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Abstract

This paper aims to generalize results that have appeared in Atanassov (Math Balk
New Ser 18(1-2):15-32, 2004). We consider here variants of the Halton sequences in
a generalized numeration system, called the Cantor expansion, with respect to arbitrary
sequences of permutations of the Cantor base. We first show that they provide a wealth
of low-discrepancy sequences by giving an estimate of (star) discrepancy bound of
the generalized Halton sequence in bounded Cantor bases. Then we impose certain
conditions on the sequences of permutations of the Cantor base which are analogous,
but not straightforward, to the modified Halton sequence introduced by E.I. Atanassov.
We show that this modified Halton sequence in Cantor bases attains a better estimate
of the (star) discrepancy bound than the generalized Halton sequence in Cantor bases.

Keywords Halton sequence - van der Corput sequence - Hammersley point set -
Low-discrepancy sequence - Pseudorandom number - Cantor expansion
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1 Introduction

Let w = (x,)52, be a sequence in [0, 1)*. A standard problem in numerical analysis
is estimating the integral of a function, through a knowledge of its value at a finite
number of points of the sequence. This is known as the Monte Carlo method in the
case of stochastic sequences (xn)flv:l or the quasi-Monte Carlo method in the case of
deterministic (xn)fl\’:l. This is encapsulated in the famous Koksma—Hlawka inequality
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< V(f)Dy ()

1 N
dx — — n
‘/lo’llsf(x) x N;f(x)

for any function f on [0, 1]° with bounded variation V (f) in the sense of Hardy and
Krause, see [19], and for any finite set of points (x;) ’11\’:1 with discrepancy

A(J; N; w)

Dy (w) = sup N

J=[Te_,10,2:)S[0,1)$

—)LX(J)‘.

Here A(J; N; w) = #{1 <n < N: x, € J} is the counting function, A;(J) denotes
the s-dimensional Lebesgue measure of J, and the above supremum is taken over all
rectangular solids J = []}_;[0,z;) with0 < z; <1 (1 <i < ). Note that A,(J) =
]_[le z;. For more details on numerical integration, the reader can consult [5,15] or
[16]. Evidently, to estimate f 0.1} f(x) dx sufficiently precisely, what is needed is a
good bound for D}, (w). The dlscrepancy is nothing other than a quantitative measure
of uniformity of d1str1but10n In particular, the sequence w is uniformly distributed on
[0, 1)%, if and only if D% v(@) — 0as N — oo. In a sense, the faster D;“\, (w) decays
as a function of N, the better uniformly distributed the sequence w is. One of the
fundamental obstructions in nature in this subject is that there is a limit to how well
distributed any sequence can be. This is encapsulated in the elementary inequality
Dy (w) > 1/2°N (N e N) whose proof makes an entertaining exercise. This opens
the door to the deep subject of irregularities of distribution which addresses just what
limitations there are to the uniformity of distribution of an arbitrary sequence, and
the complementary problem of constructing sequences with discrepancy as small as
possible. This latter issue is clearly central to the initial issue mentioned in this paper.

Perhaps the most famous example of a low-discrepancy sequence is the van der
Corput sequence. In 1935, van der Corput [4] introduced a procedure to generate low-
discrepancy sequences on [0, 1). These sequences are considered to be among the best
distributed over [0, 1), and no other infinitely generated sequences can have discrep-
ancy of smaller order of magnitude than van der Corput sequences. The technique of
van der Corput is based on a very simple idea. Let » > 1 be a natural number. Then
every nonnegative integer n has a unique b-adic representation of the form

o0
n ZZ”jbj_l =n1+n2b+n3b2+n4b3+... ,

wheren; € {0, 1,. — 1} (j € N) and only finitely many of the n ;’s are nonzero.
The van der Corput sequence (¢p(n));2, in base b is constructed by reversing the base
b representation of the sequence of nonnegative integers, where the radical-inverse
function ¢, : Ng — [0, 1) is defined by

> > ni nz n3
i1 _f - ..
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In applications, a generalization of the van der Corput sequence to higher dimen-
sions is more likely to be of practical use. In 1960, this was proposed by J.H. Halton

[11]. Given pairwise coprime integers by, ..., by all greater than 1, the sequence
(Pp,(n), ..., Pp, (n))floz0 is called the Halton sequence in bases b1, .. ., b;.

It was known for a long time that the discrepancy of the first N elements of the
Halton sequence in bases by, ..., by can be bounded by
(log N)* (log N)*~!

c———+ 0| —— |, 1
N N (1)
for some constantc = c(by, ..., bs) > 0.Forexample, this was shownin[9,11,18,19].

It is believed that the order (log N)*/N is the best possible for an arbitrary infinite
sequence. That this is the case when s = 1 was proved by Schmidt [21]. Fors > 1, the
question remains open. We shall call an infinite sequence w in [0, 1)* alow-discrepancy
sequence if Dy (w) = O((log N)*/N).

The question of how small the constant ¢ in (1) can be is interesting from both
a theoretical and a practical viewpoint. The articles referred to above show that this
constant depends very strongly on the dimension s. The minimal value for this quantity
can be obtained if we choose by, ..., by to be the first s prime numbers. But even in
this case, ¢ grows very fast to infinity if s increases. This deficiency was overcome by
Atanassov [1] who could improve the constant so that

N

1 b; — 1
=cby,...,by) = — . 2
¢ =c(by o) S!Elogbi )
This estimate is so impressive that, when by, ..., b are the first s prime numbers,
c(by,...,by) > 0ass — oo.

In another direction of effort to improve the behavior of Halton sequences, several
researchers have studied various ways of generalizing their definition by including
permutations, chosen either deterministically or randomly, in the radical-inverse func-
tion. This idea goes back to [2,6]. Let ¥ = (crj)?":l be an arbitrary sequence of
permutations of {0, 1, ..., b — 1} which fix 0. The generalized radical-inverse func-
tion ¢f : No — [0, 1) with respect to X' is defined by

]

oF injbj—l _ Z oj(nj) oi(n) n o2(n2) N o3(n3) L
j=1

—~ pi b b2 b3

j=1
The sequence (¢b2 (n))72 is a low-discrepancy sequence, and it is called the gen-
eralized van der Corput sequence in base b with respect to X. The generalized
Halton sequences can be introduced in a similar way. In parallel to these efforts,
Atanassov also showed in [1] that any generalized Halton sequence attains the
same constant as in (2); furthermore, he could produce certain generalized Halton
sequences, by means of the so-called “admissible integers,” for which the constants
c=c(by,...,bs, X1, ..., %) of the discrepancy bounds have an even better asymp-
totic behavior than (2).

In this paper, we introduce the generalized Halton sequence in Cantor bases, which

is induced by the a-adic integers and which is called the Cantor expansion, and give
an estimate of its discrepancy by adapting the techniques developed by Atanassov.
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4 D.Bednafik et al.

Also, we extend the notion of admissible integers so that we can derive a special type
of generalized Halton sequences in Cantor bases with a better estimate of discrep-
ancy bounds. Our work is an extension of [10] and can be viewed as a generalization
of Atanassov’s results. Note that the van der Corput sequence and some other one-
dimensional low-discrepancy sequences with respect to the Cantor expansion were
studied in [3,8]. In addition, Halton sequences defined in a more generalized numer-
ation system than the Cantor expansion, called the G-expansion, were mentioned in
[13]; however, the paper aimed to study the Halton sequence in some fixed non-integer
bases. Furthermore, it is worth noting that several uniformly distributed sequences,
which can be constructed through the notions of Cantor-base-additive function and
strongly Cantor-base-additive function, were studied in [14]. This paper also included
our generalized Halton sequence in Cantor bases as an example; nevertheless, it aimed
to provide criteria for uniform distribution and it did not study the discrepancy of those
sequences obtained by Cantor-base-additive functions.

