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Abstract We are interested in two properties of real numbers: the first one is the
property of having given digit frequencies in the binary expansion, such as the well
known Besicovitch sets, and the second one is the property of having the longest run
of heads in the n independent Bernoulli trials, that is the so called Erdos—Rényi sets. In
2013, Chen and Wen (J Math Anal Appl 401:29-37,2013) considered the intersections
of these two kinds of sets by determining the Hausdorff dimension of the sets

S R
{xe[O,l): liminf Y s o fim 2@

=,3}, 0<a=<1 0<B<+o00,
n—oo  n n—o0 log, n

where S, (x) denotes the summation of the first n digits and R,, (x) is the maximal length
of consecutive one digits in the first n terms of the dyadic expansion of x € [0, 1). In
the present paper, we complement this result by computing the Hausdorff dimension
of the following sets
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1 Introduction

Determining the Hausdorff dimension of sets of numbers is a fundamental and impor-
tant problem in number theory and the multifractal analysis of various dynamical
systems in view of Borel’s normal number theorem [1] in 1909. In 1934, Besicovitch
[2] firstly complemented Borel’s result by computing the Hausdorff dimension of sets
of numbers in [0, 1] for which the limit of the frequency of digit one in the dyadic
expansion is bounded from above. After that, Eggleston [3] generalized Besicovitch’s
work to the case of b-adic expansion, where b > 2 is an integer. In the past sev-
eral decades, many people extended the results got by Besicovitch and Eggleston in
diverse directions. For more details, the readers are referred to [4,7,8] and references
therein. In 2013, Chen and Wen [6] generalized Besicovitch’s work by considering
the Hausdorff dimension of the intersections of the lower Besicovitch sets and the
Erdos—Rényi sets. Based on their result, we turn to a more subtle kind of sets, which
will complement the result got by Chen et al.

Now, we are going to introduce some notations and definitions that will be used
later. For any real number x € [0, 1), let x = Zf;l xn/2"=0. x1x3 ... be the unique
non-terminating binary expansion of x, where x,, € {0, 1}, n > 1, are called the digits
of the binary expansion of x. We set Sp(x) = 0 and write S, (x) = 27:1 Xi, n>1,
the sum of the first n digits of x or the n-th partial sum of x. For the following sets

IA

a <1,

s 1
Q(a):{xe[o, 1) : liminf 22 za}, -
n— 00 n 2

which are called the lower Besicovitch sets, it can be concluded by Besicovitch’s result
[2] that

H(x)
log2’

1
dimy B(a) = g Se= 1,

where dim g denotes the Hausdorff dimension and H (-) is the entropy function defined
by

H(x) = —xlogx — (1 —x)log(l —x), 0<x <1, (1.1)

and we set 0log 0 = 0 by convention. Furthermore, write

n—oo n

B(oz):{xe[O,l): limmza}, O<aoc<l, (1.2)
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which are called Besicovitch sets. It is well known that Besicovitch’s research also
give the conclusion that

H
dimy B(x) = ﬁ, 0<a<l.
log2

Next we are ready to introduce the Erdos—Rényi sets. For any x € [0, 1), let R, (x)
be the dyadic run-length function of x, namely,

Ry(x) =max{k : xjt1 =xijz20=...=xitk =1, 0 <i <n —k}.
In a pioneering work, Erdos and Rényi [5] proved that for almost all x € [0, 1),

li Ry (x)
m —— =

1’
n—00 ]()g2 n

which is the well known Erdos—Rényi limit theorem. So it is meaningful to study the
level sets

{ - Ru(x)
EPB)=3x€[0,1): lim =
n—00 10g2n

ﬂ}, 0=<p=o0, (1.3)
which are called Erdos—Rényi sets. It was proved by Ma et al. that the exceptional
set of the Erdos—Rényi limit theorem has full Hausdorff dimension in [11]. In the
past several years, there are abundant dimensional results concerning the run-length
function. For more results, the readers are referred to [12—14]. However, few results are
concerned about the relationship between the Besicovitch sets and the Erdos—Rényi
sets.

