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Abstract

We establish some properties of universal Dirichlet series. In particular we give a
new estimate on the growth of their coefficients. As a consequence we obtain an
information about the admissible size of coefficients of Dirichlet polynomials that
approximate a given entire function on a compact set. Moreover we prove that, for
all @ > —1, the sequence of Riesz means ((ZZZI k"‘)_1 Yo k"‘Dk(f)) of partial
sums of an universal Dirichlet series f is automatically universal. Finally we show
that the Dirichlet series satisfying the universal approximation property with respect
to every compact set K (with connected complement) contained in a strip {z € C :
o < N(z) < 0} are not necessarily universal in the left half-plane {z € C : R(z) < 0}.

Keywords Universal Dirichlet series - Boundary behavior of Dirichlet series -
Over-convergence - Approximation in the complex domain

Mathematics Subject Classification 30K10 - 30E10

1 Introduction and notations

For a compact set K C C, A(K) will stand for the space of all continuous functions
on K which are holomorphic in its interior. The notion of universal Taylor series was
independently introduced by Luh [13] and Chui and Parnes [7], and was strengthened
by Nestoridis [17], who showed the existence of holomorphic function f on the unit
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488 A. Mouze

discD = {z € C : |z| < 1} whose Taylor series ) . a,z" at O satisfies the following
universal approximation property: for every compact set K C {z € C; |z| > 1} with
connected complement and for every function &z € A(K), there exists a subsequence
(An) C N such that 22”20 arzk converges to & uniformly on K, as n tends to infinity.
Since Nestoridis’ theorem, many results on universal Taylor series in the complex plane
appeared. We refer the reader to [5] and the references therein. Roughly speaking, this
curious phenomenon of universality has the following interpretation: the sequence of
partial sums of the Taylor series (at 0) of a holomorphic function on D can have the
worst possible behavior, even on the unit circle. In 2005, Bayart proved that (ordinary)
Dirichlet series share this very strange property [3]. For a complex number z, 3%(z)
(resp. J(z)) denotes its real part (resp. imaginary part). Let C. = {s € C; 9(s) > 0}
(resp. C_ = {s € C; N(s) < 0}) be the right (resp. left) half-plane. To any Dirich-
let series f = )., a,n"*, one can associate its abscissa of absolute convergence
oa(f) = inf{R(s) : Y n>1ann"* is absolutely convergent} and its n-th partial sum
D, (f),i.e. D,(f)(s) = _ZZZI ayk~*. Notice that for all s with R(s) > o,(f), one
has D, la,|ln™") < 4o00. Let us consider the space D, (C_.) of absolutely con-
vergent Dirichlet series > us1 ann~® in Cy endowed with its natural topology given
by the semi-norms || >",-;ann e = Y_,~1 lanln™%, o > 0. In [3], the author
established the existence of universal Dirichlet series in D,(Cy) in the following
sense: for any “admissible” compact set K C C_ with connected complement and
for any function 7 € A(K), there exists an increasing sequence (1,) C N such that
Supsex 1Da, (f)(s) — h(s)| — 0 as n tends to infinity. Recently in [2] the authors
relaxed the assumption that the compact sets be admissible. In the sequel, we will call
U, the set of such universal Dirichlet series. Several results about these can be found
in [2,5,8,9,15]. Observe that obviously they remain valid for universal Dirichlet series
with respect to all compact sets of C_ with connected complement (not necessarily
“admissible” compact sets). In particular in [8] the authors obtain estimates on the
growth of coefficients of universal Dirichlet series and, in [15], it is proved that uni-
versal Dirichlet series cannot be logarithmically summable at any point of their line
of convergence, where the sequence (o1 ,(f)) of logarithmic means of a Dirichlet
series f is given by o ,(f)(s) = ﬁ Yoo %Dk( f)(s). Therefore we deduce that
universal Dirichlet series cannot be Cesaro summable at any point of their line of con-
vergence. Finally let us introduce the class of universal Dirichlet series with respect
to a specific compact set K.

Definition 1.1 Let K C C_ be a compact set with connected complement. A Dirichlet
series f = Zkz 1akk™ € Dy(Cy) is said to be universal with respect to K if the

set {D,(f) : n € N} is dense in A(K) endowed with the topology given by the
supremum norm on K. We will call U x the set of such universal Dirichlet series.

IfKN{zeC:NR() =0} =0, we know that Uy x # Uy [8].