We now summarize the contents of this paper. In Sect. 2, we introduce the concept
of a generalized numeration system, called the Cantor expansion. Then we define
the generalized Halton sequence induced by this generalized system and state our
first main result on the estimate of discrepancy of the sequence. In Sect. 3, we
impose certain conditions on the sequences of permutations of the Cantor base to
produce an extension of the concept of admissible integers. Then we define the
modified Halton sequence in the Cantor expansion and state our second main result
regarding the discrepancy bound of this special type of sequence. In Sects. 4 and 5,
we prove the first and the second main results, respectively. Finally, we introduce
in Sect. 6 the generalized Hammersley point set in Cantor bases and show that it
provides a wealth of low-discrepancy point sets by giving an estimate of its discrep-
ancy.

We list here the notation which will be used repeatedly throughout the paper. For
each natural number b > 1, wewrite Z, = {0, 1,...,b—1}and ZF = {1,2,...,b—
1}. It is also important to note that every permutation in this paper fixes 0.

2 The generalized Halton sequence in Cantor bases

Letb = (b j)‘;il be a sequence of natural numbers greater than 1. Then it is clear that

every nonnegative integer n has a unique »-adic representation of the form
o

n= anbl <--bj1 =n1 +naby +n3b1by +nab1bobz + - - -,
=1

where n; € Zp; (j € N) and all but finitely many n;’s are zero. This b-adic repre-
sentation is also called the Cantor expansion of n with respect to the Cantor base b.
Moreover, every real number x € [0, 1) has a b-adic expansion of the form

o

_ Yoo _m, 2, B
x_gbl---bj bbby bibabs T
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where x; € Zjp; (j € N). The x; can be calculated by the greedy algorithm
=[xb1] and x; = [{xby b 1}bj],

where [«] and {o} denote the integer part and the fraction part of «, respectively. The
idea of this generalized numeration system stems from the a-adic integers, which is
a class of locally compact topological groups and possesses a symbolic dynamical
structure. For more details on the a-adic integers, see [12, pp. 106-117].

Suppose that X = (o/) 2, is a sequence of permutations of Zp,, Zp,, Zps, - . .,
where the permutations all ﬁx 0. We define the generalized radical-inverse function
¢F :No — [0, 1) by

o0 o0
oj(nj)  oi(n) oan2)  o3(n3)
b1 b = U A
2 nibi ! gbl---bj bbby | bibaobs

The generalized van der Corput sequence in base b with respect to X is defined as
(qbf (n))Zozo. This sequence was studied in [3,8], where it was proved to be a low-
discrepancy sequence with some restriction on the Cantor base b. Furthermore, the
sequence where all the permutations are identity was shown, without any restriction on
the Cantor base, to be uniformly distributed mod 1 in [17] and to be a low-discrepancy
sequence in [10].

Letb) = (bl‘j)?il, by = (bs,j);?‘):l be s sequences of natural numbers greater
than 1 such that, forall 1 < iy < i, < sandall ji, j» € N, b; j, and b;, j, are
coprime. Foreach 1 <i <, let X; = (o, j)?il be a sequence of permutations of
Zp; 1> Ly 5» L, 5 - - - - The generalized Halton sequence in Cantor bases by, ..., by
with respect to X'y, ..., X is defined to be (qbbzl1 n), ..., qﬁlf‘ (m)y2o

The following theorem is our first main result which gives an estimate of discrepancy
of the generalized Halton sequence in bounded Cantor bases.

Theorem 1 Letb) = (bl,j)?ozl, ..., by = (bs,j)?il be s bounded sequences of natu-
ral numbers greater than 1 such that, forall 1 < iy < iy < sandall jy, j» € N, b, j,
and b;, j, are coprime. For each 1 <i < s and j € N, let 0; j be a permutation of
Zy, ;. Foreach 1 <i < s, denote X; = (0; j) - Suppose that w is the generalized
Halton sequence in Cantor bases by, . .., by wzth respect to X1, ..., Xs. Then, for
any N € N, we have

1
M, M;/2|log N
ND%(w) < ;,“H(L ’IZ)J e +1),
=0 =l gmi

where M; = max(bi,j)j?":1 andm; = min(bi,j);?';l (1 <i<s),andwhere Mgy = 1.
In particular, for any N € N, we obtain

. (log N)* (log N)*~!
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6 D. Bednarik et al.

with .
[M;/2]
=c(by,...,by) = .
c=c(b ) = S'H Tog m;

This theorem says that the generalized Halton sequence in bounded Cantor bases is
a low-discrepancy sequence. In particular, it generalizes the main result in [10, Main
Theorem 2.1 and Corollary 2.2], where all the permutations are fixed to be identity.

Also, the constant ¢ = c(by, ..., by) in the bound here is essentially as good as that
established in [10].

When the sequences b1, . . ., by are of period one, thatis, M; = m; foralll <i <,
the estimated bound ¢ = ¢(bq, ..., by) of Theorem 1 is exactly the same as that given

in [1] for the Halton sequences based on coprime bases. Though the generalized
Halton sequence in Cantor bases do not attain a lower estimate of discrepancy bound
than the classical Halton sequence, it provides more variety of sequences with similar
estimated bound, especially when M; is large and when the difference M; — m; is
small compared with M; foreach 1 <i < s. In fact, let c = ¢(by, ..., bs) and ¢’ =
c’(b}, ..., b,) denote the constants of the estimated bound appeared in Theorem 1 for
the generalized Halton sequence in Cantor bases by, . . ., by withrespectto X'q, ..., X
and for the classical Halton sequence in bases b, . . ., b;, respectively, such that M; =
max (b; ,)] , = b} foreach 1 <i <. Suppose that, foreach I <i <, k; € Ny is
a fixed integer and that M; = m; + k;, where m; = min(b; ,)‘X’ . Then we have

1 s M, /2] ;
c(by, ..., by) _ EH?:] 10g£1,- l—[logM ﬁ log M;

/ 1T M; /2 - Y
by b)) LT IiogI/W,-J iy logm;  © 1 log(M; — ki)
It is not hard to see that ¢(by, ..., bs)/c’(b], ..., b)) tends to 1 exponentially fast as

M;’s go to infinity.

3 The modified Halton sequence in Cantor bases

In this section, we introduce a special class of generalized Halton sequences in Cantor
bases that involves some deep periodicity properties. It can be considered as a gener-
alization of Atanassov’s modified Halton sequences. We shall show that this kind of
sequences satisfies a better estimate of discrepancy bound than the generalized Halton
sequences.

Definition 1 Letay, ..., a, € Z. We shall denote
(ar, .- ay):=(ag,...,an, a1, ..., Qn, A1y ..., Ay, ...)
to be the periodic sequence of the integers ay, . . ., a,. In addition, we shall sometimes

abuse the following notation
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The generalized and modified Halton sequences in Cantor. . . 7

(a]7 ..oy dp, an+17 an+25 ai’l+3’ . )
:=(ai, ..., an, Ayt1 mod n> Ant2 mod n> An+3 mod ns - - - )
to mean the periodic sequence (at, ..., a,), when it is clear from the context that
An+1, An+2, An+3, . .. are not defined. Here, for each m € N, m mod n denotes the

remainder of the Euclidean division of m by n, except m mod n = n when m is
divisible by n.