By classifying the real numbers in the unit interval satisfying both the properties of
Besicovitch sets and Erdos—Rényi sets, Chen et al. [6] firstly considered the fractional
dimensions of intersections of the lower Besicovitch sets and the Erdos—Rényi sets in
2013. In fact, forany 0 < o < 1, 0 < B8 < + o0, they showed that the Hausdorff
dimension of the sets

S(a, B) = {x €10, 1): liminf 1) S g tim B ,3}

n n—o0 log, n

is SuUp, <, < %, where H (-) is defined as (1.1). In this paper, we turn to a more subtle
kind of sets, which are the intersections of the Besicovitch sets and the Erdos—Rényi
sets. For the «, B above, we define the sets

E(a,ﬁ):{xe[o,l): fim 2 _ o lim M:ﬂ}. (1.4)

n—oo n n— 00 log2 n

The main result of this paper can be stated as follows.
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Theorem 1.1 Forany 0 <o < 1land 0 < B <+ 00, we have that

H
dimy E(a, B) = 10;“2).

For acquaintance of the definitions and properties of Hausdorff dimension, one can
refer to Falconer’s book [10].

2 Preliminaries

In this section, we gather some terminologies and present some lemmas which are
essential to our proof.

Definition 2.1 Let M > 1 be an integer. The finite sequence (x1x3 ...xy) € {0, 1}
is called an M-word. When x; = O or 1 forany 1 <i < M, such M-word is denoted
by O™ or 1M respectively for convenience. In particular, for an integer N satisfying
0 <N < M, the M-word

M—-1
(x1x2...xp—-1,0) with Z xi =N

i=1

is called an (N, M)-word. We denote the family of all the (N, M)-words by Wys(N).
In order to estimate the number of the words in Wy, (N), we need the following
result which is a direct consequence of the Stirling’s formula [15].

Lemma 2.2 For any positive integers n and k with 0 < k < n, we have the following
equation

k
log <Z> =nH (—) + O(logn), asn — oo,
n

where H (-) is the entropy function defined as (1.1), and the notation f(n) = O(g(n))

means that i: ((Z)) is bounded as n — o0.

The following dimension result about homogeneous Moran sets is a classic tool to
estimate the Hausdorff dimension of a fractal set from below.

Let {d;};>1 be a sequence of positive integers and {c;};>1 be a sequence of positive
numbers satisfying d; > 2,0 < ¢; < 1,djcy < danddic; <1 (i > 2), where § is
some positive number. Let

D= JDi, Doy=0, Di={(01...01): 1 <0; <d;, 1 <j<i).

i>0

Ifo = (o1...0¢) € D, T = (t1...T) € Dy, the concatenation of o and t is
denoted by o x 7 = (07 ...0%kT1 ... T;p)-
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Definition 2.3 ([9]) Suppose that J/ C R is a closed subinterval with diameter § > 0.
Let F = {J, : 0 € D} be a collection of closed subsets of J with the following
properties:

) Jg=J;

(2) Forany i > 1 and 0 € D;_1, Jox1, Jox2, . .., Josxq; are subintervals of J, and
int(Josi) ) int(Josj) =0 (i # j), where int(-) denotes the interior of a set;

(3) Foranyi > lando € D;_;, 1 <1 < d;, Woutl _ ¢i, where | - | denotes the

. [Jo|
diameter of a set.

Then Coo := () U Js is called a homogeneous Moran set determined by F.
i>loeD;
For each i > 1, we call the union C; := |J J, the i-th generation of Cq.
oeD;

Lemma 2.4 ([9]) For the homogeneous Moran sets defined above, we have

logdids . ..d;
dimpy Cop > lim inf ENd®.--4)
j—=oo —logcica...cjr1djy

3 Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. As for the upper bound, it is easy
to get that dimy E(a, B) < {{)f;; since E(a, B) C B() forany0 <a <1, 0<p <
+ 00, where B(«) is defined as (1.2). To obtain the lower bound of dimy E («, B), we
will construct a suitable homogeneous Moran subset named Co, then the conclusion

can be drawn by using Lemma 2.4. For this, we need to consider the following cases.

