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Abstract
In this work, we shall be concerned with the existence and uniqueness result to the
nonlinear parabolic equations whose prototype is

b .

a(t”) — Ay — div (E(x, HM M (%b@m)) — fin Or,
ulx,t)=0 on df2 x (0,7),
b(u)(t = 0) = b(ug) in Q,

where — Apu= — div((1 + |u|)2Du1"gfg#), ¢ e (L®r)Y and M(t) =

tlog(e + t) is an N-function. The data f and b(ug) in LY(Qr) and L1(£2).

Keywords Nonlinear parabolic equations - Orlicz spaces - Renormalized solutions -
Uniqueness

Mathematics Subject Classification Primary 47A15; Secondary 46A32 - 47D20

Communicated by A. Jiingel.

B4 M. Elmassoudi
elmassoudi09 @gmail.com

A. Aberqi
aberqi_ahmed @yahoo.fr

J. Bennouna
jbennouna@hotmail.com

M. Hammoumi
hammoumi.mohamed09 @ gmail.com

1 Laboratoire LISA, School of Mathematical Sciences, Sidi Mohammed Ben Abdellah University,
Atlas Fez, Morocco

2 Laboratoire LAMA, FSDM, Sidi Mohammed Ben Abdellah University, B.P 1796,
Atlas Fez, Morocco

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00605-018-01260-8&domain=pdf
http://orcid.org/0000-0001-9335-9271

196 A. Aberqi et al.

1 Introduction

Let £2 be a bounded open set of RN (N > 2), Tisa positive real number, and
Or = 2 x (0, T). Consider the following nonlinear Dirichlet equation:

aba(t”) —div(a(x, t, u, V) + div(@ (x, 1, 1)) = f in O,
u(x, 1) =0 on a2 x (0,7), D
b(u)(t = 0) = b(uop) in £2,

where A(u) = —div(a(x,t,u, Vu)) is a Leary-Lions operator defined on the inho-

mogeneous Orlicz—Sobolev space Wé’xL m(Q71), M is an N-function related to the
growth of A(u) (see Assumptions (9)—(11)), and to the growth of the lower order
Carathéodory function @ (x, ¢, u) (see Assumption (12)). b : IR —> IR is a strictly
increasing C !_function, the second term f in L'(Q7).

In the classical Lebesgue spaces L?(0, T, Wé P (£2)), the notion of renormalized
solution of (1) was early introduced by Di-Perna and Lions [14] for the study of
Boltzmann equation and Blanchard, Murat and Redwane were adapted it to parabolic
equations with L'-data in [9,11] where they treated the existence and uniqueness with
b(u) a linear function (b(u) = u) and a(x,t,u, Vu) + ®(u) with @ € C*®(IR),
u € L>®(0, T, L'(£2)) and the source data is a measure u = f — div(G).

Recently Blanchard et al. [12] have studied Stefan problem the function in the
evolution term b is maximal graph on IR and Aberqi et al. [1] where b is a general
strictly increasing C! (IR)-function.

Another approach to define a suitable generalized solution is that of entropy solution
which was introduced in [8] in the elliptic case and by Prignet [26] in the parabolic
case.

Aharouch and Bennouna [3] have proved the existence and uniqueness of entropy
solutions in the framework of Orlicz-Sobolev spaces W&L M (§£2) assuming the Aj-
condition on the N-function M. Recently, Mukminov [24,25] proved the uniqueness of
renormalized solutions to the Cauchy problem for parabolic equation using Kruzhkovis
method of doubling the variable.

In the generalized-Orlicz spaces, the work [5] is a continuation of [3] where Al-
Hawmi, Benkirane, Hjiaj and Touzani proved the existence and uniqueness of entropy
solution for

—div(a(x,u, Vu)) = f in £2, 5

:u(x):o on 082, @

where @ = 0 and M satisfy the Aj-condition. Antontsev and Shmarev [6] proved

theorems of existence and uniqueness of weak solutions of Dirichlet problem for a class

of nonlinear parabolic equations with nonstandard anisotropic growth conditions in

the variable exponent Lebesgue spaces. Equations of this class generalize the evolution
p(x, t)-Laplacian of the type
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0 d
a*b: =25 et Ll DO Dt bix, 1] =0 in O,
. L
L
ulx,t) =0 ondf2 x (0,7),
u(x,0) =up(x) in £2.

3)
The study of the problem in the framework of renormalized solutions is motivated by
the lack of regularity of the distributional formulation (it’s not enough to assure the
uniqueness, for more detail see [26] and the counterexample in [29]).

Our novelty in the present paper is to give an existence and uniqueness result of
renormalized solution of (1) in the general framework of inohomogeneous Orlicz
spaces with a lower order term & which depends on x, and u, that is with
a(x,t,u, Vu) replaced by a(x, t,u, Vu) + @(x,t,u). The difficulty encountered
during the proof of the existence of the solution is that the term @ does not sat-
isfy the coercivity condition. Nonlinearities are characterized by N-functions M, for
which Aj,-conditions are not imposed, losing the reflexivity of the spaces Ly (Q7)
and W} Ly (Q7).

In the literature up to our knowledge there is no result on the uniqueness of the
operator a(x, t, u, Vu) + @ (x, t, u) in the framework of Orlicz spaces. So the crucial
question that we will focus in this paper is to impose appropriate conditions on each
term of problem (1) in order to obtain a uniqueness result (see Theorem 3).

This paper is organized as follows. In the Sect. 2, we recall some well-known
preliminaries properties and results of Orlicz-Sobolev spaces. Section 3 is devoted to
specify the essential assumptions on b, a, @ and f and we introduce the Definition
1 of a renormalized solution of (1) and the existence result given in Theorem 2. In
Sect. 4 we prove Theorem 2 and in Sect. 5 we establish the uniqueness result. The
proof of Lemma 8 is given in the “Appendix”.

