Monatshefte fiir Mathematik (2020) 192:65-74
https://doi.org/10.1007/s00605-020-01382-y

®

Check for
updates

On distinguished local coordinates for locally
homogeneous affine surfaces

M. Brozos-Vazquez' ® - E. Garcia-Rio*® - P. Gilkey3

Received: 10 January 2019 / Accepted: 3 February 2020 / Published online: 11 February 2020
© Springer-Verlag GmbH Austria, part of Springer Nature 2020

Abstract

We give a new short self-contained proof of the result of Opozda (Differ Geom Appl
21:173-198, 2004) classifying the locally homogeneous torsion free affine surfaces
and the extension to the case of surfaces with torsion due to Arias-Marco and Kowalski
(Monatsh Math 153:1-18, 2008). Our approach rests on a direct analysis of the affine
Killing equations and is quite different than the approaches taken previously in the
literature.
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1 Introduction

We say that M = (M, V) is an affine surface if M is asmooth connected 2-dimensional
manifold and if V is a connection on the tangent bundle of M. We emphasize that V
is permitted to have torsion. We say that M is locally homogenous if given any two
points of M, there is a local diffeomorphism from a neighborhood of one point to a
neighborhood of the other point which preserves V, i.e. is an affine map. In a system
of local coordinates, sum over repeated indices to expand Vaﬂ. d,; =T jkaxk to define
the Christoffel symbols.

During the past few years, there has been a concerted effort to classify homoge-
neous affine surfaces. Kowalski, Opozda and V1dsek [9] provided the first major step
by classifying the homogeneous torsion free connections with skew-symmetric Ricci
tensor. Derdzinski [3] then extended their result using in an essential fashion the fact
that the curvature operator satisfies the identity R(x, y) = p(x, y)Id in this setting.
Subsequently, Opozda [15] established a complete classification for locally homo-
geneous surfaces without torsion. Finally Arias-Marco and Kowalski [1] completed
the program by extending the Theorem of Opozda to connections with torsion. The
resulting full classification can be stated as follows.

Theorem 1.1 If M is a locally homogeneous affine surface, then at least one of the
following three possibilities holds describing the local geometry:

(1) There exists a coordinate atlas so that T'; jk e R.

(2) There exists a coordinate atlas so that Fijk =(xH~! Aijk for Aijk e R.

(3) There exists a coordinate atlas where V is the Levi—Civita connection defined by
the metric of the round sphere.

The compact case was considered in [6,16]. If M is compact, then either V is torsion-
free and flat, V is the Levi—Civita connection of a surface of constant curvature, or V
is a connection with I'; jk € Rand M is a torus. The special case of locally symmetric
affine surfaces was addressed in [14], where it is shown that any locally symmetric
affine surface is either modeled on a surface of constant curvature with the Levi—Civita
connection or, up to linear equivalence, on one of two affine surfaces which have the
form given in Theorem 1.1-(1). Theorem 1.1 has been useful in many works on affine
surfaces, including but not limited to [4,5,10,12]. We also refer to Kowalski et al. [11]
for another proof of Theorem 1.1 in the torsion free setting.

We shall give a short and self-contained proof of Theorem 1.1 by examining the
affine Killing equations rather than by studying the curvature tensor or by using clas-
sification results of Lie algebras of vector fields. The structure of the Lie algebra of
affine Killing vector fields £(M) will play a crucial role in our analysis. We choose
coordinate systems so that the vector field 9,2 is an affine Killing vector field. We
complexify and consider the generalized eigenspaces of £¢ (M) as an ad(d,2) mod-
ule. What is new in this approach is the mixture of Lie theory together with the affine
Killing equations that affords, we believe, a more direct and conceptual approach to
the proof of Theorem 1.1.
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2 Affine Killing vector fields

We recall the following result of Kobayashi and Nomizu [8, Chapter VI].
Lemma2.1 Let M = (M, V).

(1) The following 3 conditions are equivalent and if any is satisfied, then X is said to
be an affine Killing vector field.

(a) Let X be the local flow of X. Then (), 0V = V o (&),
(b) The Lie derivative of V with respect to X vanishes.
© [X,VyZ] = VylX,Z] = Vix1Z =0forallY,Z € C*(TM).

