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Abstract

In this paper, we first establish five versions of Landau-type theorems for five classes
of bounded biharmonic mappings F(z) = |z|2G(z) + H (z) on the unit disk D with
G(0) = H(0) = Jrp(0) — 1 = 0, which improve the related results of earlier authors.
In particular, two versions of those Landau-type theorems are sharp. Then we derive
five bi-Lipschitz theorems for these classes of bounded and normalized biharmonic
mappings.
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1 Introduction

Let D={z € C: |z] < 1} denote the unit disk with center at the origin and radius 1.
Forr > 0,letD, = {z € C: |z|] < r}. A function f(z) = u(z) +iv(z),z = x + iy
is a harmonic mapping on the unit disk D if and only if F is twice continuously
differentiable and satisfies the Laplacian equation

PP

Af =4fz=75+ 752 0

Communicated by Adrian Constantin.

B4 Ming-Sheng Liu
liumsh65@163.com

Shi-Fei Chen
¢sf1377539656 @ 163.com

School of Mathematical Sciences, South China Normal University, Guangzhou 510631, Guangdong,
People’s Republic of China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00605-020-01440-5&domain=pdf
http://orcid.org/0000-0002-2644-6997

784 S.-F. Chen, M.-S. Liu

for z € D, where the formal derivatives of f are defined by

1 . 1 .
fo= 5 (fx - lfy) NS B (fx +lfy) .

A function F(z) = U(z) + iV(z) is a biharmonic mapping on D if and only
if F is four times continuously differentiable and satisfies the biharmonic equation
A(AF) =0 for z € D. In other words, F(z) is biharmonic on D if and only if AF is
harmonic on D.

It is known [1] that a mapping F is biharmonic on D if and only if F can be
represented as follow:

F(z) = |z°G(z) + H(z), z € D, (1.1)

where G (z) and H (z) are complex-valued harmonic mappings on D.

In [15], it’s known that a harmonic mapping f (z) is locally univalent on DD if and
only if its Jacobian J;(z) = |f.|? — | f5|*> # O for any z € D. Since D) is simply
connected, f(z) can be written as f = h + g with f(0) = k(0), h and g are analytic
on D. Thus, we have

Tr @) =0 @) — 18 @)
For such function f, we define
Ap@ = max (e fo(2) + e £ = | @1+ 1L,
and

@)= min e f.2) + e f@)l = 1 £ = Q.

Recall that a mapping w : D — € is said to be L;-Lipschitz (L; > 0) (/{-co-
Lipschitz (I; > 0)) if

lo(z1) — w(z2)| < Lilz1 — 22|, z1,22 € D, (1.2)
(lo(z1) —w(z2)| = lilz1 — 22|, 21,22 € D). (1.3)

A mapping o is bi-Lipschitz if it is Lipschitz and co-Lipschitz (see [14]). In [13],
the Lipschitz character of q.c. harmonic self-mappings of the unit disk was established
with respect to the hyperbolic metric and this was generalized to an arbitrary domain
in [25].

Harmonic mappings techniques have been used to study and solve fluid flow
problems (see [4,11]). For example, in 2012, Aleman and Constantin [4] developed
ingenious technique to solve the incompressible two dimensional Euler equations in
terms of univalent harmonic mappings. More precisely, the problem of finding all solu-
tions which in Lagrangian variables describing the particle paths of the flow present a

@ Springer



Landau-type theorems and bi-Lipschitz theorems for... 785

labelling by harmonic mappings is reduced to solve an explicit nonlinear differential
system in C" (please refer to [11]).

The classical Landau’s theorem states that if f is an analytic function on the unit
disk D with f(0) = f’(0) — 1 = 0 and |f(z)| < M for z € D, then f is univalent
. . . 1 . . .
in the disk D, with ro = Yy and f(D,,) contains a disk |w| < Ry with

Ro=M rg. This result is sharp, with the extremal function fy(z) = M zIM_—f’Izz. The
Bloch theorem asserts the existence of a positive constant number b such that if f is
an analytic function on the unit disk D with f/(0) = I, then f (D) contains a schlicht
disk of radius b, that is, a disk of radius » which is the univalent image of some region
on . The supremum of all such constants b is called the Bloch constant (see [6,12]).

For harmonic mappings on ID, under suitable restriction, Chen, Gauthier and Hen-
gartner [6] obtained two versions of Landau’s theorems. In 2008, Abdulhadi and
Muhanna proved the following Landau-type theorem of certain bounded biharmonic
mappings in [2].

Theorem A (Abdulhadi and Muhanna [2]) Let f(z) = |z|>g(z)+h(z) be a biharmonic
mapping of the unit disk D, as in (1.1), with f(0) = h(0) = J¢(0) — 1 = 0 and
lg(z)| < M, |h(z)| < M for z € D. Then there is a constant 0 < r; < 1 so that f is
univalent in the disk D,,. In specific r satisfies the following equation

T 2Mr12 2r; — rl2
— = 2'M - —= - — =0, (1.4)
AM (1—r)? (1—r)?
and f(Dy,) contains a schlicht disk Dg, with
3 2
+
Ry = —p —2y L0 (1.5)

T 4M 1—r

From that on, many authors considered the Landau-type theorems for certain
bounded biharmonic mappings (see [5,7-9,16,18-23,26]). Liu et al. improved Theo-
rem A by establishing the following theorem.