2 N-function and Orlicz spaces

Let M : IRt — IR be an N-function, that is, M is continuous, convex, with
M(t) > Ofort >0, M(t)/t - Oast — 0,and M (t)/t — +ooast — +o00. Equiv-
alently, M admits the representation M(t) = ta(s)ds, where @ : Rt — RT is
nondecreasing, right continuous, with a(0) = O,Oa(t) > Qfort > 0,and a(t) - 400
as t — +oo. The N-function M conjugate to M is defined by M@) = /Ot a(s)ds,

where @ : IRT — IR™,is given by a(t) = sup{s : a(s) < t}.
We extend these N-functions to even functions on all IR.
7P — |7]7 11
Example 1 For M(t) = —, M(t) = — where — + — = 1 and p, g € (1; +00).
p q P 9
For M(t) = exp(t?) — 1 — [t|, M(1) = (1 + ) In(1 + |¢]) — |¢].

The N-function M is said to satisfy the A,-condition if, for some k,

MQ2t) <kM(t) forall t € IR.
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198 A. Aberqi et al.

Let P and Q be two N-functions. P <« Q means that P grows essentially less rapidly
P(t)

O(er)

Proposition 1 P < M if and only if, for all € > 0 there exists a constant c¢ such that,

than Q, that is, for each € > 0, lim;_ 00

P(t) < M(et) +ce, Yt=>0. 4)

Proof Let € > 0, then by the definition of P <« M, there exists #c > 0 such that
vVt > t,
P(t) < M(et). (5)

On the other hand, for ¢t € [0, z.], we use the continuity of P and then there exists a
constant C, such that
P(t) < Ce, (6)

where C. = SUP;efo.1.] P (t). We combine (5) and (6) we conclude (4).
The Orlicz class Kps(§2) (resp. the Orlicz space L)y (£2)) is defined as the set of
(equivalence classes of) real valued measurable functions u on §2 such that

/ Mu(x))dx < +o0 (resp. / M <M> dx < +oo forsome A > O).
2 o) A

The set Ljs(£2) is Banach space under the norm

M (M) dx < 1},
A

and K 37 (£2) is aconvex subset of L;(£2) . The cl(ﬁure in L 37 (£2) of the set of bounded
measurable functions with compact support in £2 is denoted by E;(£2). The dual

Il = inf(r > 0 : f
2

Ep(£2) can be identified with L7;(£2) by means of the duality pairing / uvdx and

the dual norm of L3;(£2) is equivalent to ||u ”M, o+ We now turn to the Orlﬁ:z-SoboleV
space, wliL M (82) [resp. WlE M (§2)] is the space of all functions u such that # and
its distributional derivatives up to order 1 lie in L (§2) [resp. Ep(§2) ]. Itis a Banach
space under the norm

lullipe =Y 1D%ully. -

la|<1

Thus, WL, (£2) and WL E 1y (£2) can be identified with subspaces of product of N +1
copies of Ljs(§2). Denoting this product by ITL,; we will use the weak topologies
o(ITLy, I1Ey;) ando (ITL ., IT Lyz). The space W(} E7(£2) is defined as the (norm)
closure of the Schwartz space D(£2) in W' Ey;(£2) and the space W(}L M (£2) as the
o (ITLy, IT E3f) closure of D(£2) in WLy (£2).

Let W—! L37(82) [resp. w-! E57(£2)] denote the space of distributions on £2
which can be written as sums of derivatives of order < 1 of functions in L3;(§2)
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[resp. E57(£2)]. It is a Banach space under the usual quotient norm (for more details
see [2]). O

We recall the following lemmas:

Theorem 1 (Banach—Alaoglu-Bourbaki [13]) Let E be a Banach space and E’ be the
dual space.

The closed unit ball By = {f € E'; || f|| < 1} is compact in the weak-* topology
o(E', E).

Lemma 1 (Dominated convergence) Let fi, f in Ly ($2).

If fr = fae and]|fi| <|g|a.e and/ M(X|gl)dx < oo for every A > 0, then
fr — fin Ly(£2). ?
Lemma 2 (See [19], [22, p. 132]) If a sequence g, € Ly ($2) converges a.e. to g and
gn remains bounded in Ly (S2), then g € Ly ($2) and g, — g ino (Ly, Egp).

Lemma3 Let F : IR — IR be uniformly Lipschitzian, with F(0) = 0. Let u €
WLy (). Then F(u) € WLy (82).
Moreover if the set D of discontinuity points of F' is finite, then

S Fw) = 0 aein {x €82;ulx)e D}

d {F/(”)g_; ae. in {x € 2;u(x) ¢ D}
8)61‘

Proof 1t is easily adapted from that given in [21] in the case WL ;(£2), by Theorem
1 of [20] instead of Theorem 4 of [20] (see also Remark 5 of [21]). O

Lemma4 (See [17]) Let F : IR — IR be uniformly Lipschitzian, with F(0) = 0. We
suppose that the set of discontinuity points of F' is finite. Let M be an N -function.
Then the mapping F : WLy (2) — WLy (82) is sequentially continuous with
respect to the weak-* topology o (I1 Ly, I1 E7p).

Inhomogeneous Orlicz-Sobolev spaces :

Let M be an N-function, for eacha € INY, denote by V¢ the distributional deriva-
tive on Q7 of order o with respect to the variable x € IR". The inhomogeneous
Orlicz-Sobolev spaces are defined as follows

W' Ly (Qr) = {u € Li(Qr) : V¥u € Ly (Qr), Yo € NV, |a| < 1},
W En(Qr) = {u € Em(Q71) : Vu € Ey(Q7), Yo € NV, o] < 1}.

The last space is a subspace of the first one, and both are Banach spaces under the
norm

Il =Y IVEullw.or-

la|<1

The space Wé’x En(Q7) is defined as the (norm) closure W'*Ep (Q7) of D(O7).
We can easily show that when §2 has the segment property, then each element u of
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200 A. Aberqi et al.

the closure of D(Q7) with respect of the weak* topology o (1T Ly, IT E77) is a limit

in Wé’x Ey(Q7), of some subsequence in D(Q7) for the modular convergence.