(2) Let R(M) be the vector space of affine Killing vector fields. The Lie bracket gives
R(M) a Lie algebra structure. We have that dim{R(M)} < 6.

Let X = akaxk. By Lemma 2.1 (Ic), X is an affine Killing vector field if and only
if X satisfies the 8 affine Killing equations for 1 <i, j, k <2

82ak ar; % dak dat dat
k.0 — e9hij %4 k04 k99
K= 0= CREN 2 ot Ll g Thie g Ty '

Choose a point P of M; which point is irrelevant as we shall assume that M is
locally homogeneous henceforth. We work at the level of germs and assume M is
an arbitrarily small neighborhood of P. If, for example, we are given a vector field
E which does not vanish identically near P, we can choose a slightly different base
point P where Z(P) # 0. To pass to global results, we shall assume the underlying
manifold M is simply connected to avoid difficulties with holonomys; in this setting,
every affine Killing vector field which is locally defined extends to a globally defined
affine Killing vector field. We shall not belabor these points in what follows. We say
that a subset S of R(M) is effective if there exist X; € S so that {X|(P), X,(P)} are
linearly independent. Since M is locally homogeneous, R(M) is effective [7,13]. We
define the following Lie algebras by their relations

R = Span {X, Y} for [X,Y] =0, Kz := Span{X, Y} for[X,Y] =7,
50(3) := Span{X, Y, Z}for [X,Y]=Z,[Y,Z]=X, [Z,X]=7Y. (2a)

Theorem 1.1 will be a consequence of the following result.
Lemma 2.2 Let M = (M, V) be locally homogeneous and simply connected.

(1) There is an effective Lie subalgebra R of R(M) which is isomorphic to R 4, R,
or s0(3).

2) If A~ A A, then there is a coordinate atlas so that T'; jk e R.

3 If 8~ KRB, then there is a coordinate atlas so that 1",~jk = (xl)_lAi.,'k for
A,’jk e R

@ Ifﬁ ~ 50(3), thenthere is a coordinate atlas where V is the Levi—Civita connection
defined by the metric of the round sphere.
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68 M. Brozos-Vazquez et al.

The possibilities of Assertion (2) and Assertion (3) are not exclusive; the non-flat
examples such that both Assertion (2) and Assertion (3) hold along with a complete
description of the Lie algebras £(M) are given in [2]. By contrast, any M which
admits an effective so(3) Lie subalgebra of R(M) satisfies dim{R(M)} = 3 and
does not admit any 2-dimensional Lie subalgebras of affine Killing vector fields. In
Theorem 1.1, we do not impose the hypothesis that M is simply connected as the
question of suitable coordinate systems is a local one. By contrast, in Lemma 2.2, we
must impose the hypothesis that M is simply connected since the question of affine
Killing vector fields is a global one.

By Lemma 2.1, dim{R(M)} < 6. Complexify and set Rc(M) := R(M) g C.

Lemma 2.3 Choose & € R(M) with B(P) # 0. Fora € C, let
E(@) :={Xq € Re(M) : (ad(E) — @)’ Xy = 0}

be the associated generalized eigenspace of ad(E). Then [E(«), E(B)] C E(x + B).

Proof Choose local coordinates so & = d,2. Then X, € E(«) if and only if

io Jo
X, = &’ D uiHEH o + Y v ot (2b)

i=0 Jj=0

for some suitably chosen ig, jo < 5. This leads to an expansion for [X,, Xg] where
the relevant exponential is e(‘“‘ﬂ)"2 that shows [ Xy, Xg] € E(a + B). m]

3 The proof of Lemma 2.2

The following coordinate normalization will be used for much of our analysis; a
different normalization will be used in examining the structure s0(3).

Lemma3.1 Let E € K(M) satisfy E(P) # 0. We can choose local coordinates
centered at P so that & = 0,2 and so that

0 et ) =fah, mataeh =0, el =o.

