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Abstract In this paper we show the existence and multiplicity of positive solutions
for a class of elliptic problem of the type

—Au+AV@u =+ 47 in RN, (P
where A, u > 0,q € (2,2*)and V : RY — Risacontinuous function verifying some
conditions. By using variational methods, we have proved that the above problem has
at least car (int (V=) ({0})) of positive solutions if A is large and p is small.
Keywords Positive solutions - Critical exponents - Variational methods
Mathematics Subject Classifications 35B09 - 35B33 - 35A15

1 Introduction and main result

In this paper we study the existence and multiplicity of positive solutions for the
problem
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—Au+AV@u = puud" +u¥ ! in RY, (Pu

where A, 0 > 0,2 < g < 2* = % with N > 3 and V : RV — R is a continuous
function verifying

(V) V(x) =0, Vx e RV,

(V») There exists My > 0 such that the set £ = {x € RY : V(x) < M} is
nonempty and |£| < oo, where |A| denotes the Lebesgue measure of A on
RN.

(V3) Q :=int(V~1({0})) is a non-empty bounded open set with smooth boundary
Q2.

In [9], Bartsch and Wang have established the existence and multiplicity of positive
solutions for the problem

—Au+ AV +Du=uP"!, in RV, (1.1)

for N > 3,1 >0, p € (2,2%) and V verifying (V1)—(V3). In that paper, the authors
combined variational methods with the Lusternik—Schnirelman category to show that
(1.1) has at least cat (2) positive solution when p is close to 2* and X is large. We
recall that if ¥ is a closed subset of a topological space X, the Lusternik—Schnirelman
category catx (Y) is the least number of closed and contractible sets in X which cover
Y. Hereafter, cat (X) denotes catyx (X). The reader can find in Bartsch et al. [6] and
Bartsch and Tang [7] and their references other results for related problems with (1.1).

Later, Ding and Tanaka [11] have considered the existence and multiplicity of
solutions for the problem

{—Au—l-()»v(x)-i-z(x))u:up, in RV, (1.2)

u>0, inRV,

by supposing that the first eigenvalue of — A + Z(x) on 2; under Dirichlet boundary

condition is positive for each j € {1,2,...,k}, p € (1, %—f%) and N > 3. In that

paper, it was showed that (1.2) has at least 2¥ — 1 solutions for A large enough, which
are called multi-bump solutions. These solutions have the following characteristics:
For each non-empty subset I’ C {1,2,...,k} and ¢ > O fixed, there is A* > 0 such
that (1.2) possesses a solution i, for A > A* = A*(¢), satisfying:

) 1 (1 1\ ,
‘/Qj [|wk| —i—(kV(x)—i—Z(x))uk] - (E - m) cil<e vjer

and

/N |:|Vu;\|2 +u§]dx <s,
R¥\Qr
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where Qr = | jer 2; and c; is the minimax level of the energy functional related to
the problem
—Au+ Z(x)u = u?, in Qj,
u >0, in Q;, (1.3)
u =0, on9dQ;.

Motivated by study made in [11], Alves et al. [2] and Alves and Souto [4] have
considered a problem of the type (1.2), by assuming that the nonlinearity has a critical
growth for the case N > 3 and exponential critical growth when N = 2 respectively.
Other results involving multi-bump solutions can be found in Alves et al. [3], Guo and
Tang [14], Gui [13] and Wang [17] and their references.

In [10], Clapp and Ding have established the existence and multiplicity of positive
solutions for the problem

—Au+AVu = pu+u®1, in RV, (1.4)

for N > 4, x, u > 0 and V verifying (V1)—(V3). By using variational methods, the
authors were able to show that if X is large and p is small, (1.4) has a positive solution
that is concentrated near of the potential well.

The present paper has been motivated by results found in [9] and [10] and our inten-
tion is to prove that the same type of result holds for problem (P);_ .. The problem
(P).,, aroused the interest of all due to the lack of compactness in the inclusion of
H'(RM) in L’ (RV) for all s € [2,2*] and by the fact that we are considering a non-
linearity with critical growth. These fact bring a lot of difficulties to apply variational
methods, for example the associated energy functionals do not satisfy in general the
Palais—Smale condition at all level. Here, we overcome this difficulty by exploring the
parameters A and (.

