loss of generality thataf = B} anday = B5. Thus,a; = ¢B1andas = upsfors, u €
C such that ¢" = u* = 1. Since then Ag(x) = —ajar = —¢B1uBr = CuAg(y), it
follows that Ag(x) € C(x) N C(y) = C(h(x)). Moreover, clearly Ag(x) € C[h(x)].
Since then Ag(x) = Ag(y), it follows that £ = 1. A short calculation shows that

(c+ 1) M) + (¢ = 1) VAT +4400)

Al(x) = 5 , (3.3)
and hence

2 1 2 1 :

A - (¢ +7 AL)AL () + A1) = (¢ 7 Ao(x) = 0.
Denote
1
Hi(X,Y): =A1(X)* - (z; + E) AL(X)A(Y) + Ay (Y)?
1 2
— <§ — E) Ao(X) e C[X,Y]. (3.4)

Recall that by assumption #(x) = h(y). Since h is neither cyclic nor dihedral, by The-
orem 6 it follows that H(X,Y) = (h(X) — h(Y))/(X —Y) € C[X, Y] is irreducible.
Since Hi(x,y) = 0, it follows that H(X,Y) | H1(X, Y). (We clearly also have

1 1\?
H(X,Y) | Aj(X)* - (c + E) ALX)AL(Y) + A (Y)? — (z — E) Ao(Y),

but this follows from (3.4) and Ag(x) € C[A(x)], which is what we will use instead.) It
follows that the highest homogenous part of H (X, Y) divides the highest homogenous
part of Hi(X,Y). (A similar argument appeared in [15, Lemma 3].) If deg A9 >
2deg Ay, then

Xdeg h _ Ydeg h

| Xdeg Ao
X-Y ’
which is clearly a contradiction. If 2deg A; > deg Ao, then

Xdeg h _ Ydeg h

<7 | X2degA| _ (; + %) XdegA|YdegA| + Y2degA1.
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It follows that §2dee A1 — ({ + %) sdegAl 1 = 0 for all § satisfying § # 1 and

s9eg’ — 1. Thus for all such § we have that either §9€41 = ¢ or §9€41 = ¢ =1 Then
either { = +1 or {1, ¢, 1/¢} is a cyclic subgroup of order 3 of the group of k-th roots
of unity, where k = degh. If ¢ = +£1, then A;(x) = £A;(y) by (3.3), and hence
A1(x) € C(x)NC(y) = C(h(x)), and moreover clearly Aj(x) € C[h(x)]. Since then
Aog(x), A1(x), Go(x), G1(x) € C[h(x)] from the recurrence relation it follows that
G (x) € C[h(x)] for all m > 0, a contradiction. In the latter case we have ;3 =1,
and hence o + a3 = 7 + 5 from oy = ¢By and oy = %,32. By (3.1) and (3.2) we
conclude that

A1(x)® +3A0(0)A1(x) = o} + 3 € C(x) NC(y) = Ch(x)).

Now recall that 4 is indecomposable and thus from C(k(x)) € C(A(x), h(x)) C
C(x) by Liiroth’s theorem ([13, p. 13]) it follows that there are no intermedi-
ate fields between C(h(x)) and C(x). Thus, either C(h(x)) = C(A;(x), h(x)) or
C(A1(x), h(x)) = C(x). Since A1(x)> 4+ 349(x)A1(x) € C(h(x)) and Ag(x) €
C(h(x)) we have that A (x) is a root of a cubic polynomial over C(A(x)), and hence
either C(A[(x), h(x)) = C(h(x)) ordegh = [C(x) : C(h(x)] = [C(A|(x), h(x)) :
C(h(x))] < 3. However, any polynomial of degree 2 is cyclic and of degree 3 either
cyclic or dihedral (ax® + bx + ¢ +d € C[x] with a # 0 is cylic if b*> = 3ac, and
dihedral otherwise). If C(A(x), h(x)) = C(h(x)), then clearly A|(x) € C[h(x)] and
then G, (x) € C[h(x)] for all m > 0, a contradiction.
If 2deg A} = deg Ao, then

degh degh
X -V 2 <x2degA1 - (; - 1) xdezArydeg A 4 Y“eg*“>
X-Y ¢

1 2
—ag (C _ E) Y2degA1’

where a; is the leading coefficient of A; and ag is the leading coefficient of Ag. It
follows that for any § 1 such that 9" = 1, we have

