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Abstract In this paper we study the existence of positive solutions to a class of p&q
elliptic problems given by
—div(a(|Vul?)|VulP2Vu) = fu) + ul? 2uinQ, u=0on 3,

where Q c R" is bounded, 2 < p < ¢ < ¢*, f : R — Riis a function that can have
an uncountable set of discontinuity points and the function a is a continuous function.
This result to extend previous ones to a larger class of p&gq type problems.
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1 Introduction

When f is a continuous function, the existence and multiplicity of solutions of p&g

type problems has been extensively investigated; see for example [7,9,12,28] and [30]

in bounded domain and [1,8,14,18,26] and [29] in RV . A check in the references of

these articles will provide a complete picture of the study of this class of problems.
In this paper we are looking for positive solutions to p&gq type problems when f

has an uncountable set of discontinuity points. To be specific, we are looking positive
solutions for the following class of quasilinear problems

{—div(a(|Vu|p)|Vu|p_2Vu) = f(u)+ ul? 2y in Q, (.

u=2~0 on 92

where Q@ C R”Y is a bounded domain and 2 < p < g < ¢*. The hypotheses on the
functions a and f are the following:

(a1) The function a is continuous and there exist constants kg, k1, k2, k3 > 0 such
that

ko+ kit 7 <a(t) <ky+kst 7, forall > 0.
(ap) There exists @ € (0, 1] such that

A(t) > aa(t)t forall t > 0,

t
where A(t) :/ a(s)ds.
0
(f1) Forallt € R, there are C > O and r € (g, ¢*) such that
IfF@I < CA+ e
(f2) Forallt € R, there is 6 € (pa, g*) such that
t
0<O0F() = / f(s)ds <t f(t) uniformly in 2, where
0 S
f () ;= limess infj;_s < f (5)
- €l0

and

7(t) = leifol ess sup‘tfsl«f(s), which are N-mensurable.

(f3) Thereis B > 0 that will be fixed later, such that

H(t—B) < f(t), forall t € R and uniformly in €2,
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Existence of positive solutions for a class of p&gq... 77

where H is the Heaviside function, i.e,

0 if <0,
H(t)z{l if 1> 0.

(f4) limsup,_, o+ :;L_? =0and f(z) =0ifr <O0.

A typical example of a function satisfying the conditions ( f1)—(fs4) is given by

if t €] —o00, /2]

it 1€ Q[B/2, B8]

it e ®\QMIO, Al
|[|f1k*1

0

1
ra=1°
Z o if t>p8, 1>1 and g € (¢, 9").
k=1

Note that the function f in this example has an uncountable set of discontinuity
points. By asolution for (1.1) we understand as a function) < u € Wé Q) satisfying

/a(|Vu|p)|Vu|p72VuV¢=/ p(pdx+/ [ul? 2ugpdx,
Q Q Q

for all ¢ € Wol’q (2) and

p(x) € [fux), fux)] aein Q.

Problems involving discontinuous nonlinearity appears in several physical situa-
tions. Among these, we may cite electrical phenomena, plasma physics, free boundary
value problems, etc. The reader may consult Ambrosetti—-CalahorranoDobarro [2],
Ambrosetti-Turner [3], Arcoya—Calahorrano [4], Arcoya-Diaz-Tello [5], Badialle
[6] and the references therein.

The main result of this paper is as follows.

Theorem 1.1 Assume (a1)—(az2) and (f1)—(fa). Then, problem (1.1) has a positive

solution. Moreover, if u € Wol’q(Q) is a solution of problem (1.1), then |{x € Q :
u(x) > B} > 0.

We will give some examples of functions a in order to illustrate the degree of
generality of the kind of problems studied here.
Example 1.2 Considering a(t) = t%, we have that the function a satisfies the
hypotheses (a1)—(az) with kg = k» = 0 and k; = k3 = 1. Hence, Theorem 1.1
is valid for the problem

—Agu = f)+ ul? uin Q.
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78 G. M. Figueiredo, R. G. Nascimento

Example 1.3 Considering a(t) = 1 + t?, we have that the function a satisfies the
hypotheses (aj)—(az) with ko = k1 = k» = k3 = 1. Hence, Theorem 1.1 is valid for
the problem

—Apu— Agu = f(u) + ul! " 2uin Q.
Problem (pnL) comes from a general reaction—diffusion system:
u; = div[D(w)Vul + c(x, u), (1.2)

where D(u) = (|Vu|”_2 + |Vu|N=2). This system has a wide range of applications
in physics and related sciences, such as biophysics, plasma physics and chemical
reaction design. In such applications, the function u describes a concentration, the
first term on the right-hand side of (1.2) corresponds to the diffusion with a diffusion
coefficient D (u); whereas the second one is the reaction and relates to source and loss
processes. Typically, in chemical and biological applications, the reaction term c¢(x, u)
is a polynomial of u with variable coefficients (see [15,22,23,25,31]).