This implies that D(Q7) ¥ TED _ Do) M 0 This space will be

denoted by W(}’XLM(QT). Furthermore, WOI’XEM(QT) = Wé’XLM(QT) NITEy,
and the dual space of Wé’x E (Qr) will be denoted by

W L 0r) = {f = Z Vifo: fu€ LM(QT)}'
lal<1

This space will be equipped with the usual quotient norm || f || =inf Z‘ <l | fall37, or

Remark 1 We can easily check, using Lemma 3, that each uniformly Lipschitzian
mapping F, with F(0) = 0, acts in inhomogeneous Orlicz-Sobolev spaces of order 1:
WS Ly (Qr) and Wy ™ Lar(Q1)-

Lemma5 (See [15]) Forallu € W(}LM(QT) with meas(Qr) < +00 one has

/ M <M> dxdt < M (|Vul|)dxdt @)
or A or

where ). = diam(Qr), is the diameter of Q.

3 Essential assumptions and the existence result
Throughout this paper, we assume that the following assumptions hold true.

Let M and P be two N-functions such that P < M.
b : IR — IR is a strictly increasing C 1(HQ)-function, b(0) =0,

1
by < b'(s) < by, Vse IR suchthat by < —. (8)
0

where « is the constant appearing in (12).
a: Qr x IR x RY — IRV is Carathéodory function and there exists a constant
v > 0 such that for a.e. x € £2 and forall s € R, £, £* € RN, £ # £*:

la(x. 1.5, 6)| < viao(x. 1) + M P(s))+ M M(ED) ©)
with ag(.,.) € Ez;(Q7),

(a(xvtvsvg)_a(-x9tssvs*))(€:_E*) >Os (10)
a(x,t,s,§).& = aM(|§]). (11D

@ : Or x IR — IR" is a Carathéodory function such that

S
\®(x.1,5)| < cx, )M ' M <T|b(s)|> , (12)
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where A = diam(Q7), llc(., lze(gr) < min(ao‘”ﬁ; 2(0«)2671)) and 0 < o < 1.

feL'(Qr), (13)
uo € L' (£2) such that b(ug) € L'(£2). (14)

Note that (, ) means for either the pairing between WOI’XLM(QT) N L*®(Qr) and
WXL (Q1) + L'(Qr) or between Wy Ly (Q7) and W= Li-(Q7).

Let Ty, k > 0 denotes the truncation function at level k defined on IR by Ty (r) =
max(—k; min(k; r)).

The definition of a renormalized solution of problem (1) can be stated as follows.

Definition 1 A measurable function u defined on Q7 is a renormalized solution of
problem (1), if it satisfies the following conditions:

b(u) € L=, T; L' (2)), (15)
Te(b(w)) € Wy Ly (Qr), Vk >0, (16)
lim a(x,t,u, Vu)Vudxdt =0, (17)

M=>+00 J{(x,1)e Q7 m<|u|<m+1}

and if, for every function S € W2 (IR) which is piecewise C' and such that S’ has
a compact support, we have in the sense of distributions

w — diV(S/(b(u))(a(x, t,u,Vu) — d(x, t, u)))
ot
+s”(b(u))(a(x, tou, Vi) + ®(x. 1, u)) — £S' (b)) in D(Qr), (18)
Shw)(t = 0) = S(h(ug))  in £2. (19)

Theorem 2 Assume that (8)—(14) hold true. Then there exists at least one renormalized
solution u of the problem (1) in the sense of the definition 1.

4 The stages of the Proof of Theorem 2

Truncated problem.
For each n > 0, we define the following approximations:

bn(s) = b(T,(s)), Vs € IR, (20)
an(x, 1,5, &) =a(x,t, T,(s),&) ae.(x,t) e Oy, Vse€ R, VEe RY, (21)
D,(x,t,s) =D(x,t,T,(s)) ae.(x,t) € O, Vs € IR, (22)

Let f,, be a smooth function such that f,, — f strongly in LI(QT) (23)

and
uon € C§°(82) such that by, (g,) — b(up) strongly in L1(£2). (24)
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202 A. Aberqi et al.

Consider the approximate problem:

by (uy) . .

v —div(ay(x, t,uy, Vuy) + @y (x,t,uy)) = fpin QOr,

Un(xX,1) =0 on 92 x (0, T), >
bn(un)(t - 0) - bn(xs u()n) in 2.

Let u, € WS’XL m(Qr), then for any fixed n > 0, there exists at least one solution
u, € W&’XLM(QT) of (25), (see [23]).
Note that by Lemma 3 and Remark 1, we have Ty (u,) € W(}’XLM(QT), and by

(8), (11), (12) and Young inequality, the quantity f M (|VTy(uy)|)dxdt is finite for
Q
all k > 0. !

Remark 2 The explicit dependence in x and ¢ of the functions a and @ will be omitted
sothata(x,t,u, Vu) = a(u, Vu) and @ (x, t,u) = @ (u).

Step 1: A priori estimates.

Lemma 6 Let u, be a solution of the approximate problem (25), then for all k > 0,
there exists a constant C and for a subsequence, still indexed by n we have

f M(|VTi(uy)|)dxdt < kC, (26)
or

u, — ua.ein Qr, where u is a measurable function on Qr, 27
bu(uy) = b(u) aein Qr, bu)e L®0,T,LY(2)), (28)
an(Ti(un), VTi(un)) is bounded in (Ly;(Q7))Y, (29)

Proof Fix k > 0 and v € (0, T). Let Ty (1) x(0,7) a test function in problem (25).
Using the Young inequality we get

/Bn(u,,(t))dx—}—/ an(un,Vun)VTk(un)dxdt—i—/ D, (uy)VT(uy)dxdt
Q

O 0~
< Kl full 1 opy + 16O L1 - (30)
" 0by(s)
where B, (r) = Ti(s)ds.
0 as

By definition, we have/ B, (u,(t))dx >0 and/ B, (u,(0)dx < kb1||b(up)
Q Q

Iz o)
By (12), (8) and Young inequality we have
| Tk (un)
0 Py (un)VTi(up)dxdt < |c(., )llLe(oqrleobi 0 M( . )dxdt

+ / MV Te(un))dxd],
0+
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Existence and uniqueness of a renormalized solution of... 203

thanks to Lemma 5, we obtain
/ Dy (un) VT (up)dxdt < |lc(., ) Lo(or) (aobr + 1)/ M (VT (up)dxdt,
T QT

return to (30) and using (11) we get

(o1 + 1)
an(p, Vu)VTi(uy)dxdt < ——— an(n, Vu)VTi(uy)dxdt
o

O
+kl fullLropy + 1@l 1ol

thus

(oby + 1)
|:1 St (ly lleC., e cor) / an(n, Vupn)VTi(up)dxdt < kcy.