Our main result is the following

Theorem 1.1 Assume that (V1)—(V3) hold. If
N>4and2 <q <2* or N=3and4 <q <6,

then there are \*, u* > 0 such that (P);. ;. has at least cat(Q2) positive solutions for
A> A and u < u*.

We would like point out that Theorem 1.1 completes the study made in [9] and
[10] in the following sense: In [9], the nonlinearity has a subcritical growth, while in
our paper the nonlinearity has a critical growth, then we need to be careful to prove
the Palais—Smale for the energy functional. Related to the [10], we have observed that
only the case ¢ = 2 was considered, while in the present paper we have considered
the case 2 < g < 2*. The reader is invited to observe that our approach is totally
different from what can already be found in [10].

In the proof of Theorem 1.1 we have used variational methods by adapting for our
case some arguments explored in [9]. Moreover, another important paper in the proof
of our main theorem is due to Alves and Ding [1] where the existence of multiple
solutions has been established for the limit problem, for more details see Sect. 2.
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198 C. O. Alves, L. M. Barros

The plan of the paper is as follows: In Sect. 2 we will recall some facts involving the
limit problem, while in Sect. 3 we will focus our attention to prove our main theorem.

Notation In this paper, we have used the following notations:

e The usual norms in H'(RY) and L”(R") will be denoted by | || and | |,
respectively.

e C denotes (possible different) any positive constant.

e Bg(z) denotes the open ball with center z and radius R in RV

o Bj(2) = RV\BR(2).

e We say thatu, — uin L] (R") when

u, — u in LP(Bgr(0)), VR > 0.

e If g is a measurable function, the integral fRN g(x)dx will be denoted by
Jgx)dx.

2 The limit problem

In this section, we recall some results proved by Alves and Ding [1] involving the
functional 7, : Hé (2) — R given by

[,L 1 0%
I (u):/ |Vu|2dx——f |u|qu——/ lu|* dx,
. Q q Ja 2% Jo

whose the critical points are weak solutions of the problem (limit problem)

{—Au =,u|u|q_2u+|u|2*_2u, in €, (P)
o0

u=0, on 02Q.

In the above mentioned paper, Alves and Ding have established the existence of at
least cat (§2) positive solutions for problem (P)s. If ¢, denotes the mountain pass
level associated with 1, it is possible to show the estimate below

0<cy < %SN/Z, Vi >0, (see Miyagaki [15]) (2.1
by supposing that

ge22 it N>4 or ge4,6) if N=3, 2.2)
where S is the best Sobolev constant of the embedding H|} (2) < L?'(£2) given by

S:inf{/ |Vul?dx : u € H} (), / ul* dx = 1}. (2.3)
Q Q
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By using well known results, we have
c, = inf I,(u),
H ueM M( )
where
={ueHy(Q) : u#0 and I/, (uu =0}

The set M is called of Nehari manifold of the functional /,,.

In what follows, without loss of generality, we assume that 0 € 2. Moreover, since
2 is a smooth bounded domain, we can fix » > 0 such that B, (0) C 2 and the sets

Qj:{xeRN; d(x,Q)fr}
and

={xeQ;dx,02)>r}

are homotopically equivalent to 2. In the sequel, we denote by m(x) the mountain

pass level associated with the functional

1 «
L) = / \Vul? dx — ﬁ/ ul9 dx — > dx.
B, (0) q JB,©) 2% JB, )

As above, we also have
1
0< < —S§N/Z,
m(p) N

and
m(u) = inf 1 u),
( ) ué,/\/lr p,,r( )

with
M, ={u e Hy(B(0) : u#0 and I} (u)u=0}.

Below we define By : HJ (2)\{0} — RV by setting

Jo lu 1% x dx
Po(u) = “H—s—™
fQ " dx
The next three lemmas can be found in [1] and we will omit their proofs.

Lemma 2.1 lim,_.oc, = lim,_om(n) = V2.

(2.4)

(2.5)

(2.6)

Lemma 2.2 If u is a critical point of 1, on M, then u is a critical point of 1, in

Hy ().

Lemma 2.3 Thereis u* > Osuchthatifu € (0, u*) andu € Mwith I,,(u) < m(u),

then Bo(u) € szj/z

Here and throughout this work we are assuming that u € (0, ©*) and (2.2) holds.
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200 C. O. Alves, L. M. Barros

3 Preliminary results

From now on, we fix the space E C H'(R") given by
E= [u c H'RY): /V(x)|u|2dx < +oo]
endowed with inner product
(u, v); = /(VMVU + AV(x)uv)dx.