Beneath we present some other examples that are also interesting from mathematical
point of view.

Example 1.4 Considering a(t) = 1 + - » we have that the function a satisfies
(I4+1) 7
the hypotheses (aj)—(az) with kg = 1, k1 = 0, ko = 2 and k3 = 0. Hence, Theorem

1.1 is valid for the problem

Vu|P=2v
—div (|W|P—2vu+|”|—”> F) + ul” 2uin Q.

A+ [Vulp) »

Example 1.5 Considering a(t) = 1 + t% + 1 —-, it follows that the function
(141) 7

a satisfies the hypotheses (aj)—(az) with ko = k1 = k» = 2, and k3 = 1. Hence,

Theorem 1.1 is valid for the problem

Vul|P~2v
—Apu— Ayu — div ('L"—”> F) + u)” " uin Q.

(1+[Vul?) 7

Our arguments were influenced by [6,7,19] and [20], . Below we list what we
believe that are the main contributions of our paper.

(1) Problem (1.1) presents combinations of discontinuous nonlinearity with critical
growth and operator p&g-Laplacian that at least to our knowledge, seem to be
new.

(2) In [7,19,20] the nonlinearity is continuous. In this paper, the nonlinearity can
have an uncountable set of discontinuity points.

(3) We adapt arguments can be found in [6] for a general class of operators.

@ Springer



Existence of positive solutions for a class of p&gq... 79

This paper is organized as follows. In Sect. 2 we study the basic results from convex
analysis and give some information on preliminary results. In Sect. 3 we study the
variational framework and some Technical Lemmas. We show the existence result in
Sect. 4.

2 Basic results from convex analysis

In this section, for the reader’s convenience, we recall some definitions and basic results
on the critical point theory of locally Lipschitz continuous functionals as developed
by Chang [13], Clarke [16,17] and Grossinho and Tersian [21].

Let X be a real Banach space. A functional / : X — R is locally Lipschitz
continuous, I € Lip;,(X, R) for short, if given u € X there is an open neighborhood
V :=V, C X and some constant K = Ky > 0 such that

[ T() —T(w) =K [[vz—v |, veV, i=12
The directional derivative of / at u in the direction of v € X is defined by

I h -1 h
Io(u;v) = limsup wthtov) (w + ).
h—0, 010 o

Hence 7°(u; .) is continuous, convex and its subdifferential at z € X is given by
P ={pe X 1°%uv) = 1% 2) + (u v —2), v e X},

where (., .) is the duality pairing between X* and X. The generalized gradient of I at
u is the set

A () = {p e X*; (u,v) < I°(u; v), v e X}

Since 1%(u; 0) = 0, 91 (u) is the subdifferential of 7°(u; 0). A few definitions and
properties will be recalled below.

91 (u) C X™ is convex, non-empty and weak*-compact,
Au) =min{ || o [|[x+: € 01w},
and
A ={I'w},if I e C'(X,R).
A critical point of / is an element ug € X such that O € 9/ (1) and a critical value of
I is a real number c such that I (ug) = ¢ for some critical point ug € X.

A sequence (u,) C X is called Palais—Smale sequence at level ¢ (PS),. if

I(uy) —> ¢, Auy) —> 0
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80 G. M. Figueiredo, R. G. Nascimento

A functional I satisfies the (P S). condition if any Palais—Smale sequence at nivel
¢ has a convergent subsequence.

Theorem 2.1 Let I € Lip;oc (X, R) with 1(0) = 0 and satisfying:

(i) There arer > 0 and p > 0, such that I (u) > p, for ||lu|| =r, u € X;
(ii) Thereis e € X\B,(0) with I(e) < 0.

