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Abstract

Some global solvability criteria for the scalar Riccati equations are used to establish
new reducibility criteria for systems of two linear first-order ordinary differential
equations. Some examples are presented.
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1 Introduction

Let a(t), b(t), c(t) and d(t) be real valued continuous and bounded functions on
[0, +00). Consider the linear system of ordinary differential equations

¢’ =at)p + b)Y,

(1.1)
V' =c)p+dOy, t=1.
Introduce new unknowns by equalities
¢ =z + z12(0 Y,
(1.2)

Y1 =2210)¢ + 222 Y,
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where ¢1, Y1 are new unknowns, z (), j, k = 1, 2 are the coefficients of a transfor-
mation. For ¢; and ¢ from (1.1) and (1.2) we obtain a new linear system of equations

¢ =a1()p1 + b1 ()Y,
(1.3)
Y1 =c1(or +di(OYr, = 1o.

Definition 1.1 The system (1.1) is called reducible if there exists a bounded matrix
function Z(t) = (zjk(t))ikzl of transformation (1.2) for the system (1.1) such

that Z'(r), Z~'(¢) exist and are bounded with derZ~1(s) and the coefficients
ai(t), b1(t), c1(t) and d; (¢) of the system (1.3) are constants.

Study the reducibility behavior of systems of linear ordinary differential equation,
in particular of the system (1.1), is an important problem of qualitative theory of
differential equations and many works are devoted to it (see [1-6], and cited works
therein) The reducible systems (see [7]) play an important role in the study of stability
of solutions of nonlinear systems, for which the first approximation contains the time.
They play also an important role in the ’.... study of stability of quasi-periodic motion
and preservation of invariant tori in Hamiltonian mechanics (where the reducibility of
linear equations with quasi-periodic coefficients play an important role)” (see [1]). In
this paper some new reducibility criteria for the system (1.1) are obtained.

2 Auxiliary propositions

Let f(1), g(t), h(t) be real valued continuous functions on [#y, +00). Consider the
Riccati equation

Y+ FOY? 4 g0y +h(t) =0, 1> 1. @2.1)

In this section we represent some global existence criteria for Eq. (2.1) proved in [§]
and [9]. They will be used in the Sect. 3 to obtain new reducibility criteria for the
system (1.1).

Theorem 2.1 ngt fi(®) and h;(t) be continuously differentiable functions on [tg, +00)
such that (=1)" fi(t) > 0,(=D'h;(t) > 0, t > to,i = 1,2. If fi(t) < f(t) <

HO. @) < h() < ha(0). 8(0) = ;(% - 2—23) + 2= VO, i =

1,2, t > to, then for every yq) € |:— /’}igg)’ /f}: gg;:| Eq. (2.1) has a solution y(t)

on [ty, +00) with y(ty) = y(o) and

1> 1. 2.2)

See the proof in [8].
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Theorem 2.2 Let fi(®) and h; (t) be continuously differentiable functions on [tg, +00)
such that (=1)' fi(t) > 0, (=D'hi(t) > 0, t > 10,i = 1,2.If fi(t) < f(1) <
(1)

f0). 1) < k() < ha0). g(1) < (% - h—()) — 2= 1) HOR @, i =
1,2, t>ty, then Eq. (2.1) has a solution y(t) on [ty, +00) and

[hy(t) [ha(t)
A0 <y@® =< m,

Proof In Eq. (2.1) substitute y = y(¢) = z(—t), t > ty. We come to the equation

4+ FO 20z +h(1) =01 < —1p, (2.3)
where f(1) = —f(=1),3(t) = —g(—1).h(t) = —h(=1).t < —1g. Set: f;(1) =

—fi(=1t),hi(t) = —h;j(—t),t < —ty,i = 1,2. From the condition of the theorem it
follows

(=1 fi(t) <0, (=Dihi(r) <0,i=1,2,
H) < f@) < fio), ha(t) < h(r) < hy (1),

HOIAG) e
i 2(—1) ; : Q= ’2’ < .
()_Z[ﬁ(t) h,~<t>}+ DV SiOhi @), i =1,2,1 < —to

I (D) [hy(=T)
Then by Theorem 2.1 for evwry T > ty and for every z(g) € |: D \/ = T)J

Eq. (3.3) has a solution zo(#) on [T, —t9] with zo(—T) = z(oy and

(=) ha(=1)
H <. ,)—=——, 1 —T, —19].
oo S OEFEy e

Denote by I7 the set of that values z(—fg) of of the solutions z(#) of Eq. (2.3) for

which
z(=T) e [\/hi(_T),\/hf(_T)].
fET) N f2(=T)