Next we introduce the notion of admissible sequences of integers which extends
Atanassov’s notion of admissible integers.

Definition 2 Let ji, ..., j; € N.Suppose pi,1,..., P1,ji»---s Ps,15---» Ds, j; aredis-
tinct prime numbers such that, for each 1 < i < s, there exists a common primitive
root modulo p; 1, ..., p; j. Foreach 1 <i < s, let p; = (pi 1, ..., pi,j;)- Periodic
sequences of integers k1 = (k1,1,...,k1,j,), ..., ks = (kg,1, ..., kg j,) are said to be
admissible for py, ..., psif,foreach (dy, ..., ds) € Z "'XZ;:,A 1<¢ <ji,
1 <i <), there exists («p, ..., ay) € N* such that

*
pre <

ki kig—1 [ Pioa Piowsy =di (mod pia) and o;=£; (mod ji)
1<ip<s
ig#i

foralll <i <.

Note that the existence of admissible sequences for such prime sequences

P1, - .., ps in Definition 2 will be proved in Lemma 6.

Definition3 Let p1 = (P1.1,...,P1,j;)» ---» Ps = (Ps.1, ..., Ds,j,) be periodic
sequences of distinct prime numbers such that, for each 1 < i < s, there exists
a common primitive root modulo p; 1, ..., p; j.. Suppose k1, ..., kg are admissible
sequences for p1, ..., ps. Foreach 1 <i <s,let X; = (oi,j);?ozl be the sequence of
permutations of Z, |, Zy, ,, Zp, 5, - .. such that

Oi,j : Zpi,j — Zpi,j X = xki,l e ‘ki,j—l mod Pij-

The modified Halton sequence in Cantor bases py, ..., ps with respect to k1, ..., ks
is defined to be (4,511 n), ..., ¢,);:f ()52

When the sequences pi, ..., ps in Definition 3 are of period one, i.e. p; =
(P1.1)s ..., ps = (Ps.1), our modified Halton sequence in Cantor bases is exactly
the modified Halton sequence introduced by Atanassov [1].

The notion of admissible sequences seems technical and hard to understand, so it
is worth noting here that this condition involves some periodic properties and is used
to improve the estimate in (3) for A;. In particular, we shall be considering the distri-
bution of the modified Halton sequence in Cantor bases over an elementary interval,
which will be divided into #(Zp, , x -+ X Zp, ) subintervals. The admissibility
condition ensures that there will be the same number of elements of the sequence in
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8 D. Bednarik et al.

each subinterval. These periodic properties will be seen in Lemma 8. Due to the fact
that the subintervals of the considered elementary interval are small and that the exact
number of elements of the sequence in each subinterval is known, it is possible to
make a better estimate of the discrepancy bound for the modified Halton sequence in
Cantor bases than for the generalized Halton sequence in Cantor bases.

The following statement is our second main result which gives an estimate of
discrepancy bound of the modified Halton sequence in Cantor bases.

Theorem 2 Let w be the modified Halton sequence in Cantor bases py, ..., ps with
respectto ki, ..., ks. Then, for any N € N, we have
(log N)* (log N)*~!
D} <c——+ 0| ——
v(@) = ey N
with

N

1 (< M;(1 4 log M;)
= e ps) = — § log M; | |—
c=clp Ps) s! (l,_l 08 l) (m; — 1) logm;

i=1

where M; = max(p; 1, ..., pij;) and m; = min(p; 1, ..., pi j;) (1 <i <s).

Note that Theorem 2 gives a lower estimate ¢ = c(py, ..., ps) than the bound
¢ = c(by,...,bs) provided by Theorem 1, when the m;’s are large enough. Also,
when the sequences pq, ..., ps are of period one, i.e. M; = m; forall 1 <i <, the
estimated bound ¢ = c¢(py, ..., ps) of our modified Halton sequence in Cantor bases
is indeed the same as that of the modified Halton sequence given in [1]. Although
the modified Halton sequences in Cantor bases do not attain a lower estimate of
discrepancy bound than Atanassov’s modified Halton sequences, our method gives
more variety of sequences with similar estimated bound, especially when M; is large
and when the difference M; — m; is small compared with M; foreach 1 <i < s. This
follows from the same argument as that at the end of Sect. 2.

4 Proof of Theorem 1

The proof of Theorem 1 is indeed inspired by and closely related to that given by
Atanassov [1]. Moreover, it can be seen as an extension of that given by Haddley et
al. [10]. Note that Lemma 1 is required to make the extension of the proof provided
by Haddley et al. [10] possible.

In order to prove the theorem, we need the following five lemmas.

The first preliminary result is a variant of the Chinese remainder theorem, and it is
used to prove Lemma 2.

Lemma1 Letbh; = (bl,j)?’:], e by = (bs,.,-)?‘;1 be s arbitrary sequences of natural
numbers greater than 1 such that, for all 1 <iy < i, < sandall j1, j» € N, b; j,
and bj, j, are coprime. For each 1 <i < s and j € N, let 0; j be a permutation of
Lp, ;. and let f; : No — No be a function defined by
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The generalized and modified Halton sequences in Cantor. . . 9

00
fitn) = fi Zni,jbi,l : lj*l Zo'z j(nl j)bl 1 l]*]a

j=1

for every n € Nqy with the b;-adic expansion Z —1 N, jbi1---bi j—1. For each 1 <
i <, let o; be a natural number, and let l; | € Zp, |, ..., lia; € Zbi.ai' Then there

exists a unique 0 < n < ]_[le bi 1+ bjg; suchthat, forall1 <i <,
fim)=lii+1i2bi1 +1i3bi1bio+ - ligbi1--big—1 (modb;---b;gy).

Proof Foreach 1 < i < s, let b;‘ = b;1 - biq. We first prove the uniqueness
of the n. Suppose that n and n’ are two solutions of all the congruences such that
0 <n,n’ <T[i_; bf. It follows that f;(n) = fi(n') (mod b¥) forall 1 <i <, that
is, we have

Zat ](nl ])bz 1 lj—] = Zaz ](n, ])bl 1 l]—l (mod b;k)a

j=1

and this is equivalent to

Zm,(n,,)bll l,fl_Zoz,(n,,)bll <-bi j—1 (mod b)).

j=I

We know thatlza’ 100, (i bi b o1 — Z‘;’ 10, () Dbit - bij—1] < bf
foreach 1 < i < s, and hence this difference must be 0. Therefore we obtaln
0i,j(n; ;) = Ui.,J(”i,j) foralll <i <sand1 < j < «;. Since o; ; are all bijective,
we have n; ; = n;] for all such i and j. It follows that b7 | n — n’ for each i. This
implies that b} - - - b} | n —n’ because b}, ..., b} are pairwise coprime. By the choice
of n and n’, we must have n = n’.

Now we show the existence of such n. Define F : Zb’{---b; — Zb]* X+ X Lpr by

F(n) = (fi(n) mod b}, ..., fs(n) mod b}).

It suffices to show that F is a bijection. By the proof of uniqueness, /' must be an
injection. For each 1 < i < s, it is clear that f; is a bijection on Zb* It follows
immediately that F is a surjection since the domain and the codomain of F have the
same number of elements. This proves the existence of such n. O

The following lemma is a consequence of the so-called “elementary interval prop-
erty” satisfied by Halton sequences.

