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Abstract

In this paper, we first study the local well-posedness for the Cauchy problem of a
modified Camassa—Holm equation in nonhomogeneous Besov spaces. Then we obtain
a blow-up criteria and present a blow-up result for the equation. Finally, with proving
the norm inflation we show the ill-posedness occurs to the equation in critical Besov
spaces.
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1 Introduction

In this paper, we consider the Cauchy problem for the following modified Camassa—
Holm equation:

ytz)t(vx—y—z%vy)x, t>0, x eR,
Vix—v=¥+5, >0, xR, (1.1
70, x) = pkx), xeR,

which was called by Gorka and Reyes [19]. Let G = 83 —1,m = Gv. Then, Eq. (1.1)
can be rewritten as

i+ G~ myx = v +AG‘1m — )/G_lmx, t>0, x eR,
m_yx+2)\7 t>05 XGR, (12)
7(0,x) =pkx), xekR

The Eq. (1.1) was first studied through the geometric approach in [14,27]. Pseudo-
potentials, conservation laws and the existence and uniqueness of weak solutions to the
modified Camassa—Holm equation were presented in [19]. We observe that if we solve
(1.2), then m will formally satisfy the following physical form of the Camassa—Holm
equation [10]:

m; = —2vmy — mvy + Avy.

If A = 0, it is known as the well-known Camassa—Holm(CH) equation. It was
derived as a model for shallow water waves [10,11]. The CH equation is completely
integrable [6,10]and has a bi-Hamiltonian structure [4,17]. It admits peakon solitons
of the form ce™* = with ¢ > 0, which are orbitally stable [13]. The local well-
posedness for the Cauchy problem of the CH equation in Sobolev spaces and Besov
spaces was proved in [7,8,15,26]. It was shown that there exist finite time blow-up
strong solutions and global strong solutions to the CH equation [5,7-9]. Recently,
norm inflation and ill-posedness for the CH eqution in the critical Sobolev Space
and Besov spaces was proved in [15,16,18]. The existence and uniqueness of global
weak solutions were presented in [12,29]. The global conservative, dissipative, and
algebro-geometric solutions were studied in [2,3,25].

In this paper, we investigate the local well-posedness for the Cauchy problem of a
modified Camassa-Holm Eq. (1.2) in Besov spaces, present a blow-up result to (1.2)
and prove norm inflation and hence ill-posedness for the equation in critical Besov
spaces. This paper is organized as follows. In Sect. 2, we introduce some preliminaries
which will be used in sequel. In Sect. 3, we prove the local well-posedness of (1.2) in
BS , withs > max(;, l) or(s = % 1 < p <2,r = 1) inthe sense of Hadamard (i.e.
(1 2) has a unique local solutlon in By, , with continuity with respect to the initial data).
The main approach is based on the Littlewood—Paley theory and transport equations
theory. In Sect. 4, we present a blow-up result of the Eq. (1.2) and then prove that (1.2)

is ill-posed in H 2 > and in 82 , 1 < r < oo by acontradiction argument.
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On the Cauchy problem for a modified Camassa—Holm equation 859

2 Preliminaries

In this section, we will recall some propositions about the Littlewood—Paley decom-
position and Besov spaces.

Proposition 2.1 [1] Let C be the annulus {€ € R? : ;3‘ <& < %}. There exist radial

functions x and @, valued in the interval [0, 1], belonging respectively to D(B(0, %))
and D(C), and such that

Ve e R x &)+ Y o278 =1,

j=0

VE e RI\(0}, D p77E) =1,

JEZ
j = 'l =2 = Supp 927/ ) NSupp p(27/) = ¥,
j = 1= Supp x(-) N Supp p(277/-) = 2.
The set C = B(0, %) + C is an annulus, and we have

lj—j1=5=2/cn2/'C=0.

Further, we have

1 .
VE € RY, 5 < x2(E) + ZosoZ(z—fs) <1,
J=
1 .
Ve e R\(0}, 5= quoz(z—fs) <1
JE

F represents the Fourier transform and its inverse is denoted by F~!. Let u be a
tempered distribution in S’(R?). For all j € Z, define

Aju=0if j <=2,
A_u = F Y (xFu),
Aju=F @@ )Fu) if j >0,

Sju = Z Ajru.

J'<i

Then the Littlewood—Paley decomposition is given as follows:

u= ZAju in &' (RY).
JEZ
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860 Z.Luoetal.