T

1 (aob1 + 1)
We take — = [1 — T”C(" IlLeeorl-

()
By (12) we have ¢; > 0 and we obtain

/ a(uy,, Vuy)VTi(u,)dxdt < kC,
O

where C = cjc2. And by (11) we have (26).

We conclude that (Ty (#,)) is bounded in W(} * Ly (Q7) independently of n. Since
(E+7(Q71)) = Ly(Qr) then by Theorem 1, the set {(Tj (u,))} is compact for the
weak topology o (IT Ly, I1 Ef) so there exists a subsequence still denoted by u,, and
there exists a measurable function & such that Ty (u,)—&; for the weak topology
o(I1Ly, IT1Ep).

On the other hand, using Lemma 5, we have

k Ti(up
M(-)meas{|u,,|>k}=/ M(| K ”)dxdt
A {Jutn| > k) A

< / MV Te(un)dxdt < kC.,
or

C
then meas{|u,| > k} < ) for all n and for all k.

k

x

Thus, we get klim meas{|u,| > k} = 0. O
— 00

Proof of (27) and (28): For k < n, let g € W2 (IR), such that g,’(, has a compact
support supp(g;) C [—k, k]. We multiply the Eq. (25) by g; (u,), to obtainin D'(Q7),

9B (uy)

97 = div(g]/((un)(an(uns Vuy) + @y (uy))

_g]/cl(’/‘n)(an (n, Vup) + Dy (uy))Vu, + fng];(un) (31)
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T Bba(s)
where By, (1) :/0 g(s) gs ds.
Then, we show that
(Byun)) is bounded in Wy L (Q7), (32)
and 3B" (u,)
u
(gg—t") is bounded in  L'(Q7) + W™ Liz(Qr) (33)

independently of n.

Indeed, first we have |V By, (un)| < b1|VTi(un)|llgllLoo(r) a.€. in Or, and using
(26) we obtain (32). To show that (33) holds true, since supp(g,’{) and supp( g,’{/ ) are both
included in [k, k], u, may be replaced by Ty (u,) in each of these terms. As a conse-
quence, each term in the right hand side of (31) is bounded either in W’LXLM(QT)
or in L' (Q7) which shows that (33) holds true.

Arguing again as in [10] estimates (32), (33) and the following remark, imply that,
for a subsequence, still indexed by n,

up — uaein Q7 and b(u) € L0, T, L' (22)),

where u is a measurable function defined on Q7.

Remark 3 For every g € W2 (IR), nondecreasing function such that supp(g’) C
[—k, k] and (8), we have

bolg(r) — g(r")| < |Bg(r) — By(r')| < bilg(r) — g(r")| forevery in IR. (34)

Proof of (29) : As in [4], we may deduce that a, (T} (u,), VTi(u,)) is a bounded
sequence in (LM(QT))N , and we obtain (29).

Step 2: Almost everywhere convergence of the gradients. In order to show that the
gradient converges almost everywhere, we need to prove the next proposition.

Proposition 2 Let u,, be a solution of the approximate problem (25), then

lim lim sup/ a(uy,, Vuy)Vu,dxdt =0, 35)
{m=<lun|<m+1}

m—o0 »_ 50

lim lim sup/ D (u,)Vu,dxdt = 0. (36)
{m=<lun|<m+1}

m—0 p—oo0
Foranyr > 0and0 < § < 1, we have

HETOO/Q [(a(T(up), VI (up)) — a(Ti(uy), VI @) X1V T )| <k})
T

X (VTi(un) — VT () xvr,a01<i)]° dxdt =0, (37)
Vu, - Vu ae.in Qr. (38)
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Proof Taking Z,,(u,) = T1(u,—T,,(uy)) as atest function in the approximate Eq. (25)
we get

f ay(uy, Vupy)Vu,dxdt < C[/ JnZm(uy) dxdt
{m=<lun|<m+1} or
+/ |by (uon)|dxdt,
{luon|>m}

1 (apb1 + 1)
where — = [1 — — " Ljie(, )lleo(op] > 0.
C o

Passing to the limit as n — 00, using the pointwise convergence of u, and
strongly convergence in L' (Q7) of f, we get

lim a, (u,, Vuy,)Vu,dxdt < C[ fZ,(u)dxdt
n=>+00 Jim<juy | <m+1) Or

+/ \b(ug)|dxdt.
{Jug|>m)

Owning to Lebesgue’s theorem and passing to the limit as m — +00, in the all terms
of the right-hand side, we get (35).
From (11), we deduce also

lim lim M(VZy(up)))dxdt = 0. (39)

m—+00 n—-+00 (m<|up|<m+1}

On the other hand, we have

lim lim @y (up)VZm(uy)dxdt < lim  lim / MV Z (un)dxdt,
m——+00 n——+00 or m——+00 n— 400 or

+ lim lim M(|D, (uy)|)dxdt.

m——+00 n——+00 (m<|up|<m+1}

Using the pointwise convergence of u,, and by Lebegue’s theorem, in the second term
of the right side of this last expression, we get

lim M| Py (up))dxdt = / M(Pw)|)dxdt,

n=>+00 Jim<|uy | <m-+1} {m<|u|<m+1}

and also, by Lebesgue’s theorem

lim M(|®w)|)dxdt = 0. (40)

m=>+00 Jim<|u|<m+1)

Thus with (39) and (40), we get the (36).
The proof of (37) is the same as the corresponding result in [18,27].
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Finally, for the almost everywhere convergence of the gradients we use the following
lemma and same techniques as in [4] and [18].