Theorem B (Liu[16]) Let F(z) = |z |2g(z) +h(z) be a biharmonic mapping of the unit
diskD, asin (1.1), with F(0) = h(0) = JF(0)—1 =0and |g(2)| < My, |h(2)| < M>
for z € D. Then, F is univalent in the disk D,,, and F(ID,,) contains a schlicht disk
Drg,, where ry is the minimum positive root of the following equation

2M, r2 2

a=—nt

2r —r

Mo(M>) —2rM; — m

M3 -2 =0, (1.6)

and

3 2

" [5 172 "
Ry = Ao(Mp)ro —2M; - —\/2M5 =2 —— (1.7)
1—72 l—r2
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where Ao(M) is defined by

Na , .
Ay F1EM = Mo= mm—s.
rM(M) = (1.8)
T 1 = T~
z M > Mo = —=Z— ~ 1.1296.

Chen et al. established the following theorem, which improved Theorems A and B
for the case M| = M, = M.

Theorem C (Chen et al. [8]) Let F(z) = |z|>g(z) + h(z) be a biharmonic mapping
of the unit disk D, as in (1.1), with F(0) = h(0) = Jr(0) — 1 = 0 and |g(2)| <
My, |h(z)| < M; for z € D. Then, F is univalent in the disk D,,, and F (D,,) contains
a schlicht disk Dg,, where r3 is the minimum positive root of the following equation

a0 JamZz —2 r-r_, (1.9)
T ey, M L e _
4M, YT Ta =2 2 (1—r)2

and

7 r3(AMry + 7, [2M3 — 2)

Ry — _ , 1.10
3T am, (1 —r3) (1.10)

Zhu et al. improved Theorems A, B and C by establishing the following theorem:

Theorem D (Zhu and Liu [26]) Suppose that F(z) = |z|2g(z) + h(z) is a biharmonic
mapping in the unit disk D such that |g(z)| < My and |h(z)| < M, for z € D with
[Jr(O)] =1

(i)If My > 1 or My = 1 and My > O, then F is univalent in the disk D,,, and
F(Dy,) contains a schlicht disk Dg, (F(0)), where r4 = r4(My, M>) is the minimum
positive root of the following equation:

My Ny

ro(Ma) — 2Mr — ————— — Ag(Ma)/ M3 —1- =0, (l.11
0( 2) 1r 7[(1 o }’2) O( 2) 2 (l o r2)3/2 ( )
and
> s
Ry = Ao(Mo)ra — Myry — Ao(M>2) Mg—l-—zl/z, (1.12)
(1—r4)

where Lo(M) is given by (1.8).

(ii) If My = 1 and M = 0, then F is univalent in D and F (D) = D.
For the biharmonic mappings with Ar(0) = 1, many versions of Landau-type theo-
rems, even sharp results have been found. In 2019, Liu and Luo proved the following
sharp results.
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TheoremE (Liu and Luo [20]) Suppose that Ay > 0 and Ay > 1. Let F(z) =
|z|2G(z) + H(2) be a biharmonic mapping of the unit disk D, where G(z) and H (z)
are harmonic in D, satisfying G(0) = H(0) = 0,Ar(0) = 1, Ag(z) < A1 and
An(z) < Aj for all z € D. Then F(z) is univalent on the disk D, and F (]D)rs)
contains a Schlicht disk Dg,, where rs is the unique root in (0, 1) of the equation

1-— Azr 2
A—2L 32 =0, (1.13)
Ao —r
and
R5=A§r5+(A§—A2)1n <1—Ir\—5> — A2, (1.14)
2

This result is sharp, with an extremal function given by

1— Asz
Fo(z) = Azf = dz — M|z|*z
0, N2—2z

Z
= A3z — Arlz)’z + (A% — A2) In <1 - A—2>, z eD. (1.15)

Theorem F (Liu and Luo [20]) Suppose that A > 0. Let F(z) = |z|>G(z) + H(z)
be a biharmonic mapping of D, where G(z), H(z) are harmonic in D, satisfying
GO0)=H0)=0,Ar0) =1,A6() <A, and Au(z) < 1or|H(2)| < 1 forall
z € D. Then F is univalent on the disk D, and F (D, ) contains a schlicht disk Dy,
where

I if0=Asy, w16
pr1 = 1 . 1 .
«/TT lfA>§,
and
1—A, if0<A<q,
o1 =p1 — Apj] = 2 iFA > L (1.17)
3V3A° 3

This result is sharp.

It is natural raise the following.
Problem 1 IfAr(0) = 1isreplaced by Jr(0) = 1 in Theorems E and F, can we obtain
sharp versions of Landau-type theorems for such bounded and normalized biharmonic
mappings?

Problem 2 Can we improve Theorem D?
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In this paper, we first establish several new lemmas (see Lemmas 2.1, 2.2, 2.4, 2.5
and 2.9). Then, using these estimates, we prove several new versions of Landau-type
theorems of bounded biharmonic mappings F(z) with Jr(0) = 1. In particular, the
results of Theorems 3.1 and 3.2 are sharp, which gives part of affirmative answer
to the first question, Theorem 3.5 improves Theorems A, B, C and D, which gives
an affirmative answer to the second question. Moreover, we can verify that these
biharmonic mappings F'(z) are bi-Lipschitz on the univalent disks without changing
the hypothesis of the theorems in Sect. 3.

2 Preliminaries
In this section, we establish some lemmas needed in the proof of the main results.

Lemma 2.1 Suppose A > 1. Let H(z) be a harmonic mapping of the unit disk
D with Jg(0) = 1 and Ay(z) < A for all z € D. Then for all 71,20 €
D, 0<r<1,z1 # 22), we have

Ag(0) — A
[ H.ode+ @z = AZ2O A ) e

|H(z2) — H(z1)| = m A=rgOr "~

Proof Following the idea from [17] (see also [20, Proof of Lemma 2.2]), let 6) =
arg (zo — z1). Since H(z) is a harmonic mapping in the unit disk D, H(z) can be
written as H(z) = Hi(z) + H»(z) for z € D, where H; and H; are analytic in D.
Since Jy (0) = |H1/(0)|2 — |H2’(O)|2 =1, we have |H{(0)| > |H}(0)|, and

Ao<g<rr arg {H{ (0)e! C0+0) 4 HZ/(O)e"@O*")]

= Aosp<an arg [ H{ ) @0 | = 2,

where Ag<p<27 denotes the increment of the succeeding function as 6 increasing from
0 to 2 7r. Thus there exists a #; € [0, 27r] such that

Hi{(0)e' @t 4 F(0)e! @~ > 0.