In the present short paper, we are going to establish some properties of universal
Dirichlet series. First we are interested in the notion of restricted universality. As has
been pointed out, an universal Dirichlet series with respect to a specific compact set
K < C_ with connected complement is not necessarily an element of /;. A natural
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question that arises is whether the same conclusion holds for Dirichlet series that are
universal with respect to a compact set K C C_ (with connected complement) such
that KN{z € C: N(z) = 0} # @. Actually we are going to establish a stronger result:
there exists a Dirichlet series which satisfies the universal approximation property
with respect to every compact set K (with connected complement) contained in a
strip {z € C : 0 < N(z) < 0} (6 < 0) whose partial sums tend to infinity for
almost every z (in the sense of Lebesgue measure) in the left half-plane {z € C :
Nz) < o — %}. It is a Dirichlet version of a theorem of Kahane and Melas for
universal Taylor series with respect to compact sets that are contained in an annulus
[11]. Then we study some boundary behaviors of universal Dirichlet series. First
we study the effect of Cesaro summability methods on universal Dirichlet series.
The same problem has been studied in the case of universal Taylor series ( [4,12,
16]) and in particular it is showed that a Taylor series is universal if and only if the
sequence of Cesaro means of its partial sums is universal. In the case of Dirichlet
series, we already know that a universal element cannot be Cesaro summable on the
boundary. It is easy to prove that the sequence of Cesaro means (n_l i1 Di(f) (s))
of an element f € Uy satisfies the universal approximation property with respect
to all compact subsets of C_ with connected complement. Furthermore we show
that the same result remains true for the sequence of weighted Riesz means of the
form ((Z;;:lka)‘l S kD f)(s)) for o > —1. Notice that the case a = 1
corresponds to logarithmic means, but we don’t know if the universal Dirichlet series
remain automatically universal under this summability method. As mentioned above,
we only know that they cannot be logarithmically summable on iR. Next we improve
the result of [8] on the admissible growth of coefficients of such series. As application,
we are interested in the following result of the set of Dirichlet polynomials: let K ¢ C_
be a compact set with connected complement and § > 0, then for every integer N the
set {ZQ/IZN apn~ Y= M > N, |a,| < l} is dense in A(K) [2] (see Lemma 4.5
below). We show that this result does not hold anymore if the arbitrarily small real
number § is replaced by the sequence §, = 1/ logH"s (log(n)) (¢ > 0) for instance.
Finally we deal with an extension of a result of Gauthier [10]: we exhibit universal
Dirichlet series whose coefficients are generated by the Riemann zeta-function. To do
this, we combine the famous Voronin’s theorem with the lemma of approximation by
Dirichlet polynomials.

The paper is organized as follows: in Sect. 2 we deal with the results on restricted
universality. In Sect. 3 we are interested in Riesz summability methods preserving
the universality of Dirichlet series. Section 4 is devoted to the study of the growth of
coefficients of universal Dirichlet series and its applications for the approximation by
Dirichlet polynomials with a control on the size of coefficients, whereas in Sect. 5 we
build universal Dirichlet series thanks to Riemann zeta-function. Section 6 concludes
the paper with some open problems.
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2 Restricted universality

For power series, the notion of universality with respect to a specific compact set does
not coincide with that of universality with respect to all suitable compact sets. We
know that a Taylor series of H (D) that is universal with respect to any compact set K
with connected complement contained in a closed annulus {z € C : 1 < |z| < d}isnot
necessarily universal in the sense of Nestoridis. We refer the reader to [6, Section 4] for
an elementary proof using the fact that all universal Taylor series possess Ostrowski-
gaps. But more than this is true: Kahane and Melas showed that there exists a power
series ) ;¢ ayz* having radius of convergence equal to 1, that is universal with respect
to any compact set K with connected complement contained in the closed annulus
{ze C:1 < |z| <d)} and satisfies ) ;_, arzk — oo for almost every (in the sense
of Lebesgue measure) z in {z € C : |z| > d}, as n tends to infinity [11]. Thus in the
context of Dirichlet series, one can wonder if any Dirichlet series which satisfies the
universal approximation property in a given strip is necessarily universal. We give a
negative answer. To do this, we establish a stronger result in the spirit of Kahane-Melas
theorem: following their main ideas, we show that there exists a Dirichlet series which
satisfies the universal approximation property in a given strip but which has a regular
behavior in a left half-plane.

Theorem 2.1 Let 0 < 0. There exists a Dirichlet series anl apn™ in Dy(Cy)
satisfying the universal approximation property in the strip {s € C : o < 9i(s) < 0}
such that 27:1 ajj—* — 0o, as n tends to infinity, for almost every s in the half-plane

{seC:NG) <o — %} (in the sense of the Lebesgue measure).

Proof Let us consider an universal Dirichlet series f(s) = Y, . byn™* in Dy (C).
We are going to build inductively the sequence of coefficients (a,). Set a; = b; and
assume that we constructed as, . . ., a,—1. For every complex number d, we define the
sets E,(d) as follows

n—1

Z ark™ +byn™ +dn~*

E,d) = {s €B,:
k=1

slogﬂog01+-2n},
where B, is the compact rectangle

B,

{s eC:0— % — log(log(n + 2))

Ns) < o — »  loglogn +2))
2 log(n)

IA

and |J(s)| < log(log(n + 2))} .

