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Abstract

In this paper, we study the classical problem of the wind in the steady atmospheric
Ekman layer with classical boundary conditions and the eddy viscosity is an arbitrary
height-dependent function with a finite limit value. We present existence and unique-
ness and smooth results to justify computing first order approximation of solutions.
Using a different argument that in previous works, we construct the Green’s function
to derive the solution by a perturbation approach.
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1 Introduction

The atmospheric boundary layer has three parts [1,2], i.e., the lamina sublayer, surface
(Prandtl) layer and the Ekman layer. The Ekman layer covers 90% of the atmospheric
boundary layer and it is driven by a three-way balance among frictional effects, pres-
sure gradient and the influence of the coriolis force [1,3,4]. In general, textbooks on
geophysical fluid dynamics and dynamic meteorology contain the derivation for the
Ekman layer with a constant eddy viscosity k [5,6]. However k usually varies with
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the height. As a result it is necessary to find the explicit solution of Ekman flows
with a non-constant eddy viscosity, but unfortunately explicit solutions are scare in
the literature and are restricted to linear [7,8] or quadratic and cubic poly-nominal [9].
For arbitrary k(z) or k(z, t), we often have to rely on approximation and numerical
simulation; the authors in [10-13] apply the Wentzel, Kramers and Brillouin’s method
to get the approximation solution.

Constantin and Johnson [14] studied Ekman flows with variable eddy viscosity
k(z) and they derived the explicit solution through an unclosed form and verified the
existence of the solution by transformation and the iterative technique. The authors
in [15] studied the horizontal wind drift currents which spiral and decay with depth
and they obtained the solution by a perturbation approach. In this paper, we adopt the
linearization approach to establish existence and uniqueness results and we consider
the smoothness of solutions, which justify computing first order approximation of
solutions. Also, based on [15], we regard the eddy viscosity k(z) as perturbations of
the asymptotic reference value and we perform the variable change and get a linear,
non-homogeneous second order differential equation and then we show the existence
of a solution using the Green’s function.

2 Model description

The Ekman layer is governed by the following equations, see [1,2]

Du _ _1dP _ ou'w’
Dr — pdx+fv 9z >
Dv _ _1dP _ _ ovw’
Dt —  pdy Ju 9z

where u, v and w are the components of the wind in the x, y and z directions respec-
tively, P is the atmospheric pressure, p is the reference density, f = 2Qsiné is the
Coriolis parameter at the fixed latitude 6, Q2 ~ 7.29 x 1075 is the angular speed of
the roattion of the earth in the northern Hemisphere, and 6 € (0, 7 /2] is the angle
of latitude in right-handed rotating spherical cooridates, ¢ is time and k is the eddy
diffusivity for momentum.

Assuming a steady state we get % =0, % = 0. From the geostrophic balance,
we have

From the Flux-Gradient theory, we get

{W = —k(3Y),

7 3
v = —k(5Y),
where k is the eddy viscosity coefficient. Then we obtain
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{f(v —vg) = — L (kL) 0

[ —ug) =L k5H),

where u, and v, are the corresponding constant geostrophic wind components. We
use the traditional boundary conditions for (1) as

u=0, v=0 at z=0, 2)

u—ug, v-—>vg for z— oo. 3)
Let ® = (u — ug) +i(v — vg), and from (1), we will get

20 Pk od

B i fe=o. 4
972 9z 9z iy @

If k = constant, we have

{u(z) =ug —e "[ug cos(yz) + vg sin(yz)], )

v(z) = vg + e " [ug sin(yz) — vg cos(y2)],

where y =,/ % However, the eddy viscosity k always varies with height [10], so (4)
will become

{k/(z)‘;—g QLY = fu —uy), ©

—K@% — k@)L = f(v—vy).

Here, we regard the physically relevant eddy viscosity k(z) as perturbations of the
asymptotic reference value k, = lim k(z) > 0, so
7—>00

k(z) = ki + cki1(z), at z >0, (7

where ¢ « 1, and the asymptotic rate of convergence is faster than quadratic [14],
that is, there exist constants a, b, ¢ > 0 such that

a
k1 (2)| < Tl z>0.