Proof Choose initial coordinates (y', y?) centered at P so that & = d,2. Since 8 is

an affine Killing vector field, ' = I'(y') and the map (y', y*>) — (y!,y?> + 1) is
an affine map. Let o (s) be a geodesic with o (0) = 0 and with {5 (0), E(0)} linearly
independent. Let T (x!, x2) := o (x1)+(0, x?) define new coordinates with 0,2 = 8),2.
Since the curves x! — T'(x!, x?) are geodesics for x? fixed and since 0,2 is an affine
Killing vector field, the normalizations of the Lemma hold. O

With the coordinate normalization of Lemma 3.1, 9,2 is an affine Killing vector
field. We now examine other affine Killing vector fields.
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Lemma3.2 Use Lemma 3.1 to normalize the system of local coordinates. Set
Ra(M) = (X = e v(xD)d,2 : X € Ro(M)).
(1) Ifthere exists X € Ry (M), which is not a constant multiple of 9,2, then

Mi'=0,T17=0,Tp' =0, I'y' =0, ' =0, I'p? =~ (3a)

(2) Suppose that the Christoffel symbols satisfy Eq. (3a).
@) Ifu(x', x»d.1 +wx!, x?)d,2 € R (M), then
@) auODxl x2) +u@D ! x3) =0,
(i) (M22(x") + M2 w0 (! x2) + w0 =0
(1) Ka(M) = (¢ v(x")d2 : (T2 (Y + Do 2w/ () + 0" () = 0).
(c) Assume a0 = 0. Ifu(xl,xz)axl +{, w,,(xl)(xz)"}axz € Rc(M), then
wy, (xl)axz € Ro(M) for all n. Furthermore, xzaxz € RM).

Proof Our choice of coordinate system yields I'y 1! = I'112 = 0. It is convenient to
decompose the proof of Assertion (1) into two cases.

Case 1.1 Suppose o # 0. Assume 0 # X = e‘”zv(xl)axz € Rc(M). Equation (3a)
follows from the equations

Kan': 0= 2aTn! (x)o(xH), soTpnl(x!) =0.
Kin': 0= ¢ fal ' (cHor!) + T (o' (6}, so D! = 0.
Kn': 0= {al ' (:Hox!) + T (e Hv' (1)}, so Ty = 0.

Kn?: 0= fav(x) (o + In?xh) — Tn' Ho' (D), so n? = —a.

Case 1.2 Suppose & = 0. The assumption that X = v(x')d,2 is not a constant multiple
of 9,2 implies v is non-constant so v" # 0. Equation (3a) follows from the equations

Kii': 0= Tp'GhH + Dot ev'(xh), Kt 0 =Tt (e’ (1),
Ki22: 0= T2l —Ttaeh)v'(xeh), Kai?: 0= (M2 (el = Tt v’ (xeh).

Assume Eq. (3a) holds. Assertion (2-a) follows from the affine Killing equa-
tions K112: 0 = (T'122 + T Hwh0 + w9 and Kpn!: 0 = o u©@D + 402,
Assertion (2-b) follows as K12 0 = e‘”z(([’lz2 + T2 + v”) is the only
non-trivial affine Killing equation for e‘”zv(xl)axz. To prove Assertion (2-c),
assume that u(x!, x2)8x1 +{>, wn(xl)(xz)”}axz € Rc(M). By Assertion (2-a-ii),
Y ACR2Y + Do hyw, (xh) + wl(x)}(x?)" = 0. Thus each wy, (x!) satis-
fies the ODE individually so by Assertion (2-b), w,, (xl)axn € Ro(M). One verifies
directly that xzaxz is an affine Killing vector field in this setting. O

We use Lemma 3.2 to study a Lie algebra structure which will arise subsequently.

Lemma 3.3 Suppose there is a 3-dimensional effective Lie subalgebra of R(M) which
is spanned by vector fields X, Y, Z satisfying [X,Y] = 0, [X,Z] = aX + Y, and
[Y,Z] =aY — X for a € R. Then there exists an effective Lie subalgebra of R(M)
isomorphic to £ 4.
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70 M. Brozos-Vazquez et al.