Lemma2 Letbh; = (bl,j)?’:], e by = (bs,.,-)?‘;1 be s arbitrary sequences of natural
numbers greater than 1 such that, for all 1 <iy < i, < sandall j1, j» € N, b; j,
and bj, j, are coprime. For each 1 <i < s and j € N, let 0; j be a permutation of
Zbi‘j. Foreach 1 <i <s, denote X; = (oi,j);?ozl. Suppose that w is the generalized
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10 D. Bednarik et al.

Halton sequence in Cantor bases by, . .., bs with respect to X1, ..., X. Let J be an

interval of the form
N
Uj Vi
J = | | )
|:bi,l"'bi,oz,- bi,l"'bz‘,a,-)

i=1

with integers 0 < u; < v; <bj1---bjy anda; e N(1 <i <s). Then
s
|A(J; N; ) = Nag(D)] < [ i —u)
i=1

holds for every N € N. Moreover, for every N < [[i_;bi,1---bj . we have
A(J;N; ) <12 (vi —uy).

Proof For each n € Ny, we denote the b;-adic expansion of n by
o

n= Zni,jbi,l e bijo1 =mni 1+ ni2biy +ni3bi1bi2 + niabi1bi2biz + -,
Jj=1

where n; ; € Zb,,j (jeN).Lett =(y,...,1l) € Nf) be such that, forall 1 <i <,
we have 0 < /; < b; | - - b; o; with the expansion

li =l +ligi—1bia; +1li0;—2bi 0;bi ;=1 + - +1i1Di g, - bi2,

where [; o, € Zbi,a-—j (0 < j <a; —1). We consider the interval

s
li L +1 )
Jy = [ , .
il] bl,l "'bi,ai bl,l ...bi’ai

Then the nth element w, of the generalized Halton sequence in Cantor bases is con-
tained in J; if and only if, forall 1 <i <,

lia g li - oii1(ni1) | oiamip)
bi 1 bi1- b b1 bi1bi
lin li o 1
<Dl ey :
b1 bii-big  bin1- by,

This is however equivalent to o; 1 (n; 1) =i 1, ..., 0i,o; (Ni ;) = li o, Whichin turn
is equivalent to

o0
Zo'i,j(ni,j)bi,l b 1=l hiobin 4+ g bin o big—1
=1

(mod b; 1 - b o)
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The generalized and modified Halton sequences in Cantor. . . 11

forall 1 <i <s.ByLemma 1, every ]_[f-=1 b 1+ b; 4, consecutive elements of the
generalized Halton sequence in Cantor bases contain exactly one element in Jy, in
other words, A(Jy; t]_[f=1 bi 1 -bjg;w)=tforall t € N, and hence

s
(Je, tl_[bz 1 big; ) - (tl_[bi,l ~-~bi,a,-> As(Jg) = 0.
i=1

Therefore, for every N € N, we obtain
[A(Je; N; w) — NAg(Jo)l < 1.

Now we write the interval J as a disjoint union of intervals of the form Jy,

vi—1 vs—1
-U- U
l1=u ly=ug
where £ = (I1, ..., l;). We then have
vi—1 vs—1

|A(J; N3 @) = Nag(DI < D7 -+ Y [AUE Ns ) — Nas(Jo)| <1"[(v, — i),

li=uy ly=uy i=1

which proves the first assertion.
For every N < ]_[le bi1---bjq, we always have A(Jy; N; w) < 1 for each
L=(,....I;) e Ny with0 <[; < b;1--biq foralll <i <s, and hence

vi—1 vg—1

AU N;0) = ) - ZA(JK,Nw)<1"[(v1—u)

li=uy ly=uy
This is the second assertion of the lemma. O

The following lemma, which is borrowed from [10], is important for achieving an
s! factor in the bounds for the discrepancy.

Lemma 3 [10, Lemma 3.3] Let by = (b ])] N (bs,j);?o | be s arbitrary
sequences of natural numbers greater than 1. Suppose (al,a)ff:o, ..., (ag, a) ~o are
s bounded sequences of nonnegative real numbers such that a; o < 1 and a; o < f;
for some fixed f; > 0 and for eacha € Nand 1 <i < s. Then, for any N € N, we

have ‘ ‘
- 1 log N
> Jlaw =TI +5)
. st log m;
(m,...,ax)eNf) i=1 i=1
[Tiz1 bitbie; <N

where m; = min(bi,j);?ozl (1<i=<ys).
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12 D. Bednarik et al.

The proof of this lemma is based on an argument of Diophantine geometry

which asserts that the number of positive solutions («q, ..., ag) of the inequality
. 1 log N
[T;_; bi,1 -+ big < N is bounded by 5 [T., 10ggmi.

Next we need to introduce some notation. Let / € R® be an interval. Then a signed
splitting of J is a collection of not necessarily disjoint intervals Ji, ..., J, together
with signs €1, ..., & € {—1, 1} such that, for all x € J, we have

r

Z & = 1.
i=1
xeld;

A function v on the class of intervals in R* is said to be additive if, for each pair of
disjoint intervals A, B in R*, we have v(A U B) = v(A) + v(B). It is not hard to
see that the s-dimensional Lebesgue measure X, and the counting function A(-; N; w)
are the examples we are particularly interested in. It is not hard to check that, for any
additive function v on the class of intervals in R¥, we have

v(J) =Y ev(JiNJ),
i=1

where (Ji, ..., Jr;€1,...,¢&) is a signed splitting of J. The following lemma is
borrowed from [1] (see also [5] for a detailed proof).

Lemma4 [1, Lemma 3.5] Let J = ]_[ls-zl[O, z;) be an s-dimensional interval. For
eachl <i <, let (z; ¢)a=1,....n; be an arbitrary finite sequence of numbers in [0, 1].
Define further z; o = 0 and z; n,41 = z; for all 1 < i < s. Then the collection of

intervals
s

H[min(zi,ai ) Zi,(){j—Fl)s maX(Zi,a,- B Zi,ai+l))

i=1
together with the Signs €q,,.. oy, = l—[le SgN(Z; g;4+1 — Zi,;), for 0 < a; < n; and
1 <i <s, defines a signed splitting of the interval J .

The signed splitting technique is interesting here because it will lead to the improve-
ment by a 2* factor in the bounds for the discrepancy. In order to use it, we need a digit
expansion of reals z € [0, 1) in (b j);?‘;l -adic base which uses signed digits. The next
lemma, from [10], shows that such an expansion exists. Note that signed splittings
coupled with signed numeration systems were first introduced in [7,9].

Lemma5 [10, Lemma 3.5] Let b = (bj)?il be an arbitrary sequence of natural
numbers greater than 1. Then every z € [0, 1) can be written in the form

aj az as

b by s T

with integer digits ay, ai, aa, . .. such that ag € {0, 1} and—Lbjz_lj <aj < L%Jfor

all j € N. This expansion is called the signed b-adic expansion of z.
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The generalized and modified Halton sequences in Cantor. . . 13

Now we are ready to prove our first main theorem.

Proof (Proof of Theorem 1) Let J = I—[f=1 [0, z;) € [0, 1)*. According to Lemma 5,
forall 1 <i <s, we consider the signed b;-adic expansion of z; of the form

a;| a2 a;3
G=aio+—+ +oo
biix  binbina  biibiabi3

witha; o € {0, 1) and —[ 4= | <arj < |52 (j € N).
Foreachl <i <y, letn; = Lllgggnljj + 1, and, for each 1 < « < n;, define the
truncation of the expansion

a; 1 a;» i a—1
Zia =ai 0+ —— + et
bii1  biibip bij1-big—1

and letz; o =0 and z; p;+1 = 2;.
By Lemma 4, the collection of intervals

)

Jay .oy = | [Minzi 1 2i ey 41)> MaX(Zi a7 Zi 1)
i=1

veey

1 <i <, defines a signed splitting of the interval J.
Since both Ay and A(-; N; w) are additive functions on the set of intervals, we obtain
that

ny ng
AU N:iw) = Nag(D) = D - Y ey oy (Aay.oryi Ni @) = Nog(Ja )
a1=0 as=0
= A1 + Az,
(3)
where A1 denotes the sum over all («q, ..., ;) such that ]_[f:l bi1---big < N and

A» denotes the remaining part of the above sum.