Since Ay (0) < A, we have

O 1

A (0) = AnO A

Forz e D, let

H| (z)e! @+00) 4 H) (z)e! 0=
A .

w(z) =
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Then w(z) is analytic with |w(2)] < Ag(z)/A < 1 forz € D and

H{(0)e! @+ + H; (0)e! Po=b1) _ (0
A - A

o :=w(0) =
Using Schwarz—Pick Lemma, we have

a—r MO 550 - Ar

> = , e D,.
l—ar = 1= 20 = A~y O)r "

Rew(z) >

Then

| H(2)dz + H (2)dz

2122

/‘7 (H{(z)e“eowl) + Hé(z)e‘i(9°_01)> ldz|
2122

2/ Re’Hl/(z)ei(90+91)+—H2’(Z)e—i(90—91)]|dZ|

2122

:/ Re{Hl/(z)eueowl)+Hé(z)ei<eofel)}|dz|

2122

Ag(0) — A Ag(0) — A
2/ AMIdd = AM |21 — 22| .
7z A —AgO)r A —ArgO)r

O

Applying the analogous proof of Lemma 2.3 in [20], we have the following lemma.
Lemma 2.2 Suppose A > 1. Let H(z) be a harmonic mapping of the unit disk 1D
with Jg(0) = 1 and Ag(z) < A forall z € D. Set y = H Y (ow") with w' €

H (0D,) (0 < r < 1) and ow’ denotes the closed line segment joining the origin and
w', then

> A /r A0 = AL, (2.2)
0

H($)d¢ + Hz (¢)d¢
| Heteras + et T

Lemma 2.3 [16] Suppose that f(z) = h(z) + g(z) is a harmonic mapping of the unit
disk D with | f(2)| < 1. If J£(0) = 1, then f(z) = az, where |a| = 1.

Lemma 2.4 Suppose that f(z) = h(z) + g(z) is a harmonic mapping of the unit disk
Dwith J§(0) = 1. Then | f(2)| < 1forallz € Difandonlyif A s(z) < 1forallz € D.

Proof 1f | f(z)| < 1 for all z € D, it follows from Lemma 2.3 that f(z) = az, where
|| = 1. Hence

Ap@) =1+ @ =lal=1=<1
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for all z € D. Conversely, if A y(z) < 1 for all z € I, then for each z € D, we have

@) = ‘/{0 Oz + S0

5/ |Afs@)|ldz] < |zl < 1. O
[0,z]

Because of its independent interest, we establish the following estimates of coef-
ficients of harmonic mapping f with f(0) = J7(0) — 1 =0and A s(z) < A for all
z € D.

Lemma 2.5 Suppose that f(z) = h(z)+g(z) is a harmonic mapping on D with h(z) =
Youlanz" and g(z) = Y ;2 byz" are analytic on D, and f(0) = J£(0) — 1 =0,
Af(z) < Aforallz €D, then A > 1, |ay| + |b1] < A, and

4 _
lan] +1bn] < ——5= n=2.3,.... (2.3)
and
Lo 0 =1 (2.4)
A== .

When A = 1, then f(z) = ajz with |a;| = 1.

Proof Since J;(0) = (la1| + [b1)(la1| — |b1]) = 1 and A r(z) < A forallz € D, we
have

1

< ——— =lai| = |bi| < la1] + |bi| = A ;(0) < A.
la1| + |bi | 4

which implies that A > 1,

1

_ > —. 2.5)
lai| + 1b1] — A

Ar(0) = [lat| — |b1]| =
and

Ap(0) = [lai| = |b1l] < la1| + |b1] = = Af(0) = la1] — |b1]] = 1.

1
llar| = 1b1l|
(2.6)

Fixedn € N—{1} = {2, 3, ...}, we choose a real number « such that |a, +¢'%b, | =
la,| + |b,|, and set

oo

a + €%b, k(ay + €%by) 1
A + Z A .

1 .
F(z) = X[h/(z) +e'“g' ()] =
n=2
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Since g(z) and h(z) are analytic and A y(z) = |h'(2)| + |g'(z)| < A on D, we get

F(z) is analytic and | F (z)| < WQHE@L < 1 onD. By Lemma 1.3in[16] and (2.5),
we have

i i 2 _ 2
k(ag + e bk)‘<1_‘a1+e bl‘ <1_||611| b1 <1_L
A - A - A2 - A4
for k = 2,3, .... In particular, we have
(| + 1bal) = nlay + b, < AC1— Ly = A1
n(la =nla e - )=
n n n ni = A4 A3
which implies that
A —
lan| + 1by| < i n=273,....

A1

When A = 1, we have |a,| + |b,| < e

a, =b,=0forn=2,3,....

Since 0 < |ai| — |b1] < |a1|+[b1| < Tand J¢(0) = (la1| — [b1))(la1] + [b1]) = 1,
we have |ai| — |b1| = |ai]| + |b1| = 1. Hence |a;| = 1, by = 0, and f(z) = a1z with
laj| = 1. O

= 0forn = 2,3,..., which implies

Lemma 2.6 [3,16,26] Let f(z) = h(z) + g(2) = Yooy anz® + Y ooy buz" be a

harmonic mapping on the unit disk D.