Lemma7 (See [7]) Under the Assumptions (8)—(14), let (z,) be a sequence in
Wy Ly (Qr) such that:
zn—2z for o(I1Ly, I1E3;), (4D
(a(x,t,z,,Vzy)) is bounded in (LM(QT))N, 42)

la(x,t,z0, Vzu) —a(x,t, 20, VZxs)[Vzy — Vzxsldxdt — 0 (43)
or

as n and s tend to +00, and where ys is the characteristic function of
Q' ={x € Or;|Vz| = s}.

Then,
Vz, = Vz a.e. in Q7, (44)
lim a(x,t,zy, Vzu)Vzudxdt = / a(x,t,z,Vz)Vzdxdt, (45)
n=>+0 Jor or
M(|Vz,|) — M(IVz]) in L'(Q7). (46)

O
Step 3: We show that u satisfies the conditions of Definition 1 For this, let show that
(17) holds.
We have for any m > 0,

/ a(uy, Vuy)Vupdxdt = / a(un, Vup)[VTyy1(un) — VT (uy)ldxdt
{m=<|up|<m+1} or
= / a(Tyy1(Wn), V1 Wn))V Ty (up)dxdt
or
—/ a(Tn(un), VT un)V Ty (up)dxdr.
or

According to (45), we pass to the limit as n tends to +oo for fixed m > 0 and we
obtain

lim a(uy, Vu,)Vu,dxdt
n—>+00 {’n§|“)1‘§m+l}
_ / (1 (0), VT 1 (0))V Ty (w)dxdt
or
- / (T (1), V Ty 1))V Ty () dxd
or
:/ a(u, Vu)Vudxdt,
{m<|u|<m+1}

with (35), we easily obtain (17).
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Similarly we deduce

lim @ (u)Vudxdt = 0. A7

Mm=>+00 Jm<|u|<m+1)

Let S € W>(IR) which is a piecewise C'-function and such that §” has a compact
support, Let K > 0 such that supp(S’) C [—K, K]. Pointwise multiplication of the
approximate problem (25) by S’(u,), we get

% + div( S (b)) @r, 1., Vi) = D e, 1, ) )
5" (b)) (a1, 10, Vity) = D6, 1,102) ) Vb () (%)
= 75 (bun)).

Now we will pass to the limit as n — 400 of each term of (48),
ot 0S8 (b(un))
— Limit of =52
since S is bounded, and S(b(uy)) converges to S(b(u)) a.e. in Qr and weakly in

L*(Q7), then M converges to ‘)S(b ) in D/ Q7).
— Limit of S/(b(u,,))a(un, Vuy)

since supp(S’) C [—K, K] and (8) we have

S'(b(up))alun, Vuy) = S/(b(un))a(TbL(un),VTbL(un)) ae.in Qr.
0 0

Owing to the pointwise convergence of u, to u, the bounded character of S§’,
and by Lemma 7 and Proposition 2, we conclude a(T’L (uy), VThL (u,)) con-
"0 0

verges to a(TbL (uy), VTbL (un)) weakly in (LM(QT))N. This allows us to obtain
0 0

S/(b(un))a(ThL (uy), VT]L (u)) converges to
0 bo

S/(b(u))a(TbL (u), VTbL (u)) weakly for o (IT L3z, ITE ), and
0 0

S’(b(u))a(TbL (u), VTbL (u) = S'(b(u))a(u, Vu) ae.in Qr.

0 0

— Limit of S"(b(un))a(itn, Vitn) Vb (i)

since supp(S") C [—K, K] and (8), we get

" (bun)a(un, Vun)Vb(un) = S"(bun)a(T x (un), VT i (un))Vb(un) a.e. in

0 0

Q1. Owing to the pointwise convergence of §” (b(u,)) to S”(b(u,)) as n tends to
+00, the bounded character of S” and by Lemma 7 and Proposition 2, we conclude
S//(b(un))a(T]L (un), VThL (Mn))Vb(”n)_\S//(b(u))a(TbL (), VThL (1)) Vb(u)

bo 0 0 0

weakly in L'(Q7) as n — 400, and S”(b(u))a(TbL (u), VTbL W)Vb(u) =
0 0
S"(b(w))a(u, Vu)Vb(u) ae.in Qr.
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— Limit of S'(b(u,))® (u,)

since supp(S’) C [—K, K] and (8) we have S (b(u,))®(u,) = S (b(uy))
@(TbL (uy)) a.e.in Q7.
0

In a similar way, we obtain S'(b(u,))®(u,) — S'(b(u))®@(u) weakly for
o (L7, TEy).
— Limit of S"(b(un))®(x,t, uy)Vb(uy)

Also we have

S (b(un)) @ (un) Vb(uy) = S”(b(un))é(ThL un))VT & (un)b' ()
0 0
using the weakly convergence of truncation, it is possible to prove that,

" (b(un)) P (un) Vb (uy) — 8" (b(u))® (u)Vh(u) strongly in L' (Qr).
— Limit of f,5" (b(uy,))

we have u, — u a.e.in Qr, S’ and b are piecewise Cl. Itis enough to use (23) to
get that £, 8" (b(u,)) — fS'(b(u)) strongly in L' (Q7).

Finally, to show (19), remark that S being bounded, S(b(u,)) is bounded in L*°(Q7).
The Eq. (48) allows to show that 25%“)) is hounded in W' Ly7(Q7)+L' (Q7). By
Lemma 5 in [16] this implies that S(b(u,)) lies in acompact set of CY([0, T1; L°°(£2)).
It follows that, on one hand, S(b(u,)(t = 0)) converges to S(b(u)(t = 0)) strongly
in L'(Q7). On the other hand, the smoothness of S imply that S(b(u)(t = 0)) =
S(b(up)) in £2. This complete the proof of the existence result.