If
c= ;Iéfr max I (y (£))sefo, 1]
with
I'={y e C([0, 1], X), y(0) =0 and 1(y(1)) < 0}

and I satisfies the Palais—Smale condition, then ¢ > p is a critical point of 1, such
that there is u € X verifying

I(u) =c and 0 € 9l (u).

Proposition 2.2 (Riesz representation theorem) ([10]) Let ® be a bounded linear
Sfunctional on L"(2), 1 < r < oo and a € R. Then, there is a unique function
uel"(Q),r =1y, such that

<d>, v)= / uvdx, forallv e L' (Q).
Q

Moreover,

[l o = 1P (Lr))*-

t
Proposition 2.3 ([13]) If V(1) = / F(u)dx, where F(t) = / f(s)ds, then ¥ €
Q 0

Lipoe(LP(2) and 0¥ (u) C L%(Q). Moreover, if p € 0V (u), it satisfies

p(x) € [f ), fux)] a.ein Q.

3 The variational framework and some technical lemmas

We will look for solutions of problem (1.1) by finding critical points of the Euler-
Lagrange functional [ : Wol’q(Q) — R given by I (1) = Q(u) — ¥V (u), where

Ou) = l/ A(|Vul?)dx — i*/ lul"*dx,
pPJQ q"JQ
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and
U(u) = f Fu) dx
Q
Note that Q is C (W, (), R) and for all ¢ € W, (%), we have
0 (u)p = f a([Vu|P)|[Vu|P~>VuVedx — / lu|"*2updx
Q Q

Note that 7 € Lipoc(Wy 4 (), R) and
A () = {Q' (W)} — 3V (u), Yu € Wy ().

In the next result we prove a local Palais—Smale condition to functional /.

Lemma 3.1 The functional I satisfies the (P S). condition for

11 N/q

c< (5 — q_*)(Skl) .

Proof Let (u,) be a (PS), sequence for /. Then,
I(u,) —> c and XA(u,) — 0.
Consider (w,) C 91 (u,) such that
lwalls = A(un) = 0,(1)
and
Wy = Q'(Un) = Pa,

where p, € W (uy). So,

\Y

1
c+ 1+ lunll = I(un) — g(wnv ”n)

1 1 *
—/ A(|Vu,|?)dx —/ F(uy)dx — —*/ luy|? dx
P Jo Q q Q

1 1 1 *
- a(|Vuu|?)|Vuy|Pdx + — PuUndx — — lun|? dx.
0 Jo 0 Ja 0 Jo

v
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82 G. M. Figueiredo, R. G. Nascimento

From (ap)

1
c+ 1+ lupll = I(uy) — 5<wn’ Mn)

1 1
> (g — —)f a(|Vu,|?)|Vu,|Pdx +/ (—,Onun — F(u,,))dx
)4 % Q Q 0
1 1 7"
+ 5 - 6]_* o lun|? dx

Using (f2) we get

) 2 S () 2 Flun(0) aein €. G.D)

Hence,

1 1 1 *
¢+ 1+ lugll > (ﬁ - —)/ a(|Vuu|?)|Vu,|Pdx + (- - —> / lun|? dx
p 0)Ja 0 q*)Ja

Using (ap) and (f») again, we have
o 1
c+ 1+ flunll = k1| — — = Jllunll.
p 0

Since# > pa, we conclude that (u,,) is bounded in WO1 "1 (). Passing to a subsequence,
if necessary, we obtain

wy —u in Wy (),

u, — u in L°(Q),
u,(x) - u(x) a.eing,
lun ()| < h(x) € L* ()

where 1 <s < g*.

From ( f1) and by definition of I, we can consider u(x) > 0 a.e in Q2. Moreover,
using the Concentration-Compactness Principle due to Lions [27], we obtain IT an at
most countable index set, sequences (u;), (v;) C (0, 00), such that