3 Main results
3.1 Existence and uniqueness

Let
u
= k —_—,
o @ 0z
dv
= k _—,
y =k(2) 3z
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so (1) is replaced with

5 = k@)
% =k@)y,
Ko=—f(

for k(z) L . The affine system (8) has a unique equilibrium

k(z

p= (ug’ Vg, 0,0)

with the linearization

g—’; = k(z)x,
v =k(@)y.
% : ]—Cl{v,
9z
When ¢ = 0, k(z) = k4 is a constant function, and then the matrix

0 0 ko O

A—]0 0 0 K
0 —f 0 0
f 0 0 0

has eigenvalues

®)

&)

(10)

k* IQ* 12* 12*
A= \/f 1+, )»2=—\/f2 (1 =1, /\3=\/f2 (l—i),/\4=\/f2 I+

with corresponding eigenvectors

A+inke  (A=inke

NN N

(1—1i) R ,
_ i
fzﬁ «R/_

(1 —inks (141)

: i1
NN NS A
A+ ik =ik, )

V2JT T ON2IT
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Thus the linear system (10) has a stable space

(_ Vi _ Wk ’0,1>

Y. — NENT AN Ny
(N Y
\/Eﬁ? ﬁﬁ’ 9
Introduce a linear subspace
W =1{(0,0,x,y) | x,y € R}, (11)

and condition (2) means (u(0), v(0), x(0), y(0)) € W. Note
R'=X,®W.
First we study a general affine system

q'(z) = (A+¢eB(,2)(q@) — p) (12)

forAe LR"),B:(-4§,8) xRy - L(R"),§ > 0and p € R"?, where R} = [0, 00)
and L(R") is the space of linear maps on R”. We suppose

(A1) Ais hyperbolic, i.e., the real parts of eigenvalues of A are nonzero.
(A2) B(e, z) has continuous partial derivatives d; B (¢, z) with

sup 181 B e, 2)|| < 00
(8,2)€(—8,8) xRy
fori =0,1,---,r.

Recall that (A1) is equivalent to the existence of constants K > 0,« > 0and a splitting
R* = X, @ X, such that A(X,) = Xy, A(X,) = X, along with ||e4?|| < Ke™®*
and |le~4?|| < Ke~®* forz € Ry, where A; = A/X, and A, = A/X,,. We consider
a projection P : R" — R" with ker P = X, and im P = X.

Let W C R" be a linear subspace such that R" = X; @ W, i.e., W is transversal to
X. We look for solutions of (12) satisfying

q0) e W, lim q(2) = p. 13)

Let Q : R* — R”" be a projection with ker Q = W and im Q = Xj.
Proposition 3.1 Assume (Al) and (A2). Set

Boo = sup B(e, 2)Il.
(8,2)€(—8,8) xRy

For any ¢ € (-6, 8) satisfying,

o
= 4K B(IP[+ (L + K[QIDIT — PI)’

le] (14)
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there is a unique solution q (¢, z) of (12) satisfying (13). Moreover, q (e, z) is C"-
smooth in €.

Proof Following [16], any bounded solution of (12) is given by

Z
q(2) = p+etig +e [ eACIPB(e, r)(q(r) — p)dr
0

—¢ /OO A= — PYB(e, r)(q(r) — p)dr (15)
Z

for gy € X;. We consider a Banach space Cp (R, R") of all bounded and continuous
functions g : Ry — R" endowed with a norm |[|g|| = sup,cg, Ig(z)|. A solution of
(15) is a fixed point of the map

Z
H(e,q5,q)(2) = p+e*qs + ¢ / eACI PB(e, r)(q(r) — p)dr
0

—& /00 A= (1 — P)B(e, r)(q(r) — p)dr.

Now H is linear in g and C"-smooth in ¢. For any g1, g2 € Cp(R4, R"), we have

|H(87 qu C]l)(Z) - H(Sv QS? C]2)(Z)|
< el /0 1eAC PB(e, 1) (q1(r) — q2(r))|dr
+ lel f 1eAC (1 — PYB(e, 1) (q1(r) — q2(r))|dr
Z
< |e|lK || P||Bso /0 e dr|q1 — g

o0
ek — P||Boo/ N dr g1 — gal

Z
< lelK Booa " (I P| + 11 = PIDllg1 — 2.
Condition (14) guarantees the contraction of H (¢, gy, q) inq, so the Banach fixed point

theorem ensures a unique solution g (¢, gy, z) of (15). Next, for any ¢s1, gs2 € X, we
have

|H (e, 451, 9)(2) — H(e, 42, 9)(2) < [e* (g1 — q2)| < Klgs1 — qsal.
Consequently, g (¢, gy, z) is globally Lipschitz in ¢g; with a constant

K
1 —|e|KBsod (| PIl + Il — P)

Iy
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and C”-smooth in €. To finish the proof, we need to solve
Q4(e,q5,0) =0. (16)
We set
q4(e.qs5.0) = p + g5 — £4 (€. gy).