Clearly the fact E, (d) N E, (d") # ¥ implies that

|d —d'|n"% /nlog(n) < 2log(log(n + 2)).
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Let us choose {wy, ..., wg,} in the closed disc {w € C : |w + ZZ;I(ak —bk7%| <
1/log(log(n + 2))} maximal under the requirement

log(log(n + 2))
V/nlog(n)

|lwj —wg| =2

for j # k. A simple argument of recovering gives

nlog?(n)
qn = C4—,
log*(log(n + 2))
where C is a constant. We set dy = wgn?, fork = 1,..., g,. We conclude that, for
i=1,...,qu,the sets E, (d;) are pairwise disjoint. Hence there exists d;, such that

M(Bn) _ C,logﬁ(log(n +2))

En di =
MEn(di) = = - o

where C’ depends only on C. We let a, = b, + d;, and g(s) = an] apn—*. Then,

forevery s € B,\E,(d;,), we have | ZZ:] ark™%| > log(log(n + 2)), which implies

Yoiojark™ — oo asn — oo, unless s € E,(d;,) for infinitely many values
. log (. 2

of n. Since )., % < 400, we have ), - A(E,(d;,)) < 400, and the

Borel-Cantelli lemma applied to any fixed set By, ensures that Z?:l ajj=* — oo,

as n — +00, for almost every s in the half-plane {s € C : N(s) < o0 — %}. On the
other hand we have, for every n > 1,

> (ax — bk ™°

k=1

< 1/log(log(n + 2)).

Hence the abscissa of convergence o, (h) of the Dirichlet series i(s) = ) ;. (ax —
b))k~ satisfies o.(h) < o. Therefore a classical result (see for instance [1, Theorem
11.11]) ensures that ), ; (ax — bx)k~* converges uniformly on every compact subset
lying interior to the half-plane {s € C : %(s) > o}, which implies that Y ke l(ar —
by)k™S converges uniformly to 0, as N tends to infinity, on such compact sets. Now,
let K C {s € C:0 < N(s) < 0} be a compact set such that K¢ is connected and
let P be any holomorphic polynomial. Since f is an universal Dirichlet series, there
exists an increasing sequence of natural numbers (,) such that

An +o00
sup |y bk~ — P(s) + Y (ax — bk~

sekK k=1 k=1
)\n “+00
=sup | > @k =P+ Y (ax—bk™*| =0
sek k=1 k=141,
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492 A. Mouze

as n tends to infinity. Thus by the triangle inequality we get

suplZakk S—P(s)| < sup|Zakk — P(s)

seKkl veKkl

+ Z (ax — bk ™| + sup | Z (ax — bk,

k=1+h, sek T+,

and combining the last two inequalities with the fact sup,¢ ¢ | Z v(ak —b k™| —
0,as N — 400, we conclude that the Dirichlet series g satisfies the universal approx-
imation property in the strip {s € C : 0 < 9(s) < 0}. This finishes the proof.
O
Remark 2.2 (1) In the above construction, there is a grey zone. What is the behavior
of the Dirichlet series g in the strip {s € C : 0 — % <N(s) <o}?
(2) Contrary to the case of Taylor series, we do not know an elementary proof of
the simple fact that a Dirichlet series which satisfies the universal approximation
property in a given strip is not necessarily universal.

3 Riesz means of universal Dirichlet series

For a Dirichlet series f(s) = )_,., a,n~*, let us consider the Cesaro means of its
partial sums:

Di(f)(s) + Da(/)(s) + -+ -+ Du(S)(s)

n

on(f)(s) =

Let K C {s € C; N(s) < 0} be a compact set with connected complement and %
be an entire function. Let L be a compact set with connected complement such that
K Cc Land{s —1,s € K} C L. Assume that f is an universal Dirichlet series.
Therefore there exists a sequence (A,) such that

sup | Dy, (f)(s) — h(s)| = 0, asn — +o00.
sel

Observe that we have a3, (f)(s) = (1 + %) Dy, (f)(s) = ;= Dj, (f)(s — 1). Thus
the triangle inequality gives

1
sup oy, (f)(s) = h(s)| < sup [ Dy, (f)(s) = h(s)| + 5 Sup | Dy, (f)(s) — h(s)]

sekK sekK n sek

1
+ o sup [Dy, (s = 1) — h(s = 1]

n sekK
+ 5= (supyeg [h(s)] + supgeg [h(s — D)
2
< sup D3, (£)(s) = h(s)] + -= sup| Dy, (£)(s) = h(s)]
n sel

+A supser, [ (s)]
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Some properties of universal Dirichlet series 493

and we deduce that sup, g |03, (f)(s) — h(s)| — 0, as n tends to infinity. Therefore
we proved the following Proposition:

Proposition 3.1 Let f be a Dirichlet series in D,(C). Assume that f is a universal
Dirichlet series, then for every compact set K C C_ with connected complement and
every entire function h, there exists an increasing sequence (1) C Nsuch that o, (f)
converges to h uniformly on K as n tends to infinity, i.e. the sequence of the Cesaro
means of partial sums of an universal Dirichlet series is universal.

More generally we are interested in the Riesz means related to the summability
matrix Ay = (anx(ct)) given by

k—l)l

an k(@) = 27:1 J ¢
0 fork >n+1,

forl <k <n,

N

with 0 < @ < 1. For a Dirichlet series f(s) = anl a,n—*, we define the A,-Riesz

means as follows:

n

1
A (f)(s) = N (
k=1 k=

kK Dk(f)(s)) .
1
The case @ = 0 corresponds to the Cesaro means.

We will need the following lemma, which is an exercise left to the reader.