() If1f ()| < M, then

oo
> (anl + 1ba))* < 2M>.

n=1

(ii) If Jy(0) = 1 and | f(2)| < M, then

> lanl + 1ba)?* </ M* = 1-24(0).

n=2
and X r(0) > Lo(M), where Ag(M) is given by (1.8).
Applying the analogous proof of Lemma 2.5 in [20], we have the following lemma.
Lemma 2.7 Suppose A > 0. Let F(z) = aAl|z|*z + bz be a biharmonic mapping
of the unit disk D with |a| = |b| = 1. Then F is univalent on the disk D,,, and

F (ID)pl) contains a Schlicht disk Dy,, where p1 and o1 are given by (1.16) and (1.17)
respectively. This result is sharp.
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Lemma 2.8 [20] Let F(z) = |z|>G(z) + H(z) be a biharmonic mapping of the unit
disk D with G(0) = H(QO) = 0 and Ag(z) < A for all z € D, where G(z) =
G1(2)+Ga(2) = Yoply and" + Y5 baZ"  H(z) = Hi(2)+ Ha(2) = Y oy 2" +
Y o2 | dnZ" are harmonic mappings on D. Then for all z1,z2 € D, (0 < r < 1) with
Z1 # 72, we have

o
|F (z1) = F (z2)| = |21 — 22 [ucn —ldil =Y eal + ldalynr" =" — 3Ar2} :

n=2

2.7)

Lemma2.9 Let F(z) = |z|*°G(z) + H(z) be a biharmonic mapping of the unit
disk D with GO) = H(O) = 0 and Ag(z) < A for all z € D, where
GR) = Gi(d) + Ga@) = Yoo and" + Y00 b2 H() = Hi(2) + Hhz) =
230:1 7" + ZZOZI d,7" are harmonic mappings on D. Then for all 71,22 €
D, (0 < r < 1) with z1 # zo, we have

IF () = F @) < 21— 22 (An (@) +34r7). 28)

Proof For any z1,z20 € D, (0 <r < 1,7] # z2), we have

G| = '/ G (2)dz+ Gz(2)dz| < / [AG(2)lldzl < Alzl, (2.9)
[0,z] [0,z2]

and

|F(z1) — F (z2)| = / F.(z)dz + Fz(2)dz

1,22

_ / (ZG(2) + |21°G (2)

1,22

+H (2))dz + (zG(2) + IzlzG/z(z) + Hg(z))di‘

IA

H.(2)dz + H,(2)dz

21,22

/ (ZG(z) + 1z1*G} (z)) dz + (2G(2) + |21*G(2))dz
71,22

+

Sf (1H(2)| + [Hz(2))|dz]

1,22

+/ QIzIIG @) + 1zI*1G) | + 1zI*1G5]) ldz
21,22

< l|z1 — 22| <AH(Z) + 3Ar2> .

This completes the proof of the lemma. O
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Lemma 2.10 [24] Let G(z) be a harmonic mapping of the unit disk D with G(0) = 0

and |G(2)| < M. Then forall 71,z € D, (0 < r < 1) with z1 # z2, we have

4M@3r? — 2r%)
(1l —r?)

Lemma 2.11 [6] Let G be a harmonic mapping of the unit disk D with G(0) = 0 and
G(D) C D. Then

l1221°G(z2) — 211G (z1)] < |21 — zal.

4 4
|G(z)| < — arctan |z| < —|z|, forz € D.
T b4

Lemma 2.12 [10] Suppose that f(z) = fi(z) + f2(z) is a harmonic mapping with
f1(2) = Y0l gand" and fo(z) = Y o buz" being analytic in D. If | f(z)| < M for
all 7 € D, then

aM
A =~ (2.10)

(1—lz)

3 Landau-type theorems of biharmonic mappings

We first prove a new version of Landau-type theorem for biharmonic mappings F(z)
under the assumptions G(0) = H(0) = JF(0) — 1 =0, Ag(z) < A1 and Ay (z) <
A for all z € D, which is one of the main results in this paper.

Theorem 3.1 Suppose that A; > 0 and Ay > 1. Let F(z) = |z|>G(z) + H(z) be a
biharmonic mapping of the unit disk D, where G(z) and H(z) are harmonic on D,
satisfying G(0) = H(0) = Jp(0) — 1 =0, Ag(z) < Ay and Ayg(z) < Ay for all
z € D. Then AL < Ar(0) <1, F(2) is univalent on the disk D, and F (Dpo) contains
a schlicht disk D), where pg is the unique root in (0, 1) of the equation

2 (0) — A
p O Zhor o G.1)

and

A2 A3 A1(0)po 3
— + — A |Infl—————)—A . 3.2
%0 = 50" (’\%1(0) 2 ( A~ > 10 (3.2)

This result is sharp for the biharmonic mapping given by (1.15).

Proof We first prove that F' is univalentin the disk D,,,. Indeed, forallz1, zo € D, (0 <
r < po) with z1 # z2, note that Jy(0) = Jrp(0) = 1 and Ay (z) < A forall z € D,
we obtain from (2.4), (2.9) and Lemma 2.1 that

0< L < Ar(0) =140 <1, (3.3)
Ar
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794 S.-F. Chen, M.-S. Liu

and

7122

|F(z2) — F (z1)| = / F;(2)dz + Fz(z)dz

=|[ (60 + 160 + 1) dz

7122

+(:60) + 12262 + H:()) 2|

> H,(2)dz + Hz(z)dz| — / 3A1r%|dz]
2122 )
Ag(0) — Aor 2
> |z1 — Apg———— —3A . 3.4
> |z1 Zzl( 2 8y — O 1 (3.4
It is easy to verify that the function
An(0) — A
qo(r) = A 2D A5y o
A2 — 2 (0)r

is continuous and strictly decreasing on [0, 1], go(0) = Ay (0) > ALz > 0, and
go() = — (A2 +3A1) <0.