From (15), for any ¢s1, gs2 € X5, we have

o0
G (&, gs1) — G (&, gs2)| < / leAC (I — PYB(e, r)(§(e, gs1,7) — G (e, gs2, 7)) |dr
Z
< KBoa "I = Pllilg1 — g2l

Clearly (16) is equivalent to

eQq(e, gs) — Op = gs. (17)

Assumption (14) ensures that the map

gs — €0q(s, q5) — Op

is a contraction. Thus (17) has a unique solutions g; (¢). Next, by using [ 16, Proposition
1, p. 34], we see that (12) is dichotomous for any ¢ satisfying (14). Consequently,
q(e,z) = q(e, qs(e, z) is the desired unique solution of (12) satisfying (13). The
proof is finished. O

Now we apply Proposition 3.1 to (8). We already verified (A1). To show (A2), we note
that

0 0 k2 0
seo=[08 5 B
00 0 0
for
foe. ) = k1(z)

k*(k* + ek (2)) -

Thus supposing that k1(z) > 0 is continuous with sup,cg, |k1(z)| < 0o, condition
(A2) holds. Consequently, we have the following result.

Theorem 3.2 Assume ki(z) > 0 is continuous with sup g, |ki(z)| < oo. Then for
any € small, there is a unique solution of (8) satisfying (13) with p and W given by
(9) and (11), respectively. This solution is C*° smooth in .

Since k(z) is contmuous here we have a solution u(z), v(z) of (12) such that u(z),

v(2), a%(;), av(;), 77 (k(2) a“(Z)) and 7z (k(2) a“(Z)) exist and are continuous on R ..
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3.2 First order approximation

We use Theorem 3.2 to consider first order approximations of solutions. Consider the
following second order boundary-value problem

(18)

w’(s) = Fw(s) =0, se0.0)UE 00, k>0,
w@0) =0, w(i)—w(y)=1, w()—> 0 as s — oo.

Lemma3.3 Ifw(:) := G(-,t),t € (0,00) (called the Green’s function) solves (18),
then

{am(S) +arxa(s), s€0,0),
w(s) =

bxy(s), s € (t, 00),
where
X (S) :e(l+i))»51 x2(s) — 67(1+i))\s, A= /f/Zk*,
g = b b awi
2(14+0)a 2(1 +i)A
and
b st U s
2(1 + i) 2(1 4+ i) '

Proof Note x| and x; are two linearly independent solutions of w” (s) — %w(s) =0.
Suppose
arx1(s) +axxa(s), s€(0,1),
w(s) =
bix1(s) + baxa(s), s € (1,00),

is a solution of (18). Then using the boundary conditions one obtains
by =0, aj+a=0,
and
ar(1+ e DM —ay (14 iyre™ DM = _py (1 iyre™TH0M 11,

Using the continuity of w at s = ¢, we find

(14i)rt —(1+i)rt —(1+i)At

ae + are = be

From the above we get the value of aj, aa, by and b, and therefore we obtain

1 (I+DA(s—1) _ ,—(1+D)A(s+1)
Eramwsnt (4 e s s €(0,1),
w(s) = | 7L ] ©. 1)

STHD [e(l+i))»t _ e*(l+i))»t]ef(l+i))»s’ s € (1, 00).
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The proof is complete. O
Let
() =k /Z 1 dt (19)
s =5(2) = ky —dt.
- o k@)
Then
ds _ ks
dz  k(z)’
Let
ko(s) = kékl(z)’ W(s)=U(s)+iV(s), (20)
where
U@s) =u(@) —ug, V() =v(2)— v, (21)
Set
W(s) = Wols) + ep(s) +o(e), s >0, (22)

where Wy (s) is the classical Ekman solution
Wo(s) = —e T (4, 4 iuy).

Theorem 3.4 The function defined by (22) is the solution of (6) with (2) and (3) if
(p(s) _ Vg — iug fs kz(t)e—(l-i-i))»(s-i-t) (e(1+i))»t _ e—(1+i))»t)dt
2(14+i)Ar Jo

Vg — l'.ug /Ookz(t)(e(l-;-i)x(s—t) _ e_(l'H))‘(s'H))e_(l+i))”tdt.
201 + i) Js

(23)

Proof Suppose for simplicity that k(z) is C2-smooth. From the definition of W (s), we
have

k(z) dU n k() dV
A ar
ke dz ke dz

W'(s) = (24)

and

K@k@dV  K@dU . K@k@dV K@) dU

\IIN — .
) 2 e et e wt e

(25)
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Using (21), (6) becomes

K@Y + k@Y = fuU,

dz2

K@ 4 k@Y = —fv.

dz?

From (24) and (25) we obtain

W (s) =i

k
,E? FU(s), (26)

and the corresponding boundary conditions are

W(s) =— (ug +ivg), at s =0,

Y(s) >0, as s —> oo.