Lemma3.2 Let 0 < o < 1. For any integerl > 1, we have

n l—a 1

o Cq,j &q (1)
Zk _1_a+la+zna+j+na+[’
k=1 =0

where the numbers lo, and Cy j, j =0, ...,1, don’t depend onn (Cy o = % Co1 =
Tooee-) and g (n) — 0.as n — + oo.

Theorem 3.3 Let f be a Dirichlet series in D,(C.). Assume that f is a universal
Dirichlet series, then for every compact set K C C_ with connected complement
and every entire function h, there exists an increasing sequence (A,) C N such that
A, (f) converges to h uniformly on K as n tends to infinity, i.e. the sequence of
the Riesz means (o4, n(f)) is universal.

Proof Let K C C_ be a compact set with connected complement and 4 be an entire

function. We set og = inf{9i(s); s € K}, tx = sup{|3(s)|; s € K}and/x = min{/ €
N; ok 4+ o 41 > 0}. Let us define the compact sets K, K, and KDJ[ as follows:

Ky={seCiox +a—1<NR(s) <a+lgand |I(s)| < tk},
K, =KyNC_and K} = K, NC;.
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494 A. Mouze

Observe that K, has connected complement and K C K, . Since f =} - ayn™"
is an universal Dirichlet series, there exists an increasing sequence (A,) C N such
that

sup |Dy, (f)(s) — h(s)| = 0, asn — +o00. @))

seKy

We are going to prove that o4, ;,(f) converges to 2 uniformly on K as n tends to
infinity. Let us write

> =1 KDy (f)(s5)

UAa,n(f)(s) = ZZ:I ko '
Sy (S ke = (T e = )
- M @
Dk k7 _
D)+ Do T Yo K
- i ke doie k7
Lemma 3.2 ensures that we can find N > 1 such that for every n > N, we have
" nl—a lx Ca,j 1
—a ,
D K g e = | < ®
k=N+1 j=0

Then we write, for all n with A,, > N,

Z k¢ j—s

J
k=1

J N
Za/‘ Zk_a j_s=2aj
j=1

j=1 k=1

A N In J
+ ) a (Zk—“)j—w Y oai( Y kT €
k=1

j=N+1 Jj=N+1 k=N+1
Clearly, we have

Z;\/:] aj(Zl{:I k=)

- — Qasn — +o0.
Do ke

sup
sekK

By the triangle inequality, we get

An N N N
Do aiQ ki < Do | [P (D) —h]+ (Y aii T+ 1RO |
j=N+1 k=1 k=1 j=1

)
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Some properties of universal Dirichlet series 495

Therefore we deduce, using both (1) and K C K,

An N —ay —
2N 4 Q= K7
sup - — 0asn — +oo. (6)
sek 1 k@

Let us now consider the last term of (4). Using Lemma 3.2 and the estimate (3) we
can write, for all positive integer n with A,, > N,

An J An An
1
. oy s _ (a1 s
D (XK = ) a4y tla ) ajj
Jj=N+1 k=N+1 Jj=N+1 Jj=N+1
Ik An
S $ g "
i=0 j=N+1
A‘l'l
+ Z ajjf(s+a+lx)8a(j)’
J=N+1

with [eq(j)| < 1, forall j > N. Clearly we have

hn
sup Z ajj | < sup Dy, (f)(s) = h(s)| + sup [h(s)] + sup [Dn(f)(s)] .

sekK Jj=N+1 sekK sekK sekK
@)
Combining (1) with (8), we get
SUpy e | 25y @i
— 0asn — +oo0. )

An _
Zk:l k=«

In the same way, observe that for s € K, we necessarily have s +« — 1 € K, and
we have

)'Il
sup | D a;jj Ot D) < sup Dy, (f)(s) = h(s)| + sup |h(s)]
sekK Jj=N+1 seKy seKy
+ sup [Dy(f)s)]. (10)
seEKy

which gives, using (1),

A s — (s —1
SUP | Zj1=N+1 ajj (s+a )|

1o
k=1 k

— Qasn — +o0. (11

Let us now estimate the sums Z;”:NH ajj=6ret) fori =0,...,Ix—lands € K.
By construction the property s € K implies the following property s +« +i € K,
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496 A. Mouze

foralli =0,...,lg — 1. For any integer i € {0, ...,/x — 1}, we have to consider
two cases:
Case s+a+i € K, : wehave, forany complex numbers € K withs+a+i € K,

)"Il
> ajji Ot < sup Dy, (f)(s)—h(s)|+ sup [A(s)| + sup Dy (f)(s)].
j=N+1 seEKy seKy seKy

12)

Case s + o +i € K} let us choose n > 0 with I — & —n > 0. Thus, for any
complex number s € K withs +« +i € K;I, the following estimate holds

An An
Z ajj—(s+a+z) < Z ajj—(s+oz+z+n)jn

+00
<MY ajli"
j=1
Thus, combining (12) with (13), we get

SPsek | Xty g1 @i~ sup ez 103, () = k@] sup,cgz 1AGS)]
An — - An - An -
Zk:lk “ Zk:lk “ Zk:lk * (14)
Wieg; IDNN®I 4 §| -
PP P ajll
Dl ke Dl ke j=1

l—a
Therefore taking into consideration (1), the estimate 22”: LT~ )i"Ta asn — 400
and the property 1 — o — n > 0, we get