Lets € R, 1 < p,r < oo. The nonhomogeneous Besov space B;,(Rd) is defined
by

B, =B, R = {ue SR : ully g = ” (2J'S||A,-u|lua)j”lr(z) < oo},
There are some properties about Besov spaces.
Proposition 2.2 [1,20] Lets € R, 1 < p, p1, p2,r,r1,r2 < 00.
) B;’r is a Banach space, and is continuously embedded in S'.

Q) Ifr < o0, thenlim;_.o0 ||Sju —ullgs . = 0. If p,r < 00, then C3° is dense in
J J 5 p 0
B, .
i)
pP1 =< p2andry < r, then — r . s1 < 82, then tne
3) If d hen B, By, "t If hen th
embedding By}, < By, is locally compact.

[e%9) d _d _
) Bf”C—>L ¢>s>;ors—;,r—l.

(5) Fatou property: if (un)neN is a bounded sequence in B
and a subsequence (i, )keN exist such that

N

s
».r thenanelementu € B, ,

lim u,, =uinS" and |lullps < Climinf ||up,| ps .
k—o00 pr k—00 pr

(6) Let m € R and f be a S"-mutiplier (i.e. fis a smooth function and satisfies that
Vo € N4, 3C = C(a), such that |3% f(€)| < C(1 + |E])"1?l, V& € RY). Then
the operator f(D) = F~V(fF) is continuous from B, . to B, "

We introduce two useful interpolation inequalities.

Proposition 2.3 [1,20] (1) If s1 < s2, 0 € (0, 1), and (p,r) is in [1, 00]?, then we
have

0 1-6
— < 3
el sy 1-on < Nl el

(2)Ifs eR, 1 < p <o00, ¢ >0, aconstant C = C(g) exists such that

||14||1_z;;,jro€0
lulls, < Cliullg o In (e + o)
” ’ lullgs
Proposition2.4 [1] Lets € R, 1 < p,r < o0.
B}, x B;,‘fr, — R,
(l/l,¢) L Z <Aju1Aj/¢>y

lj—J'1=1

defines a continuous bilinear functional on B;’r X B;,fr,. Denote by Q;f, . the set of
functions ¢ in S" such that ||llg-s < 1. Ifuisin S', then we have
p.r

lullsy, <C sup {u, ).
(pGQ;/XJ/
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We then have the following product laws:

Lemma 2.5 [1,20] (1) Forany s > 0 and any (p,r) in[1, 00]2, the space L*° N B;‘,’r
is an algebra, and a constant C = C(s, d) exists such that

lluv | s

p.r

< C(llullz=llvliy, + llullss, lvlize).

Q) If1 < p,r <00, s1 <s2, 53 > %(sz > %ifr = 1) and s1 +s2 > max(0, %—d),
there exists C = C(sy, s2, p, r, d) such that

luvll g, < Cllullge vl -
Q) If1 < p <2, there exists C = C(p, d) such that

luvll 4y = Cllull 4_,llvll 4
Pp.o0 Bjp,o0 B,

We now state the so-called Osgood lemma, a generalization of the Gronwall lemma.
Lemma 2.6 [1] Let p be a measurable function from [ty, T] to [0, al, y a locally

integrable function from [ty, T to R, and 1 a continuous and nondecreasing function
from [0, a] to RT. Assume that for some ¢ > 0, the function p satisfies

t
pt) <c +/ vy u(p)dt fora.e.t € ty, T].
1o

Ifc > 0, then for a.e. t € [tg, T],

t

dr
n@r)’

“M(p(1)) + M(e) < /

fo

y(Hdt with M(x) = /a

If c = 0, and p satisfies foa d(:) = 00, then p =0, a.e.

"
Remark 2.7 [21] For example, when pu(r) = r(1—1Inr), r € [0, 1], we have M(x) =

In(1 —Inx), and p(¢) < ec™P™ f’O y(t/)dt,, if ¢ > 0. We will use this result later.

Now we state some useful estimates in the study of transport equations, which are
crucial to the proofs of our main theorem later.

2.1

{ﬁ+v-Vf:g,xeRd, t>0,
J0,x) = fo(x).