Therefore, by the mean value theorem, there is a unique real pg € (0, 1) such that
g0 (po) = 0. Then, for any z1,z2 € D, (0 < r < pg) with z1 # 7z, we obtain that

A (0) — Aor

T o 3A 1 — =0.
Ao — i O r ) > |z1 — 221 go (00)

|[F(z2) — F (z1)| = |z1 — 22l <A2

This implies F (z1) # F (z2) , which proves the univalence of F' in the disk D,.
Next, we prove that g > 0 and F (D) 2 Da,.
In fact, considering the real differentiable function

_ A A3 »op (0)x ;
h(x) = AH(O)X + (k%[(O) — Az) In (1 — A ) —Aix’,x €[0,1]. (3.5

Since the continuous function

A3 ) Aohp(0)> — A3

—3A 3.6
1 (0) T R0 (A — 22, (0)x) G0

h(x) =

is strictly decreasing on [0, 1] and 2’ (p9) = go(po) = 0, we see that &' (x) = 0 for
x € [0, 1]if and only if x = pg. Thus k(x) is strictly increasing on [0, pg] and strictly
decreasing on [pg, 1]. Since h(0) = 0, we have
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o = Az po + A; - A2
Ar (0) A3 (0)
A
n <1 _ A (0)po

: ) — A1py = h(po) > h(0) = 0. 3.7

In addition, note that F(0) = 0, for any z € 9D, taking zo = ppe’® € D, with
wo = F (20) € F (dDy,) and |wo| = min {|w| : w € F (0Dy,)}. Lety = F~! (ow),
by Lemma 2.2 and (2.9), we have

|F(z) — F(0)] > |wol = llp0e™ I*G (poe'®) + H (poe'®)| > |H (poe'®)| — A1pg
f He (0)dt + Hg(()déz‘ — Aipg
Y

N /po Am(0) — Aot
*Jo Ar—rn(O)

A} A3 ( A #(0)po 3
po + — Ay )In({1— ——— ) — A1py = 0p.
A (0) (x%,w) As 0

which implies that F (D) 2 Dy,

Now, we prove the sharpness of pg and oy for the biharmonic mapping Fy(z) given
by (1.15). In fact, it is easy to verify that Fj(z) satisfies the hypothesis of Theorem 3.1,
and thus, we have that Fy(z) is univalent in the disk D, and Fo(IDp,) 2 Dy,.

Note that for the biharmonic mapping Fy(z), Ay (0) = Ap(0) = Jr(0) = 1, the
Egs. (3.1), (3.2) reduce to (1.13) and (1.14) respectively. Thus we obtain pg = rs and
09 = Rs. By Theorem E, we conclude that py and op are sharp. This completes the
proof. O

dl‘—Alpg

Now we give an example to show that for each a value o € (1/A2, 1), there exits a
biharmonic mapping F satisfying the hypothesis of Theorem 3.1 such that 1 (0) = «.

Example 3.1 Suppose that A| > 0, Ay > land o € (1/A3, 1). Let |a| = 1, |b| =
$(1/a —a), and

Vb +1T 1+a?

= T

Consider the biharmonic mapping
F@) =ahilzPPz+blcz+7), zeD.

Then F(z) satisfies the hypothesis of Theorem 3.1, Ar(0) = «, F(z) is univalent on
D ol and F(ID p()/) contains a Schlicht disk ]D)Gé/, where

L itArsg
- . 38
PO=N A > g, 38
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and

’

a— Ay, ifA] <
of = (3.9)

20 | _« .
3 m, lfA] >

and when argc = m — arg f—l, this result is sharp.

WIR WIR

’

Proof Set G(z) = aA|z|*z, H(z) = b(cz + 7). Direct computation yields

G0)=H(0) =0,A6@@) =laAi| = A1 = Ay,
An(2) = |be|+ |c| = bI(Je| + 1) = 1/a < A,

and Jr(0) = |b|2(|c|2 — 1) = 1, thus F(z) satisfies the hypothesis of Theorem 3.1,
and

Arp(0) = [bl(lc] = 1) = a.
Applying the analogous proof of Lemma 2.5 in [20] (please also refer to example

2.1 in [3]), we may verify that if A < %, then F'(z) is univalent on D, and F (D)
contains a Schlicht disk ]D)Ué/, where

oy =a—Aj.

IfA| > %, then F'(z) is univalent on D ol and F (D ,06') contains a Schlicht disk ID)Gé/ 'y

where
" _ o ol — 2a o
P0=V3a 0T 3V 3A
and when arg ¢ = 7 — arg %, the radii o] and o are sharp. ]

Remark 3.1 For the biharmonic mapping F(z) of the unit disk D with Jg(0) = 1
and Ay (z) < Ay, it follows from Lemma 2.5 that Ay > 1. Theorem 3.1 provides a
sharp version of Landau-type theorem of biharmonic mappings for the case Jr(0) =
1,A; >0and Ay > 1.If JF(0) = 1, A; > Oand A, = 1, then we prove Theorem 3.2
using Lemmas 2.3, 2.4 and 2.7, which is the sharp version of Landau-type theorem of
biharmonic mappings and is also one of the main results in this paper.

Theorem 3.2 Suppose that A > 0. Let F(z) = |z|*G(z) + H(z) be a biharmonic
mapping of D, where G(z), H(z) are harmonic on D, satisfying G(0) = H(0) =
JFr(0) —1=0,Ag(z) < Aand Ayg(z) <lor|H(z)| < 1forallz € D. Then F is
univalent on the disk D,,, and F (]D)p,) contains a Schlicht disk Dy, where py and o
are given by (1.16) and (1.17) respectively. This result is sharp.

