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Abstract

We obtain results bounding the degree of the series Y oo, 1/ay, where {a,} is a
sequence of algebraic integers satisfying certain algebraic conditions and growth con-
ditions. Our results extend results of Erd3s, Hancl and Nair.

Keywords Infinite series - Algebraic integers - Irrationality

Mathematics Subject Classification 11J72

1 Introduction

Questions on the irrationality and transcendence of infinite series have a long history.
Often, the series have rational terms, and many famous open problems arise in this
way. For instance, the Riemann ¢-function is known to take transcendental values at
even, positive integers and to be irrational at 3. On the other hand, not much is known
about the values at any other specified odd integer greater than 1, although the values
are known to be irrational at infinitely many of these [1,4].

The ¢-values are instances of the family of series

= 1

E —, (H
— Oy

n=1

where «, is an algebraic integer.

Communicated by Ilse Fischer.

B S. Kristensen
sik@math.au.dk

S. B. Andersen
simon_andersen94 @hotmail.com

Department of Mathematics, Aarhus University, Ny Munkegade 118, 8000 Aarhus C, Denmark

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00605-019-01326-1&domain=pdf
http://orcid.org/0000-0002-1714-5455

642 S.B. Andersen, S. Kristensen

This makes it pertinent to study conditions on the sequence {c,} which ensure
irrationality or even transcendence of the series in (1). It was shown by Erdés [3] that
if the «,, are rational integers, o, = aj, then the series of (1) is irrational provided
lim,,— o a,l,/ " — 0. This condition of course falls short of saying anything at all about
the ¢-values. Nevertheless, it is essentially best possible. See [6] for an example. The
condition was weakened by Hancl [S5], who proved that irrationality of the series (1)
is ensured by the condition

. 1/2" . 1/2"
1 < lim inf an/ < lim sup an/ ,
o0

n— n—00
where the a,, are still rational integers.

It appears that not much is known when the «,, are no longer assumed to be rational
integers. One result which does exist is due to Han¢l and Nair [6]. They showed that
for o, = /a, with a,, € N, irrationality of the series (1) is ensured by the condition

—n? /2

lim af, = 00.
n—oo

In the present paper, we develop the methods of Hancl and Nair to deal with the
more general case where the o, are algebraic integers such that |«,| = [o;]. Here [a]
denotes the house of «, i.e. the maximum modulus of the conjugates of «. Examples
for which this holds include Salem and Pisot numbers, but also d-th roots of rational
integers, o, = % . As we will see, these are in a sense extremal cases for our results,
and the former gives better bounds than the latter.

In addition to the irrationality results, the approach taken allows us to give lower
bounds on the degree of the series (1), where we set the degree of a transcendental
number equal to co.

Theorem1 Let d, D € N, € > 0 and let {a,} be a sequence of algebraic integers
with maxdega, = d, such that |a,| = [&,]. Suppose that |o,| increases, and that
lan| = n'*€ for n sufficiently large. Furthermore, we suppose R(a,) > 0 for all
n € Nor that 3(«,) > 0 for all n € N. Finally, suppose that

1
. nn—1, i
lim sup [a,,] 2" Mli=1 @'+ = o0,
n—oo

Then,
|
deg (; ;) > D.
Note that if we let D = d = 1, the conditions of the theorem imply that ¢, is a

sequence of natural numbers, such that

1
lim sup |oe, |21 = o0.
n—oo

Since o, = a, are assumed to be natural numbers in this case, we recover the result
of Erdds on noting that
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1 1
. n—1 . b
limsupa? = [limsupa; .
n— oo n—o00

Similarly, we may recover the result of Han¢l and Nair by letting D = 1 and o, = /a,,
with their growth condition on the a,,.

Many of the assumptions made in Theorem 1 can be weakened at the cost of making
the growth condition on the houses of the «, more complicated. In the final section
of the paper, we will comment on the various conditions and the extent to which they
can be weakened.

2 Auxiliary results

We will make heavy use of Weil heights and Mahler measures of algebraic numbers.
We recall the definitions.