Vit = [Vul? + 0 and Jup|?" — |ul? +v, (3.2)

as n — +00, in weak™-sense of measures, where

vzzviaxiv MZZIM&Q, Svl'q/q S/’Liv (33)
iell iell

for all i € I1, where §y, is the Dirac mass at x; € .
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We claim that [T = (). Arguing by contradiction that IT # @, we fixe i € II.
Without loss of generality we can suppose B»(0) C 2. Considering ¥ € C{°(£2)
such that » = 1in By(0), ¥ = 01in Q \ B2(0) and |V | < 2, we define ¥, (x) :=
¥ ((x — x;)/0), where ¢ > 0. Hence, (,u,) is bounded in Wg’q(Q) and

on(l) = (wna Iﬂgun): /Qa(|vun|p)|vun|p_2V“nv(wQ“n) dx

—/ Jul?" g dx—/ Putigiin dx.
Q Q

So,

/ a(|Vun|p)|Vun|p_2Vuan = _/ una(|vun|p)|vun|p_2V¢g dx
Q Q

+/ |y, dx—i—/ Pttt dx  (3.4)
Q Q

Since supp(,) is compact and it is contained in B, (x;) and using (a1), we have

‘ f na(|Vitn|P) Vit P2 Vitn Vi dx
Q

s/ (Vi) | Vit~ i V| dx
B, (0)
5/ kol Vi) ? | dx

B2, (0)

H [ Vil el s
B2, (0)
Using Holder inequality and boundedness of (u,) in WOl (), imply

‘ / na(|Vitn|P) Vit P2 Vity Vi dx
Q

scl(f |un|”|x/fg|”>

B, (0)

+c2( / |un|4|wg|4)
B, (0)

Since u,, — u in L*(2) and using the Dominated Convergence Theorem, we get
that

lim [ lim V na(|Vitn|P) | Vitn|P~2V1uy Viprg dx
Q

Q—)() n—o00

] —0. (3.5)

@ Springer



84 G. M. Figueiredo, R. G. Nascimento

Now, using Proposition 2.3 and ( /1), we obtain

0 < pn(x) < C(1+ Jup ()Y aein Q. (3.6)
Then,
/ pn%un = C|:/ 1/fQ|Mn|dx +/ 1/fQ|Mrt|rdxi|
B, (0) B, (0) B, (0)
SO
lim [ lim / Puttn Vo dx] —0. (.7)
Q—)() n—o0 Jo
Therefore
/ a(|Vun|P)Vu,|Ppodx =/ Iulq*lﬂg dx + on(1). (3.8)
Q Q

From (a;), we have

o [ VunlPdx ko [ (Vugltdx < [ it v, dx
Q Q Q

We can let n — 00, we obtain

k]/duff Yo dv + 0,(1).
Q Q
N/q

Letting 0 — O we conclude thatv; > kqu;. Itfollowsfroma(3.3) thatv; > ( k1 S

Now we shall prove that the above expression cannot occur, and therefore the set

N/q
IT is empty. Indeed, arguing by contradiction, let us suppose that v; > (k 1 S) , for

some i € I1. Then, from (az), we get

1
c+o0,(1) =1(u,) — g(wn’ Mn)

1 1 *
> (5= =) [ lunl”" dx
0 q*/Ja
1

+/Q[5,0nun - F(un)] dx.

Once that (3.1), we conclude

1 1 * *
cto0z (=) [l dr= [t dx
0 g%/ Ja By, (0)
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Letting n — +o00, we get

() [

and o — 0, we conclude

11 11 N/q
ex (- Ly s (2o Dy(su)
0 qg* 0 qg*

which is a contradiction. Hence IT is empty and it follows that

/|un|q*dx—>/ lu|?*dx.
Q Q

Now our aim is to prove that
L
up > u €W, (2).
Note that, by the (3.9) and Brezis and Lieb [11](see also [24][Lemma 4.6]

/ (tnl? %) (uy — uydx = 0,(1).
Q

Moreover, using ( f1) we have
0<pp,<CA+ul""" aeeq.

Thus

/ lpnl/""tdx < C + Cllun|l” < C + Cillunll”,
Q

(3.9)

(3.10)

which we conclude that (p,,) is bounded in L™/"~1(). By Holder inequality, we have

/ Pn(Un—)dx < |pnlprir—1(@ylun — ulLr (@)
Q

by the (3.9) and the boundedness of (o)

/ Pon(up — u)dx = 0,(1).
Q

3.11)

Now by the a(t) > kit97P /P for every t > 0, which follows by the left-hand side

inequality in (a), assumption (a3) and arguing as [7, Lemma 2.4] we have

Clx — y|7 << a(x|")|x|”2x — a(ly/P)|y|P 2y, x —y >, Vx,y e R
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with N > 1 and < ., . > the scalar product in RN,
Since that (#,, — u) is bounded in W(}’q(Q) and ||wy ||« = 01, we get that

