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Abstract
In this paper, we study the existence of positive periodic solutions for a class of non-
autonomous second-order ordinary differential equations

" +ax +a)x" —bOx" + c()x"? =0,
where @ € R is a constant, n is a finite positive integer, and a(t), b(t), c(t) are
continuous periodic functions. By using Mawhin’s continuation theorem, we prove

the existence and multiplicity of positive periodic solutions for these equations.

Keywords Second-order ordinary differential equations - Positive periodic
solutions - Mawhin’s continuation theorem
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1 Introduction and main results
In the past few years, scholars have become more and more interested in the study of

differential equations in some mathematical models that arise in Biology and Physics,
such as the equations

X" +a(t)x — b(t)x* + c(H)x> =0, (1.1
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where a(t), b(t), c(t) are positive continuous periodic functions. Eq. (1.1) comes from
abiomathematics model and was suggested by Croninin [1] and Austinin [2]. Equation
(1.1) description of some of the properties of an aneurysm of the circle of Willis, where
x is the velocity of blood flow in the aneurysm, a(¢), b(t), c(¢) are coefficient functions
related to aneurysm. For more equations related to the model, see [3-5].

Equation (1.1) have been studied by several authors, see [6—8]. The main tools used
by these authors for obtaining their results are variational method and coincidence
degree theories. At the same time, the existence of periodic solutions of nonlinear
differential equations has been studied, see for instance the papers [9-17].

In this paper, our purpose is to establish the existence and multiplicity of positive
periodic solutions of the non-autonomous second-order nonlinear ordinary differential
equations

" +ax’ +a)x" —bOx" + c()x"? =0, (1.2)

where n is a positive integer, @ € R is a constant, and a(¢), b(t), c¢(t) are continuous
T -periodic functions on R, subject to the constraints 0 < a < a(t) < A, 0 < b <
b(t) < B, 0<c=<c@t) <C,or—A <a(t) < —a<0, =B <bt) <-b<
0, —C<c@t) £-c<O.

We also consider the following particular case of Eq. (1.2)

" +ax +a)x" —b@)x" =0, (1.3)

namely, coefficient function c(¢) = 0 of Eq. (1.2).

We will use coincidence degree theories to prove the existence of at least two
positive periodic solutions for Eq. (1.2) and at least one positive periodic solution for
Eq. (1.3), under some specific assumptions on a, A, b, B, ¢, C, n, T to be given later,
and we will calculate the exact interval of the existence of the solutions and one of
the least upper bound of the period 7. It is worth noting that when « = 0, n = 1 and
O<a<a() <A 0<b=<b(t)<B,0<c<=<c() <C,Eq. (1.2)reduce to Eq.
(1.1).

Our main results are as following theorems.

Theorem 1.1 Let a(t), b(t), c(t) be continuous T -periodic functions with
O<a<at)<A, 0<b<b(t)<B, O0<c=<c(t)=<C, (1.4)
or
—A<a(t)<—-a<0, —B<b(t)<-b<0, —C<c(t)<-c<0,

where a, A, b, B, c, C be positive constants such that

b —4AC > 0, (1.5)
B — Vb2 —4AC b+ b2 —4AC L6
< . .
2¢ 2C
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Existence and multiplicity of periodic solutions for a... 831

If the period T satisfies

1
0<T< : ; ,
BXAN] ™'+ BN+ CN{™' + 1)

where B is the constant immersion ole 0,T)inC(0,T]), N| = BtV B —dac "1235_4“ +1/2,
and n is a finite positive integer. Then Eq. (1.2) has at least two positive T -periodic
solutions.

In Theorem 1.1, we assume that the coefficient functions a(z), b(¢) and c(¢) have
no zero and have same sign, if one of them is identical to zero, Theorem 1.1 will not
hold. In the following Theorem, we give the case when c(¢) = 0.