Let « be an algebraic number, let K be a number field containing « and let Mg
denote the set of places of K. Then, the (Weil) height of « is defined as

H() = [] max{1, laf,}*/,

vEMK

whered = [K : Q]andd, = [K, : Q,],and where K, and QQ,, denote the completions
of the fields at the place v. With the normalisation in the exponent, the height becomes
independent of the field K.

We will also need to define the Mahler measure of «. For this purpose, suppose
that « is algebraic of degree d and let 1 = «, a3, . . ., &g denote the conjugates of «.
Finally, let a; denote the leading coefficient of the minimal polynomial of o defined
over Z. The Mahler measure of « is defined as

d
M(@) = lag| | [ max{1, les]}.
i=1

Here, the only place playing a role is the usual Archimedean one, i.e. the modulus in
the complex plane.
The following wonderful result is classical, see e.g. [10].

Theorem 2 For an algebraic number o of degree d,
H(a) = M(a)'/.

We would further like to relate the house of an algebraic integer « to the height of
a. The following lemma accomplishes this.

Lemma 3 Let o be an algebraic integer of degree d. Then,

H(@) = M)/ <@ < M(a) = H()".
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The inequalities are best possible.

Proof The outermost identities follow immediately from Theorem 2. For the inequal-
ities, note first that since « is assumed to be an algebraic integer, a; = 1, so that

d
M) = Hmax{l, la}.
i=1

Note also that [er] > 1, as « is an algebraic integer. The first inequality now just states
that the geometric mean of a set of positive reals is bounded above by the maximum
value, while the second one is even more trivial.

To see that the inequalities are best possible, consider first @ = ¢a with a a
positive integer. The minimal polynomial of « is (a factor of) P(X) = X¢ — a, so
that all conjugates of « are of the form ¢ &/a, where ¢4 is a d-th root of unity. Hence,
M(a) = (a)? = a.Onthe other hand, evidently [a] = ¢/a, so that the first inequality
of the lemma is an identity.

Conversely, suppose that « is a Salem or Pisot number of degree d. Then, M («) =
[l = o, which proves optimality of the second inequality. O

The optimality of the inequalities above justify the remarks in the introduction about
the extremal cases of our results. If we are able to get a better-than-expected bound
on the Mahler measure of certain numbers in our construction, the resulting growth
conditions can be significantly weakened. Our main theorem uses only the lower
bound, which is valid in general. However, it should be clear from the remainder of
the paper how the arguments may be modified if one has a series of reciprocals of
Pisot and Salem numbers.

We will need to know that the height remains unchanged on taking the reciprocal.
This is also classical, see [10].

Lemma4 Let o be a non-zero algebraic number. Then, H (o) = H(1/a).

We will be using the following bounds on heights and degrees of sums of algebraic
numbers.

Lemma5 Letn € N, and let By, ..., Bn be algebraic numbers. Then,
n n
H (Z ﬁi) <2 [TH®.
i=1 i=1
and
n n
deg (Z ﬁi) <[] deg(so.
i=1 i=1

For a proof of the first inequality, see [10]. The second inequality can be found in [7].
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A final ingredient from the theory of algebraic numbers needed, is the Liouville—
Mignotte [8,9] bounds on the distance between algebraic numbers. For a unified proof
of the inequalities, see appendix A of [2]

Lemma 6 Let o and B be non-conjugate algebraic numbers. Then,

1
— 2deg(@) deg(B) pf (o) dee(B) pf (B)deg@) ©

lo — Bl =

The final auxiliary results needed are essentially exercises in calculus. The first is
the following, essentially proved in [3].

Lemma7 Let {a,} be an increasing sequence of real numbers satisfying for some
€ > 0, that a, > n'*€ for all n € N. Then,

i 1L 241/

ay g/t

n= an ay

Note that in Erdds’ proof, the numerator on the right hand side is left as an unspeci-

fied constant depending on €. We give a short proof that this constant may be replaced
by 2 + 1/e.