The induce norm by this inner product will be denoted by || ||, that is,

1

2 2 2
||M||x=</(|VM| + AVl )dx) .

From now on, we denote by E), the space E endowed with the norm || ||,.
The conditions (V)—(V») yield E), is a Hilbert space. Moreover, these conditions
also imply that there is T > O satisfying

lullx > Yllull, Yu € E;, and VA > 1.

This inequality says that the embedding E; — H'(RY) is continuous for A > 1.
Hence, the embedding

E; < L*(RY), Vs e [2,2%],

are also continuous for A > 1.
Using the above notations, we define the functional I, , : E; — R given by

Bt = 3l = [ it ax = - [ a
which belongs to C!(E;, R) with
Il{,u(u)v = (u,v), — ,u/ |u|‘172uv dx — / |u|2*72uv dx, Yu,v e E,,
or equivalently
IA”M(u)v = /(Vqu + AV (x)uv)dx — /L/ |u|‘172uv dx — / |u|2*72uv dx.

From this, we see that critical points of I , are weak solutions of (P); .
Next, we recall the definitions of (P.S) sequence and Palais-Smale condition.
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Definition 3.1 A sequence (u,) C Ej is a (PS) sequence at level ¢ € R for I, ,,, or
simply (P S). sequence for I, if

I (uy) — ¢ and Iiyﬂ(u,,) — 0.
Definition 3.2 The functional Iy , satisfies the (PS) condition if any (P S) sequence

of I, ,, possesses a convergent subsequence. Moreover, we say that I , satisfies the
(PS)4 condition if any (P S)4 sequence possesses a convergent subsequence.

In what follows, we will show that Iy, verifies the mountain pass geometry.

Lemma 3.3 The functional I, ;, satisfies the mountain pass geometry, that is,
(a) There are constants r, p > 0, which are independent of A and 1, such that

bouu) = p for ull =r.

(b) There is e € CS°(2) with ||ell, > r verifying I, ;. (e) < 0.

Proof By using the Sobolev embedding
H'(RY) — L*RY), for 2 <5 < 2%, 3.1
it follows that
1 2 q 2%
I (u) = zllullk = Cllully, = Cllully -
As2 < g < 2%, there are p, r > 0 such that
L) = p >0, for |[ull,=r,

showing (a). In order to prove (), fix ¥ € CSO(Q) with supp W C Q. Then,

12 5 ) o > o+
L, @v) = —f(|V\Il| + || )dx——f |\IJ|qu——*f |W|“ dx.
2 Ja q Ja 2* Ja
Since 2 < g < 2%,
L,,(tW) - —00 as t — oo.

Thereby, (b) follows by taking e = r*W with * > 0 large enough. O

Now, by using a version of the mountain pass theorem found in Willem [17], there
is a (PS)CW sequence (u,) for I ,, that is,

I y(up) — ¢y, and I)/h#(u,,) — 0, 3.2)
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202 C. O. Alves, L. M. Barros

where c;, ,, is the mountain pass level associated with I , given by

Chu = 1nf II?S.X L, (y (1)), 3.3)

with
={y € C([0,1], E»); y(0) =0 and y (1) = e}.
As in Sect. 2, it is possible to prove that

C)hl/- = inf I;\,M(u),
A

where
Mop=fueEy :u#0 and I; ,(uu =0}

By employing standard arguments, there is o > 0, which does not depend on w such
that
o < lullx, Yue M, ,. (3.4)

The next lemma establishes an important estimate from above involving the level
¢, that is a key point in our argument.

Lemma 3.4 There is v = () > 0 such that the mountain pass level ¢y, verifies
the following inequality

1
O<cupu< NSN/Z—I, Vi > 0. 3.5)
Proof By definition of ¢y, and c,, we see that ¢; , < ¢, forall A, u > 0. Then, it

is enough to apply (2.1) to get the desired result. O

In the sequel, we will study some properties of the (PS) sequences of I, ,,, which
will be proved in some lemmas.