Lemma 2.8 [1,23] Lets € R, 1 < p,r < oo. There exists a constant C such that for
all solutions f € L*°([0, T]; B;’r) of (2.1) in one dimension with initial data fo in
Bz)r, and g in L'([0, T1; B;,r)’ we have, for a.e. t € [0, T],
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862 Z.Luoetal.

t
If@lsy, < eCV“)(nfonB;,, + / e Ve >||g(t/)||3.;,,,dﬂ)
0

with

IVoll gyt if s > max(=3, 5 = D),

P
V/(t) — ”VU”B;”, l.fS > %07‘ (S = %, p <00, r= 1)’
IVoll 1 ifSZ%—l,lSPSZ,rzoo,
BP
p.1

and when s = % —1,1<p<2 r=o0, and V'(t) = |Vv|
B

1
P
p.1

Lemma29 [24] Lets > 0, 1 < p,r < o0. Define R; = [v -V, Aj]f. There exists

a constant C such that

[ IR |, = Cavol=fis

+ Vv s 00 ).
1"(Z) p.r ” ”B,,Yr”f”L )

Hence, if f solves the equation (2.1), we have

t
IfOllss, = llfolsy, + C/o (IVolleell fliss, + VUl N fllLe + IIgIIB;',,,dt/)-
Lemma2.10 [1,23]Letl < p<pj <00, | <r <00, s > —dmin(%, #). Let
fo € B;’r, g€ L! ([0, T1; B;),r)’ and let v be a time-dependent vector field such that
veLP(0,T]; Bgoyoo)for some p > 1 and M > 0, and

d
Vv e L'([0, T1; Bl oo L™, ifs <1+ %

1 1+5 - d
Vv e L'([0,T1; Bp,"), ifs=1+4 r>1,
Vv e L'([0, T]; By, 1), ifs > l—i—%or (s=1+%andr= D).

Then the equation (2.1) has a unique solution f in

-the space C([0, T']; B}, ,), if r < o0,

_the space (ﬂs,q c([0, T): ny/’oo)) N Cul0, TT; BS o), if r = 0.

Lemma2.11 [22]Letl < p <oo, 1 <r < o0, s > % (or s = %, p<oo, r=1).
Denote N = N U {o0}. Let W"),en € C(0, T]; B;‘;l). Assume that (f"), 5 in

Cc(0,T]; Bf”) is the solution to

n n, n _ d
{f,-l—v Vf g, xeRY >0, 2.2)

S0, x) = fo(x)
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On the Cauchy problem for a modified Camassa—Holm equation 863

with initial data fo € B3, g € L'([0, T1; BS, ) and that for some « € L' ([0, T),

sup ||v”(t)||B;v+| < a@). If v" — v>® in LY([0, T; B}, ), then " — f* in
neN > ,
C((0. 71 B3, ).

3 Local well-posedness

In this section, we will investigate the local well-posedness for (1.2) in Besov
spaces.We introduce the following function spaces.

Definition3.1 Let7 >0, s e R,and 1 < p,r < 00. Set

C([0.T]: B, ) NC(0,T); By Y, ifr < oo,
Cu ([0, T1; By, o) N C¥1([0. T1: By ), if r = 0.

o]

B (T) 2 {

In this section, our main theorem is stated as follows.

Theorem3.2 Let 1 < p,r < 00, s € R and let (s, p, r) satisfy the condition s >
max(%, %) or (s = %, 1 < p <2, r =1). Assume that yy € B;)r. Then there
exists a time T > 0 such that (1.2) has a unique solution y in E;’,(T). Moreover the
solution depends continuously on the initial data.

We divide it into six steps to prove Theorem 3.2.

Step one: Constructing approximate solutions.
We starts from y° £ 0, and define a sequence (y"),en of smooth functions by solving
the following linear transport equations:

ny2
)/,n+l + G_lm")/;’+l = (y2) +2GIm" — yG‘lmﬁ,
ny\2

Y0, x) = Syt170.

2

Define G" = G~ 'm", F" = (y;) + 2G7'm" — yG~'m". Assume that y, €
L°°([0, TT; B;,r) for all T > 0. Note that under the assumptions on (s, p, r), B;,r is
an algebra. We have

p.r —

ny. n
IGxlB;, = Clim™l gs-s

< (I sy, + 17" 1,) - (3.2)
1"y, = C (Iy" iy, + G m" gy, + 1" sy, 1G™ g, )
= (Iy" Ny, + Iy 1y, + 17", ) - (33)

Therefore G, F" € L*([0,T]; B;,r). Hence, applying Lemma 2.10 ensures that
(3.1) has a global solution y”“ which belongs to E‘;)r(T) forall T > 0.
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864 Z.Luoetal.