Theorem 1.2 When c(t) = 0, let a(t), b(t) be continuous T -periodic functions with
O<a<a(t) <A, 0<b<b(t)<B 1.7
or
—A<a(t)<—-a<0, —B<b(t)<-b<0,

where a, A, b, B are positive constants. If the period T satisfies

1

0<Tc< )
B2(AF"™1 + BF" +1)

where B is the constant immersion ole(O, T)in C([0,T)), F = % + € > 0, where
€ > 0 small enough such that i — € > 0, and n is a finite positive integer. Then Eq.
(1.3) has at least one positive T -periodic solution.

Remark 1.3 In this case, we can only get the existence of one positive periodic solution.

Remark 1.4 Theorem 1.2 also holds in the case of the coefficient function a(#) = 0 of
Eq. (1.2).

Remark 1.5 There is no result when b(¢) = 0 of Eq. (1.2).

2 Preliminaries
In this section, we given some notations and preliminary results which paly important
roles in the prove of our main result. For more details see [18].

Definition 2.1 Let X, Y be real Banach spaces, L : DomL C X — Y be a linear
mapping. The mapping L is said to be a Fredholm mapping of index zero if

(a) Im L is closedin Y;
(b) dimKer L = codimIm L < +o0.
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832 X. Han, H.Yang

If L is a Fredholm mapping of index zero, then there exist continuous projectors
P:X — Xand Q : Y — Y such that

ImP =KerL,
Ker Q =ImL =Im(I — Q).

It follows that the restriction Lp of L to DomL NKerP : (I — P)X — ImL is
invertible. We denote the inverse of Lp by Kp.

Definition 2.2 If €2 is a bounded open subset of X, N is called L—compact on Qif
ON () is bounded and Kp(/ — Q)N : Q — X is compact.

Lemma 2.3 (Mawhin’s Continuation Theorem). Let L be a Fredholm mapping of index
zero, 2 C X is an open bounded set and let N is L—compact on Q. If all the following
conditions hold:

(1) Lx #ANx forall x € 02 NDom L, and all . € (0, 1);
(2) ONx #0, forall x € 02N Ker L;
(3) deg{JON,Q2NKerL, 0} #0, where J : Im Q — Ker L is an isomorphism.

Then the equation Lx = Nx has at least one solution in Dom L N Q.
Consider the following Banach spaces

X=Y={x]x e CR,R), x(t + T) = x(t),Vt € R}

with the norm || x|y = |X|s and ||x|ly = |X|s0, Where |X|s = rr[10a>;]|x(t)|.
tell,

Define a linear operator L : Dom L C X — Y by setting
Lx =x"+ax’, x eDomlL,
where
DomL ={xjx € X,x" e CR,R), x'(t + T) = x'(t)}.

It is immediate to prove that Ker L = R and

T
ImL:{x |x ey, / x(s)ds:O}.
0
It is not difficult to see that Im L is a closed set in Y and

dimKer L = codimIm L = 1.

Thus the operator L is a Fredholm operator with index zero.
Define a nonlinear operator N : X — Y by setting

Nx = —a®)x" + b()x" T — c(1)x" 2.
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Existence and multiplicity of periodic solutions for a... 833

Now we define the projector P : X — Ker L and the projector Q : Y — Y by setting

1 T
Px(t) = ?[) x(s)ds

and

1 T
Ox(t) = ?/0 x(s)ds.

Hence, Im P = Ker L, Ker Q = Im L.

Lemma2.4 Let L and N be as before and assume that_a(t), b(t), c(t) satisfy the
assumptions of Theorem 1.1. Then N is L—compact on Q2 with any open bounded
subset Q C X.