Lemma 3.5 If (w,) is a (PS)q sequence for Iy, then (wy) is bounded in E). More-
over,

2qd
lim sup ||wy, ||A =
n——4o00 -

(3.6)

Proof First of all, note that

1 ( )_ —11/ ( ) = (‘l l)“ ||2 Vn e N
YA Wy )W, w y n .
" n A n n ) nilx

On the other hand, there is no € N such that

1
Ik,u(wn) - gl)i’u(wn)wn <d+o0,(1) +o0,(D]|wylln, for n > ng.
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Combining the above inequalities we get

I 1
(5_5)”11)}1“%Sd+0n(l)+0n(l)”wn||}” for n > ny,
from where it follows the boundedness of (w;) and (3.6). -

Lemma 3.6 Let © > 0 be a constant that does not depend on A and . If (wy,) C E),
isa (PS)g for I, with0 < d < O, then given § > 0 there are L, = L(8, ©) and
R = R(8, ®) such that

n—-+00o

limsup/ |lw,|Tdx <8, VA > A
By

Proof The proof follows the same arguments found in [9], however we will write it
for convenience of the reader. For R > 0, fix

Xg = {x eRY . x| >R, V(x) > Mo}
and

YRz{xe]RN : |x] > R, V(x)<Mo},
where M) is given in (V3). Observe that,

|lwall;

Mo (3.7)

1
lwpl?dx < —— | AV () |wa|?dx <
/XR ! AMo Jx, "

and
2
7%

/IwnldeS(/ Iwn|2*dX> |YR|N<C||wn||A|YR|N- (3.8)
Yr Yr

Using interpolation inequality for 2 < g < 2%, we can infer that

|q(1 0)

1-0
LZ*(BL) — | |L2(BC || n||q( )7 (39)

q
|w"|L‘1(B‘ |w”|L2(BC lw

for some 6 € (0, 1). From (3.7)—(3.9) and Lemma 3.5, there exists K > 0 such that

90

1 2\ 2
lim sup|w”|Lq(B,3) <K <)»_Mo + IYR|N) . (3.10)

n—oo

From (V3), Yg C L, and so,

lim |Yg| = 0.
R— 0
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204 C. O. Alves, L. M. Barros

The last limit together with (3.10) implies that for each § > 0, there are R > 0 and
Ax > 0 such that

lim sup |wy,
n—oQ

|‘zq(3%) <8, VYA> A,

As a byproduct of the last lemma, we have the following corollary

Corollary 3.7 Let (v,) C E,, be a sequence such that (||v,|,) is bounded with
dn — +00. If v, — 0in H' (RVN), then

vy — 0 in LI(RYM).

The next proposition shows some levels where the function I, satisfies the (PS)
condition.

Proposition 3.8 There is h = ’):(‘C) > 0 such that I, verifies the (PS)q; condition
forany d, € (0, %SN/z — t)for all & = X, where T was given in Lemma 3.4.

Proof Let (w,) be a (PS)y, sequence for I, ,, that is,
I (wy) — d; and I,{,M(wn) — 0.

By Lemma 3.5, the sequence (w,) is bounded in E}, then for some subsequence, still
denoted by itself, there is w € E, such that

w, =~ w in E),

w,(x) - w(x) aein RN,
and

w, — w in L (RY), 1<s <2*

loc

A straightforward computation gives I,{) M(w) = 0, and so, Ii’ M(w)w = 0. On the
other hand, since

/|wn|qu:/|Urz|qu+f|w|qu+0n(1)

/|wn|2*dx=f|vn|2*dx+f|w|2*dx+on<1>,

and

where v, = w, — w, we obtain
1 2 M q 1 2%
Ellvnllx—g [vn| dx—; lon|= dx = d;. — L p(w) +on(1).  (3.11)
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Now, by using the fact that Ii’u(wn)wn =0,(1) and I){,M(w)w =0, it follows that

||vn||i_M/|vn|qu_/|Un|2*dx = on(D). (3.12)

From boundedness of (w,), we can assume that

|mMe¢xmdg@ymw+/meeL»

If L, = 0, we deduce that v, — 0 in E,, or equivalently, w,, — w in Ej, which
finishes the proof. Next, we will show that L, > 0 does not hold for A large enough.
To this end, let us assume that

/|vn|qu — A, and /|vn|2*dx — By,

then A, + B) = L,. Arguing as in the proof of Lemma 3.6, we see that

limsup/ vy |7 dx = 0;(1),

n— 400

where 0, (1) — 0 as A — +o00. Therefore,
A, =o0,(1) and L, = B; + 0,(1). (3.13)
From (3.12) and Sobolev embedding
lloalZ < C(lvall] +11al3) + 0a (D). (3.14)
Recalling that there is C > 0 verifying
nw§gﬁ+cm? Vi R,
and supposing by contradiction that L, > 0, the last inequality ensures that

lim [v,]1? > (1/C)Y* D = ¢y >0,
n——+oo

or equivalently,
L, >C;>0. (3.15)