Proof By assumption, ak/ (49 < k. Hence,
© (/9] | -~ | [1/<1+e)] o X
I D I R
n=k " n=k T g are gy n=k n=[a,:/(1+é>+l]
For the first sum,
[a)/079)) /0 |
. Z L< = it
i Y .

The second sum is estimated by the first summand plus an integral. First,

o0 o0

1 1 1
Z Lite [ /0F | i+e + Z Llre

n=(a)/ "9 1) k n=(a/ 1+ 1141

Sincee/(1 +¢€) < 1,

a;/(1+€) < ay < [al/(1+€) + 1]1+E
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so that
1 1
< .
[a;/(He) 1]l a;/(lJrG)
For the final sum,
i 1 /00 dx 1 1/e
— < = .
1+e 1/(14€) 1+e 1/(1+e€) —  €/(l+€)
it 4111 n a7 +11 X €([a, +1D¢  a
The result follows on combining the inequalities. O

The second result is extracted from the proof of the main theorem in [6], where
special cases are used a number of times. We deduce a general form here.

Lemma8 Let {a,};> | be a sequence of real numbers such that

lim supa, = oo.

n—oo

Then for infinitely many k € N,

1
k41 > (1 + k_2>

max a,.
1<n<k

Proof Suppose to the contrary that an Ny € N exists, such that for k > Ny,

1
A1 = (1 + p)

Then, for any k > Ny,

1
< {1 —
Clk+1_< +k2>l§n§k
1
1+ﬁ 1

IA

IA

IA

n=Ny+1

ad 1
< 1+ —
_L[]< +n2)

which is finite, and so in contradiction with our assumption.
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3 Proofs of the main theorem

We now prove our main theorem. We argue by contradiction. A preliminary observa-
tion, which is used at several points in the proof, is a lower bound on the tail of the
defining series. Thus, we let

o0

J/:
n

1
>
—1 Yn

and assume that y is algebraic of degree at most D. Also, let

be the N’th partial sum of the series. Clearly, this is an algebraic number, and we
estimate its degree and Mahler measure by Lemmas 4 and 5. First,

N N
1
deg(yn) < Hdeg <a_> = Hdeg (ay) =: Dy.

i=n

For the Mahler measure, we get that

N 1 Dy
Myw) = Hiyw)PY < <2N [1# <_)>

Qpn
n=1
N Dy N Dy
= <2N [1 H(an)) < <2N ]‘[m) :
n=1 n=1
where the latter equality follows from Lemma 3.
Now, let
S |
N) = — =Y —V¥N.
y(N= > it
n=N+1

Note that our assumption that 9(e;;) > O for all n € N or that J(c,;) > O for all
n € N guarantees that y (N) # 0 for all N € N. Hence, using the above estimates and
Lemma 6,

ly(NMI =1y —ynl
1
= Qe () 92w M (1) FBON) M (37 )32 )
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1

>

- N DDN
20Px M ()P (2N T )
1

<2N+1H(V) H;sz:l Un )

DDy °

The upshot is the following critical estimate, valid for all N € N,

DDy

N
ly ()] <2N“H<y) Hml) > 1. )

n=1

At this point, the path to a contradiction is clear. All we need to do is to ensure that
our condition on the growth of the «,, implies that Eq. (2) is violated for arbitrarily
large values of N. This is accomplished by obtaining an upper bound on |y (N)|. Note
that

> SR | SR |
M= Y —[=< > =y —. 3)
n=N41 %" n=N+1 lotn] n=N+1 (0]

Consequently, in order to arrive at a contradiction, it suffices to prove that

o DDy

1 N
— [2V T H () |a—,,|) <1 )

for arbitrarily large values of N.

The final inequality to be derived depend only on properties of the series
YN 11 ﬁ , a series of reciprocals of increasing real numbers, and so the completion
of the proof is just a matter of calculus and in particular application of Lemmas 7 and 8.

In the following, we will assume that the degree of the «;, is bounded by some
d e N. Consequently, we may replace Dy in inequality to (4) by d"V and proceed to
derive a contradiction to this statement. We will discuss this restriction further in the
final section of the paper. In brief, what is required to proceed is an upper bound on
the geometric growth rate of the product of the degrees.