Step two: Uniform bounds.
Define R, = ||y"(¢t) ||B]s” .Using Lemma 2.8 together with (3.2) and (3.3), we have

t ot/
C oG gs dr —C f3 G | gs dt”
Ryyp <e 707 s (||5n+17/0||B;;,+ e 0B ||F”||B;',,dl/>
. 0 .
t /
t 2 7./ t 2 g0
< CeClo Rt Rt () gy +/ Ol Rkl (R, 4 R2 4 R,
' 0
(3.4)

The case where ||| By, = 0 is trivial, we start with the case where ||| B, # 0. We
have known that Ry = 0. Fixa T > 0 such that 4C3T ||y ||%s < 1 and suppose that
p.r

Clivollss,
3 2 33
2(I—4C vl )2

Vte[0,T], R, < (3.5)

Pluge (3.5) into (3.4) and choose C > 2|y || B, After a simple calculation we derive

t
_1
Rus1 < Cliyollgy, (1 —4C% I3, )~ <1+C3||V0||%;rf (1
’ T JO

—4C¥Ipol}, ) Har)
p.r
Cliwlis,
< - T
2(1 = 4C3 |yl )2

Therefore, (y™),en is bounded in L*°([0, T']; B} ).

Step three: Cauchy sequence.
When s > max(%, %) or (s = %, 1 < p <2, r = 1), some estimates we need are a
little different, so we have to discuss separately.

Casels > max(%, %).

We are going to prove that (y"),cn is a Cauchy sequence in L*°([0, T']; B;—l),

N

For that purpose, for all (n, k) € N2, we have
(el Ly gk nkl ety (Gn _ Gn+k> V;H-l 4 Frtk _ g

where

2
Gn _ Gi’l+k — G_l(]/n _ yn+k))( _ %G_l <(yn)2 . <yn+k) ) ,

1 1
Fn+k _F" = E <yn+k _ yn) <yn+k + yn) + )\Gfl (yn+k _ yn) + EGfl ((J/n)2

— (yn+k>2> _ ynJrk (afolml’H“k _ 3folmﬂ) _ (yn+k _ yn)afolmn.
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On the Cauchy problem for a modified Camassa—Holm equation 865

Applying Lemma 2.8, for any ¢ in [0, T'], we get

16—y )l e 1 < e ”Gw”‘*%vrd"(||Sn+k+1yo — Sus170l gy

N /’ C I 16y (II (Gn B Gn+k) g
0 :

HIFHE = F ) dt'). (3.6)

Using the fact B;’r is an algebra and applying Lemma 2.5 (2), we have

I (Gn _ Gn+k> V;H”B;,r
< Cly" sy, (1 + 1" Iy, ||y"+"||3;v,,,) " =y gy G
and

k k k k2
I = gy < € (14 1y limy, + Iy sy, 1" sy, + 1" 15,

" my, + 17" Wy ) 1™ =y g (3.8)

Since (y™),en is bounded in L*°([0, T1; BISL,) for all ¢ in [0, T'], we finally get

” (y”+k+l _ yn+1> (t)”Bz,—rl
t
< C(USwtk170 = Sw170ll gyt + /0 Iy =y gyadt').

Taking an upper bound on [0, ¢], we have

k+1 1
n+k+ _yn+ ”

lly LB

t
< C(ISwtk+170 = Sw170ll gyt + /0 1", = " gy dt)- (39)

n+k

Let g, (t) = supy ||y — y"||L?Q<B;;1). Then (3.9) becomes

t
gn+1(1) = C(SUP [Sn+k+170 = Sut170ll gs-1 +/ gn(t/)df/)
k : 0

Since (S, %) e is a Cauchy sequence in B;’_rl, applying Fatou’s lemma, we have

t
g() 2 limsup gus1 (1) < C / gt
0

n—oo
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866 Z.Luoetal.

The Gronwall lemma implies that g(¢r) = O for all + € [0, T']. Therefore (y"),en
is a Cauchy sequence in C([0, T]; B’ 1) and converges to some limit function y €
c(o, T, B )

Case2s=%, l<p=<2,r=1

From Lemma 2.8, comparing with Case 1, we do not have the estimate for the norm
BY ! but B} L. In fact, we only have

C [y G| 4 ar

P
I =y hol 1 <e 2t (ISsks1v0 = Sarroll 1,
P
p.o© By
, CR NG 4 ar
+/ e prl (”(Gn Gn+k)yl’l+l” 1 + ”FI‘H-k _Fn” l_|)dt/)-
0 B B
(3.10)
Applying Lemma 2.5 (3), we deduce that
IG" =Gy o < Cly™ A+ Iyl + Iy Iy
I’OO p.1 Bp,l p.1
—" Iy (3.11)
prl
IEPE— M S CAF Iy 1y g+ ™y
Bp,oo p,l Bp,l B:l
S R e Il T 2t 2 Y (3.12)
BppJ BPJ pl Bp,l

Plugging (3.11), (3.12) into (3.10), and using uniform bounds of (y"),cn, we have

[[C%aan "+‘><t>|| I

= C(ISurksrr0 Sl / Iy =yt g dr). (313)

p.1

Applying Proposition 2.3 (2), we find

"™ =" 1,
p.1
Iy =y
= Cly™ =y 4 in(e+ ML) G
Bl T 1
p.,o0
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Since the function x In(e + %) is nondecreasing in (0, 00), from (3.13) and (3.14), we
have

by =yt = C(ISuavo = Swrinoll gy
L?O(B[foo ) B;l
' c
+/ ™ =yl (et )ar').