< Wy, Uy — U >= 0,(1).
Now, using (3.10)and (3.11) we have
Cllup —ull? < /Q(a(IVMnI”)IVMnI”_ZVMn —a(|VulP)|VulP~2Vu)(Vu, — Vu)dx
= /Q a(|Vu|P)|Viun P> Vity (Vuy
—Vu)dx — /Qa(|wv’)|W|P—2w<Wn — Vu)dx

/ ([ Vit |P) Vit P2Vt (Vity — Vit)dx — / |

/|” |q unu_/ pn”n"‘/ Pnlt
Q

= / a(|Vun|P) | Vi |P 2V, (Vu, — Vu)dx
Q
- / (It l? 2t (uy — w)dx — f pn ity — w)dx
Q Q
= < Wy, Uy —u >= 0,(1)
where we conclude, up to a subsequence, that

uy — u € Wyl (Q).

Lemma 3.2 (i) There are v € Wy (Q) and T > 0 such that

max [ (tv) <c
1€[0,T]

(i) Therearer > 0 and e € Wol’q(Q) \ B, (0) such that I (e) < O.
(iii) There is p > O such that I (u) > p, for |u|| =r, u € Wol’q(SZ).

Proof Consider v € Cg°(2) such that [[v]| =1, [T ={x € Q : Tv(x) > B}| >0, T
to be fixed later and the function j : R — R given by

So, there is 7, > 0, such that

J(t5) = max j(¢)
t>0
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Note that j is increasing in (0, #,) and decreasing in (z,, c0). We can choose T > 0
such that

@ T < ty,
(b) j(T) < j(t:)
() j(T)<c
In order to prove i), we use (a;), continuous embedding and ||v|| = 1, then
1 17" .
I(tv) = — A(|V(tv)|p)dx - —* |v|q dx — F(tv)dx
p
kot?
<= / |Vv|p+—/ |Vl ——/ v]9*dx
k2 k3t
=2l , + = - —f 0|9 dx
p
= i) < ) <j(T)<j( .
J()_tg[l(i);]J()_J( ) = J(ts) <c¢
Then,
max [I(tv) <c.
1€[0,T]
To prove ii) use (f3) and fix 8 = L we obtain e = T'v with ||le|| = T such that

I(e) =1(Tv) = l/ A(V(@v)|P)dx — i*/ | Tv|?*dx —/ F(tv)dx
P Jo q” Ja Q
< j(T)—/ F(tv)dx
Q

< J(T)— H(tv —ﬂ)/T Toldx < 0.

Finally we consider (f1), (f1) and the continuous embedding of W(} Q) in L™ ()
and in L7 () to obtain Cy, C, C3 > 0 such that

I(u) = %Clllullq — Callul” = Csllu)|?".
Considering 0 < y sufficient small, we obtain p > 0 such that
Iw) > p, forall |ul| =y with u e Wy (Q).
O
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4 Proof of Theorem 1.1

From Lemmas 3.2 and 3.1, follow from the Theorem 2.1 problem (1.1) has a solution
ue W)
Using u~ as a test function, we conclude

u=ut>0.
Now we prove that the set
{xeQ:ulx) > B}
has positive measure.

Suppose, by contradiction, that u(x) < B a.e in 2. Then,since u is solution, we
have

/a(|Vu|P)|Vu|pdx:/pudx+/ |u|?*dx
Q Q Q

Using (ap) and (f1) we have

killu||? =k1/ |Vul?dx §k0/ |Vu|”dx+k1/ |Vul?dx
Q Q Q

§/a(|Vu|p)|Vu|pdx=f pudx+/ |u|7*dx
Q Q Q

5/ C(u+|u|r)dx+/ |u|?*dx
Q Q

< C(B+ I+ Bl

< 3CBIQ|

where C = max{C, 1} and 8 < 1.
Since J (1) = ¢ > 0, there exists M > 0 such that |lu| > M. Then,

kiM? < 3CBIS, (4.1)
But this inequality is impossible if we choose

. T k\M"
,3=m1n 1/2,—,A— .
27 30|19
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