First we deal with the sum Aj. For each 1 < i < s, the length of the interval
[min(z; g, , Zi,0;+1)> MaX(Zia; > Zi,;+1)) 18 |@i a; /bi 1 - - bi o; |, and the endpoints of
this interval are rationals with denominator b; i - - - b; 4, . It is worth noting that, due
to the choice of n;, we have «; < n; when ]_[‘Z:1 bi1---bi« < N.Accordingly, the
intervals Jy, ..o, are of the form as considered in Lemma 2 from which we obtain

.....

i=1
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14 D.Bednafik et al.

We have |a; o, | < |bi,q; /2]

A

LM;/2] =: f;. An application of Lemma 3 yields that

1 ¢ (IM;/2]log N
;E< log m; +s>'

Ay

It remains to estimate Aj. To this end, we split the set of s-tuples («q, ..., ay)
for which ]_[le bi,1---bjs > N into disjoint sets By, By, ..., B_1 where we set
By ={(a1,...,a5) e Ny: b1+ -b1q; > N}and, forl </ <s—1,

l I+1
B = i(al,...,as) eNy: [[bii-bia <Nand [[bin-- bia > N}.

i=1 i=1

Here we abuse the notation Ng. The choices of (¢, .. ., ag) must also satisfy «; < n;
foreach 1 <i <.

Forafixed 1 <! < s—1andafixed [-tuple (a1, . .., o) with [['_; i1 - - big;, <
N, define r to be the largest integers such that

i
(Hbi,l - ~bi,a,-> (bi+1,1- - bry1r-1) < N.
i=1

It follows that the tuple (a1, ..., @7, o¢j41, ..., &) is contained in B; if and only if
o1 =T

Therefore, for each 0 < [ < s — 1 and fixed «y,...,0 € Ng such that
I—[f~=1 bi1++bio <N, wehave

> Ear...ay (AU ays N3 ©) = Nas(a )

al+1,...,a.¢ENO
(@1 @ QY1 50,05 ) EBY

=+ (A(L; N; w) — Nas(L)),

where

1
L = [ [(min(zi.a; 2 01), Max (2i.; 2io1))
i=1

A

x[min(zi4 1., 2i41), max(z1, 201) X [ ] 10, 20).
i=l+2
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The generalized and modified Halton sequences in Cantor. . . 15

Let («q, ..., as) € B;. Since we have

2141 — 2141,/ = ' el Atlrtl AAlr+2 +. ‘
’ biv1,1 bty bivracbivir+1 b by
_ ! a+1,r a41,r+1 41,42 L ‘
bry1,1 - bit1r—1 1bi+1r Divtrbigtr+1 bi41,0bi41 410141, 742
_ 1 (Lbz+1,r/2J [bi41,r4+1/2]
RZES T RNy /RS bit1,r bi1,rbi41,r41

[bi41,r4+2/2] )
_|_ -
bi1,rbi41 410141 742

1 1 1 1
< ~+ + +oe
bry1,1-+bi+1,r—1 <2 2bi41,r 26141, r b1 41 )

_ 1 (l n 1 N 1 n )
T b b1 20 22023
_ 1

bryin b1’

the interval [min(z;+1.r, Zi+1), Max(z;+1.r, 21+1)) is contained in some interval

[ : : )
bryri--biyry by by
foru, v € Ng with v —u < b4 . Hence, L is contained in the interval

l

, .
L' = [ [(min(zie» 2i.041), MaX(Zi.0;5 Ziog41))
i=1

u v s—I—1
X , x [0, 1) .
bit11 bty b1 by

Since («q,...,05) € B;, we have (]—[f=1 biy-big)bit1,1 - biy1r) > N and
1_[5:1 bj1---biy < N.Thelatterinequality implies that; < n; forevery 1 <i </.
Thus, an application of Lemma 2 yields that

l
A(L; N; o) < A(L'; N; @) < biyir [ ] 1aia-
i=1

But on the other hand, we also have NA;(L) < byy1 I—[le |a; «; 1. Hence,
l l
|A(L; N; @) = Nag(D)] < bryrr [ [1aio| < M1 [ ] ciass
i=1 i=1

where ¢; o, = 1if o; = 0and ¢; o; = | M; /2] otherwise.
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16 D. Bednarik et al.

Summing up, we obtain

s—1
FHED DY > o (AU ayi N 0)
=0

ag,...,a1€Np (e1,...,05)€B;
1
[Tizi bi1bia; <N

—Ns(Jay...)|

s—1 I
=2 2 Mm]leaw
1=0

af,...,a1€Np i=1
TTi_; b i g; =N

“

s—1 l

My LM; /2] log N
< 1],
- Z A E ( log m; +

=0

where we have used Lemma 3 again. Hence, the result follows. |

5 Proof of Theorem 2

Lemma 6 Suppose that py = (P11, ---> P1,j1)s --+» Ps = (Ps, 1 -- - Ds,j,) are peri-
odic sequences of distinct prime numbers such that, for each 1 < i < s, there exists a
common primitive root modulo p; 1, ..., pi j;. Then there exist admissible sequences

ki = ki, k), oo ke = (ks1s oo ks ) for pr, ..o, ps.

Proof For each 1 < i < s, let g; be some fixed common primitive root modulo
Di1, .-, Pi,j;- The congruences in Definition 2 lead to the system (1 <i <)

i\, U Ji sy L — Nkl S0 10 S0 S0ty —
(at i1 aii Ji )xi aji1 aii £i—1 § 0 ,((ai ig,1 ai io le )Xio aji ig,1 aji i [’O l)
gi

=g (mod pig), i=1,...,s,

o Q)

aj i, 1,10, Jj . .

where g; "' = pi1 (mod pig), ..., g; " = Pig.j;, (mod p; ;) for io # i,
ii, aii.j; %

g = ki (mod pig), ..., & " = kij, (mod pig), g = b (mod pig),

and o; = j;x; + ¢;. It is worth noting that the choice of each integer k; ; can be fixed
according to the Chinese remainder theorem and the fact that p; 1, ..., p; j are all
distinct primes. The system of congruences in (5) is equivalent to

(@i +--+aiij)xi+aii1+---+aiin-1
+ > (@iigXig + @iig.1 -+ + Giig 1) (6)

i0F#i
=¢ (modpig —1), i=1,....5,
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The generalized and modified Halton sequences in Cantor. . . 17

where a; i, = a;ip,1 + -+ + ai, Jio for ip # i. We introduce s integer variables
Y1, ..., Ys to change the congruences (6) into a system of Diophantine equations

@1+ - +aiij)xi+ Zai,ioxio =ci+yi(pig—1, i=1...,5, (1)
igF#i

where ¢ = ¢; = Y5 _ (@i g1+ F i g b))