Example 2 As an example of equations to which the present result on the existence of
renormalized solutions can be applied, we give:

1
1. For M(t) = —|u|?, b(u) = |u|""%u, a(x, t,u, Vu) = |Vu|P~2Vu
p

_n
llxll 47 42

[e7 N4 L
and@(x,t,u):exp( ),B(T)qlul"-

ab) Ay —div(exp <L)ﬁ<@>g|u|g> =fin OQr,

ot x| +¢+2 A
ulx,t) =0 on 92 x (0,T),
b(u(x,0)) = b(ug)(x) in £2.
. m(|Vul) . L
2. For —Ay = —d1V(W.Vu) where m is the derivative of M, b(u) = u and
u

ce (L.
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ou L ——1_ 0 .
i Ay —div(c(x, )M M(le(u)l)) = fin Or,
ux,t) =0 on 482 x (0, 7),
u(x, 0) = up(x) in 0.
log(1 + |V
3. For M(1) = tlog(1 + 1), a(x, t,u, V) = (1 + |u|)2Vu0g(|+||u|) and © €
u
(L>QrNHN.
? —div(l + |u|)2Vuw —div(c(x, t)MflM(%b(u))) =f in Qr,
u
u(x,t) =0 on 082 x(0,7),

bu(x, 0)) = b(up)(x) in  £.

5 Uniqueness result

Before showing the uniqueness of the solution of the problem (1), we will give the
following technical lemma.

Let u and v be two renormalized solutions of the problem (1) and let us define for
any0 <k < s,

I(u,v,s.k) = /{b(s) —k < b(u) < b(s) + k)
U{b(—s) — k < b(u) < b(—s) + k}
b’(u)<a(u, Vi)V + |<D(u)||Vu|)dxdt

+/{b(s) k< b@) < bE) + &} b’(v)(a(v, Vu)Vou + |<D(v)||Vv|>dxdt.
U{b(—s) —k < b(v) < b(—s) +k} (49)

Lemma 8 Assume that (8)—(14) hold. Then for any r > 0 we have

1
lim inf lim sup EF(M, v, s, k) =0. (50)

s—>+00 1y

Proof See “Appendix”. O

Theorem 3 Assume that Assumptions (8)—(14) hold true and moreover that for any
compact set D C IR, there exists Lp € E3;(Qrt) and pp > 0 such thatVs,s € D,

laG,1,5,6) —ae, 1.5, < (LG + pp P PED)Is =5, (5D
|D(x,t,5)—P(x,t,5)| < Lpx,t)|s =5, (52)
b'() =0/ G)| = Bols =5, (53)
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for almost every (x,t) € Qr and for every € € IRN. Then the problem (1) has a
unique renormalized solution.

F:roof We define a smooth approximation of T,, (r) = min(b(n), max(r, b(—n))) by
T,? where 7,7 (0) = 0 and

0 for r > b(n) + o,
bwro—r for b(n) <r < b(n) +o,
(T (r) = 1 for b(—n) <r < b(n), (54)
r+o—b(—n)

for b(—n) —o <r < b(—n),

0 for r < b(—n) —o.

For a fixed n > 0, we have for any z € L! Q7),
lim (T7) (b(2)) = X{jz|<n) ae.in Qr, (55)
o—0

and ~ ~
(}iinoTn"(b(Z))=Tn(b(Z)) ae.in Qr. (56)

Consider now two renormalized solutiogs u and v of (15)—(18) for the data f and
b(uo). Since T? e W2'°°(H€)~and supp(gn")’) C [b(—=n) — o, b(n) + o], then we
take § = 7,7 and we use %Tk (T,? (b(u))—T7 (b(v))) as a test function in the difference
of equations (18) for u and v, we get

1 /T / o (T (bw) = Tg (b))
kJo Jo at

I, L, E, I, =15, (57)

S Ti(T7 (b(w) — T (b(v))>dsdz

where

1 T ot ~
fo=y [ [ (@ Gwew. v
kJo Jo Jo

—(T°) (b(v))a(v, VU)]VTk(Tn“ (b)) — T? (b(v)))dxdsdt,

1Tt ~
5= [ [ [ [@ewat. v
T okJo Jo Ja

—(T%)" (b(v))a(v, Vv)Vb(v)]Tk(T'n" (b(w)) — T? (b(v)))dxdsdt,
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LTt ~ ~ ~
1§’,n=-/ //[(Tn")’(b(u))d’(u)—(Tn")’(b(v))¢(v)]VTk(T,§’(b(u))

kJo Jo Jo

—T° (b(v)))dxdsdt,

1 T ot -
— [ [ [ [@yewewvew
0 0 Jg2

—(@7) GNP VbW | T (T (b)) - T (b))dxdsdr,
Lt ~ ~ ~
.= [ [ [ @ew - @@yewn]nds e
0 Jo J@2
—T7(b(v)))dxdsdt,
forany k > 0,n > 0,0 > 0.

The following lemma will be useful in the sequel,
Lemma 9

n—>+o00 k—00—0 k

o(Ty ) — Ty b)) N
lim lim lim — / / s T(TO (b)) — TC (b(v))) ) dsdt
=/ |b(u) — b(v)|dxdt. (58)
or

Proof Notice that

T (b(u)(t = 0) = T (b(v))(t = 0) = T (b(ug)) ae.in £,

and
| o(Ty b - Ty ewn) .
- / / (T (b(u)) — T,;’(b(v))) dsdt
ot
= —/ Tk(TU(b(M)) - TU (b(v)))dxdt,
k or
where Ty (r) = r Ty (2)dz.