Assume that [&,,] > n'*€, so that by Lemma 7,

ee]

Z 1 241/€

_— <
el o2 B o7 A

To proceed, we need to find a lower bound on [ay 1] for infinitely many N. We split
the remainder of the proof into three cases.
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Case I: Suppose that
; 1
. n— i
lim sup [or D', 2y (@D +d+1) 0.
n—o0

By Lemma 8, for infinitely many values of N,

1 1
N+1 11N i 1 n—1 i
ans1]” T2 (@i vdth > <1 + N2) max mu" [T/2] (@+Di+d+1)

1<n<N

Note that
o (14 A 2N% -1
0 e —7
BTN )= e
and that
N 2
2N- —1
[T€@+1"+d+ D=7 =log2d + D",
2N*4
n=1
so that

1+_ >2DN+I(d+1)N.

1 DN, ((d+ 1) +d+1)
(1+%)

Hence, we find that for these infinitely many values of N,

N+1 N
Tl > 2P +(d+1)

n—1 i
max [o,] DT (@4 +d+1)
1<n<N

( . >DN+1 TTY (@4 1) +d+1)
Dd+1)N
> (2"" @)

( | )DN“<d+1)1‘[?’=]1<<d+1)"+d+1)

N
_ <2DN W)D<d+l)
| DN @+ DN TIV 2 (@ 4+ 1) +d+1)

n =1 i
max WD [1]Z] (@+Di+d+1)

(

) DV @+ 1) TV 2 ((d+ 1D +d+1)
pn le.’ll((d+l)i+d+l)>
n
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v

=

N
<2DN [ m)

n=1

Dd+DN

A%

Consequently, for these values of N,

00 { N —(Dd+1)N)e/(14€)
Y — =@+l <2D” I1 mﬁ’“’)

n=N+1 m n=1
Inserting this into the right hand side of (4), we find that
o0 | N DaN
p— (zN“H(y) [1 |a—|)
n=N+1 m n=1
N —(D+1)M)e/(1+€) N Da¥
N N—n
<@2+1/e) (2D [ Trt” ) (zN“H(y) [1 la—l)
n=lI n=1

As N can be arbitrarily large, this proves (4) in the first case.

In the following, we will suppose

1
lim sup [ciz] " o] @i+ oo
n—o0
but
+
lim sup [@,] ”" [li=1 @+ = o0,
n—oQ
By the first of these conditions,
d+1)”
W < 2( +1) , (3)
for n sufficiently large. We now deal with the remaining two cases.
Case I1: Suppose for this case that
[otn] > 2" (6)

for all n sufficiently large. We require an upper estimate on the tail, y (N).
For N sufficiently large, write

S 1 [logy [an1]+1] 1 00 1
Ml Y —= 3 —+ 3 —.
n=N+1 I_nl n=N+1 I_nl n=[log, [en+1]+11+1 I_nl
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We estimate the first sum by the maximum value times the number of summands, so
that

1 +1
“’g”ZN“ "1 log v + 1

and the second sum by an integral using (6), so that

o 00
1 dx _1/log2

< — <
n=tlogs fimeni+1141 1] o @i+ 2 *N+1

In total, for N large enough, we have on applying (5)

2log, [@ng1] | 2(d + HNFTD? odN?
<

=

UN+1 ON+1 ON+1 '

To arrive at a contradiction to (2), we need a lower bound on [ery 1] valid for N
arbitrarily large. Noting that

ly(N)| = (N

N
1
log (1 + W) [[@" +d) = log2n?a",

n=1

we may argue by Lemma 8 as in the proof of case I to find that for infinitely many N,

. DN+1 l_[zN:l(dl+d)
DN+IN2gN pr 1= Vi +a)
o >2 max [& i=1
N+1| = L <neN n
Dl ) DNV @ +a)
N a72 —1 .,
> (2D N IWI) <max CARRLS <d'+d)>