Proof Clearly, operator QN : X — Y by setting
1 T
ONx = / [—a($)x"(s) + b(s)x" ! (s) — c(s)x" 2 (s)]ds.
0

Obvi(ysly, ON(Q) is bounded. It is readily seen that when a(¢) = 0 or ¢(t) = 0,
QN (L) also is bounded.
Let G(¢, s) be the Green’s function of

x")+ax'(t) =0, tel0,T],

T
/ x()dt =0, xP0)=x(T), i=0,1.
0

When a = 0, we obtain that

T =0s g
Go.n=1 Ly,
T

When o # 0, we obtain that

l(1 — G0y eTl’ <s<t<T,
Gis.n=1{¢ A L
—_——, 0<t<s<T
aleTe —1)

Then Kp : Im L — Dom L N Ker P can be given by

T
(Kpy)(t) = /0 G(t. 5)y(s)ds.
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834 X. Han, H.Yang

It is immediate to prove that Kp(I — Q)N : Q — X is compact. Furthermore, N is

L—compact on 2 with any open bounded subset 2 C X.

3 Proof of the main result

Proof of Theorem 1.1. In the preceding assumption, we assume that the coefficient
functions a(t), b(t) and c(¢) have the same sign, which include both positive and both

negative cases.
Case : 0 <a<a(t) <A, 0<b<b(t)<B,0<c=<c() <C.
In this case, Eq. (1.2) is equivalent to equation

¥ +ax +a)x" —b@O)x" +c)x"? =0,

where 0 <a <a(t) <A, 0<b<b(t)<B,0<c=<c@) <C.
Let

Q:i={xeX|M<x() <N},

which is an open set in X, where

B+ VB _4
Ni =N +1/2, N;:¥> ,
C

Mo B — /b2 —4AC +b+vb2—4AC
T 4c 4C

>

By (1.4), M and N are well defined.
By (1.5) and (1.6), we obtain

b+ Vb>—4AC b(t) +/b(1)> —4da(t)c(t) B+~ B?—4dac
M < < < <

2C - 2¢(1) 2¢
and
0 < 2ac <b(t) —Vb(1)? —4da(t)c(t)
C(B + vB? —4ac) ™ 2¢(1)
B — Vb2 —4AC
ST, <M

uniformly in 7.
Let 0 < A < 1 and x be such that

X+ ax’ + ra()x" — ab(6)x" T + dhe()x" T = 0.
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Existence and multiplicity of periodic solutions for a... 835

Multiplying by x and the integrating from O to 7', we have that

T
/ (X)) = 2a()x" T + ab()x"2 = re()x"3)dr = 0.
0

By (3.2),if x € 9021, we have M < |x|s < Nj. Then
T 2
0= / [(x)” = ra()x™ + 2b(O)x" % — re()x" T dt
0
T T
> / (x"2dt — / [a(®)x" " + b(6)x"? + c(t)x" 3 dt
0 0
T T T
= / [(x"? + x2)dt — / [a()x" + b(O)x" % + c()x"dr — / x2dt
0 0 0
T
=[x 51 0.7 —/0 X (Alxlsg ! + Blxll + Clxlsd ! + Ddr
T
> x5 0.1 —/0 X*(AN}™' + BN + CNJT! + Ddr

2
z%?o — TIx2 (AN} + BN + CNI™™ 4 1)

1
[ﬁ — T(AN!™' + BN!' + CN™ 4 1)} lx |2
0

v

’

where $ is the immersion constant of H L0, T) in C ([0, T1), but this is contradiction.
So

x4 ax’ 4+ ra()x" — Ab() X"+ re(@)x"? £ 0 forx € 99 and A € (0, 1).

Therefore condition (1) of Lemma 2.3 holds for €.
By (3.3) and (3.4), we have that
—a(t) + b(tH)N| — c(1)N?

\/f _ 7
= —c(t) (Nl _ b)) +Vb(®)* —4a()ct) Ny — b(1) b(1)2 — da(t)c(t)

- 2¢(t) 2¢(t)

— 2 _
< _lc(t) <N1 _b(1) = /b(0) 4a(t)c(t)>
2 2¢(t)

< 0.
—a(t) +b&OM — c(t)M?
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836 X. Han, H.Yang