2
2 (azdegm _ (; . %) pleg i | 1) —ag (; - %) =0. (39

Since Ag(x) € C[h(x)] anddeg Ag = 2deg A| > 0 (A and A are nonconstant since
otherwise the sequence is constant, which would violate the minimality assumption),
it follows that degh | 2 deg A;. Therefore §29°€41 = | and hence 89241 = +1. We

deduce
—a2(§’+l:l:2)—a <;+1—2> <;+1+2>
! r - ¢ ¢

Recall that ¢ is an n-th root of unity. It follows that either ¢ = £1, or 3 = 1 (and a;
and ag are related in a certain way). In the former case, A1(x) = £A(y) by (3.3), and
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hence Aj(x) € C(x) NC(y) = C(h(x)) and moreover A|(x) € C[h(x)], so as before
we conclude that G,,(x) € C[h(x)] for all m > 0, a contradiction. In the latter case,
we conclude that A;(x)? + 340(x)A1(x) € C(h(x)). We eliminate this possibility
using the same argument as in the case 2deg A; > deg Ayp. O

Proof of Corollary 2 1f p(q) = =+q(x), or one of p and ¢ is a zero polynomial, or
px)™ = g(x)™ for some m > 1, then the statement follows from Lemma 4, since
p(x)" + g (x)" is a constant times p(x)". Otherwise, consider the sequence (1.1) with
Ap(x) = —px)g(x), A1 (x) = p(x)+4q(x), Go(x) = 2and G (x) = A;(x), whichis
minimal, non-degenerate and simple, and G, (x) = p(x)™ +¢q(x)™ forallm > 0. By
Theorem 1 it follows that either G, (x) € C[h(x)] forallm > 0ordegg < C(p, q).
If the former holds, then p(x) + ¢(x) € C[h(x)] and p(x)?> 4+ g(x)*> € C[h(x)], so
also p(x)g(x) € C[h(x)], and thus Ap(x), A;(x) € C[h(x)]. Furthermore, clearly
either

_ A — VA + 440(x)

p(x) > ,

q(x)

_AIx) + VAL(x)? +4A0(x)
= 5 ,

or vice versa. Since p and g are polynomials, we have that A| (x)24+4A0(x) = D(x)?
for some D(x) € C[x]. It follows that D(x)> € C[h(x)]. By Lemma 5 we have
D(x) € C[h(x)], and hence p(x), g(x) € C[h(x)]. O

Proof of Proposition 3 As in the proof of Theorem 1, let y # x be a root of h(X) —
h(x) € C(x)[X] so that h(x) = h(y) and consequently G, (x) = G,(y). Then (1.2)
holds. Also as in the proof of Theorem 1, we may assume that C(x) NC(y) = C(h(x))
since A is not cyclic. As before, by [8, Thm. 1] it suffices to show that (1.2) has no
vanishing subsum. We assume the contrary.

If Agp and A; are constants, then clearly oy, a2, B1, B2 € C, and consequently
71,y € Clx] and pq, p2 € C[y]. Since there exists a vanishing subsum of (1.2), we
have that either mof = p1 B} and moaf = p2 5, or miaf = p2B5 and moa = p1 BY.
In either case,

mef, mas € C(x) NC(y) = C(h(x))

and moreover clearly maf, may € C[h(x)]. Thus 7, 72 € C[h(x)] and hence
Gp(x) = maf + mas' € Clh(x)] for all m > 0, a contradiction.