Inserting (22) and (7) into (26) one obtains

Wi(s) +ep’(s) =i (ki + sz(S)) (Wo(s) + €p(s) +o(e)).
*
From the definition of Wq(s), we have

‘-IJ(/)/(S) = ;{i\llo(s).

Dividing by € and letting € — O, this yields a second order differential equation for
@, namely

i

" _
@ (s) k

@(s) = ika(s)Wo(s), 27
The boundary conditions are transformed to
p0)=0, ¢—>0 as s —> oo. (28)

From Lemma 3.3, we know that G (-, -) is the Green’s function of (27) and (28), and
the solution can be expressed as the convolution

o0
o(s) = i/ kr()Wo(1)G (s, t)dt s> 0.
0
Therefore the solution to (27) and (28) is given by (23). ]
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4 An example

Constantin and Johnson [14] considered the case of an eddy viscosity which is constant
above a certain height, with a non-constant below, that is

(29)

a—+bz, 0<z<z,
k(z) =
a+bzo, z> 20,

where a > 0, zg > 0, b € R. Motivated by [14], we change (29) to

bz, 0<z<z2,
k(z) = a—+ zﬁ <7=<20
ki +e7%, 7> 20,

here a > 0, zg > 0, and we assume a + bzg = k4 + e~ %0 for continuity. Here, ¢ = 1.
From (19), we get

koe*+1
so+In 5. s > s,

k* Cl-‘rbZ
o {TIHT’ 0<s <ysp,

with 5o = % In % > 0. Note that

f bs
f ek, 0<s <so,
k) =k@=1% 1 (30)
* W T & meorne—o—1 § > 50,

. bso
with zo = 7 (e®™ —1).
For the solution in the lower part of the layer s € [0, so], we set

bs
W(s) = ®(x), with x = e,

Then (26) will be transformed into the Bessel equation

,d*®  dd  diaf ,
X —F X— — X
dx? dx b?

T,
— i

Letp = J_Haf _ 2T,
can be expressed as

, and the general solution of above Bessel equation

D (x) = c1Jo(Bx) + c2Yo(Bx),

where Jo(x) and Yy (x) are the first and second kind of the Bessel functions with order
0 respectively. In the upper part of the layer, s € (so, 00), we obtain the solution ¢(s)
by (23).
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Also motivated by [14] and (7) with
e 0 —bzo+bz, 0 <z <z,

’

k1) ={ B}
e 7 > 20,

we could change (29) to
ke + (e —bzo + bz), 0 <z <z,

k(z) =
@ {k*—i—eez, 7> 20,

with k, > 0, b > 0 and z¢ > 0. It follows from (19) that
0 <s <so,

kye*+e s > S0,

ke In ky+e *0e—ebzo+ebz
— ) be a ’
S0+ In glomres

. _ ks kyt+e “0¢g
with so = 72 In Kt 0e—bezg > 0. From (20), we see that
fe ks (e7*0—bzo+7%) f
— L <5<
2 g 0=s =50, 31)

s > 50,

ka(s) =
Ky (kye?0+£)e" 50 —¢ *
then we obtain the solution ¢(s) by (23) and (31).

Next, we change (29) to
57 =2, 0=z <20,

k =
(Z) {56—20 — 2’ 7> ZO»

where z satisfies ky =5 -7 — 2 > 0. From (19), we have

_ ks atbz
2ln it 0<s <ysp,

S = z
koe*+1
{SO +In gl s > S0,

with sg = —% In % > 0. Then we have
2
—Zs

2 2 e
f<5~—2—>——f & , 0<s <sp.

S
k3(s) = —k(z) =
K K\ 5_3.a
Therefore ,
2f 3¢ ®
k3(s) = T (32)
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For the solution in the upper part of the layer, s > s, we have

v f A+ f
YOS YT T s Y

so the general solution can be expressed by

N _ A S
W(s) = cle(Hl)V 20" + cre 0y e’

For the solution in the lower part of the layer s € [0, so], we set
3 _2
¢=e BYLOW(s) = @(0).

From (32), k3(s) can be expressed by

_2f ¢
k3(S) = gm

Now (26) can be written as

36 _pd?®@) 12 _2dP@) _ 2f ¢

il =il > D),
52 Taer sk & e *®
and then we get the hypergeometric equation
o)  14de©@) .25 ¢
=if ————®(). (33)

de2 ¢ dt 181—¢

If we let

51 +i
B = (;rl)\/?, y =—8,

then the solution of (33) is

Q) =ch(B.y.1.0),

where c is an arbitrary complex constant and /- is the Gauss hypergeometric function.
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