0
Passing to the limit we obtain

1 — o~ ~
lim lim — Tr(T7 (b(u)) — T,7 (b(v)))dxdt
k—>00—0k or

= / Ty (b(u)) — T,y (b(v))|dxdt,
or

and letting n — +o0 in this last equality, we deduce (58). O
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Now, we analyze the limit of Ii’,n, I{n, 1§7,n’ If,n and Ig”n one by one.
The limit of I{ ,: Notice that

o 1 r ! o 1 o
Iy, = —/ / / O, dxdsdt = — (T —1)Q, dxdt,
TokJo Jo Je kJo;

where Q7 = (T°) (b(u))a(u, Vu) — (T7) (b(v))a(v, V)V Ti(T? (b(w)) — T

(b())). ~
Since supp((TY)") C [b(—n) — o, b(n) + o],
then

(T2 (bu)a(u, Vi) = (T7) (bW))a(Typ1 (u), VT,i1(u)
and
(T2) (b)a, Vo) = (7Y (bw))a(Tup1 (), VT, 11 (0)).
Then by (55), (56) and (54) one has
QF  converges to [X{juj<nja(u. V) = X{jo|<nja(v. VOIV Tk (T, (b(w)) — T, (b(v))).

1051 < Cabilla(Tyg1 (), V1) + a(Tyg1 (v), Vg1 @)1

X(| VT4 ()| + ‘VT”'H(v)l)x{ﬁn(h(u))—fn(b(v))|§k} = Ry.

where C,, = max(|b(—n) — o |, b(n) + o).
Since R, € L'(Qr) we use the Lebesgue dominated convergence theorem to have

. .1
hm0 I{,=lim — | (T —1)Q;dxdt

o— o—0k Or

1
E/ (T — Dxqui<nya(u, Vu)
or

—X{lol=mya (v, VOIVT (T, (b)) — To(b(v)))dxdt

=h+h+B+ 0+ s, (59
where
1 /
J =~ (T — t)(a(u, Vi) — au, w))(w — V)b (w)dxdt,
k J{1b)—b)|<k,lul<n,|v|<n}
1
Jp = f/ (T — t)(a(u, Vo) — a(v, Vv))(w — Vo) (w)dxdt,
k J{1b)—bw) <k, ul <n, [v]<n)
1
J3 = 7/ (T — t)(a(u, Vi) — a(v, W))W(b’(u) — b ()dxdt,
k J{b)—b)|<k,lul<n,|v|<n}
1
Js = 7/~ ~ (T = Ha(v, Vo)Vb(v)dxdt,
k J T (b)) ~T, (b)) <k Jul>n,|v| <n)
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1

f/~ ~ (T — ta(u, Vu)Vb(u)dxdt.
k J( T b)) ~T, (b)) <k.Jul <n.|v|>n)

J5 =

Since a(u, Vu) satisfies the condition (11), one has
J1>0. (60)

On the other hand by (51) we have

by —1
[J2] < 7T/ X{lb()—b ()| <k, u|<n, |v|<n} |1t — v|(LD(x, t)+ppP P(|v|)>
or

x(|Vu| + |Vv|)dxdt.

Using (8), one has |u — v| < %|b(u) —b)| < %, then

b —1
|2l < —1Tf (LoCe.0)+ ppP ™ P(u) ) (Vul + | Voldxdr.
bo Jypw-bwi<k

Since Lp(x,t) € Ep(Qr), u and v in Wl’xLM(QT) and using (4), one has

(Lp(x,t) + pD?_]P(|v|))(|Vu| + |Vu|) € LY(Q7) and the Lebesgue dominated
convergence theorem allows us to conclude that for all n > 1

limsup J, = 0. (61)
k—0

We denote by C,, the compact subset [—n — 1, n + 1]. Due to (53), there exists a

positive number S, such that |b'(r;) — b'(r2)| < Bnlr1 — r2| for all r and r; lying in
C,. Using (8) and Rolle’s theorem, we get

b/ (r1) = b'(r2)] < i—"lb(rl) —b(r)l.
0

Then |b'(r1) — b'(r2)] < k[,j—(”) on {|b(u) — b(v)| <k, |u] < n,|v| <n}and we get

HE %T [ (@00 91,0) = a0, 9T, 00) 19010102kt s

or

. 1im X (bw)—b(v) <k, lul <n, o] <nuv) = 0 ae.in Or,
Since { k=0 |
la(Ty(w), VT, (w)) — a(T, (v), VI, (w)IIVT,(v)| € L (Qr1),

we use the Lebesgue dominated convergence theorem to conclude that, for alln > 1,

lim J3 = 0. (62)
k—0
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In view of the definition of fn, we have

1
Js = Z /{b(n) —k < b(v) < b(n)} (T —t)a(v, Vv)Vb(v)dxdt,
U{b(—n) < b(v) < b(—n) +k}

and using (11) we deduce
lim inf lim sup J4 > 0. (63)

n—>+00 1 .o

Similarly we have

1
J5 = T /{b(n) —k < bu) < b)) (T —t)a(u, Vu)Vb(u)dxdt,
U{b(—n) < b(u) < b(—n) + k}

and
lim inf lim sup J5 > 0. (64)

n—>+00  _.(

Now from (59)-(64) we obtain

lim inf li lim I7, > 0. 65
i nflim sup lim 17, = 65

The limit of 13, and 17, : Now we claim that

o o T
|12,n| + |I4,n| S ;F(uv v, n, 6) (66)

From a simple derivation of the function (fn")’ it yields that forany o > Oand k > 0

T
U{b(—n) < b(u) < b(—n) + o}
T

—i—; /{b(n) — o < b(v) < b(n)} a(v, Vv))Vb(v)dxdt. (67)
U{b(—n) = b(v) < b(—n) + 0}
Similarly we have
- T
|I4,n| = ;ﬂb(n) — o0 < b(u) < bn)} D (u)Vb(u)dxdt
U{b(—n) < b(u) < b(—n) + o}

T
+; /{b(n) — o <bv) < b)) @ (v)Vb(v)dxdt. (68)
Utb(—n) < b(v) < b(—n) + o)

By combining (67) and (68) we readily deduce (66).
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The limit of I3 ,: There we prove that

T
limsup |73 ,| < ;F(u, v,n, k) +e(k), (69)

o—0

where € (k) is a positive function such that limg_,o € (k) = 0.
For n > 0 we have