Obviously I7 is a finite and close interval and if 77 > 7> > ty then

ITl C IT2~ 2.4)

Letto <T1 < Ty < .... < T, < ... be ainfinitely large sequence. By (2.4) we have

+o00
1=\, #9.

n=1
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Take y«) € 1. Then (by already proven) for every n = 1, 2, ... Eq. (2.2) has a solution
zn(t) on [=T},, —19] with z,(—19) = y(0) and

h )<zn(t)< hz(t

1(—t
fi(=1) =

~

Jte [T, —tol,n=1,2,...
Therefore y, (t) = z,(—t) is a solution of Eq. (2.1) on [#y, T,,] with y, (fo) = y() and

hi(t ha (1)
<y, (t) < telt,IT,],n=1,2,...
VR ==\ R el b

By virtue of the uniqueness theorem from here it follows that Eq. (2.1) has a solution
yo(#) on [tg, +00) and (2.2) is valid. The theorem is proved. O

~

Theorem 2.3 Let fi(t) and h|(t) be continuously differentiable functions on [ty, +00)
such that fi(t) > 0,hi(t) > 0,1 = 10. If 0 < f(t) < fi(0), h(t) < hi(1),g(1) <

(1) hi (1) 7
[% - W)} — 2/ i), 1 = 1o then for every yqo) = /75 Eq. (2.1) has
a solution y(t) on [ty, +00) with y(to) = y(0) and

hi(t)
y() > m, t = 1.

See the proof in [9].

Theorem 2.4 Let f1(t) and h|(t) be the same as in Theorem 2.2. If 0 < f(t) <
hy ()

A@@D = h@).g0) = [;‘;Eﬁi - h—()} + 2O, f(0) fi(0) +

h h
2f1 (O (1) + hi(Dh(t) = 0, t > to, then for every y() € [-Jf;gg;,‘/%]

Eq. (2.1) has a solution y(t) on [ty, +00) with y(t9) = y() and

[hy(t) hi(t)
— mf)’(l)f fl(l‘)’ t = 1.

See the proof in [9].

Theorem 2.5 Let fi(t), g1(t) and h|(t) be real valued continuous functions such

that f1(t) > 0, ‘?—(;; is continuously differentiable on [ty, +00). If 0 < f(t) <

2
J1(0), A(g() —g1(1)g1(#) > 0, h(r) < K[(?;—g;) +d _)\)?11_8} A =const, t=>
fo, then for every y) > —)»3}: xgi Eq. (2.1) has a solution y(t) on [ty, +00) with
y(to) = t0) and

y(t) > Agl(r) t > 1.

VG
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See the proof in [9].

Theorem 2.6 Let f1(t) and hi(t) be continuous functions on [ty, +00). If O

f@) = fi@), [k + [ lhl(t)df] (fl(t)[k + [ thl(f)d'f:| —g(l)> = 0,h()

hi(t), A = const, t > 1y, then for every yq) > —A Eq. (2.1) has a solution y(t)
with y(ty) = y) and

IA

IA

t

Y0z —h = [m@de, 1z
0]
If in addition for some < A the inequality |:[,L + fto th1(r)dri| (f] (t) |:/L +
fto thl(f)dfi| — g(t)) > 0,t > tg is satisfied and yoy < —u, then

t

y) = —p— /hl(f)df, 1= 1.

fo
See the proof in [9].

Theorem 2.7 Let for some X € R and continuous on [ty, +00) functions g1(t) and
h1(t) the following conditions be satisfied.

f@ =0, f, rexp{f,o [ L& 06) +m©) + g(s)]ds}[f(r)n%(r) + (g(r) -

g1(@)ni(t) + h(r) — hl(t)]dr <0, t>ty, where

t t t

no(t) Ekexp{—/g(r)dt} —[exp{—/g(s)ds}h(t)dr,

] to T
1 t t
n1(t) Ekexp{—fg1(r)dt} —/exp{—/gl(s)ds}hl(t)dr.
1o to T

Then for every y) = A Eq. (2.1) has a solution yo(t) on [ty, +00) with yo(to) = y(0)
and yo(t) = n1(t), t = to.

See the proof in [9].
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3 Reducibility criteria for the system (1.1)
Consider the Riccati equation
Y + b0y + E@)y —c(t) =0, > 1, (3.1)

where E(t) = a(t) —d(t), t > ty.In[2] it was established that the system (1.1) is
reducible provided:

«) Eq. (3.1) has a bounded solution on [#y, 4+00)

or

B) Eq. (3.1) has a solution y(¢) on [ty, +00) such that lim;_, 4 ¥ () = c0.