JbO? = da)e() B —
e (M b0+ VB —4ae® | [, b0 = Vb©? e

2¢(1) 2¢(1)
> 0.
That is
—a(t) +b(tH)Ny — c(t)N} <0 (3.5)
and
—a(t) +b(OM — c(t)M?* > 0 (3.6)

uniformly in 7.
Take x € 921 N Ker L, we have x = M or x = Nj. By (3.5) and (3.6), we know
that for Vx € 0221 N Ker L, we have that

T
ONx = %/ x"(—a(t) + b(H)x — c(t)x>)dt # 0.
0

Therefore condition (2) of Lemma 2.3 holds for 2.
Now we consider £ ;N L, the arithmetic mean of M and N;. We define a continuous

function

M+ N
H(x,m:—(l—u)(x— * 1)

2

1 T
tur / X (—a(t) + b()x — ctpxddr, e [0, 1],
0
Obviously, we obtain
H(x,n) #0, Vx e€edQ NKerlL.

By using the homotopy invariance theorem, we find that

deg(ON, Q1 NKerL,0) =deg (H(x, 1), 21 NKerL,O0)
=deg (H(x,0), 21 NKer L, 0)
=—1#0.

Therefore condition (3) of Lemma 2.3 holds for ;.
In view of all Lhe discussion above, we conclude from Lemma 2.3 that Eq. (3.1)
has a solution in £21.
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Existence and multiplicity of periodic solutions for a... 837

Now, we will prove the existence of the second solution for Eq. (3.1). By (3.4),
there exists an € > 0 small enough that

0- 2ac b0 - b(1)* — 4a(t)c(r)
< H = —€<
C(B + ~/B? — 4ac) 2¢(1)
B — Vb?2 —4AC
<— <M
2c
uniformly in 7.
Let
Q2 ={xeX|H<x(t) <M}, 3.7

which is an open set in X.
Let 0 < A < 1 and x be such that

x +ax’ + ra)x — rb(0)x" + ac()x"? = 0.
Multiplying by x and the integrating from O to 7', we have
T
f ()2 = xa()x" T+ Ab(H)x" T2 = Ae()x"1dr = 0.
0

By (3.7),if x € 022, we have H < |x|ooc < M. Then

T T
0= / (x)2dt + / [—ra(@®)x" T+ ab(@)x" 2 — de()x"3)dt
0 0
T T T
> / [(x")? + x2)dt — / [a()x" + b(O)x" % + c()x"dr — f x2dt
0 0 0
2 r 2 1 1
= Wl oy = [ XA + Bixtl + Ol D
T
Z'l-x”%il(o T) _/ xz(AMnil +BM”+CMn+1 +1)dt
’ 0
T
> %131 0.7 —f X2(AN!™V 4+ BN} + CNI™™ 4 Ddr
’ 0

1 _
> [? — T(AN]"' 4+ BN} + CNJT! + 1)] lx|%

207

where £ is the immersion constant of H L, T)inC ([0, T']), but this is contradiction.
Therefore condition (1) of Lemma 2.3 holds for €2;.

@ Springer



838 X. Han, H.Yang

It may easily be shown that
—a()+b(H — c(t)H> <0 (3.8)
uniformly in 7. By (3.6), we have
—a(t) +b(OM — c(t)M?* > 0 (3.9)

uniformly in 7.
Take x € 02> N Ker L, we have x = H or x = M. By (3.8) and (3.9), we know
that for Vx € 92, N Ker L, we have that

T
ONx = %/ x"(—a(t) + b()x — c()x>)dt # 0.
0

Therefore condition (2) of Lemma 2.3 holds for €2,.

Now we consider £ }LM , the arithmetic mean of M and H. We define a continuous
function
H+M
Hx,p)=>0—-w)(x— 3

T
+“%/ x"(—a(t) + b(t)x — c(t)x>)dt, wel0, 1].
0

Obviously, we obtain
H(x,pn)#0, VxedQNKerlL.
By using the homotopy invariance theorem, we find that

deg(ON, Q2; NKer L,0) =deg (H(x, 1), 22 NKer L, 0)
=deg (H(x,0), 2, NKer L, 0)
=1 #£0.