0 Lj’f’(Bp’fool) [tk — 7| 1

LY (B) o)

Let g(t) £ limsup,_, o, sup; [ly" % — p"|| Loy The above inequality can be
toc(Bp,oc )

written as

! C
gt < C/ g(t)1n (e + ) dr.
0 g

Hence Lemma 2.6 implies that g(f) = 0, and (y"),en is a Cauchy sequence in
1

1
c(o, 1], B;,ool) and converges to some limit function y in C ([0, T']; B;,oo ).

Step four Convergence.

We have to prove that y belongs to Ef,,r (T) and satisfies (1.2). Since (y")nen 18
bounded in L*([0, T']; By, ), we can apply the Fatou property for the Besov spaces to
show that y also belongs to L*°([0, T'1; B, ). Now, applying interpolation inequalities
implies that (y"),en converges to y in C ([0, T]; B;/’,) for any s’ < s. Then it is easy
to pass to the limit in (3.1) and to conclude that y is indeed a solution of (1.2) in the
sense of distributions.

Finally, since y belongs to L°°([0, T]; B;,r), the right-hand side of (1.2) also
belongs to L*°([0, T, B‘;)’r). According to Lemma 2.10, we can deduce that y
belongs to C ([0, T']; B;,’r) (resp., Cy, ([0, T]; B‘f,’,)) if r < oo (resp., r = 00). Again
using the equation (1.2), we prove that y; is in C([0, T']; Bf,;l) if 7 is finite, and in
L0, T]; B;frl) otherwise. Hence, y belongs to E;)r(T).

Step five Uniqueness.

Then, we will prove the uniqueness of solutions to (1.2). The proof follows almost
exactly the proofs which we use in Step 3. Suppose that yy, y» are two solutions of
(1.2). We obtain

(Y1 —y2) + G1ox(y1 —y2) = (G2 — G1)oxy2 + F1 — F2,

where fori =1, 2,

2

o Gt e 2 s — 8. G s
mz—ax)/wl-a, G =G mtan—EVi"‘)LG m; —¥i0xG™ mj.

Casels > max(%, %).
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868 Z.Luoetal.

Applying Lemma 2.8, we get

f -
Lo 18:G1 HB;,Vrdt’<

I = v2) Dl g1 = It = v2) (Ol g

t ¢/ "
—C Jo 10xGiligs dt
+/ e Jo B (1(Ga — Gl)axyan;,rl + |F1 — F2||B.;;1)d;/>.
A . :

(3.15)

After a similar calculation as in Step 3, we have

1(G2 = G2l s = Clivt = 2l s U+ Il +l2llEy ) (B16)
IFi = Fall gyt = Clivi = 2l gy (L4 Iy, + 21l ). (3.17)

Plugging (3.16), (3.17) into (3.15) yields that

1 2 ’
+1
C./‘()(Hyl HB;J )dt (

It = 2Dl gsr < e I = v2) Ol gy

LoC A, +har”
+c/O e PTIRTTE Ak Iniy + vl D = vl ).

(3.18)
Appling Gronwall’s inequality, we finally get
C oU+lInl, +lyaly, Hdi’
ly1(2) — Vz(l)llB.;;rl < n () — V2(0)||B.;)31€ ‘ Bpr Prr L (3.19)
Case2s=%, l<p<2 r=1.
According to Lemma 2.8, we get
C [y 13: Gl 1l
l0n =l 3, <e 1 (ln = Ol
P BP
p,o0 P00
( ~Cly 106Gl ar”
+/ e i (G2 = Gyl 1, + IF1— B L,I)dt/>~
0 BY s BY s
(3.20)

Similarly, we deduce that

(G2 = GDdxyall 1, =CA+ ||7/1||2% +lly2l? 1 Dllyr =92l 1o, 32D

Bp,oo Bp,oo Bpp,oo Bp,l

IFi = Fll 1 < CA+Inl? s+l v =l 1. (3.22)
B

1 1
Bp.oo B;m ;m Bp
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On the Cauchy problem for a modified Camassa—Holm equation 869