Proof The Lemma is immediate if {X, Y} is effective. Consequently, we assume that
Y is a multiple of X and {X, Z} is effective. Normalize the coordinate system as
in Lemma 3.1 so that X = 9,> and thus ¥ = v(xl,xz)axz. Since [X, Y] = 0,
0,2v = 0 and thus v = v(x!). As Y is not a constant multiple of X, v (xh # 0.
By Lemma 3.2 (1), the relations of Eq. (3a) hold with « = 0. By Lemma 3.2 (2-c),
x29,2 € RAM). Expand Z = u(x', x*)d1 + w(x', x2)d,2. We have

(X, Z] = 02u(x, x?)d,1 + 0 w(x!, x2)d,2
=aX+Y =@+vix")..
Thus u = u(x)) and w = (@ + v(xH))x2 + vo(xl) As {X, Z} is effective, u # 0.
By Lemma 3.2 (2-c), vo(xl)a 2 € Ro(M). Thus z =u(x"d,1 + (@ +v(xHx?)d,»

belongs to K(M). Since (Z, x%d 2] =0, Span{Z by 8xz}1s an effective Lie subalgebra
of R(M) which is isomorphic to & 4. O

3.1 The proof of Lemma 2.2 (1)

Use Lemma 3.1 to normalize the coordinate system. Choose X € E(«) for some «
so {X, 0,2} is effective. Expand X in the form given in Eq. (2b). Since {X, 0,2} is
effective, u; # 0 for some i. Choose iy maximal so u;, # 0. Apply (ad(9,2) — ) to
X to assume that ig = 0 so

Jo
X = Juechia + Y v a,e ¢t foru #0. (3b)
=0

We first examine E (o) for o #£ 0.

Lemma 3.4 [fa # O, then there exists an effective Lie subalgebra of R( M) isomorphic
to R4, R, or s0(3).

Proof Adopt the notation established above. We wish to show jo = 0. Suppose to the
contrary that v; # 0 for some j > 0. Choose jy maximal so v, # 0 and hence

0 # (ad(3,2) — )X = jo! e vy (x1)d2 € Ry(M).

By Lemma 3.2 (1), Eq. (3a) holds. We apply Lemma 3.2 (2-a-i) to see 2o/ e‘“zu(xl) =
0 so u = 0 contrary to our assumption. Thus we conclude jo = 0 and X =
e (u(x1)d 1 + v(x1d, ).

Case1 Suppose o € R. [0,2, X] = aX so [a’laxz, X] = X. Since {X, 9,2} is
effective, we have an effective Lie subalgebra isomorphic to K.

We therefore assume o € C — R. By rescaling x2, we may suppose & = a 4 /—1
fora > 0.
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Case 2 Assumea # 0.Choose a maximal so there exists X € E (a++/—1)so{X, 0,2}
is effective. Expand X = e‘”‘zeﬁxz{u(xl)axl + v(xlzaxz}. We have X € E(@). Let
Y1 :=+/—1[X, X].ByLemma?2.3,Y; € E(2a).Since Y| = Y1, Y] isreal. Decompose
Y1 = 2 uy (x1)a,1 + v (x1)d,2 ).

Case 2.1 If u; # 0, then we may apply Case 1 to Y.

Case2.2 If u; = 0 and if v; # 0, then we apply Lemma 3.2 (1) to see that
Eq. (3a) holds with 2 = —2a. We apply Lemma 3.2 (2-a-i) to X to see

Ba? -1+ 4a\/—l)e‘”2u(x1) = 0 so u = 0 contrary to our assumption.

Case2.3 Ifu; =0and vy = 0, then [ X, )_(] = 0 and Lemma 3.3 pertains with respect
to the Lie algebra {N(X), J(X), 9,2}, since

[S(X), N(X)] =0, [S(X),—0,2] =a33(X)+ N(X),
[RN(X), —0,2] = af(X) — I(X).

Case3 Supposea = /—1.If X = eﬁxz(u(xl)8x1 +v(x")d,2} is a complex affine
Killing vector field, then i (X) is areal affine Killing vector field where the coefficients
of d,i can be written in terms of sin(xz) and cos(xz) multiplied by suitably chosen
functions of x! and x2. We have X; in £(M) with {X;, d,2} effective where

X =u@x', x?)o0 +vx!, xH)2, X =ad(d,2)X1,
u(x', x?) = uy(x") cos(x?) + uz (x 1) sin(x?),
v(xl,xz) = v (xl) cos(xz) + vz(xl) sin(xz).