A . ;
Supsex | 271 @ (srat]

— 0, asn — +o0. (15)
b p—a
k=1
In the same way, we have, for all A, > N,
A e (stotK) 0 ¢ i
S SN B
M p—a = —a Z laj|j~" — 0asn — +oo.
k=1 1 SN

(16)

Letusrecallthat K C K, . Applying (1), we have alsosup, g | Dy, (f)(s)—h(s)| — O
as n — +o00. Hence combining (4), (6), (7), (9), (11), (15), (16) with (2), we obtain

sup |oa,.1, (f)(s) —h(s)| = 0asn — 4o00.
sekK
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Some properties of universal Dirichlet series 497

This finishes the proof. O

Remark 3.4 (1) On the other hand, the same method allows to prove that Theorem 3.3
remains true in the case @ < 0. Therefore if f is an universal Dirichlet series,
then for all @ < 1, the sequence of the Riesz means (o4,,,(f)) is universal.

(2) Let k > 1 be an integer. Let us consider the Cesaro means of order k

U(c,k),n(f)(8)=2<1 _]T> (1 —’Jl+1>~-<1 —#yﬁj_s

j=1

of a Dirichlet series f = ijl ajj~*. As in Proposition 3.1, it is easy to check
that the universality of f implies the universality of the sequence (o(c k),n(f))
for all integer k > 1.

4 Growth of the coefficients of universal Dirichlet series and
applications

We begin by giving a slight improvement of the estimate of the growth of coeffi-
cients of universal Dirichlet series. In [8], the authors showed that for an universal
Dirichlet series ) ,.;a,n™* with respect to a compact set K C iR we have

lim sup(n|a,|e” Vv bn log(")) = 400, provided that (b,) is a decreasing sequence satis-
fying ), -, bn/(nlog(n)) < +oo. The proof was inspired by that employed by [14]
to handle the case of coefficients of universal Taylor series. Using similar ideas, we
slightly strengthen this result. In the sequel, for j > 1, we denote by log; the j-th
iterated of the function log, i.e. for every positive integer n sufficiently large, we have
log, (n) = log(n), log, (n) = log(log(n)), .... Wesetg; = min(n € N : logj (n) > 1).
To proceed further, it is convenient to state the following key-lemma.

Lemma4.1 Letn > 0, k > 1 be an integer and let )", a,n™* be a Dirichlet series
in Dy(C) that satisfies the universal approximation property on {it : —n < t <
n}. Assume that (g,) is a decreasing sequence of positive real numbers satisfying
> en/(nlog(n)...log(n)) < 400 and &, log(n) — 00, as n tends to infinity.
Then we have

en log(n)

§ |an|e_lng2(n)...logk+l(n) — +Oo

Proof We follow the main ideas of the proof of [8, Lemma 2.1]. We set §,, = ee,, for
n € N. There exists Ng > gr+1 such that, for every n > Ny, we have

&, log(n)
Z qk+1
log; (&, log(n)) .. .log, (g, log(n))

logy (e, log(n)) > 1, 17
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498 A. Mouze

and

oo

Sn
2 <
e nlog;(n)...log (n)

We define the functions from iR which are 2i-periodic letting

1 8
" og(n)n for |f| < "

H,(it) = ,
@) Sn nlogy(n)...log; (n)

8
H,(it) =0 for u <t <.
nlog;(n)...log(n)

For f € Ll([—n,n]), let us define its Fourier coefficients f(log(m)) =
b

1 )
— Fm'dt. We get
2 J_,
. 1 form =1,
H,(log(m)) = { nlog(n)...log,(n) sin ( 8, log(m) ) form # 1.
8, log(m) nlog;(n)...log;(n)

Let N > Ny be an integer. By hypothesis we can approximate the Dirichlet polynomial
1+ fo;ll a,m~* by a subsequence of partial sums of f uniformly on the compact
set {it : —n <t < n}. Therefore there exists an integer M > N such that we have, for

allt € [-n, 1], |1 — Z%:N amm’”‘ < % which implies % <R (Z,A,:IZN amm’”>.
Thus we proceed as in the proof of Lemma 2.1 of [8] to obtain

M
% < m:ZN lam| x |.f log(m))|. (18)
with
. 8n IOg(m)
R S (nlog (n)...log (n))
faogm) = T] 5: og(m) k

n=Ny

nlog;(n)...log;(n)

Sn

nlog(n)...log;(n)
we get §, — 0, as n — +4-o00. Therefore, there exists an integer N such that we have
SNy

Nol1(No) ... 1 (No)

As (8,) is a decreasing sequence and the series Z

converges,

the following two inequalities

m € {N, ..., M}, we have

log(N) > eand 8y < e. Forevery
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Some properties of universal Dirichlet series 499

B m
No log(m) > e and log(m) <6, <én <e.
Nolog;(Np) .. .log; (No) mlog;(m)...log,(m)
Then there exists an integer / € {No, - - - , m — 1} satisfying
1) 8
! log(m) > e and Ll log(m) < e.
[log;(])...log, (D) (+Dlogy(I+1)...log, (I + 1)

Since the sequence (§,,) is decreasing, we get

1
|fogtm)l = [

n=Ny

nlog,(n)...log.(n) _ (llogl(l)...logk(l))l+1—No _ (1)“‘1_”0

8, log(m) 8; log(m) e

19)

em log(m)
108 (& 10g(m))-.. 10g; (e 10g(m)) °

Setu,, = Taking into account (17), observe that we have

umlogy(up) ... logg (um) < uy log;(en log(m)) .. . log (e log(m)) < ey, log(m).