Plugging (3.21), (3.22) into (3.20), and using the uniform bounds of y;, we have

t
ly1 —v2)OI 1, < C<||(J/1 —v2) )l +f lyi — 2l 1_.dt/)- (3.23)
By B 0 BY

1
P
p,o0 p.1

Applying Proposition 2.3 (2), it follows that

1t —y2)@DI 1, < C(”(Vl 2O 1,
B o BY

p.0o

! o)
+/ lyi —=v2ll 1, In (e + —)dz/). (3.24)
0 Bl o i =72l 1o

P00

Now let h(t) = ||(y1 — y2) (@)l 1o From above, & satisfies
B

p.oo

h(t) < C(h(0) + folh(t’) In (e + h(i/))dt’)

t
< C(h(O) +f h(r/)(l - lnh(t/)>dt/>.
0
By virtue of Remark 2.7, we finally get

C
. (3.25)

lly1 () — J/z(t)llB%_l < Clly1(0) = 2 (01l

p.oo Bxfoc

Therefore, the uniqueness is obvious in view of (3.19) and (3.25). Moreover, an inter-
polation argument ensures that the continuity with respect to the initial data holds for
the norm C([0, T']; B;’,Z,) whenever s’ < s.

Step six Continuity with respect to the initial data.
Finally, we end up with a proposition about continuity until the exponent s.

Proposition 3.3 Let (s, p, r) be the statement of Theorem 3.2. Denote N = N U {oo}.
Suppose that (y"), . is the corresponding solution to (1.2) given by Theorem 3.2

with the initial data yy € B, .. If yj — Yoo in B, ., then y" — y*
in C([0, T];B‘;,’r) (resp., Cy ([0, T];B‘;,’r)) if r < oo (resp.,r = 00) with

4C3T sup, ||yg||§;f <1
Proof According to the proof of the existence, we find for all n € N, t e [0, T],

Clvylisy,

2 (1 - 4C3t||y(’)1||232.r>

ly" Ols, <

p.r

I
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Then (y"), oy is bounded in L>([0, T']; By, ). We split y" = y" + 2" with (y", z")
satisfying

BRI b A e
n o0 and n n o
Y|t=0=)’07 Z|t=0=V0_V0‘

Obviously we have

1G gz = €y lay, + 17" ) (3.26)

p.r
IG" = G=llgy, < Ciy"lsy, + ly™lisy, + DIy = yTlger. 327

b
We have already known " — y*°in L*°([0, T]; Bf,’_,l). At the same time, according
to (3.27), G" satisfy the condition of Lemma 2.11. Then we deduce that y* — y*° in
c(o, 11, Bfw) if r < o0.

According to Lemma 2.8, we have foralln € Nand ¢t € [0, T,

ec Jo G s dt’

1" @)l < P (1 = vs sy,

t _ t/ n s "
+/ oo NGy 4 pn _ pooy _dt/>, (3.28)
0

par

We get

1G Iz, < Cly" Iy, + 1v"18;,),

p.r =

|E" = Flgy, < CUY" Wy, + Iy I3, + DIy = v¥ls,. (329

p.r

Plugging (3.29) into (3.28), and using the uniform bounds of ", we obtain

t
IOy, = (I = v°lsy, + / Iy" =y, dr').
0

Observing that y*© = y*°, z*° = 0, we can easily deduce that

t
l" sy, = (I = vl + / (" = y™lgy, + 112" 13y )dr’).
' 0

Appling Gronwall’s inequality yields that

t
12"l = e (I = 5 llsy, + / Oy = v gy '),
' 0
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Therefore when r < oo, 7" — 0 in C([0, T]; B;',,,), and hence y" — y* in
c(o, T, Bfw).

Considering the case r = 0o, we have weak continuity. In fact, for fixed ¢ € B;f 1
we write

V"D =y, 0) = "0 —y=®), Sjd) + () —y> (), ¢ — S;¢).
According to the duality, we have

Ky () —y> @), o) < lly" () — Vw(t)IIB;—ogllSjtﬁllBl,—i +ly" (@)
’ P
7=l o — Sidllg—s -
p'1
Using the fact that y" — y™ in L®([0,T]; By L), and Sj¢ — ¢ in B’
and (y"), . is bounded in L*°([0, T']; B;,),), it is easy to conclude that (y"(¢) —

Y (1), ) — 0 uniformly on [0, T].
O

4 Blow-up and ill-posedness

First we prove a conservation law for (1.2).
Lemma4.1 Letyg € H®,s > % and let T* be the the maximal existence time of the
corresponding solution y to (1.2). For any t € [0, T*), then we have

ly Oll2 = lIvoll2-

Proof Arguing by density, it suffices to consider the case where y € C3°(R). The Eq.
(1.2) can be rewritten as a conservation law

v = [(vx =¥)A = yvls. 4.1

Using the factthat vy, —v = yx + g—; and then multiplying (4.1) with y and integrating
by parts, we deduce that

55, ydx = Ay (Wxx — Va) — VVa¥ — ¥ Uxdx
2dt Jr R
= / —AYxUx — Vzvx — Yyxvdx
R

1
VUy — UxVUyyx — Eyzvx — Yyxvdx

R
0

O
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Next we state a blow-up criterion for (1.2).