Since {X1, 9,2} is effective, u # 0. Let X3 := [X, X2] € E(0). Because there are no
powers of xZ in X or X,, we have that X3 = ug(xl)axn + vg(xl)axz.

Case 3.1 If uz # 0, then {X3, 0,2} is an effective Lie algebra isomorphic to £ 4.

Case3.2 If us = 0 but v3 # 0, then X3 = v3(x1)3xz. If vg # 0, we may apply
Lemma 3.2 (1) to obtain the relations of Eq. (3a) with « = 0. We may then apply
Lemma 3.2 (2-a-i) to see u®? = 0. Since u = —u®?, u = 0 contrary to our
assumption. Thus vg = 0 and [X, X2] is a constant non-zero multiple of d,>. This
gives the Lie algebra so0(3).

Case 3.3 If X3 =0, we have [ X, X»] = 0 and we can apply Lemma 3.3.

We now examine E(0).

Lemma 3.5 Assume there exists X € E(0) such that {X, 0,2} is effective. Then there
exists an effective Lie subalgebra Ry C R(M) isomorphic to R 4 or Rg.

Proof Choose X € E(0) of the form given in Eq. (3b) with « = 0. If jo = 0, then
{X, 0,2} is an effective algebra isomorphic to & 4. We may therefore assume that
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Jjo > 1. We suppose jy > 2 and argue for a contradiction. Since jo — 1 < 2jy — 3,
u(x! )d,1 contributes lower order terms and plays no role. Set:

Y1 = ad(@,2)X = {c1v, )@+ 0((xH)072)},2,
Y =X, V1] = {e2v}, (x) (x2)* 07D + 03?77 }o,,

Yy =X, Y] = {euv (D) 07D+ 03" 0D},

One verifies all the normalizing constants ¢, are non-zero so creates an infinite string
of linearly independent elements of R(M) which is not possible. We therefore suppose
jo = 1 henceforth so X = u(xl)axl + (v (xHx? + vo(xl))axz for vy # 0. If v} =
0, then [9,2, X] = v10,2 is a constant multiple of d,> and we obtain a subalgebra
isomorphic to £3. We therefore suppose that v} # 0 and apply Lemma 3.2 (1) to
obtain the relations of Eq. (3a) with « = 0. By Lemma 3.2 (2-c), xzaxz € R(M) and
vo(xl)axz € Ro(M). Consequently we have X = u(xl)axu + v (xl)xzaxz € RM).
We have [)~(, xzﬁxz] = 0 and thus Span{f(, xzaxz} is an effective Lie subalgebra of
K(M) isomorphic to R 4. This completes the proof of Lemma 3.5 and thereby of
Lemma 2.2 (1). O

3.2 The proof of Lemma 2.2 (2)

Let {X, Y} be affine Killing vector fields which are effective and which satisfy
[X, Y] = 0. The Frobenius Theorem lets us choose local coordinates so X = 9,1
and Y = 9,2; we then have Ff‘j e R. |

3.3 The proof of Lemma 2.2 (3)

The following is a useful observation.

Ansatz3.6 Let X = u(x")d,1 + (x> +v(x"))d,> where u # 0. Set ' = x!' and ¥? =
x> +e(x"). Then 8;1 = 8,1 —&'(x')d,2 and d;2 = 3,2. We then have X = u(¥1)d;1 +
(F2—e(@x")+v(x")+ux)e'(x!)}d;2. We may then solve the ODE —e(x ) +v(x") +
u(xhe'(x') = 0 to express X = u(il)aﬂ +)Z28);2 where w(il)a);z = w(xl)axz for
any w.