We deduce
1
T S L AU R— 20)
log,(m) .. .log; (m)
Combining (18) with (19) and (20) we obtain
M _ em log(m) l
Z |am |e"Oe logp (m)... logg 41 (m) > .
m=N 2
Since this holds for infinitely many pairs (N, M), we have the conclusion. O

Remark 4.2 The estimate given by (20) seems to be optimal since the unique solution
x,, of the equation x log(x) log, (x) .. .log, (x) = n has the following behavior: x, ~
m as n tends to lnﬁnlty

Next Lemma 4.1 leads to the following statement.

Theorem 4.3 Letn > 0,k > 1 be anintegerandlet)", ., a,n™* be a Dirichlet series
in D, (Cy) satisfying the universal approximation property on {it : —y <t < n}. Let
(by) be a decreasing sequence satisfying »_ b, /(nlog,(n)...log;(n)) < +oo and
bplog(n) — +o00, as n tends to infinity. Then, we have

_ b log(n)
limsup | n|a,|e ca20-la1 | = 400,
n——+00o
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500 A. Mouze

Proof Assume that there exists a real number M such that, for all integer n large
enough,

b log(n)
|an| S Kelogz(rz)...ligk+](rz). (21)
n
log;. () )
Let ¢ > 0. We set ¢, = max|b,, ——— | + b, for all integer n large
logy (n)

&n

con-
nlog;(n)...log;(n)

verges and &, log(n) — 400, as n tends to infinity. Thus Lemma 4.1 ensures that
en log(n)

enough. Obviously the sequence (e,) is decreasing, Z

Z |ayle Pe20-T2r1®™ = 4 oo, On the other hand, combining (21) with the equal-
lo n lo n

ity b, = &, — max (bn, gk+l()) and the estimate max (b,,, gk+l())
log§ (n) logj (n)

logy1(n) ; . . q

W, we have for every positive integer B, with B > A and A fixed large

k
enough,

_ eploglm) log(n) TTe
E |a |€ ltyEz(n) logl‘Jrl(n) < M § lngz(n) logy 1(")10gk (n) .
n= A

log(n)
However it is easy to check that E e oz (.. Togg—1 ) log]

contradiction and we have the announced conclusion. O

I+e .
™ < 4o00. We obtain a

Now let ¢ > 0 and k > 2 be an integer. If we apply Theorem 4.3 with the sequence

(by) given by b, = kii’éizx) , we obtain the following corollary.
k

Corollary 4.4 Letk > 2 be apositive integerand e > 0. Letn > Oandlet ), | ayn™°
be a Dirichlet series in D,(Cy.) that satisfies the universal approximation property on
{it : —n <t < n}. Then, we have

_ log(n)
lim sup (nlanle 10g2<">--~10gk1<n>(logk<">)1+g> = 4o00.
n——+00

Now we apply this last result to obtain some information on the admissible size of
coefficients of Dirichlet polynomials that approximate continuous functions on closed
intervals of the imaginary axis. More precisely, a careful examination of the proof of
Theorem 3.1 of [2] shows that the following result holds.

Lemma4.5 Let K € C_ be a compact set with connected complement and § > 0.
Then, for every N € N, the set HZ” N @nht —(U=8)p=s. M > N, la,| < 1] is dense in
A(K).

@ Springer



Some properties of universal Dirichlet series 501

On the other hand, Theorem 4.3 allows to obtain the following result. We shall use the
following notation: for every integer k > 2 and every t > 0, we set

1
log(n) ... logy_ (n) log; ™™ (n)

Sk (n) = for all n large enough(n > gi)

and

Apr = {(an) eCN: la,| < n~ U= forn < qr and |a,| < n~ =3k ) gor > qk} .

Corollary 4.6 Let K € C_ be a compact set with connected complement such that K

contains a set of the following type {it : a <t < b}, a,b € R. Letk > 2 be a positive
integer and © > 0. Then the set {Zﬁ/lzl ayn= ;M > 1, (a,) € Ak,r} is not dense in

A(K).

Up to do a translation on the imaginary axis we can assume that there exists n > 0
suchthat {it : —n <t < n} C K. Hence to prove Corollary 4.6, it suffices to establish
the following statement.

Proposition4.7 Let k > 2 be a positive integer and n,t > 0. Then the set of
Dirichlet polynomials defined by {Zﬁ/lzl apn” M > 1, (a,) € Ak,f} is not dense
in C([—n, nD).

Proof SetEyn = {ZﬁiN apn~ 1t M > 1, |a,| < n_(l_‘sk-f(”))}forN > gr. We argue
by contradiction. Assume that

Hypothesis (H): for every integer N > gy, the set E is dense in C([—n, n]).