Proof Because F(z) = |z|2G(z) + H(z) satisfies the hypothesis of Theorem 3.2,
where G(z) = Gi1(2) + G2(z) and H(z) = Hi(z) + Hx(z) with G1(z) =
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Yol anz", Ga(x) = Y02 baz" and Hi(2) = Y0l 2", Ha(2) = 302, du2"
are analytic on . Then

In(©0) = Jp©0) = lei* = ldi > =
By the hypothesis of Theorem 3.2 and Lemmas 2.3 and 2.4, we have
H(z) =ci1z, |a|=1
Now we prove that F is univalent in the disk D, , where

1 ifo<A <],
pr= ﬁ1fA>%

To this end, for any z1, 22 € D, (0 < r < p1) with z1 # z2, by (3.4), we have

IF @) - F @)l > - [ 3antiaz
2122

/7 H.(2)dz + H:(2)dz

= lz1 = 22l (Jer] = 3A7?)

= |21 — 22| (1 _ 3Ar2) > 0.

Then, we have F (z1) # F (z2) , which proves the univalence of F' in the disk D, .
Noting that F(0) = 0, for any z = pje'? € 0D, , we have

|F(z) — F(0)| = |1zI* G(z) + H(2)| = |H(2)| — p}IG(2)]
= pileil — Ap} = p1 — Ap; = o1
Hence, F (D, ) contains a schlicht disk Dy, .

Finally, for F(z) = aiA|z*z + ci1z with |aj| = |c1] = 1, we have G(z) =
a1z, H(z) = ciz. Direct computation yields

G0)=H(0)=0,Jr0) =lc1| =1, Ag(z) = la1A] = A.

and |H (z)| = |c1z| < 1 for all z € D. Applying Lemma 2.7, we obtain that the radii
p1 and o are sharp. This completes the proof. O

Next, we establish another new version of Landau-type theorem for biharmonic
mappings F(z) under the assumptions G(0) = H(0) = Jr(0) — 1 =0, Ag(z) < A
and |H(z)| < M, (M > 1) for all z € D.

Theorem 3.3 Suppose that A > 0, M > 1. Let F(z) = |z|*°G(z) + H(2) be a

biharmonic mapping of D, where G(z), H(z) are harmonic on D, satisfying G(0) =
HO) = Jrp(0) — 1 =0, Ag(z) < A and |H(z)| < M forall z € D. Then F

@ Springer



798 S.-F.Chen, M.-S. Liu

is univalent on the disk D,,, where p> is the minimum positive root in (0, 1) of the
equation

Ao(M) — ro(M)yV M* — 1 W —3Ar* =0, (3.10)
1—r
and F (Dpz) contains a Schlicht disk D, , where
2
01 = ho(M)p2 — ho(MIVM* = 1—2— — p3a, (3.11)

J1— ,0%
where Lo(M) is given by (1.8).
Proof By the hypothesis of Theorem 3.3, we can assume that

o0

oo
H@) =) "+ ) dnz",z€D.

n=1 n=1

Since Jy(0) = Jr(0) = 1 and |H (z)| < M, by Lemma 2.6, we have

D enl + 1dn)? < VM* = 1240,

n=2
and Ly (0) > Ag(M), where Lo(M) is given by (1.8).

Now we prove that F is univalent in the disk D, . Forall z;,z2 € D, (0 < 7 < pp,
71 # z2), we obtain from Lemmas 2.8 and 2.6 that

|F (z1) — F (22)]

B 00
> |21 — 2ol [ lleal = Il = Y (leal + Idal)y nr =" — 3Ar2j|

L n=2
00 12 /o0 12
> |21 — 22l | Am(0) — (Z(|cn| + |dn|)2> (anr’ln—z) —3Ar2
L n=2 n=2
472 — 354 6
> 121 — 20l [ A5 (0) = Am©)VM* =1 r(—rz)t’ —3Ar2
1—r

6
+r —3A72 ] > 0.

4r2 — 34
> |21 — 22| | Ao(M) = o)V M =1 W
—r

Then, we have F (z1) # F (z2), which proves the univalence of F in the disk D, .
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Noting that F(0) = 0, for any z = ppe’? € 3DD,,, by (2.9), we have

IF)| = 1z G() + H(z)| = |H()| — p3G(2)|

v

o
> llerl = Idill o2 = Y (leal + dal) p5 — p3 A
n=2

1 1
00 2 o] 2
> A (0)p2 — (Z(|cn| + |dn|)2> (Z p%") — p3A
n=2

n=2

2
> O)pr — ey OWM*—1—L2 3

,/1—,0%

2
o)
> ho(M)p2 = ho(M)VM* — 1 —=— — p3 A = 0.

,/1—,0%

Hence, F (]D)pz) contains a schlicht disk D, . This completes the proof (Table 1). O

Now, we will consider the Landau-type theorem for the case |G (z)| < M, Ag(z) <
A.

Theorem 3.4 Suppose that M > 0, A > 1, F(z) = |z|2G(z) + H(z) is a biharmonic
mapping on the unit disk D, where G(z), H (z) are harmonic mappings on D, satisfying
GO)=H0)=Jr0)—=1=0and |G)| <M, Ag(z) < A forz € .

(i) If M > 0,A >1o0orM > 0,A =1, then F(z) is univalent on D,,, where p3 is
the minimum positive root in (0, 1) of the equation

Al =A%) 4M 3r2 =214

=0, 3.12
A2 —r T 1—r? ©.12)
and F (D) contains a Schlicht disk Dy, where
03 aM
o =A3p3+(A5—A) In (1 _F> -0l (3.13)

(ii) If M =0, A = 1, then F (z) is univalent on D and F (D) = D.

Proof (i) Note that Jg (0) = JF(0) = 1, we split into two case to prove.