On the other hand, we know that

2
S < ||Un||)L

< —(] |vn|2*dx>2/2_*.
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206 C. O. Alves, L. M. Barros

Then, taking the limit of » — +o00, we find

L; L

S < = .
T (BT (Lo (1)F

Now, taking the limit of A — +o00 and using (3.15), we get

SN2 < liminf L,. (3.16)
A—>00
From (3.11),
11
(5-5 )L +or) < du.
then

1 1
liminfd;, > = — — |liminf ;.
2 2%

A—00 A—> 00

The last inequality combines with (3.16) to give
P 1 N
liminf d;, > —8"/°, (3.17)
A—00 N
which is absurd, because by hypothesis

1 1
limsupd, < — SN2~ —§N/2,
N N

A—+400

Therefore, there is A > 0 such that L » =0forall A > ’):, finishing the proof. O

Corollary 3.9 There is A > 0 such that .., verifies the (PS)gq, condition on M,
forany d, € (0, %SN/Z — r) and ) > A, where T was given in Lemma 3.4.

Proof The proof is made as in [1, Lemma 4.1] O

Theorem 3.10 There is A* > 0 such that the mountain pass level ¢y, is a critical
level of Iy, for all & > \*, that is, there is u;, ;, € Ej verifying

Lop(up) = ¢y and I)/L,M(”k,u) =0.
Proof Since by Lemma 3.4 ¢, , < %SN /2 — ¢, the Proposition 3.8 ensures the
existence of A* = A*(r) > 0 such that the functional I, , verifies the (PS), ,
condition for A > A*. Thus, by mountain pass theorem due to Ambrosetti-Rabinowitz
[5], there is uy ;, € Ej verifying

Ik,u(uk,u) =Chiu and I)/L,/L(MA,H)ZO’

finishing the proof. O
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Remark 3.11 The function u; _; obtained in Theorem 3.10 is called a ground state
solution of (P)y 4.

Now, our intention is to show an important relation between c;, ;, and c¢,,, however
to do this we need to study the behavior of the (P S)., sequences. Hereafter, (u,) C
H'RN)isa (PS)e oo if:

up € E;, and A, — 400,
b, . (up) — ¢, forsome ceR,

I, . w)ll(E,y = O.
where (E,,)’ denotes the dual space of Ej,.

Proposition 3.12 Let (u,) be a (PS)..o sSequence with ¢ € (0, %SN/Z). Then, there
is a subsequence of (uy) , still denoted by itself, and u € H LRNY such that

up, — uin H'@®RY).
Moreover,

(i) u = 0in RN\Q and u is a solution of

{ — Au = p|ul9%u + lul®* ~2u, in Q, (P)
o

u=0, onoQ2.

(i) [lun — ull;, — 0.
(i) (uy,) also satisfies

up, —> u in H'@RY),

An/vm gl dx — 0,
/ (IVin* + 2V () |un]?) dx — 0,
RN\Q
lunl, — [ 190 dx =l .
Proof Arguing as in Lemma 3.5,

2gc¢
lim sup [Jun |2 < —2—,
n——+00 " q—2

(3.18)

implying that (||u,|l,,) is bounded in R. Since

lunlls, = Y lluall Vn €N,
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208 C. O. Alves, L. M. Barros

(u,) is also bounded in HY(RY), and so, there exists a subsequence of (u,), still
denoted by itself, and u € H I(RN) such that

u, — uin H' (RM).