In order to prove the lemma, it suffices to show, for any given integers a; ;, with
i # ip, the existence of integers ay,1,1,...,a1,1,j;,---,0s5,1,---, 0y, j, Such that,
for any integers c/l, el c; and any integers y1, . .., Vs, the system (7) has a solution in
integers x1, . .., xs. Note that we actually require x; € Ny sothato; = jix; +¢€; € No,
but this nonnegativity of x; can be achieved by a suitable choice of yy, ..., y;. Let

a1+ - +aj a2 aips
a1 ap1+ -t an;, as.s

ds,1 ds2 Tt lss 1 h e s

By Cramer’s Rule, it is enough to show that the determinant of A can be made to be
1 by a suitable choice of the numbers aj 1,1, ...,4a1,1,j;,---,ds;5,1,---,ds,5, j;- This
claim follows by induction on s. Whens = 1, choose ay,;;,;; = landaj 2= =
ay,1,j; = 0. Next, expand the determinant of A along the last column, A; s being the
cofactors:

det(A) = al,sAl,s + aZ,SAZ,s + -+ as—l,sAs—l,s + (as,s,l + -+ as,s,js)As,s-
By the induction hypothesis, we have A; ¢ = 1. Setting
as 5,1 + -+ As.s,jo = 1 - (al,sAl,s + aZ,sAZ,S +-+ as—l,sAs—l,s)

yields det(A) = 1, with an appropriate choice of integers a5 1, ..., ds s, j,. This
proves the existence of admissible sequences ki, ..., k. O

Before proceeding, we introduce here some notations for brevity. Suppose p; =
(P11, P1Lji)s - Ps = (Ps,1, - - -, Ds,j,) are periodic sequences of distinct prime
numbers such that, for each 1 <i < s, there exists a common primitive root modulo
Pils s Piji+ Letk; = (kl,ls ey kl»jl)’ o kg = (ks’l, ey ks,js) be admissible
sequences for p1, ..., ps. Define
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18 D. Bednarik et al.

Pi@) i=ki1-kia—1 || Piot Pigasy mod pig,

1<ig<s, io#i

N
T(N):= {a=(a1,..-,as)eN‘8: Hpi,l"'Pi,ai SN}

i=1
M) _{z_(zl,...,zs)ez,,,al X X Lyt bt >0}

R(x; 0) _Hmax(l min(2¢;, 2(pi.o; — i)
i=1

foralll <i <s,a=(a1,...,a;) € Nj, Ne Nand £ = (£1, ..., £s) € Nj, where
we denote kj 1 = ki o = pi.—1 = pio = 1.

In the following proposition, we formulate an estimate of discrepancy of the modi-
fied Halton sequence in Cantor bases which is the basis for our proof of Theorem 2. It
can also be used for computational estimation of D% v (@), if performing O ((log N)*)
operations is not a problem.

Proposition 1 Let w be the modified Halton sequence in Cantor bases p1, . . ., ps with
respectto ki, ..., ks. Then, for any N € N, we have

[ pie]”

ND3 < 1 ~
V@ = D) 1+ D 2R (o 0)
aeT (N) LeM (o)
s—1 1
M [Mi/2]log N
l 3

Z: U( logm; -

where M; = max(p;, ]) ~, and m; = min(p;, ]) 2, (1 <i <s), and where | - || is

the to-the-nearest- lnteger function.

The proof of this proposition is based on specific periodicity properties of the mod-
ified Halton sequence in Cantor bases. These properties will be studied in Lemma 8.
Note that the following lemma appears in [1] in slightly different notation, and it is
used to derive some properties in Lemma 8.

Lemma7 [1, Lemma 4.2] Let p1 g, - .., Ps,ay be distinct prime numbers, and let
E=E1s,. .., Ss,t)?io be a sequence in 7° . Let v and w be fixed integer s-tuples such
that 0 < v; < w; < pig (1 <i <s). Foreach K € N, we denote by

Ag,w)=#0<n<K-1:V1<i<s, v <&, mod p; 4 <w; — 1}

the number of the first K terms of & such that, for all 1 <i < s, the remainder of &; ,,
modulo p; o, is among the numbers v;, ..., w; — 1. Then, for all K € N, we have

w; —v; [Sk (£; 8)|
p Ak (v, w) - K]"[ < Y =
iz Piai LeM(x) Re: 6)

v,
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The generalized and modified Halton sequences in Cantor. . . 19

where

K—-1 K Ké;'
Sk (£ 8) :=Ze<2 )

=0 \i=1 Piei
with the usual notation e(x) := exp(2mwix).

Lemma 8 Let w be the modified Halton sequence in Cantor bases py, ..., ps with
respectto ki, ..., ks. Let I be an elementary interval of the form

S
U; u; + 1 >
I =
l_[[pi,l

)
im1 o Piai—1 Pilccc Piai—1

with integers 0 < u; < pi 1+ Ppi,;—1 — landa; € Ng (1 <i <), and let J be a
subinterval of I of the form

/- ﬁ [ u; n v; u; n w; )

k
i LPid s Pii—1 PitcPi PisltPiei—=1 Pil' " Pia

with integers 0 < v; < w; < piqo, (1 <1 <s). There exists a nonnegative integer n
with w, € 1. Let ng be the smallest integer such that wy, € I. Suppose that w,, drops
into the interval

N
u; X; U; xi+1
l_[[ l + 1 1 + 1 >
Pil

9
ol “Pii—1 PillcPiey Pilcc Piei—1 Pil* Piy

with0 < x; < pi.o; — 1 (1 i < ). Then the following statements are true.

(1) no <[, pi.1 - Pi.ai—1, and the indices of the terms of w that drop into I are
of the formn = no +t [[i_; pi.1 - Pi,a;—1 for some t € N.

(2) Suppose thatn = no+t[[}_y pi,1 -+ piaj—1 witht € No. Then w, € J if and
only if there exist I} € {vy,...,w; — 1}, ..., Iy € {vs,...,ws — 1} such that
xi +tP;(a) =1; (mod p;q,;)foralll <i <s.

3) Leté = (14, -, Ss,t)?io be the sequence in Z* with & ; = x; +t Pi(«) for each
1 <i <s.Let N € N, and let K be the largest integer such that no + (K —
DITZ; pit - Piwi—1 < N.Then we have

Sk (£; §)

|A(J; N;0) = Nag(D < T+ ) R 0)

teM()

Proof For each n € Ny, we denote the p;-adic expansion of n by
o
n= i ipi1Pij-1,
Jj=1
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20 D. Bednarik et al.

where n; j € Zp, ; (j € N). On the other hand, we write the expansion of u; as

Ui = Ujg;—1 + Uiq;—2Pia;—1 T Ui 0;—3Pio;i—1Pi,q;—2 + -+ Ui 1 Dio;—1 """ Pi2,

where u; o, € Zpi.aifj (1 <j<a —1). Wehave

w =

g e ey

o0
Z ny ki1 ---ki j—1 mod py ;

o0
Z ns, jks1 - ks j—1 mod ps
P11 Pl,j

Ps,1° " Ps,j

j=l1 Jj=l1 n=0

and
s a;—1 o —1

[ DS M o PN E

i=1 | =1 Pi1- - Pij Pi,i---Pi,j  Pi,1" Piaj—1

Then the nth element w,, of the modified Halton sequence in Cantor bases is contained
in [ ifand only, forall 1 <i <sandalll < j <q; — 1,

nijkii---kijj—1 =uij (mod pj ;).