We will use this fact with the theorems from Sect. 2 to prove reducibility criteria for
the system (1.1).

Theorem 3.1 L¢t b;(t) and c¢;(t) be continuously differentiable functions on [ty, +00)

such that (—1)'bj(t) > 0,(=1)'¢c;(t) > 0, t > to,i = 1,2. If b1(t) < b(t) <
bl ' ; .

ba(t), c1(t) < —c(t) < e2(t), E(t) = ;(,,—E’i — 2;22) +2(= D' VB e, i =

1,2, t>1,

Ay) % is bounded on [tg, +00),i =1, 2,

then the system (1.1) is reducible.

Proof By virtue of Theorem 2.1 from the conditions of the theorem it follows that Eq.
(3.1) has a solution y(¢) on [#y, +00) such that

[ca(t) c1(1)
— bz(t)fy(t)f bi(t)’ t = 1.

From here and from the condition A1) it follows that y(¢) is bounded. Then by «) the
system (1.1) is reducible. The theorem is proved. O

Example 3.1 Let v(¢) be a continuous and bounded function on [#y, +00). Consider
the system

@' = 2+ v(1)g +sinty,
V' =coselp+ (v(t) —sin )y, > 1.

It is not difficult to verify that for b;(t) = c;i(t) = (=Di,i = 1,2, t > 1o the
conditions of Theorem 3.1 for this system are satisfied.

By analogy using Theorem 2.2 in place of Theorem 2.1 can be proved

Theorem 3.2 Let b; () and ¢; (1) l_Je continuously differentiable functions on [ty, +00)
such that (—1)'bi(t) > 0,(—=1)'c;(t) > 0, t > to,i = 1,2. If b1(t) < b(t) <
b (0)

by(t). c1(t) < —c(t) < 2(0), E(t) < §<m - jﬁﬁi) — 2= VD0, i =
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1,2, t > 1y, the function Z’g; is bounded on [tg, +00),i = 1,2, then the system
(1.1) is reducible.

Example 3.2 Let v(¢) be the same as in Example 3.1. Consider the system
’_ _ 1
¢ = (W) = 2)¢ +cos L=y,
V' =sine’¢ + (v(t) +cost)yr, 1> 1.
One can readily check that for b; (1) = ¢; (¢) = (=i, i=1,2, t> totheconditions

of Theorem 3.2 for this system are satisfied.

Theorem 3.3 Let by (t) and c|(t) be continuously differentiable functions on [ty, +00)

such that by(t) > 0,c1(t) > 0,1 > 19. If 0 < b(t) < b1 (t), —c(t) < c1(t), E(t) <
b/ !

%(#ﬁg — 28) — 2B, 1 > 1.

Az) lim; s oo Zi_ﬁtt) = +09,

then the system (1.1) is reducible.

Proof In virtue of Theorem 2.3 from the conditions of the thorem it follows that Eq.
(3.1) has a solution y(#) on [fy, +00) such that

ci(?)
bi(r)’

Y = I =1

From here and from A») it follows that

lim y(t) = 400,

t——+00

By B) from here it follows the reducibility of the system (1.1). The theorem is proved.
O

Example 3.3 Let v(t) be the same as in Example 3.1. Consider the system
o3
¢ =) = )6+ Gy,
Y= —sint i+ 0@+ . 121

One can readily check that for by (¢) = %, c1(t) = 1,t > 1 the conditions of Theo-
rem 3.3 for this system are satisfied.

Theorem 3.4 Let bi(t) and c|(t) be the same as in Theorem 3.3. If 0 < b(t) <

bi(t), —c(t) < (D). E() > §(2—§§ - iig;) + 2B e (). b1 (1) +

2b1()ci (1) —c1(De() =0, 1 = 1,
Az) ,‘718 is bounded on [tg, +00),
then the system (1.1) is reducible.

@ Springer



520 G. A. Grigorian

Proof By Theorem 2.4 from the conditions of the theorem it follows that Eq. (3.1) has
a solution y(¢) on [#g, +00) such that

Cl(t) ci(t)
o =20 Vb 17

From here and from A3) it follows that y(¢) is bounded on [#p, +00). Then by «) the
system (1.1) is reducible. The theorem is proved. O

Example 3.4 Consider the system

¢’ =3+ v(D)]g + ey,
(3.2)
Y o= e 02 4 [u(r) — 3cos2t]y, 1> to,

where v(7) is the same as in Example 3.1. It is not difficult to verify that for b (1) =
eSin2t ci(t) = e M 2t > 1y the conditions of Theorem 3.4 for this system are
fulfilled. Hence this system is reducible.