Now ssume Ag(x) = ag and G, (x) = ¢ for m € {0, 1}, with ag, c € C. Then
also Ag(y) = ag and G,,(y) = ¢ via x — y. Note that the statement of the theorem
trivially follows for n < 3. We may thus assume n > 3. Since, by assumption, there
exists a vanishing subsum of (1.2), by multiplication and Vieta’s formulae it follows
that mymaAg(x)" = p1p2Ao(y)", and hence w2 = p1p2. Then also myma ol =
p1p2 BT B since (—ajan)™ = Ag(x)" = ag' = Ao(»)" = (—=p1B2)". Since we
also have G, (x) = G, (y) = ¢, it follows that mjof' + ma) = p1B]" + 285"
We conclude that either )’ = p18]" and may = p2By or mal" = p2B5" and
may = p1B]'. Without loss of generality we may assume that the fomer holds.
Since there exists a vanishing subsum of (1.2), we have that either 7] = p1 8] and
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may = P2y, or maf = p2f5 and mal = p1 . We now show that in either case
Dy—m(A1(x), =Ag(x)) = Dn—m(A1(x), —ap) = of " +ay " € Clh(x)].

Recall that by assumption n > 3 and thus n — m > 2. In the former case, from
mal' = p1B]" and M = p1B], we conclude of " = B{™™, and likewise from
mal = prBY and moa = po Y, thatoy ™™ = By . Theno| " +a) ™" = i~ "+
B3 " andby (3.1) and (3.2) we conclude thato{ ™" +a) ™" € C(x)NC(y) = C(h(x)),
and hence D, (A1(x), —Ap(x)) € C[h(x)]. If on the other hand | = p2 87 and

may = p1 By, then from o' = p1 " and maay' = p2B5' we deduce

QI g PPy PBY _ Go()Gmin(y) — proa (B + B
1Bl 2By p12(=Ao(y)"

By (2.4), it follows that p;p» € C(y), and thus by (3.1) and (3.2) we conclude that
o "+ )" € Cx) N C(y) = C(h(x)), and hence D, (A1(x), —Ag(x)) =
o " +ay ™™ € C[h(x)]. Now, since Ag(x) = ap € Cand n —m > 2 by assumption,
from (2.1) we have that D,,_,, (X, —ag) is either dihedral (if ay # 0) or cyclic (if
ap = 0). By Lemma 5, from D,,_,, (A (x), —ag) € C[h(x)], it follows that A|(x) €
Clh(x)].Since iz = p1p2 € C(x)NC(y) = C(h(x))and Ag(x), A1(x) € Clh(x)],
by (2.4) it follows that

G1(x)? — Go(x)G1(x)A1(x) — agGo(x)* € Ch(x)].

If m = Oand thus Go(x) = ¢, then agGo(x)?is constantand G 1 (x)2 —cG(x)A; (x) €
C[h(x)]. Since also A1 (x) € C[h(x)], we deduce that 2G| (x)—cA1(x))* € C[h(x)].
By Lemma 5 it follows that 2G|(x) — cAj(x) € C[h(x)] and hence G(x) €
Clh(x)]. If m = 1, we analogously conclude that Go(x) € C[h(x)]. Therefore
Go(x),Gi1(x), Ag(x), A1 (x) € C[h(x)] in either case, so G, (x) € C[h(x)] for all
m > 0, a contradiction. O

4 Some remarks in relation to our main results

In Table 1 we list some well-studied binary recurrent sequences of polynomials that

our main results can be applied to. All of these polynomials are generated by the Lucas

polynomial sequence. Note that for each polynomial sequence in the second column

we have G, (x) = af' +af' forallm > 0, where a1, a; are such that Ay (x) = o1+

and Ag(x) = —ajap, and therefore Theorem 1 can be applied. All the sequences in

the first column have constant G and Ay, and therefore Proposition 3 can be applied.
Furthermore, consider the sequence

Gn(x) = (Ax+B)G—1(x) + DGp2(x), n =1, G_1(x) =0, Go(x) =g #0,

4.1
where the coefficients A, B, D € C satisfy A, D # 0 and do not depend on n. Fuchs,
Pethd and Tichy [9] considered this sequence while studying a problem related to ours.
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Table 1 (G (x))0% satisfying G, 42(x) = A1 (x)Gpi1 (x) + Ag(X)Gp(x), n = 0