It follows, by Lemma 1, that there exists exactly one n¢ such that w,, € [ and
0<no <[[j_;pi1- Piw—1.Foreachl <i < sandallr € Ny, the first o; — 1
digits of ng + ¢ H;0=1 Pig,1*** Pig.ajy—1 in the p;-adic number system are the same as
that of ng. Therefore, w, € I is equivalentton = ng + ¢t I—[ﬁ():l Pig,1 *** Pig,ajy—1 for
some ¢ € Ny. This proves the first assertion.

Next, suppose that n = ng + ¢ ]_[‘;0:1 Pig.1 """ Pig.ajy—1 with t € Np. For all 1 <
i < s, wenow look at the «; th digit of the p;-adic expansion of n. Since the ¢;th digit
of t ]_[fozl Pig,1+** Pig,ajg—1 in the p;-adic expansion is

N

t[] pioa - piowsg—1 | =t T] Pioa Piguas,—1 mod pia.
io=1 i 1[501'%71
we have
N
aici | 11T Piot - Pig.ag—1 = tki1 - Kig—1
fo=1 i,

H Pig,1*** Pig,a;y—1 MOd pi g,
1<ip<s

ig#i

= tP;(a) mod Dia;-
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The generalized and modified Halton sequences in Cantor. . . 21

Moreover, we have o; o, ((n0);,o;) = X;. Due to the fact that all the permutations o; ;
are isomorphisms, we obtain

0i,0; ()i ;) = xi + 1t P;() mod p; q;.
It follows immediately that w,, € J if and only if, forall 1 <i <,
v; < x; +tPi(a) mod p; o < w; — 1.
This proves the second assertion.
By the definition of K, we observe that A(J; N; w) = Ak (v, w). Also, it is not

hard to check that

w; — V;

Pia;

s N
w; — V;
—1+K1_[ I’)ia_’ <NAS(J)<1+K]_[

i=1 i=1

Now it follows that

al w; — V;
AU Ns ) = Nag(D)] < 1+ |Ag v, w) — K[| ——
i1 Piai
By using Lemma 7, we immediately obtain the last assertion. O

Proof (Proof of Proposition 1) Let J = [];_;[0,z;) < [0, 1)*. We expand each
z; in the same way as in the proof of Theorem 1, and obtain the equality (3) for
A(J; N; w) — Nig(J). The estimate in (4) for A, depends only on Lemma 2, so we
can use it here too. We now investigate

aeT(N)

Leta = (ay,...,a5) € T(N). The interval Jy,,. o, is contained inside some

elementary interval
. uj u; +1
=T )
iy LPits - Piai—1 Pijl - Piai—1

withO < u; < pj1---pig;—1 —1 (1 <i < s). Consider the sequence &, defined
as in Lemma 8, such that §; ; = x; +¢P;(«) (1 <i < s), where the integers x; are
determined by the first term of the modified Halton sequence w that drops into the
interval [ fits into the smaller interval

N

1—[ |: u; n X; U; " xi +1 )

9
i LPitPioi—1  PilPio; Pil " Piej—1  Pil" " Pie;
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From the last property of Lemma 8, it follows that

ISk (45 )]

1Ay N5 @) = Nag(ay_a)l < T4+ ) RO

LeM(a)

where K is the number of terms of @ among the first N that drop into the interval /.
Now we have

[Sk (£; &)

A < 1 _

1= 2 |1 X R
aeT (N) teM(a)

In order to accomplish the proof, we claim that

N -1

> b Pi(e)

i=1 Pl

1
ISk (€ 6)] < 3 (®)

Letf = Zf-:l ﬁPi (). Since pi,q,, - - -, Ds,a, are pairwise coprime and, for each

1 <i <s, pigy 1 Pi(w), we must have ||#| # 0. The inequality (8) follows
immediately from

K—1 .
K6 1
S oo + )| = SMTIKOD @ € R).
pr sin(w[|6])) 20|
This completes the proof of Proposition 1. O

The following two lemmas help extend Proposition 1 to Theorem 2. The first result
shows that the modified Halton sequence in Cantor bases possesses some particular
periodicity properties, while the other one which is borrowed directly from [1] provides
some technical estimate to be used with the first lemma.

Lemma9 Let py = (P11.---,P1,j1)> ---» Ps = (Ps.1,---, Ps,j;) be periodic
sequences of distinct prime numbers such that, for each 1 < i < s, there is
a common primitive root modulo p; 1, ..., p;ij. Let ki = (ki1,..., k1 j), ...,
ks = (ks,1, ..., ks, j;) be admissible sequences for p1, ..., ps. Denote

K:Z(jl...js)ﬁ...ﬁ (ﬁ(m_g).

n=l  y=1 \i=l
Foreach B = (B, ..., Bs) € N3, denote
U@p) = {a:(al,...,as)eN(s):Vl <i<s, BK<qu < (,Bi—l—l)K}.
Then, for any B = (B1,...,Bs) € N, any 1 < y; < j; (1 <i < s) and any

* *
(b1,...,by) e ZPl.yl X X ZPS%, we have
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#aeUP):V1<i<s, Pi(ae)=>b; and o; =y; (modj;)}
KS
v ds [z iy = 1

Proof First, we observe that there are K*/(j; - - - js) elements in U (8) such that o; =
y; (mod j;) for each 1 < i < s, and that there are only ]_[le(p,‘,w — 1) distinct
elements (by, ..., by) in Z; Ly XX Z;‘,x e By Pigeonhole Principle, there exists

/ / * *
(by,...,by) € prl X e X prr such that

#MacUPB):V1<i<s, P(a)=Db, and oy =y (mod i)}
KS
Z . . K3 .
gt Js iz (Piyy = D

Foreachl < i < s, letg; be some fixed common primitive rootmodulo p; 1, ..., pi j;
Since p;.; 1 b}, the congruences b; = gl.ci (mod p; ,,) are fulfilled for some integers
ci. Note from Lemma 6 that the equalities P;(«) = b; and the congruences «; = y;
(mod j;) are possible if and only if o together with some integers yi, ..., ys form
a solution to the system (7). We conclude that if o', &” € U(B) are two (possibly
equal) solutions such that P; () = b, = P;(¢”) and o) = y; = o (mod j;) for all
1 <i <'s, then the s-tuple &’ defined by

"

_ 4 L
o =a; —a; +Vi |:

a{—o{{/+ .
g]-K, i=1,...,s,

K

is a (possibly trivial) solution of the congruences " = y; (mod j;) and of the

. 38 (aiig, 1+ +ai g, 1) .
equations P;(a”’) = b}, where b} = g, 0o 0Yio-1 (mod p; ,,) with

the notation from the system (7), and it is in U (0). It follows, from the choice of
0}, ..., b, that

#HaoeU0):V1<i<s, P(e)=>0 and o; =y; (mod j;)}
KS
Z . . K .
Jrgs Tizi(piy = D

Let (by,...,by) € Z;l y XX Z;&yr. Since ki, . .., ks are admissible, we have
#{a € U(,B)I Vi<i<s, P(e) =b; and «; = Vi (modj,-)} > 1.