Let also P be a Dirichlet polynomial, g € A(K), 0 > 0 and ¢ > 0. We choose
N > gy bigger than the degree of P suchthat ), _ n~179+%: 0 ¢ Tn particular,

by hypothesis there exists u = Z%:N ann_(l_akﬁ("))n_”, such that

lan| < land sup |u(it) —g(t) + P(it)| <.
te[—n,n]

Setting h(t) = u(t) + P(it), we deduce

sup [u(it)—g(®)+P(in)] < eand [|h — Pllo =llu(s)|s < Y n~ 17000 < g,
te[—n,n] n>N

Thus we have shown that, under the hypothesis (H), for every Dirichlet polynomial P,
for every continuous function g € C([—n, n]), forallo > 0 and ¢ > 0, there exists a
Dirichlet polynomial / such that supg |h —g| < e and ||h — P||s < e. Then following
a classical construction [2,3,8], we can can build Dirichlet series in D, (C) of the
form ) a,n~*, with |a,| < n~(=8(M) \which satisfies the universal approximation
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502 A. Mouze

property on [—n, n]. Then Theorem 4.3 gives a contradiction. Thus the hypothesis
(H) does not hold. Hence there exists a positive integer No = No(t) > g such that,

M
VN > Ny, the set {Z apn~ e @) =it pr > N g, | < 1} is not dense in C([—7, 1]).
n=N

(22)

It remains to check that, forany ¢ > 0, for every integer N < Ny (¢) the set of Dirichlet
polynomials {22/1:1 apn~ M > 1, (a,) € Ak,f} is not dense in C([—n, n]). If not,

for ¢ > 0 fixed, for any continuous function g and ¢ > 0, one can find M > 1 and
complex numbers ay, ..., ay, with (a,) € Ak ¢, such that

sup
te[—n,n]

M
Zanniit _g(t)Né-i-OH—il < e,

n=1

where Ny = No(1/2) > qx (No(t/2) is given by (22)) and « > 0 satisfy the condition

N§ =n"forn=1,...,q, and sup |[%+D7okr2(No)| < N&. (23)
I>qk

We deduce

M
> an(nNo)” Ny (nNo) ™" — g()

sup < e.
te[=n.nl|,—;
Observe that we can rewrite
M M Ny
I —i .
> " an(No) Ny *(nNo) ™ = Y byj ",
n=1 Jj=No

where the coefficients b; satisfy the following estimates (thanks to (23), No > g and
(an) € Ak,r):

() bj =0if j #nNo, withn =1,..., M,
Q) forn=1,...,qr— 1,

[buno| = lan| Ny '~ < < (nNo) =!I Pkas2noD

e 14+a
n TNO
3) forn=qk,..., M,
bang| = lan| Ny '™ < n= =8k ) 1=

< (nNO)*(l*Sk,r/Z(”NO))nak.r(n)*Bk,r/Z(nNO)NO_D‘
< (nNO)_(l_Sk,r/Z(nNO)).
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Thus for any continuous function g, any ¢ > 0, we have found a Dirich-
let polynomial Zﬁi Mo, bjj~"" with No = No(t/2) which is defined in (22) and

[b;] < j~U=%20U)) " such that

M Ny

sup Z bij " —gt)| <e.
tel=mnl | i_n,

According to (22), we obtain a contradiction. This finishes the proof. O

5 Coefficients of universal Dirichlet series and the Riemann
zeta-function

Let us consider the Dirichlet polynomial approximation again. Observe that we can
rewrite the statement of [2, Theorem 3.1] as follows.

Lemma5.1 Let K C C_ be a compact set with connected complement, g an entire
function, N > 0 a positive integer, 0 < § < o and ¢ > 0. Then there exist a Dirichlet
polynomial h = ZQ/]:N ayn™* such that sup,cg |h(z) — g(2)| < &, |hlle < & and
lan| < nl]—_a,f()rn =N,...,M.

We end the paper with the Dirichlet version of a result of Gauthier [10]. Although
universal Dirichlet series are generic, we do not know exhibit such elements. A similar
problem holds in the case of universal power series. In a recent work [10] the Riemann-
zeta function was employed to generate the coefficients of universal Taylor series in
the sense of Nestoridis. The proof is constructive and is a combination of a lemma
of approximation polynomial [10, Lemma 3.2] (which gives a geometric control of
growth of coefficients) with Voronin’s Theorem. First let us recall the latter.

Theorem 5.2 (Voronin [18]) For each zg in the strip 1/2 < o < 1 and each k =
0,1,2,..., the sequence

C(zo+im), ' (zo+im), ..., c®@o+im)) :m=1,2,...
{( ) |

is dense in Ck+1,

In the case of Dirichlet series, using Lemma 5.1 and following the ideas of [10], we
can build an universal Dirichlet series whose coefficients are generated by the Riemann
zeta-function. To do this, we need a Dirichlet version of Lemma 3.4 of [10]. Let (g,)
be an enumeration of all Dirichlet polynomials with rational complex coefficients and
(K,) be the sequence of compact sets K, = [—n, 0] x [—n, n].