Table 1 The values of p;, 05 are in Theorem 3.3

(A, M)  (0,1.1)  (0.1,1.1)  (0.5,1.3) (1,1.6) (1,2) (1.8,2.3) (25,32 (3,3)

P2 0.5128 0.4847 0.2735 0.1693 0.1145 0.0847 0.0458 0.0508
07 0.2845 0.2650 0.1217 0.0612 0.0334 0.0214 0.0084 0.0099
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Case 1. When M > 0, A > 1. We first prove that F' is univalent on the disk D,,.
To this end, for all z1,z2 € D, (0 < r < p3, 21 # z2), we obtain from Lemmas 2.1
and 2.10 that

|F(z2) — F(z1)| = |(1221*G(22) + H(22)) — (1211°G(z1) + H (z1))]
> |H(z2) — H(z)| — 122G (z2) — 121G (z1)]

Au(0) — Ar 4M 3r% =214

= 2 =il (AA—AH(O)r T r 1o >

Since Aﬂ% is continuous and increasing about Az (0) and by (3.3), we have

|F(z2) — F(z1)| > | | A)‘H(O)—Ar AM 3r2 — 2t
22 2l =z lz2—2x A —rgO)r T 1_,2
Al -~ Azr) 4M 3r2 — 24
> — —

— > 0.
A2 —r T 1—r?2

This shows that F is univalent on the disk D, .
Next, we prove F(IDy;) D Dg;. For z = p3e’9 € dD,,, by Lemmas 2.2 and 2.11,
we have

3 A (0) — At aM
|F(z>|zAf Aa©@ = AL, AM s
0

A — hp (Ot x 3
P31 — A%t 4M
0 A2—t T
_ A3 5 3 aM 5
=A% (A =AY (1= 55) - ol =0

Case 2. When M > 0, A = 1. Using Lemma 2.5, we have
H(z) =ciz,|e1l = 1.

Similarly, we first prove that F' is univalent on the disk D,,. In fact, for all z1, z5 €
D, (0 <r < p3,2z1 # z2), we have

|F(z2) — F(z1)| > |H(z2) — H(z1)| — |1221°G(z2) — |211*G (z1)]

4M 3r? — 2r4)
———)>o.

> — 1 - —
> |22 Zl|< - 1.2

This shows that F is univalent on the disk D, .
Next, we prove F(Dy,) D Dg,. Forz = ,038’9 € 0D,,, by Lemma 2.11, we have

P aM 5
|F(2)| > [H(2)| — p51G ()| = p3 — — P =03
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Table 2 The values of p3, o3 are in Theorem 3.4

(M,A) (03,1) (0,1.1) (0.1,1.1) (0.5,1.3) (1,1.6) (1,2) (1.8,23) (2.5,32) (3,3)

3 0.7680  0.8264  0.7260 0.4005 0.2514  0.1861 0.1353 0.0791 0.0842
03 0.5950  0.6535  0.4498 0.1864 0.0910  0.0513 0.0325 0.0132 0.0152

Hence, F (ID)m) contains a Schlicht disk D, .
Now we prove (ii). If M = 0, A = 1, by Lemma 2.5, we have

F(z)=czlal=1

It’s easy to verify that F(z) is univalent on the unit disk D, and F (D) = D. This
completes the proof (Table 2). O

Finally, we improve Theorem D as follows.

Theorem 3.5 Supposethat My > 0, M> > 1, F(z) = |z|2G(z)+H(z) is a biharmonic
mapping on the unit disk D, where G(2), H (z) are harmonic mappings on D, satisfying
GO0)=HO)=Jr(0)—1=0and |G(z)| < My, |H(z)| < M; for z € D.

(i) If My > 0, M > 1 0or My > 0, My = 1, then F(z) is univalent on D,,, where p4
is the minimum positive root in (0, 1) of the equation

42 — 34 4+ 16 4AM, 3r2 — 24

Ao(Ma) — ho(Ma)\/ M3 — 1 =0, (3.14
0(M2) — ho(M2)y/ M, (- r2)3 12 (3.14)
and F (D,) contains a Schlicht disk Dy, , where
4 03 aM;
04 = A(M2)p4 — Lo(M2)/ My — 1—2 - P (3.15)
1 —pf

where Lo(M) is given by (1.8).
(ii) If M1 = 0, My = 1, then F(z) is univalent on D and F (D) = D.

Proof By the hypothesis of Theorem 3.5, we can assume that

o0 o0
H(z) = chz” + Zdnz",z e D.
n=1 n=1

Since |H (z)| < M> and Jg(0) = Jr(0) = 1, by Lemma 2.6, we have

o
> " eal + ldah? < /M =1 25(0),
n=2
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and Ly (0) > Ag(M>), where Ag(M>) is given by (1.8).
Now we prove that F' is univalent in the disk D, . Forall z1, 2o € D, (0 < 7 < p4,
Z1 # 72), by Lemma 2.10, we have

|F (z1) — F (22)|
> |H(z2) — H(z)| — 1221°G(z2) — 1211°G (1)

/ (H.(2) — H.(0))dz + (H=(z) — H=(0))d

1,22

> H,(0)dz + Hz(0)dz

21,22

~|12P6@) — PG|

oo
> 21 - 2l [ncu —1dil =Y (el + |dn|>nr"—1} ~ 1226 - [ PG )|

n=2
oo 12 / ~ 1/2
> |z1 — 22l | Au(0) — (Z (leal + |dn|)2> (Z I’l2}"2n_2>
n=2 n=2
12226 @) — 121 PG )|

4r2 — 34 416 4M, 3r2 — 2t

> |21 — 22| | A (0) — A (0)y/ M3 — 1 (1- r2)3 T 1-r2

4r2 = 3r4 476 4M; 3r? - 2r*
(1- r2)3 T 1-r?

> |z1 — 22| | Mo(M2) — Ao(M2)\/ M5 — 1

> 0.