Therefore condition (3) of Lemma 2.3 holds for €.

In view of all the discussion above, we conclude from Lemma 2.3 that Eq. (3.1)
has a solution in €.

Since Q1NQ; = {x = M}, and by (3.9), we know that M does not satisfy Eq.
(3.1), namely, Eq. (3.1) has at least two T -periodic solutions.

Case2:0< —A<a(t) <—a<0,—-B<b(t) <-b=<0,—-C<c(t)<—cx<O.
Leta'(t) = —a(t), b'(t) = —=b(t), ' (t) = —c(t), then

O<a<d(@®)<A,0<b<b(t)<B,0<c<c()<C. (3.10)
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Existence and multiplicity of periodic solutions for a... 839

In this case, Eq. (1.2) is equivalent to equation
X +ax’ —d Ox"+ b @O)x"T = ()x" = 0. (3.11)
Let0 < A < 1 and x be such that
" +ax’ —ad @O)x" + A0 O — A ()x"T = 0.
Multiplying by x and the integrating from O to 7', we have that
T
/ [(x")? + rd' (O)x™ T — A (2" T2 4+ A/ ()x" T dr = 0.
0
By (3.2),if x € 9021, we have M < |x|s < Nj. Then
T
0= f [(x")? + rd' (O)x™T — A/ ()x" 2 + Ac ()x" 3 ar
0
T T T
> / [(x))? + x)dr — / [a' (X" + b/ (0)x" T2 4 ¢/ ()x" 3 )dr — / x2dt
0 0 0
2 Ty 1 1
> %0507y — /O x* (Al + Blx|% + Clx % + Dadt

T
= 1151 0.1 —/0 x*(AN}™' + BNT + CNH + Dt

>0,

where f is the immersion constant of H (0, T) in C([0, T, but this is contradiction.
Therefore condition (1) of Lemma 2.3 holds for 2.
It is readily seen that

d (1) = b ()N + ()N} > 0
and
d(t)—bOM+c HM* <0 (3.12)
uniformly in 7.
The remaining proof is similar to the proof of case 1, and so we omit it.
In view of all the discussion above, we conclude from Lemma 2.3 that Eq. (3.11)
has a solution in £21.
Now, we will prove the existence of a second solution for Eq. (3.11).

Let 0 < A < 1 and x be such that

x4 ax’ = xd (O)x" + A0 ()x" T — A/ (H)x"? = 0.
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840 X. Han, H.Yang

Multiplying by x and the integrating from O to 7', we have
T
/ [(x))? +aad (O)x" T = a0 (O)x" T2 + 1/ ()x"1de = 0.
0
By (3.7),if x € 023, we have H < |x|s < M. Then

0 ZfT[(x’)2 +2d' (Ox" — A (X" 4+ Al ()x" e
OT ] T
>/ [(x")? + x2)dt —/ (@' (Ox™ + b ("2 + ¢/ (O)x")dr _/ 24
0 ) 0 A
> ”x”ill((),T) _/o 2(AM™ + BM" + CM" + 1)dr

T
> ||x||§,1(0 T) —/ X2(AN!™' 4 BN} + CNI'P 4 Ddr
’ 0
|x12,
’32
207

> — TIx|%(AN!'"" + BNI' 4+ CN"™ 1 1)

where $ is the immersion constant of H L0, T) in C([0, T1), but this is contradiction.
Therefore condition (1) of Lemma 2.3 holds for €2,.
It may easily be shown that

a'(t)—b H+c)H? >0
and
adt)—bEOM+OM?* <0

uniformly in 7.

The remaining proof is similar to the proof of case 1, and so we omit it.

In view of all the discussion above, we conclude from Lemma 2.3 that Eq. (3.11)
has a solution in 2.

Since Q1N = {x = M}, and by (3.12), we know that M does not satisfy Eq.
(3.11). Then Eq. (3.11) has at least two T —periodic solutions.

In view of all the discussion above, Eq. (1.2) has at least two T -periodic solutions.
Theorem 1.1 is proved.