Lemma4.2 Let yy € B;,r with (s, p, r) being as in Theorem 3.2, and let T* be the
maximal existence time of the corresponding solution y to (1.2). Then y blows up in
finite time T* < o0 if and only if

T*
/0 ly ()3 dt’ = oco.

Proof Applying Lemma 2.9,

t
ly ®llss, < Ciyollsy, + fo G lz<lly sy, +1G sy, Iy e + IIF 3y, dt),
4.2)

2
where G! = G~ 'm, F = %yz + A6 'm —yG my, m =G (y, + %).
Note that the operator G~! coincides with the convolution by the function x
Ste~¥l, which implies that |G~y ||z, |G 'yl and |G~ yxyllz can be
bounded by ||y ||L=. Then

IGLlzee < CAlylizee + 1y 1300)- 4.3)
As s > 0, by Lemma 2.5, we have
”G)ICHB;” < Cliylsy, A+ llylze), (4.4)

and

IFllay, < CAlylls, Iyl + Iylis, (1 + [y lie) + 1G5y, Iyl

+1IG s lly l1ss,)
< Cllylgs, A+ llyliee + Iy l13). (4.5)

p.r

Plugging (4.3), (4.4) and (4.5) into (4.2), we get

1
ly)llsy, < Clliyols, +/0 (I + Iyl + Iy 13y sy, di).  (4.6)
Appling Gronwall’s inequality yields that

C o 20dt
||V(t)||B,‘,,,- < ||VO||B;',,,3 JoA+lyliee+1v1700) )

If T* is finite, and fOT* Iy II%mdt’ < 00, then y € L*([0, T*); B;yr), which contra-
dicts the assumption that 7* is the maximal existence time.
On the other hand, by Theorem 3.2 and the fact that B‘;J s L%, if

fOT Iy ||ioodt’ = 00, then y must blow up in finite time. m|
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Let us consider the ordinary differential equation:

{q(tx)zG—l(y +5) (g x), 10T
oo x o) At X)), ) 4.7)
q0,x)=x, xeR.

. . . — 2
If y € By, with (s, p,r) being as in Theorem 3.2, then G Yo + Z_A) €

C([0, T); co-y, According to the classical results in the theory of ordinary differential
equations, we can easily infer that (4.7) have a unique solution ¢ € C'([0, T) x R; R)
such that the map ¢ (¢, -) is an increasing diffeomorphism of R with

t 2
Qx(tvx) = exp (/(; Gil()’x + ;_)\)(t/v Q(Z/,x)>dt/ > Ov V(t,.x) € [Oa T) X R

We prove the following theorem which shows that the corresponding solution of
(1.2) will blow up by giving negative condition for the initial data.

Theorem 4.3 Let yy € H', s > % Assume yy(xo) < —2/d, withd = Cllyollz2 +

ﬁ”VO”%z)(CHVoHLz + CﬁII)/()IIi2 + |A]). Then the corresponding solution y of
(1.2) blows up in finite time.

Proof Arguing by density, now we assume s > % Then applying Lemma 4.1 and
Young’s inequality, we get

IG™ Yy )l IG i < Iy Oz = ol 2,
and
IG 2Ol 1GT D= < 12Ol = ly 172 = lvll3..

Denote ¢ = C([|yoll ;2 + ﬁnyoniz). Then we have:

vilt, q(t xo>)=—1y2—y G‘1y+ia Gy )+ y +V—2
1 ) 3 2 2)\‘ X X 2)\'

L)
—5V Fclyl+Ire

<
=2
SR
=—qv +d

—ﬁ—%m(m) dt

Denote f(t) = a0 e“". Solving the above inequality, we finally get

2Vdf () +2vd
v(t,q(t, x0)) < W (4.8)
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As yo(x0) < —2+/d, we get
vi(t, q(t, x0)) < 0. 4.9)

Then we can deduce that y () decreases monotonly and is less than zero at the point
q(t, xo) along the flow. Finally, we prove that the solution y (¢) blows up in finite
time. It is obvious that 0 < f(0) < 1 and f(co) = oo, which implies that exists
T > 0, f(T) = 1. Denote the maximal time of the solution by 7*. So we can