To show (i), we fix for each m € N* the set
N 1
Cn=3xeR"/V(x)>—¢.
m
Hence

+00
RVM\Q = U Cp.

m=1

Note that,

’

A V(x) m mM
/ |Mn|2dx=/ V) P < Pl <
Cn Cn AV (x) An " An

where M = sup, oy [l ||in. By Fatou’s Lemma

mM

/ lul>dx < liminf/ lun|> dx < liminf =0.
" n——+00 Ch

n—-400 Ay

From this, # = 0 almost everywhere in Cy,, and consequently, u = 0 almost every-
where in RY \€2. To complete the proof of (i), consider a test function ¢ € CgO(Q)
and note that

L (un)g = / Vu, Ve dx — / (Wltn 92t + lun]* “2un)g dx. (3.19)
Q Q
As (up) isa (PS)c,00 sequence, we derive that
I; (up)p — 0. (3.20)
Recalling that u,, — u in H L(RM), we must have
/ Vu,Vodx — f VuVedx (3.21)
Q Q
and

/leum—zun+|un|2"—2un><pdx — /Q () 2u + [u* 2uypdx.  (3.22)
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Therefore, from (3.19)—(3.22),

/wadx = fg(muw—zu + 1u)® 2uyp dx, Yo € C ().
As Cg"(SZ) is dense in H& (£2), the above equality gives

fgww dx = /Q(murf*?u + u|? 2uyvdx, Vv € Hi (),

showing that u is a weak solution of the problem

— Au = plul?%u + ju* 2u, inQ,
{u =0, ondQ. (3.23)
For (ii), note that
wn — ull = lluall, +lull}, — 2/(Vunw + V() unu) dx. (3.24)
From (i),
2 2
leellz, = Neelgs -
and so,
f(wnw + A V() upu) dx = ||u||§101(m + 0, (1).
From this, we can rewrite (3.24) as
e = ull3, = lually, = Nl5 o) + 0n (D) (3.25)

Gathering the boundedness of (||u, ||5,) with the limit || I)/L,, ()|l B, — 0, we find the
limit ’

IA/,I (up)u, — 0.

Hence,

Nunll3, = I, an)un + /(umm + lun* ) dx = f(ulunrf + lun|*) dx + 04(1).

(3.26)
On the other hand, we know that the limit / ;n (un)u — 0 1is equivalent to

/ Vu,Vudx — / (lun|? 2 upu + Iunlz*_zunu)dx =o0,(1),
Q Q
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210 C. O. Alves, L. M. Barros

which leads to

/|Vu|2dx = /(muw + u|*) dx. (3.27)

Combining (3.25) with (3.26) and (3.27), we see that
n —ull}, = /(mum + lun*) dx — /(Mlulq + [u*) dx + 0n (1),

that is,

lvall2 = lvald + [val3e + 04 (1)
where v, = u, — u. Since by Corollary 3.7 v, — 0 in L4(RN), we derive

vall?, = lonl3 + on(D).
Now, the same arguments used in the proof of Proposition 3.8 gives
lvall, — 0.

finishing the proof of (ii). Finally, in order to prove (iii) it is enough to use the inequality
below

0<i, / V(x) > dx = A, / V) lup — ul?dx < |luy — ull3, — 0.

Now, we are able to prove the estimate involving ¢y , and ¢,

Lemma 3.13 If 1, — +o00, then lim,_ o0 Cy,, 1 = Cp-

Proof By Theorem 3.10, for each n € N there is u,, = uj,,,, € Ej, such that
L, u(un) = c3,,, and I)’%M(un) =0.
The Lemma 3.3 together with the definition of ¢y, , yield
1
O<p=cu=<cu< NSN/z, Vn e N,

from where it follows that (cy, ) is a bounded sequence and [|u,ll;, 7/ 0. Now,
arguing as in the proof Lemma 3.5, we get

2qc

: 2 2

limsup [|un|l;, < ,
n—+oo -2
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showing that (u,) is a bounded sequence in H LRN), Thereby, by Proposition 3.12,
there is a subsequence of (u;), still denoted by itself, and u € HO1 (2)\{0} such that

llun — ull3, — 0,

U, —> u in HI(RN),

up, - u in L*RN) Vs e[2,2%],
I,(u) =0,

and
I, (u) < cy.

Asu # 0 and Il;(u)u = 0, we have that u € M. Thus,
cp < I (u).

The last two inequalities imply that 1, (u) = ¢,, and

lim ¢ =c
=00 Ans b Mmoo

proving the desired result. O

The last lemma gives us very important informations, which are listed in the corol-
laries below.

Corollary 3.14 Let (A,) C (0, +00) be a sequence verifying A, — +00 and u;,, ,
be the ground state solution obtained in Theorem 3.10. Then, there is a subsequence
of (uy, ), still denoted by itself, and u € HOl (2) such that u;,, ;, — u in HOl (R2) and
u is a ground state solution of the limit problem

{ —Au = plul?%u + |u|2*_2u, in 2, (P)
o0

u=20, onof2.
Corollary 3.15 There are \* > 0 large and u* > 0 small such that
m(u) <2cy,,, YA >=A" and Vp € (0, u*¥).
Proof By Lemma 2.1 we can decreasing u* if necessary, of a such way that
m(u) < 2cu, Ve (0, u*).