30<a<1,0< B <+

In this subsection, we shall prove our resultin the case of 0 <o <1, 0 < B < +00
in detail, while the argument for other cases can be done by some minor modifications.
In what follows, we will construct the desired Moran subset C, of E(w, ). For any
x € R, we use the notation |x | to represent the maximal integer that less than or equal
to x.

Choose an integer ng large enough such that 2"0 > [(ng + 1)B] . We define two
sequences of integers {N,},>1 and {/,,},>1 as follows:

2"0—[nop| —1-
WS n=1I
N, =
21012 | (no+n—1)B]
2 1 722
2" — Ni|+/ng — 1] — |noBl, n=1;
I, =

20042 _ N | Jno+n—2] — |(ng+n—1DBl, n=>2.
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Obviously, we know that 0 <[, < |/ng+n — 2] foranyn > 1.
A family of sets {C},},>1 of words which are related to C, are defined by

C, = {a)la)z ...WN,—1VN, : VN, = wNnOI"lL("°+n_l)ﬂJ,
wi € W\ juogn=a (layno +n—=2]), 1 <i < Nn},

forany n > 1.
Now, we are ready to give a suitable homogeneous Moran set C, as below:

Cx = {O.uquy...€[0,1]: u; € C;, Vi >1}
00
=0.[]c
i=1

By the construction of Cy, the two sequences {d;};>1 and {c;};>1 corresponding
to Definition 2.3 can be written as follows:

Jno—1]—1
(L no—1] )

La/i—1) I=i=Ng

k+1 k+2

VoFp=T]-1 .

(rer= ), Y NjFISis Y N k=0,
J= J=

2~ Lvno=1l, 1<i<Ny;
2~ (Wro=TJ+i+LnoB)) i = Nip:

k+1 k+2
¢; = { 27 Lvnotkl, Y Nj+1=<i< Y Nj, k=>0;
j=1 j=1
k+2
2~ (WnotklHia Lotk DBD - j = SNk > 0.
j=1

In order to get the lower bound of dimy E(w, ), the following two lemmas are
essential.

Lemma3.1 LerO <a <1, 0 < B < + 00, then dimy Co > ﬁr)(gaz)_

Proof For any integer j satisfying Zf:ll N <j< Zfilz N; for some k > 0, we

assume that j = Zf:ll N; + p, for some p with 0 < p < Ny47. Let us consider the

following two cases.
k+2
Casel j+1< > N;.

i=1
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By the definitions of {d;};>1 and {c;};>1, an application of Lemma 2.2 implies that

L. 1ogd1d2...dj
lim inf
j—o00 —logclcz...cj+1dj+1

k+1 :
‘ [Vno+i—2]—1 [Vno+k]—1
l_; Ni log ( loy/mo+i—2] ) + plog ( la/no k] )
= liminf
min

k
[2n0 + Z 2no+i—1 + (P + I)L«/WJ] log2 _ log (LL«a/noLIZJ_;Jl)
i=1

> liminfw,
k—oco C(k) + D(k)

where we denote

k+1

A =Y N [<LmJ -1 (LMJ
i=1
+o (Wmri-2-1)]
+0 (Wno+k —1),

~ o k] —1
B(k) = p(Lw/no—FkJ _ 1>H(—Lamj )

k
Clk) = [2”0 + Y 20t 4 [ Vng + kj] log2,
i=1
D(k) = (pl_\/no +kJ) log 2.

Thus by the Stolz-Cesaro Theorem we know that

. . Ay H@@ . . _ Bk H(
liminf —~ = —~, liminf —~ = ——-,
k—oo C(k) log?2 k—oo D(k) log2

so we have

. . A(k)+Bk) _ H(a)
lim inf > .
k—oo C(k) + D(k) log?2

k+2
Case?2 j+ 1= )" N;. Similarto Case 1, we have
i=1
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logdldz...dj
lim inf
j—oo —logeiey...cjp1djq
k+1 .
, [Vno+i—2]-1 Lvno+k]—1
LN log (T Jrri=2y ) T Nz = Dlog (0207 )
= lim inf —
e - k+12n0+,._1 log 2 — log (LY/roFkl=1
+ i; 0gz — Og( Lot/ K )
k+2

Y N [(L¢n0+z —2) - 1) H(HEEZED) + 0 (logl/no +1 —_ZJ)]

R |
> lim inf *

k— 00 k+1
(2m0 + Z 2no+i—1)10g2
i=1
B H(@)
~ log2’

Hence, by Lemma 2.4 we have

logdids ...d; H
dimy Cs > liminf Rl / > (a)'
j—=oo —logcicr...cjr1djy log2

Lemma3.2 Let0 <a <1, 0 < B < +00, then Coy C E(a, B).