Lemma5.3 Let o be a real number with 1/2 < o < 1. Let (§,) be a decreasing
sequence of positive real numbers with §1 < 1/2. There exist a sequence (m,) of
integers and an increasing sequence (ky) of integers (with ky = 0) such that

log(l +2)

£ +imp| < =,

forl =1+ky—1,...,kn,
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and the polynomials Q,(z) = Z?il-kk,l,l ¢ (o +imy)I™% have the following approxi-
mation property

2
sup [Q(2) — gn(@) + 01(2) + -+ + Qu_1(2)] <

€K, n
Proof First we apply Lemma 5.1 to find a Dirichlet polynomial w; = aj 1 +a; 227 %+
- day g ky “suchthat|ar | < 171400 forl = 1,... ki supck, lwi(2)—g1(2)] < 3.
By Theorem 5.2 there are integers my, ..., my, such that
1c(o 4+ imp)| <log(l +2)17 " forl =1,... ki,

and

sup [Q1(2) — g1(2)| < 1,

z€Ky

with Q(z) = Zf'zl ¢ (o + imy)l~*. By induction, suppose for j = 1,...,n — 1 we

have built integers ki, ..., k,—1, and my, ..., my, , such that
) log(l +2)
|§(O’ +lm1)| < IIT forl =1 +kj_1,...,kj,

and the polynomials Q(z) = Zf’: 1k ¢ (o + imy)l~* have the following approxi-
mation property

| 89

sup [Q(2) —g;j (@D + Q1@ + -+ Qj—1()] = =.

ZGKj

~

We apply Lemma 5.1 again to find a Dirichlet polynomial w, (z) = an , ,+1(kn—1 +
7%+ oo+ ani k, ° satisfying Ja, | < 7 for I = kyoy + 1, kg
SUp,¢k, lw,(z) — gn(2)| < % By Theorem 5.2 there are integers my, 41, ..., Mg
such that

n

1£(o 4+ imp)| < log(l +2)I""" forl = k1 + 1, ..., kn,

and
2
sup |Qn(2) —gn (@) + 012 + -+ Ou—1(0)| < —,
zeky, n
with Q,(z) = Zfikn_]Jr] ¢(o + imp)l[~%. This finishes the proof. O

Now the following statement holds.
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Theorem 5.4 Let o be a real number with 1/2 < o < 1. There is a sequence (my,) of
integers such that the series ), { (o + im,)n"% is an universal Dirichlet series in
D, (C2). -

Proof Let (8,) be a decreasing sequence of positive real numbers with §; < 1/2. Let
us consider the Dirichlet series f(z) = ZLOIO ¢(o + imy)l~% given by Lemma 5.3.
Observe that

+00 kn
f@Q=>""3" ¢ +im)l—.
n=1 I=ky_1+1

Moreover for all T > 0, there exists n, so that for every integer n > n,, §, < 7. Set
&r = T — 8, > 0. Thus we have

n kn +00
Il =1 Y clo+im) ™+ Y ¢ +im)li™"

n=1l=ky_1+1 I=ky,
K +o00

< Y lelo+impliTT + Y log(l +2)I7 ! < 4oc.
=1 I=k,

Hence f belongs to D, (C.). Now let K C C_bea compact set with connected com-
plement, P be a Dirichlet polynomial and & > 0. By definition, there exists a positive
integer N such that foralln > N, K C K, and one can find n; > max(N, 4/¢) such

. . kl'l . —
that supg |P — gu,| < &/2. By construction, the partial sum )", £ (o + imy) ¢
satisfies

ki,
2 e
sup Z;(a +im)l™F =gy, )| < — < <.
zekny 121 me2

kn . _
Therefore we have by the triangle inequality sup, .z [>°,"') ¢ (0 +im)I™* — P(z)| <
&, and f is an universal Dirichlet series. O

6 Open problems

We conclude the paper with some open problems.
(1) Let K € C_ be a compact set with connected complement and § > 0. We
know that, for every N > 1, the set {Z,I:/I:N an Y= M >N, la,| < 1}

is dense in A(K). On the other hand, Corollary 4.6 ensures that this result
does not hold anymore if one replaces § by a sequence (§,,) defined by §,, =

—1
<1og2(n)...1ogk,1(n)1og}c+f(n)) (for all k > 2 and T > 0). Neverthe-
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@)

(€)

“

less the following problem remains open: is the set of Dirichlet polynomials
(1=t
{Z,’:”:N aph <1 ‘°g2<"+2))n_“; M > N, la,| < 1} densein A(K), forall N > 1?

Let 0 < 0, does there exist a Dirichlet series ) ;. axk~* belonging to D,(C)
which is universal in the strip {s € C : ¢ < R(s) < 0}, satisfying Yoo akk™ —
00, as n tends to infinity, almost everywhere in the half-plane {z € C : 9i(s) < ¢}?
An universal Dirichlet series f cannot be logarithmically summable at any point
of its line of convergence. However we don’t know whether the sequence of
its logarithmic means ((@) ZZ=1 k! Di(f )(s)) still satisfies the universal
approximation property.

The sequence of Cesaro means of partial sums of an universal Dirichlet series

remains universal, but it would be interesting to know whether the converse impli-
cation holds.
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