Remark 3.1 The reducibility of the system (3.2) in the case when v(¢) = 0 is evident.

Theorem 3.5 Let bi(t) and E|(t) be continuous functions on [to, +00) such that

bi(t) >0, t > t, fl((t’)) is continuously differentiable on [ty, +00). If 0 < b(t) <

bIO,ME®) = EOEN(®) 2 0,—c() = k[(’f‘é’f) + (- A)Zé’f] b=
const, t> 1y,

Ag) lim; 4o A
then the system (1.

= +00,
lS reducible.

Proof In virtue of Theorem 2.5 from the conditions of the theorem it follows that Eq.

(3.1) has a solution y(¢) on [fg, +00) such that y(z) > —A l,fl‘((t’)), t > to. From here

and from the condition Ay) it follows that

[_l)lTooy(t) = oo
Consequently by g) the system (1.1) is reducible. The theorem is proved. O
Example 3.5 Let v(¢) be the same as in Example 3.1. Consider the system
¢’ = [v(1) + Sarctan(i® sin1)]p + 108y,
V¥ =5cos ¢ + [v(r) +sint!0y, 1 >5.

It is not difficult to verify that for b (¢) = 100 , E1(t) = 10, A = —1 the conditions of
Theorem 3.5 for this system are satisfied.
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Theorem 3.6 Let by(t) and c|(t) be continuous functions on [ty, +00) such that

f,o tci(v)dr, t > ty, is bounded on [ty, +00). If 0 < b(t) < bi(1), [A +

f,o t61(r)dr] (bl(t)[k + f,o tm(f)df} - E(t)) < 0,—c@®) =< c1(1), [u +
fto tc(r)dri| <b(t) |:/L + fto te(vydr | — E(t)) > 0,A = const, 0 = const,ju <
A, t > tg, then the system (1.1) is reducible.

Proof By Theorem 2.6 from the conditions of the theorem it follows that Eq. (3.1) has
a solution y(#) such that

t 1

- /q(r)dr <y < - / c1(@)dr, 1= b,

fo 4]

Then since fm tc1(t)dr is bounded y(¢) is also bounded. Therefore according to «)
the system (1.1) is reducible. The theorem is proved. O

Example 3.6 Let v(¢) be the same as in Example 3.1. Consider the system
¢ = [sint +v()]gp + |sint*|y,
Y = —=2costep + [v(t) —sint]y, > fo.

One can readily check that for c; () = 2 cost, b1 (t) = 1, . = sin £y the conditions of
Theorem 3.6 for this system are satisfied.

Theorem 3.7 Let for some ) € R and continuous functions E|(t) and c|(t) the fol-
lowing conditions be satisfied
b(r) = 0,

t T
/ exp{ [[e 0w+ 00) + E(s>]ds} [bmx%(r) -

fo Ty

+(E(t) — Er(m)x1 () +c1(z) — C(f)}dr =0, t=1, (3-3)

lim;—, y 5 x1(t) = +00, where

t t t

xo(t) Ekexp{—/E(r)dt} —l—/exp{—/E(s)ds}c(t)dr,

0] 0 T
t t t
x1() Ekexp{—/El(r)dr} +/exp{—[E1(s)ds}c1(r)dr.
to to T
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Then the system (1.1) is reducible.

Proof By virtue of Theorem 2.7. from the conditions of the theorem it follows that
Eq. (2.1) has a solution yy(#) on [ty, +00) such that lim;_, 4 yo(f) = +00. By B)
from here it follows the reducibility of the system (1.1). The theorem is proved. 0O

Remark 3.2 The condition (3.3) of Theorem 3.7 is satisfied if in particular A = 0 and

b(OIE, o () + (E() — EX()) I, ¢, (1) + c1(t) — c(t) < 0,1 > 1o,

where Ig, ., (t) = ftotexp{— I tEl(s)ds}cl(r)dr, t> 1.

Example 3.7 Let v(¢) be the same as in Example 3.1. Consider the system
¢’ = [v(1) — sin® 1*]¢p + Sy
¥ =1+ cos*Vilp + [v(t) — 11y, 1> 1.

Using Remark 3.2 one can readily check that for ¢1(¢) = 1, E1(t) = 0, A = 0O the
conditions of Theorem 3.7 for this system are satisfied.
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