Then, we have F (z1) # F (z2) , which proves the univalence of F' in the disk D, .
Noting that F(0) = 0, for any z = p4e’0 € dD,,, by Lemmas 2.6 and 2.11, we
have

IF(2)| = |1z G(2) + H(z)| > |H(2)| — p2|G(2)|

\%

> 4M
1
> lletl = ldill pa = D (eal +1dal) pf — — 13
n=2

E 7/ : 4M;
n=2 n=2

2
P 4M,
> 3 O)ps — 2y Oy — 12— 223

1/1—,04%

/04% 4M, 3

T, o T
1 — py

> ho(M2)ps — ho(Ma)y/ M5 — 1
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Hence, F (D) contains a schlicht disk Dy, .
Finally, if M1 = 0, M, = 1, then by Lemma 2.3, we have

F(z) =ciz,|cl = 1.

It is evident that F'(z) is univalent on D, and F (D) = D. This completes the proof.
O

Remark 3.2 Note that for r = p4, we have

AMy3r2 —2r*  4Myr? 8Mir? AM?
= <
T 1—r2 (1l —r2) 14 (1 —r?)

+2Mr,

it is easy to verify that ps > r4, o4 > R4, where r4, R4 are given in Theorem D,
please also see Table 3.

The Computer Algebra System Mathematica has calculated the numerical solutions
to Egs. (1.11) and (3.14). From Table 3 as follow, it is easy to see that the result of
Theorem 3.5 is better than that of Theorem D. From Table 1, Table 2 and Table 3, it is
easy to see that both of the result of Theorem 3.3 and that of Theorem 3.4 are better
than that of Theorem 3.5.

4 The bi-Lipschitz theorems of biharmonic mappings

In this section, we will establish the Lipschitz characters of certain biharmonic map-
pings in their univalent disks.

Theorem 4.1 Suppose F(z) satisfies the hypothesis of Theorem 3.1. Then for each
ro € (0, po), the biharmonic mapping F(z) is bi-Lipschitz on D, where py is given
by (3.1).

Proof Fixed ro € (0, pp), set

A (0) — Aorg )

lo=Ay———"— —3Air;.
Ay — A (0)rg 0

Table 3 The values of r4, R4 and p4, o4 are in Theorems D and 3.5 respectively

(My,Mp) (0.3,1) (0,1.1) (0.1,1.1) (0.5,1.3) (1,1.6) (1,2) (1.8,2.3) (2.5,3.2) (3,3)

r4 0.7655 0.5128  0.4600 0.2103 0.1094  0.0761 0.0470 0.0243 0.0243
P4 0.7680 0.5128 0.4744 0.2627 0.1629 0.1118 0.0824 0.0451 0.0497
R4 0.5897 0.2845 0.2468 0.0895 0.0347  0.0197 0.0101 0.0038 0.0039
o4 0.5950 0.2845 0.2594 0.1167 0.0587 0.0325 0.0208 0.0082 0.0096
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Then, forany z1, z2 € ﬁro , it follows from the proof of Theorem 3.1 and Lemma 2.9
that o > go(p0) = 0, and

A (0) — Aor
olas —al = (M5
< |F (z1) = F (z2)]

< (AH(Z) + 31\1?3) lz1 — 22|

— 3A1r§)|21 — 22|

< (A2 + 3A1I’§> lz1 — z2] .

Hence f is bi-Lipschitz on D, O

By means of Theorems 3.2-3.5 and Lemmas 2.9 and 2.12, using the analogous
proof of Theorem 4.1, we have the following four theorems.

Theorem 4.2 Suppose F(z) satisfies the hypothesis of Theorem 3.2. Then for each
r1 € (0, p1), the biharmonic mapping F(z) is bi-Lipschitz on Dy, i.e. for any z1, z2 €
D,,, there exists Iy =1 — 3Ar12 > 0 such that

hilzi =22l = 1F(z1) — F(22)| < ( +3Ar12) lz1 — z2l,

n(1—r})
where p1 is given by (1.16).

Theorem 4.3 Suppose F(z) satisfies the hypothesis of Theorem 3.3. Then for each
r2 € (0, p2), the biharmonic mapping F(z) is bi-Lipschitz on Dy, i.e. for any z1, 22 €
D,,, there exists

4r22 — 3r§ + r26

(=)’

Iy = xo(M) — Aog(M)V M* —1

—3Ar22 >0

such that

2

hlzi —z2l < 1F (z1) — F(22)] < <7T(1 )

+ 3Ar22) lz1 — 221,

where p; is given by (3.10) and Lo(M) is given by (1.8).

Theorem 4.4 Suppose F(z) satisfies the hypothesis of Theorem 3.4. Then for each
r3 € (0, p3), the biharmonic mapping F(z) is bi-Lipschitz on Dy, i.e. forany z1, 22 €
D,,, there exists

A= A%r3)  4AM 33 —2r§

2
3

>0

[
3 A2 — 13 T 1—r
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such that

12M

2
—— 13 )l — 22,
a(l—r2)">

Blzi =22 <|F@)—-F@)| = |A+

where p3 is given by (3.12).

Theorem 4.5 Suppose F(z) satisfies the hypothesis of Theorem 3.5. Then for each
r4 € (0, pa), the biharmonic mapping F(z) is bi-Lipschitz on Dy, i.e. forany z1, z2 €
D,,, there exists

4rf — 3;{11 + rf 4M, 3rf — 2}”2‘L

ls = ho(Ma) — ho(Ma)y/ M7 — 1 - >0
(- 14
such that
4M, 12M, 2
lylz1 — 22| S 1F (z1) — F (22)| < ri | lz1 — z2l,

r(1—r}) 7wl —r)
where p4 is given by (3.14) and ,o(M>) is given by (1.8).
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