. 1
thllp|I§n| = ‘E/.Q (T —t)()(“u\s,,}q)(u)
T

o—0
—~X{lol=ny @ NV T (T (b(w)) — T, (b(v)))dxdt| .
< K+ K> + K3,

where
T ~
K| = E X{luISn,|v|>n}|¢(“)||VTk(Tn(b(u)) — b(n. sgn(v))|dxdt,
or
T ~
Ky = E/ X{lul=n o)<} | POV T (T, (b(v)) — b(n. sgn(u))|dxdt,
or
T ~ ~
Ks= / Kitul<n ol <n) | D @) — D)V (T (b)) — Ty (b(v)))|dxdt.
or
We estimate K| and K> by (12) we have
T
Ky < A 0 X{Jul<n.|v|>n} X{|b@)—b(n. sgn(v))|<k}| P )| Vb(u)|dxdt
T

T
<= f{b(n) k<) <by) [ PIVb@ldxdr, (70)
U{b(—n) = b(u) < b(—n) + k}

and similarly
T
K> < % /{b(n) —k < b(v) < b(n)} | ()||VDb(v)|dxdt. (71)
Ufb(—n) = b(v) < b(—n) +k}

On the other hand, by (53) one have since Lp € L37(Q7),

T . -
Ky=<— | N Lp(x,t)|u — v||VIi(T,(b(u)) — T, (b(v)))|dxdt
k- JU7, (b ~T, (b)) 1 <kIN (i <n, v <n)

by (8) we obtain

T
K< — | _ 5
k (1T (b)) =T, (b(v))|<k}N{|u|<n,|v|<n}
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1 ~ ~
%Lu(x, DIbu) = bW)IVTi(T, (b)) — T, (b(v)))|dxdt

)

k- JUT, b @) ~T, (b)) | <kiN{ul<n, [v] <n}

T ~ ~ ~ ~

%Lp(x, OIT, (b)) — T, (bW)HIIVTi (T, (b(w)) — T, (b(v)))|dxdt

T

bo J(T, b))~ T, (b)) <kin(lul<n, v <n}
Lpx, )(VT,(bu)| + VT, (b(v))dxdt = e(k).

IA

Since Lp in Ly7(Qr) and due to (16), the function Lp(x,t)(|VT,(b(u))| +
VT, (b(v))]) € L' (Qr). Using the Lebesgue dominated convergence theorem we
obtain limy_, ¢ € (k) = 0 and

]}in%) |K3| = 0. (72)

Estimates (70)—(72) imply (69).

The limit of 15 :
Using the Lebesgue theorem and (55) and (56), we obtain

. T ~ ~
lim |15,] < f I Te(Ta (b ) — Ty b)) % | £ 11Xl <) — Xijo]<n}ldxds.

or

Since limg_, ¢ @ = sgn(z) in R and weakly-* in L°° then

k—0n—+00 o—0 n——+o0o

lim lim lim [/{,] <T lim (/ |f|dxdt+/ |f|dxdt> =0.
' {lul=n} {lv|=n}

Then
lim lim inf lim 75, = 0. (73)

k—0n—+00 0 —0

Finally, going back to (57) and using Lemma 8, one may deduce that u = v a.e. in

or.

Appendix

Proof of Lemma 8 Define the functions

Li(s) = f (a(u, Vi)V + |<D(u)||Vu|)dxdt
{0<b(u)<s}

+/ (a(v, Vo)V + |¢(v)||Vv|)dxdt, (74)
{0<b(v)<s}
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and
Lo(s) = / (a(u, Vi)V + |tP(u)||Vu|>dxdt
{—s<b(u)<0}

+/ (a(v, Vu)Vo + |<D(v)||Vv|)dxdt. (75)
{—s<b(v)<0}

Due to (10) the functions L and L, are monotone increasing. L1 and L, are differ-
entiable almost everywhere (see [28]), with L’1 and L’2 measurable and so we have for
any s >n >0

S

Li(s) = Li(n) = f Ly()dé and  Lo(s) — La(n) = / Ly(&)dg,  (76)

n n

and for almost any s > 0

1 1
L(s) = - limsup — [/ (a(u, Vi)V + |¢(u)||Vu|)dxdt
2 k=0 (s—k<b(u)<s-+k)

+/ (a(v, Vo)V + |q>(v)||w|)dxdt] , 77
{s—k<b(v)<s+k}

and

| 1
L)(s) = = limsup — U (a(u, Vi)V + |¢(u)||Vu|)dxdt
2 k—0 k {—s—k<bu)<—s+k}

+/ (a(v, Vv)Vu + |<P(v)||Vv|)dxdti| . (78)
{—s—k<b(v)<—s+k}

If the thesis of the lemma is not true, let €g > 0 and let ng > 0 be a real number such
that for every real number s > ng we have

1
limsup —I"(u, v, s, k) > €. (79)
k>0 k

Since b’ is a continuous and positive function, we have for almost & > no,

1
limsup —I"(u, v, s, k)
k>0 k

1
< b/(s) lim sup ~ [/ (a(u, Vi)V + |q§(u)||Vu|)dxdt
k—0 {b(s)—k<b(u)<b(s)+k}

+/ (a(v, Vu)Vo + |q§(v)||Vv|)dxdt]
(b(s)—k<b(v) <b(s)-+k)
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1
+b'(—s) lim sup 3 |:/
k—0 {b(—s)—k<b(u)<b(—s)+k}

+/ <a(v, Vo)V + |d>(v)||Vv|)dxdt} : (80)
{b(—s)—k<b(v)<b(—s)+k}

(a(u, Viu)Vu + |<D(u)||Vu|>dxdt

From (77), (79) and (78) it follows that

b'E)LY (b)) + b (—=§) Ly (=b(=£)) = %0

In view of (76), we deduce that for any s > n > ng we have

Li(b(s)) — L1(b(n) + L2(=b(=s)) — La(=b(=1n)) = %O(s —-n. (@8

Taking s = n + 1 and n = n with n > ng we have

f (a(u, Vi)V + |<D(u)||Vu|)dxdt
{n<|u|<n+1}

+/ (a(u, Vo)V + |Cb(v)||Vv|>dxdt > €0
{n<|v|<n+1} 2

The last inequality contradicts (17) and (47). O
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