Proof Letn € N satisfying 270K < 5 < 2m0+k+1 for some k > 1.

Take x = 0.x1x> ... € Cx. In order to get that lim % = o, we have the following
n— o0

three cases.

Case 1 20k 4 pl/no + k| <n <20k 4 (p+1)[/no + k| forsome 1 < p <
Nito.

k+1
> [Nilav/no +i =2] + Lo +i — DBJ] + plav/no + k] + O (Vno + k)

Sn(x) _ iZ1 )
no 2m0+k 4 p|/no + k) 4+ O (vno + k) '

Case2 2"tk 4 Ny oo + k| <n < 20K 4 Ny o no + k) + lesa.

k+2

5,00 ENLU«/WO+1— J-I—ZL(no—i-l—l)ﬁj

no o 2mtk 4 N |no + J + 0 (Vno +k) ’

Case3 2" + Ny ya[no + k| 4 lryp < n < 200FkFL
k+2

Su) _ ZNLavno+l—J+ZL(H0+I—1),3J+0(no+k—1)
n i=1

n 2"°+"+Nk+2L\/no—+J+0(no+k+1)
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% = o in all the cases

Therefore, by the definition of {N;};>1, we have lim,_,
above.

Also, by the construction of C4, one can easily check that

LBo + 0] _ Ra(x) _ LB(no+k+1)]

)

no+k+1 log,n — ng+k
which means lim,, o lRo”g(zxrz = B. Hence we have Co C E(a, B). O

Using Lemmas 3.1 and 3.2, we can easily get that

H(x)
log2’

dimy E(o, B) >

which completes the proof of Theorem 1.1.

320<a <1, B=0and+ o0

Bearing in mind the construction of Cy,, the proof for the remaining cases are
similar to the proof inthe case 0 < o < 1, 0 < 8 < + 0o. We only need to modify
the number of 1s in the construction of {C,},>1 when g is allowed to be 0 or + co.

Case10<a <1, =0.
Similar to the definitions of {N,},>1 and {/,},>1 in the previous subsection, we
define two sequences of integers {N,/,}nzl as well as {l;}nzl as follows:

20— | /) .
.y NT=Y n=1
n =
20012 | /g T
NI
o2 = N Wio — 1) - Lyl n=1
[, =

202 _ N [ ng+n—2) — Vo +n—1DJ, n=2.

Obviously, we have that 0 < l,; < |/no+n—2]foranyn > 1.
Then we define

C, = [w1w2...a)N/_1vN/ tvy = wN/OlnlL””OJF”_”,
w; € WLWJ(L“V”O_{_’I -2, 1<i< Nn} s
forany n > 1.

Case20<a <1, B=+4o00.
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In this case, take an integer nq large enough, and two sequences of integers {V, ,;/ Jn>1

and {l;: }n>1 are defined as below:

1
20 — "0

) LL 1 JJ n=1
N, =
onotn— 2_’1(2)
Wi JJ n=>2.
, 210 — Ni,n% — /nol, n=1;
| =

2n0+n—2_Nr’l’|_ (ng+n-2) —(n0+n—1)2, n>2.

Also, 0 < l,: < |v/no+n—2] foranyn > 1.

Cu

Define

a
. ! +n—1)2
= {wla)z...ri/l/_lan vy = wN’;rOH 1 (ron=1)"

wi € W jnomn=z (La\/lmD, 1<i le;,}’

foranyn > 1.

In the two cases above, we construct the homogeneous Moran set

Coo = {0.ujuz... €[0,1]: u;j € Cj, Vi =1}

o0
=o0.[]c

i=1

As we did in the Sect. 3.1, it is easy to check that Lemmas 3.1 and 3.2 still hold. So

we can obtain that dimy E (e, B) >

h; @) in all the above cases.
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