Since by Lemma 3.13 ¢; ,, — ¢, as A — 400 for each u > 0 fixed, there is
A* = A*(w) such that

m(pu) <2cy., YA =L,

showing the result. O

@ Springer



212 C. O. Alves, L. M. Barros

Corollary 3.16 Assume that m(ju) < 2cy , and u € E; is a nontrivial critical point
of I, with I ;,(u) < m(w). Then, u is positive or u is negative.

Proof If u* # 0, it is easy to see that ut e M, u, and so,
m() = L y@) = L @) + L ™) = 264,

which is absurd. Now the result follows by applying maximum principle [12]. O

Remark 3.17 As I, , is even, by the last corollary we can assume that the nontrivial
critical points of I , are positive solutions of (P)y ;.

In the sequel, let us fix R > 2diam(£2) such that Q C Bg(0) and consider the
function

1, 0<t<R,
E(t)_{% t>R.

Moreover, we define 8 : H' (RV)\{0} — R" by

_ JEQxDIul* x dx
Bu) = Tl

Lemma 3.18 There is;): > 0 such that if u € M, and I ;(u) < m(u), then
Bw) € QF forall A > .

Proof Suppose by contradiction that there exist sequences A, — +oo and (u,) C
M, wwith I, (u,) < m(w) and

Bun) ¢ 2F, VneN.

As (||unlly,) is bounded in R, there exists u € HO1 (£2), such that for a subsequence,

Uy — u in H'(RY),
U, (x) = u(x) ae.in RV,
Up — U in L] (RV) for re[l,2%).

Moreover,
loallZ, = wlvalg + [val3 + 0u(D),
where v, = u, — u. By Corollary 3.7, we know that v, — 0in L?(2), then
loall3, = lvalde + 0n(D).
Arguing as in the proof of Proposition 3.12, we derive

lvallx, = 0 < llup —ullr, — 0.
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This limit combined with (3.4) implies that
up—>u in H'®Y), u#0, Iu=0 and I, () — I,u). (3.28)

Thereby, u € M, and I,,(u) < m(w). Applying the Lemma 2.3, we get Bo(u) € Qj/z,
which is absurd because

Bo(w) = lim Blun) ¢ 2

This completes the proof. O

3.1 Proof of main theorem

In what follows, u, € Hol(Br (0)) is a positive radial ground state solution for the
functional 1, ,, that is,

Lir(uy) =m(p) = 1nf Iu r) and I (u)=0.

Using the function u,, we define the operator ¥, : Q. —> HO1 (2) by

_Ju(Ix =y, x € B:(y),
v (n)(x) = {0, x € Q7\B,(y),

which is continuous and satisfies
B, () =y, VyeQ, . (3.29)

Using the above informations, we are ready to prove the following claim

Claim 3.19 For0 < u < p*,

cat (") > cat (),

where Im(“) {u e My L) < m(pL)} and * is given in Lemma 2.3.

Indeed, assume that

" = FURU---UF,,
where F; is closed and contractible in I;"L”), foreach j = 1,2,...,n, thatis, there

exist hj € C([0, 1] x Fj, I'")) and w; € F; such that

hijOu)y=u and hj(l,u)=w,,
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for all u € F;. Considering the closed sets B; := ‘-IJ,_I(Fj), 1 < j < n, it follows

that

Q =, ' (") =B UB,U---UB,,

and defining the deformation g; : [0, 1] x B; — Q; given by

gi(t’ Y) = ﬂ(hj(ts ‘I’r()’))),

we conclude that, by Lemma 3.18, g; is well defined and thus, B; is contractible in
Qf foreach j = 1,2, ..., n. Therefore,

cat(2) = catgy (2,7) <n.

finishing the proof of the claim.

Since Iy, satisfies the (P.S). condition on M, , for ¢ < m(u) (see Corollary

3.9), we can apply the Lusternik—Schnirelman category theory and the Claim 3.19 to
ensure that /; ,, has at least cat (2) critical points in M;,_,,, and consequently, critical
points in Ej.
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