Proof of Theorem 1.2. The coefficient functions a(¢) and b(¢) have the same sign,
which include both positive and negative cases.

Case 1: Whenc(t) =0,0<a <a(t) <A, 0<b<b(t) <B.

In this case, Eq. (1.3) is equivalent to equation

" +ax’ +a)x" —b@)x" =0, (3.13)
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Existence and multiplicity of periodic solutions for a... 841

where 0 <a <a(t) < A,0<b <b(t) <B.
Let

B ={xeX|E<x() <F}, (3.14)

which is an open set in X, where

a

E=——¢, 3.15
5 € (3.15)
A

F:E—i—e, (3.16)

where € > 0 small enough such that & — € > 0. By (1.7), E and F are well defined.
By (3.15), (3.16) and (1.7), we have that

a(t)—b(t)E >0
and
a(lt)—b(t)F <0

uniformly in ¢.
The remaining proof is similar to the proof of Theorem 1.1, and so we omit it.
In view of all the discussion above, we conclude from Lemma 2.3 that Eq. (3.13)
has a solution in Q3.
Case 2: Whenc(t) =0,—-A<a(t) <—a<0<B,—B <b(t)<—-b<0.
Leta'(t) = —a(t), b'(t) = —b(¢), then

O<a<d@®) <A, 0<b<b(t)<B.
In this case, Eq. (1.3) is equivalent to equation
¥ +ax’ —d Ox"+ b O)x"T =0, (3.17)
where 0 <a <d'(t) <A,0<b <b'(t) <B.
__ Similarly, we can prove Eq. (3.17) has at least one positive T -periodic solutions in
Q3.

In view of all Lhe discussion above, we conclude from Lemma 2.3 that Eq. (1.3)
has a solution in €23. Theorem 1.2 is proved.

4 Example
Example 4.1 Consider Eq. (1.2) with a(t) = cos(%) +3,b(t) = sin(%) + 11 and

c(t) = |cos(%)|+3.Deﬁnea =2,A=4,b=10,B=12,c=3,C=4,n=1
_ 1
and € = 270 ‘We have that
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842 X. Han, H.Yang

b* —4AC =100 — 64 = 36 > 0,
B—+b2—4AC 12—-6 10+6 b+ b2 —4AC
= < =
2¢ 6 8 2C

)

and

3

0<T< .
~ B2(220 4+ 324/30)

Theorem 1.1 guarantees that the equations

2t 2t
x" +ax’ + | cos il +3)x —(sin ot +11) %2
T T
2t
+<cos<%>'+3>x3=0

has at least two positive T-periodic solutions in Q1 U Q», where Q| = {x(¢) € X |

3 < x(r) < 3230 and @) = (x(1) € X |

2 3
1242730 x(1) < 3}

Example 4.2 Consider Eq. (1.3) with a(r) = cos(2£) + 6 and b(t) = sin(Z) + 9.
Definea =5, A=7,b=8,B=10,n=1and e = é.WehaveE = %,F =1,
and

0<T<—-0.
182

Theorem 1.2 guarantees that the equations

27t 27t
x" +ax’ + <cos <%) +6)x— (sin (%) +9> x2=0

has at least one positive T-periodic solution in Q3, where Q3 = {x(t) € X | % <
x(t) < 1}

Example 4.3 Consider Eq. (1.3) with a(t) = —(cos(%)—l—ﬂ, and b(t) =
- (sin(%) + 10).
Definea = —6,A = —8,b = —10,B = —12,n = 2 and ¢ = 1. We have
E={ F=1and
1
0<T<-—>.
2182

Theorem 1.2 guarantees that the equations

2t 2wt
x4+ ax’ — (cos <%> +7) x>+ (sin (%) + 10) =0
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Existence and multiplicity of periodic solutions for a... 843

has at least one positive T-periodic solution in Q4, where Q4 = {x(t) € X | % <
x(t) < 1}.
It is worth noting that the case of Eq. (1.2) when a(z) = 0.
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