_1
easily deduce that T* < T = dlln(@z—f/m)' Therefore, from (4.8) we know
—vd—3

y(t,q(t,x9)) > —ocast — T*. Applying Lemma (4.2), the solution y must blow
up in finite time. O

Lemma 4.4 Assume y € H' to (1.2). We have
Iyllzee < Cllyllpy,  -10ga2 + ¥ llg1) +1)

Proof Fixing an integer N > 0, we get

Iylee < D7 IAylee + Y 1Ay e

k<N-—1 k>N
k
<CNllylipg  +C Y 27 1Aky I
k>N

< CNlyllgg , +C27VIyllg-

Setting N = log, (2 + |7 || 1), we complete the proof. |

We need another blow-up criterion for (1.2) to prove norm inflation in the critical
Besov Spaces.

Lemma4.5 Let yg € H', and let T* be the maximal existence time of the corre-
sponding solution y to (1.2). Then y blows up in finite time T* < oo if and only

if
T*
[ @iy =

Proof Applying Lemma 2.9, and since L™ — Bgo, o0» We have

t
ly Ol < Cllyoll g +f0 IGH e lly gt + IG I g1 1Y e + I Fll gdt),
(4.10)

2
where G' = G~ 'm, F = %yz +AGT =y G my, m = G (e + 5.
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Note that the operator G~! coincides with the convolution by the function x
Ste~Il, which implies that [|G™'y |z, [IG™ yxllz~ and |G~ 'ycylr can be
bounded by ||y ||z~. Then applying Lemma 4.1, we get

-1 _
G~ < C (uyuLm +li(e X')xIILw||72||L1> < C(+ |y llze).
4.11)

Applying Lemma 2.5, we have

IG g < CAly g + 1y212) < Cy g + Iy liee), (4.12)

and

IF g < CUy I ly e + 1y la + 1G gy e + 1G oo 1y Il )
< Cllyllg (L4 lly ). (4.13)

Plugging (4.11), (4.12) and (4.13) into (4.2), we get

t
Iy Ollgr = Clvoll g +/0 L+ Nyl lly | grdt’). (4.14)

By Lemma 4.4, we have

t
ly Ol < Cliwllm +/O (14 175y, Togte + 1yl Iyl gt
(4.15)

Appling Gronwall’s inequality yields that

Ct+C [y llylizo  logle+ly Il zi)dt’
ly Ollg < llyollgie B0 a)dt’

Simplifying the above inequality and appling Gronwall’s inequality, we get

Clollvligg, dt'
tog(e + Iy (1) < (Togte + lyoll ) + Cr)e™ 01

If T* is finite, and fOT* v 1l o, oodz" < 00, then y € L*®([0, T*); H'), which contra-
dicts the assumption that 7* is the maximal existence time.
On the other hand, by Theorem 3.2 and the fact that H! < L>* < B? if

00,00

fOT llyllgg, _dt" = oo, then y must blow up in finite time. |

We end up with the following theorem which proves the norm inflation and hence

1
the ill-posedness of the modified CH equation (1.2) in H 2 and in By, 1 <r <oo.
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Theorem 4.6 Let1 < p <ocoand1 < r < <. For any € > 0, there exists yo € H*,
such that the following holds:

(1) Inll 1 <&
By,
(2) Thereis aunique solutiony € C([0, T); H®) to the equation (1.2) with a maximal
lifespan T < €;

(3) limsup,_>Tf||J/||B = limsup, -yl gy, = 00

1
P
p.r

Proof Fix 1 < p <ocoand1 < r <00, and € > 0. We define g(x)

1
g) =Y —5 g (4.16)
o1 2Kk T
with gi(x) given by the Fourier transform g;(£) = —2 %£3(27%¢), where ¥ is a
non-negative, non-zero C§° function such that X xo = X. Directly calculating, we
k
have A;g(x) = —— g (x). We also have || Arg(x)||Lr ~ —225— and
2k THF 2k TH7
1
gl 1~ =5l
By, T+
11
Then we get g € B ,\B, |, and
. 1
g(0)= [ §&)ds = -y — = —oc.
k>1 kT
For any € > 0, let yp = ||g||_ll - €Sk (g) where K is large enough such that
B,
10,6(0) < %ﬂd;m. Then yp.e € H®, [lyo,ell 1S € Applying Theorem 4.3,
B

r

there is a unique associated solution y € C([O, T)i H) with a maximal lifespan
T' < €. By Lemmas 4.2 and 4.5, we can show that limsup,_.7-|yllgg _ =o0. O
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