1<n<N

paV i DNV TP @ +d)
N pj2 n—1 i
<2D N |_|O‘N) < max._ [y " = (d’+d)>

1<n<N
] DNH 2 [T (d+d)
n—1 i
( max [a,]”" M=t (durd))

1<n<N
>
N
N Dd
N a2 N—n
> 2D N HWD
n=l1
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In combination with (7), we now find that for these infinitely many values of N,

DdN

N
ly (V)] <2N“H<y> [1 la_|>

n=1

—DdN DdV

N N
< 2dN2 <ZDNN2 1—[ WIDN"> <2N+1H(y) 1_[ W)

n=1 n=1
2 N _ HN+1 N A2
< CZdN +Dd" (N+1)—-D d¥ N i

where C > 0 is a constant such that

(H(y)HnN_l ; )DdN

N DN-n = C’
Hn:l W

which may clearly be chosen. Unless d = D = 1, we may choose N so large that this
is < 1, which contradicts (2). When d = D = 1, we are in the case considered by
Erdés [3], and we already have the theorem.

Case I11: Assume now that (6) fails for infinitely many values of #, i.e. that
@] < 2", ®)

for infinitely many values of n. By assumption, for any B large enough (to be fixed),
there are infinitely many » such that

nyyn—1,4i
@ > 2BD" [T d +d)_ )

Let s be the least natural number satisfying this inequality, and let k € {1, ...s} be
the largest number satisfying (8). Finally, by Lemma 8, there are infinitely many n for
which

. . "1 dd +d)
1 /(D T2, (@ +d)y) Prlj=i
1 - : Jj=1 .
n| > (( + ” 1)2) max [o;

1<i<n—1

Let r > k be the smallest integer satisfying this inequality.
We claim first that r < 5. To see this, suppose for a contradiction that s < r. By
choice of r, forany t e {k+1,...,r — 1},

) el g d)
1 O T @iray ) =@
< 1 ma ; Jj=1 .
il = << L= 1)2>k<i<3‘_1'°‘_’|
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Applying first (9) and the definition of s, and subsequently the above inequality several
times, noting that k < s < r, we find that

28 < [y /@ @ +d)
1 /(D ]2} (i +d))
1 — max o j=1
( + (s — 1)2> k<n<s—1' "

s—1

1 1/(DF TN @ +d))
< 1 [ — Jj=1
=| 11 ( +(1’—1)2> e

IA

S .
j=k+1
2 sinh(7r)
<2 < < 8. 10
111 < B 1)2) & 1

On choosing B > 3, we obtain the desired contradiction, and we have r < s.
To proceed, note that

r—1 2
1 ) 20— 12— 1
d" +d)1 1 > Jz ( ])+ (r=1)
[T+ )Og( +(r—1)2>— 20— D

n=1

> d* log2.
Arguing by Lemma 8 as in the preceding cases,

. ] D' T2} @ +a)
r T n— [
@] > 2P max D M=y @)

l<n<r— 1

Drdr—l

r—1
S QD" (1—[ WI) . (11)

n=1

With the argument leading to (10), we find that forr e k +1,...,r — 1,

Ia—tll/(D‘ ;;ll(d-f+d))§8.

Since the sequence [or,] increases, the above estimates imply by choice of & that
r—1 k r—1 i
D d’+d
[T =T ] @< [ s? e,
i=1 i=1 i=k+1 i=k+1

Note that this immediately implies that for some C > 0 independent of k&,

r—1
r— r=2,4j
[T = ¢ i@, (12)

i=1
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To finish the proof, we consider |y (r — 1)| by splitting it into three sums,

e ¢]

© [logzmﬂl s—1 1 1
ly(r—D| < — = — + + )
;a—l 2 [ 2 [ Em

n=r n=[log, [e,]+1]

For the first sum, as [, ] increases,

1 r
“’gzzm I _ log, @]
Z @ @l

In the summation range of the second sum, [or,] > 2", so

s—1 oo

> 1. 3 1__ 2 2 _logm
- ool 1 — - :
n=[log, [o-]+1] m‘ n=[log, [e,]+1] 4 2lloea o] m ,a_rl