Leta € U(B) be such that P; (@) = b; and ; = y; (mod j;) foreach 1 <i < s, and
let «® € U(0) be such that P; (a°) = b} and ozl(.) = y; (mod j;) for each i. Then the
s-tuple o™ defined by

0
a o — Y

X :|~K+/3iK, i=1,...,s,

* 0
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yields another solution of the congruences af = y; (mod j;) and of the equations
P;(a*) = b;, and it is in U (x). It follows immediately that

#loaeUP): V1 <i<s, Pi(e) =>b; and o; = y; (modj;)}
KS
= - ——
J1 s Hizl(pi,yi -1

since there are at least K*/(ji - -+ Jg ]_[f:l (pi,y; — 1)) such oel(.). Because this is true

for all (b1, ..., by), it follows that the number of the solutions in U(B) is exactly
K*/( -+ js [1i2; (pi.y; — D). This completes the proof of Lemma 9. O
Lemma 10 [1, Lemma 4.4] Let py, ..., ps be distinct prime numbers. Then

Pl pel ‘MJF.._JF% -

Z ZZ ;?(ph. Ps
by=1

o, psi b
CeM(py.....ps) bi=1 ps; £)

< (Zlogpi) <l_[17i> (—1 +]_[(1 +logpi)>,
i=1 i=1

i=1
where we denote

M(p1, ..., ps) = {E:(El,...,ﬁs)eZm prS:El+~-~+£S>O},

s
R(p1,..., ps; ©) := [ [ max(1, min(2¢;, 2(pi — £:))).

i=1
Now we are in a position to prove our second main theorem.
Proof (Proof of Theorem 2) Our proof is based upon Proposition 1. Let
J1 Js s
K=Gi-—-io ] T1 (]‘[(p,-,y,, —1)).
)/1:1 Vszl i=1
For each B = (B1, ..., Bs) € N}, denote
UPB) :={a=(ar,....,05) eNj: V1 <i<s, BiK <o <(Bi+DK}.

Clearly, each @« = («q,...,a5) € T(N) is inside a unique box U (B) such that the
s-tuple B satisfies [['_, pi;1--- pipik < N. We apply Lemma 3, for the integers

bij == (pin -~-pi,jl.)K//"' and the bounds f; := 1, to obtain an estimate of the
number of those boxes U (8) which contain T'(N), i.e. we have
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>, 1= > !
B=(Br, )N B=(Bro BN
s N\ Bi
Micy pivpigix <N [T ((pz,lmpi,_/,-)K/]l) <N

N

1 log N
< — 1_[ ( - 08 + S)
st 1 \(K/ji)log(piy -+ pi.ji)

1~ log N
— —+s).
s'l n K logm;

Now we can use Lemma 9 to obtain a partial estimate of the first sum in the inequality
in Proposition 1 as follows

IA

[ o]
Z Z 121}’;’(05; £)

aeT(N) teM ()

=2 > Z r[, iy — D) 2

BeN; n=1 e CEM(P1.yyseonsPs.ys)

[Ti=1 Pia-pigik <N
Ply -1 Ds,ys —1 Z

> Z -1

bi=1 2R(P1,y1,-.-717s,y_;§£)

We apply Lemma 10 to the rightmost sums of the above inequality to get

—1
A Z,- 3
y oy Farel
2R(a; ) -
aeT(N) LeM(x) BEN
[Ti=1 Pia-pi gk <N

Z Z — Y tog pi | T T Piy
, 1(Pz v — D i=1 i=l1

=1 Vs_l

(—l—i-l_[(l—i-logpi’yl.)))) < Z
i=l BeN)
[Ti= Di,1+Pi, gk <N
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26 D. Bednarik et al.

[Tiziomi = 1) 1(m, -1 (Zl"gM) @M) (-1 +E(l +1ogM,~>)

< (M) () (Seem) o

(F1) (- Lo e

i=1

To obtain the estimate of the other part of the first sum in the inequality in Proposition 1,
we utilize Lemma 3 again, that is, we have

1 1~ [ logN
Y= 3 | <— SEMI (10)
i st log m;
aeT(N) aeNy i=1
[Tizi PiiPig; <N

We finally combine Proposition 1 with (9) and (10) to obtain

. 1 1
%20 = (5 (i)
- > oy log M; [];_, ]:41‘ (=1+ T, (1 +log My)) (log N)*
[licimi = 1)

o0 ((1og N)H)
1 [ = M;(1+log M;) R .
< (5 (; log Ml-> ]] = Dlogms 1)1ogm,-> (log N)* + O ((1og N) 1) ,

where the last inequality follows from (}_}_, log M;)([]}_; M;/(m; — 1)) > 1. This
completes the proof of Theorem 2. O

6 The generalized Hammersley point set in Cantor bases

Based on the (s — 1)-dimensional generalized Halton sequence, we can introduce a
finite s-dimensional point set which is called the generalized Hammersley point set.

Leth) = (bl,j)?ip o by = (bs_l,.,')?';l be s — 1 sequences of natural numbers
greater than 1 such that, forall 1 <i; <i; <s—1andall j;, j €N, b; j, and b;, ;,
are coprime. Foreach 1 <i <s — 1, let X; = (o; ])°°_1 be an arbitrary sequence
of permutations of Zy, ; (j € N). The generalized Hammersley point set in Cantor
bases by, ..., bs_1 W1th respect to Xy, ..., Xs_1, consisting of N points in [0, 1)%,
is defined to be the point set

P= {(%,(pi'(n),...,qblf:l(n)) 0snsN-1].
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We deduce a discrepancy bound for the generalized Hammersley point set in Cantor
bases with the help of Theorem 1 in combination with the following general result
from [19] that goes back to Roth [20].

Lemma 11 [19, Lemma 3.7] Let w = (xn);'l‘;o be an arbitrary sequence in [0, l)s’1

with discrepancy Dy, (w). For N € N, let P be the point set consisting of (n/N, x,)
in[0, 1) forn=0,1,..., N — 1. Then we have

ND}(P) < max N'Dy,(w)+ 1.
1<N’'<N

Theorem 3 Letby = (bl,j)?ozl: o by = (bs—l,j)iil be s — 1 arbitrary sequences
of natural numbers greater than 1 such that, for all 1 < iy < ir < s — 1 and all
Ji. 2 € N, by j, and by, j, are coprime. For each 1 < i < s —1land j € N, let
o0i,j be a permutation of Zbi,j' Foreach1 < i < s, denote ¥; = (Ui,j)?ozl. For
each N € N, suppose that P is the generalized Hammersley point set in Cantor
bases by, ..., bs_1 with respect to X1, ..., Xs_1 consisting of N points. Then, for
any N > 1, we have

s—1

1 — (IM;/2]log N
ND? < - -1
VP = G 11 ( logm
S22 Mis1 [ IMi/2] log N
+ sz ( — +l> +1,
=0 =l ogmi
where M; = max{bi,j € b;: b,"l ~~~bi’j < N} and m; = min{b,-,j €

bi:bjy1---bjj <Ny(1=<i=<s-—1.

Corollary 1 Let by = (bl,j)?ip by = (bs_l,j)iil be s — 1 bounded sequences
of natural numbers greater than 1 such that, for all 1 < iy < ir < s — 1 and all
Ji, 2 € N, b j, and by, j, are coprime. For each 1 < i < s —1land j € N, let
o0i,j be a permutation of thj. For each 1 < i < s, denote X; = (oi,j);?ozl. For
each N € N, suppose that P is the generalized Hammersley point set in Cantor
bases by, ..., bs_1 with respect to X1, ..., Xs_1 consisting of N points. Then, for
any N > 1, we have

(log N)s—l (log N)S—Z
NDR(P) < c——+ 0 —
with 1
1 LMi/2)
= b PPN bY— = ’
c=c(by,...,bs—1) -1 H log m;

i=1
where M; = max(b,',j);?';l and m; = min(b,;j)?‘;1 1<i<s—1).
A point set P consisting of N points in [0, 1)* is called a low-discrepancy point set

if DY (P) = O((log N)* ~1/N). In this sense, the generalized Hammersley point set
in Cantor bases is a low-discrepancy point set.
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