Sequence (G (x))52 Sequence (G, (x))52, Aq(x) Ag(x)
with Go(x) =0, with Go(x) =2,
Gix) =1 Gi(x) = A1(x)
Fibonacci polynomials Lucas polynomials X 1
Pell polynomials Pell-Lucas polynomials 2x 1
Fermat polynomials Fermat—Lucas polynomials 3x -2
Chebyshev polynomials Chebyshev polynomials 2x -1
of the second kind of the first kind 27}, (x)
Jacobsthal-Lucas polynomials 1 2x
x"+1 x+1 —x

Table 2 Standard pairs

Kind Standard pair (or switched) Parameter restrictions

First "™, ax" p(x)™) r<m,ged(r,m)=1, r+degp >0
Second (x2, (ax2 + b)p(x)z) -

Third (D (x,a™), Du(x,a™)) ged(m,n) =1

Fourth @2 Dp(x,a),—b 2 Dp(x, b)) ged(m, n) =2

Fifth ((@x? =13, 3¢ — 4x) -

Under certain assumptions, they gave a bound on the number of distinct n, m > 0 such
that G, (x) = G, (P (x)) for afixed nonconstant P(x) € C[x]. Note thatdeg G,,, = m,
so Proposition 3 gives an upper bound on m and n such that G, (x) = G,,(P(x)) fora
fixed nonconstant polynomial P € C[x]if P is not acomposite of a cyclic or a dihedral
polynomial, or such that G, (x) and P(x) are composites of the same polynomial of
degree > 1 for allm > 0.

5 Proof of Theorem 4

As mentioned in the introduction, Theorem 4 is an almost immediate consequence of
Theorem 1 and the main result of [2]. To state the latter result we define the so called
standard pairs of polynomials. In what follows a, b € Q\0, m,n € N, r € NU {0},
p(x) € Q[x]isnonzero and Dy, (x, a) is the m-th Dickson polynomial with parameter
a, defined in Theorem 6 (Table 2).

Theorem7 Let f(x), g(x) € Q[x] be non-constant polynomials. Then the equation
f(x) = g(y) has infinitely many rational solutions with a bounded denominator
if and only if f(x) = ¢ (fi (A (x)), g(x) = ¢ (g1 (1(x))), where ¢(x) € Qlx],
Ax), u(x) € Q[x] are linear polynomials, and (f1, g1) is a standard pair over Q
such that the equation f1(x) = g1(y) has infinitely many rational solutions with a
bounded denominator.
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The proof of Theorem 7 in [2] relies on Siegel’s classical theorem on integral points
on curves, and is consequently ineffective. Thus, Theorem 4 is also ineffective. We
remark that among the ingredients in the proof of Theorem 7 were Ritt’s decomposi-
tions results.

Proof of Theorem 4 Assume that the equation G,(x) = H,(y) has infinitely many
solutions in integers x, y. Then G, (x) = ¢ (f1 (A(x)) and H,,(x) = ¢ (g1 (1 (x))),
where ¢ (x) € Q[x], A(x), u(x) € Q[x] are linear polynomials, and (f1, g1) is a
standard pair over Q, according to Theorem 7. Note that ¢ is nonconstant since G,
and H,, are by assumption nonconstant. From the table we see that if both deg f1 > 1
and deg g; > 1, then either G, or H,, is a composite of an either cyclic or dihedral
polynomial, a contradiction. Since deg G, > deg H,, by assumption, it follows that
eitherdeg g1 = 1 anddeg f; > 1, orboth f] and g; are linear polynomials. If the latter
holds, then clearly ¢ (x) = H,, (£1(x)) for linear ¢, and thus G, (x) = H,,(£(x)) for
linear £(x) € Q[x]. If deg g1 = 1 and deg f > 1, then clearly ¢ (x) = H,, (£(x)) for
linear £(x) € Q[x], and hence G, (x) = H,, (£(f1(A(x))). Since by assumption there
does not exist 2(x) € C[x] such that G,,(x) € C[h(x)] for all m > 0 and G, is also
not a composite of a cyclic or a dihedral polynomial, by Theorem 1 it follows that
degH, < C{A;,G; :i =0,1}). O
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