The third sum is estimated by Lemma 7,

Hence,

2log, [or] 2+1/e
m ,a—sle/(1+e) ’

ly(r =Dl =

Applying (5) and (11) to the first summand,

) 1 7Drdr71
21 2d+ 1) r g4
onaltr] ( 2EV w1y ([T

ay o

n=1
_Drdr—l

r—1
. (H ﬁ)

n=I
For the second summmand, by choice of s,

24 1/e _ 2+ 1/e
la_s|€/(l+€) T (B j’;ll(di+d))e/(1+e)'

We claim that these inequalities will contradict (2) whenever r is large enough.
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To see this, note that

1 Ddr71 1 —Drdr71
(v (r = 1)) (2’H(y> I1 |oe—|> < |27 (H la_|>
n=1

n=1

241/ T "
€

2"H o :
(28D T2 @ +d)ye/(1+e) ( (y)ﬂﬁl)

Now,

_Drdr—l Ddr—]

r—1
- (H m)

n=1

r—1
<2rH<y> I1 |a—|>

n=1
clearly tends to O as r increases. For the second summand, we use (12), so that

Ddr—l

—1
24 1/€ .
2'H
(28D f_f(d"+d))e/(1+e)< (V)}:IIIWI

2 =+ 1/6 (ZrH(y)CDr—l ;;zl(d/‘i‘d))Dd
T (@BDITZI@ +d)ye/(1+e)

r—1

k]

which evidently also tends to zero as r increases, on noting that s > r.

We now have a contradiction to (2) for a single value of r, provided the value of r
produced above is large enough. However, we need infinitely many counterexamples
to prove the result. This is easy. Recall that k < r < s, and note that if we increase B,
s will increase. Hence, k will increase, considering how k was chosen. It follows that
on increasing B, we will obtain infinitely many values of r so that the above holds.
This is in contradiction with (2) and completes the proof. O

4 Concluding remarks

We end our paper with some concluding remarks on possible extensions of our result.
As the reader will have noticed, we have made quite a few assumptions in our proof,
which could be weakened. These have been made in order to simplify the statement
and presentation. We comment on these individually.

The first observation is concerned with the «,, being algebraic integers. In fact, this
is needed only in the application of Lemma 3. The assumption can be replaced by any
inequality relating |« | to M (o). Note that in the same spirit, we could replace the
assumption that |a, | = [a;,] with a similar relation. Of course, this would change the
growth condition for the limes superior.

The second observation concerns the assumption on the upper bound on deg(c;,)
being fixed. In our statement of the main theorem, we introduce a uniform bound on
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656 S.B. Andersen, S. Kristensen

the degrees of the numbers «;,. This allows us to replace Dy = ]_[,Ilv=1 deg(wy,) in (2)
by d" throughout, which simplifies calculations enormously. In the interest of clarity,
we will not pursue this any further here, but with additional care, it should be possible
to obtain a growth estimate depending on Dy rather than " .

The third observation concerns the assumption that f(«,) > 0 for all » € N or
that J(«,) > 0 for all n € N. The only purpose of this assumption is to ensure that
y(N) # 0 for all N € N. Any other assumption ensuring this would be sufficient to
ensure the conclusion of Theorem 1 with the remaining assumptions being unaffected.
However an assumption ensuring this property is necessary, as it is entirely possible
to construct a sequence of algebraic integers satisfying all the other assumptions of
the theorem, such that the resulting series is rational.

Our final observation concerns the special case when all ¢, are Pisot or Salem
numbers, so that M (ct;,) = [&,]. In our proof of the main theorem, we applied only the
first inequality in Lemma 3 in our derivation of (2). While this inequality is true and
best possible for all algebraic integers, if one specialises to all the «,, being Pisot or
Salem numbers, a stronger inequality is obtained, namely that

N DDy
() 2V H () [ ] 1]/ 2 > 1. (13)

n=1
This would lead to a weaker assumption on the growth of the sequence of [&,].

Acknowledgements We thank the referees for their helpful comments.
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