Let {X, Y} be affine Killing vector fields which are effective with [X,Y] = Y.
Choose local coordinates so ¥ = 9,2. Expand X = u(x!, x2)ax1 + v(xl, x2)8xz.
Since [X, Y] =Y, d,2u =0and d,2v = —1s0 X = u(x")d,1 + (—x% 4+ vo(x1))d,2.
Use Ansatz 3.6 to change coordinates so X = u(x')d,1 — x?d,> without changing

Y = d,2.Replace x' by £ toensure u(x')d,1 = —2'9;1 50 X = —2'9;1 —£28;2. The
affine Killing equations for X yield K;;*: 0 = I';;/* (1) +&! F;jk(fl) fori, j,k=1,2.
This shows that the Christoffel symbols have the desired form. O
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3.4 The proof of Lemma 2.2 (4)

Throughout this section, we will not use the normalizations of Lemma 3.1. We shall,
however, assume always that d,> € K(M) so Fijk = F,-jk(x1 ). We begin by showing:

Lemma 3.7 Suppose M has an effective Lie subalgebra isomorphic to s0(3). Then
the connection is torsion free, the Ricci tensor p is positive definite and symmetric,
and Vp = 0.

Proof Let Span{X, Y, Z} be an effective Lie subalgebra of R(M) satisfying the
relations of Eq. (2a) defining s0(3). Choose coordinates so Z = 9d,2. Decompose
X = u(x!, x2)8x| + v(xl,xz)axz. We then have 12 = —u. We may then express
ux', x2) = r(x" cos(x2+0(x")) where by hypothesis r(x') # 0. Use Ansatz 3.6 to
replace x2 by x2 +0(x") and rewrite X = r1(y") cos(yz)ayl + v (x!, x2)ay2 without
changing d,2. Choose coordinates (z!, z2) = (f(y'), y?) so that 8,1 = ry (yl)ayl and

0.2)
9 1

2 = 8},2. Since v = —uvj, the bracket relation [Z, X] = Y gives

Z

X = cos(z2)d,1 + {ve(z") cos(z?) + vs(z") sin(z})}d,2,
Y =— Sin(ZZ)azl + {—vc(zl) sin(zz) + vs(zl) cos(zz)}azz.

The bracket relation [X, Y] = Z now yields —v.(x")? — vy (x1)? + v;,(xl) = 1 and
ve(x!) = 0. We solve this to obtain ve(x!) = 0 and vy (x!) = tan(x! + ¢); we can
further normalize the coordinates so ¢ = 0. Thus, after a suitable change of notation,
we have Z = 9,2,

X = cos(x2)d,1 + tan(x") sin(x?)d,2,
Y = —sin(x?)d,1 + tan(x') cos(x?)d, 2.

We have T; jk =T jk (x1). We evaluate the affine Killing equations corresponding to
X at x> = 0 to obtain

Kn': 0=T}'xh,  Kn®: 0=-TI 2D tanx) + T2,

Kp': 0=Tp Y an(h) + T D, Kp?: 0=sec’(x') + T2 (),
Ka': 0=T2'xHan(x!) + Féll(xl), Kap: 0=sec’(x") + Félz(xl),
Kn': 0=—1+2In ' tan(x!) + 15, D,

K»n?: 0=Tpn*(xYtan(x!) + 2 (x1).

We solve these ODEs to obtain real constants a; jk so that

Mt =ant, T2l = ap? sec(xh),
o' (x!) = apn! cos(xh), 22 (x!) = app? — tan(x!),
o' (x!) = az ! cos(x), I12(x!) = az? — tan(x!),

Coot(xl) = ap!t cos(xh)? + cos(x D) sin(x1), TnZ(x!) = axn? cos(xl).
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74 M. Brozos-Vazquez et al.

Leti # jand 1 < i,j < 2. We evaluate the affine Killing equations for X at
(', x%) = (0, 7) to obtain

Kii' : 0=aii/ +aij' +a;i', K
K Kij

J
ij' © 0= —aii' +a;j) +aj;', Kij’

These equations imply that all the a; ; ¥ yanish and thus the non-zero Christoffel symbols

are M2 (x!) = F212(x1) = —tan(xl) and o' (x1) = cos(x!) sin(x!). We complete
the proof of the Lemma by computing that p = (dxH2+cos(xH2(dx?)? and Vo =0.
O

We apply Lemma 3.7. We have shown V is torsion free. Let ds?> = p. We have
Vp = 0. This shows V is the Levi—Civita connection of ds?; thisis a positive definite
metric with Einstein constant 1. Thus this geometry is modeled on the round sphere.
This completes the proof of Lemma 2.2 and thereby of Theorem 1.1. O
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