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Abstract Letl/ (1) denote the family of analytic functions f(z), f(0) =0 = f'(0)—
1, in the unit disk D, which satisfy the condition ’ (z/f (z))2 fl(2)—1 ’ < Aforsome( <
XA < 1. The logarithmic coefficients y, of f are defined by the formula log(f(z)/z) =
23 ¥a2". In a recent paper, the present authors proposed a conjecture that if
f € U®) for some 0 < & < 1, then |a,| < Y}, A¥ for n > 2 and provided a new
proof for the case n = 2. One of the aims of this article is to present a proof of this
conjecture for n = 3, 4 and an elegant proof of the inequality for n = 2, with equality
for f(z) = z/[(1 + z)(1 + Az)]. In addition, the authors prove the following sharp
inequality for f € U(X):

e 1 (72
>l =<7 (; +2Lio (1) +Li2()»2)> :
=1
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where Li> denotes the dilogarithm function. Furthermore, the authors prove two such
new inequalities satisfied by the corresponding logarithmic coefficients of some other
subfamilies of S.

Keywords Univalent - Starlike - Convex and close-to-convex functions - Subordina-
tion - Logarithmic coefficients and coefficient estimates

Mathematics Subject Classification 30C45

1 Introduction

Let A be the class of functions f analytic in the unit disk D = {z € C : |z] < 1} with
the normalization f(0) = 0 = f’(0) — 1. Let S denote the class of functions f from
A that are univalent in ID. Then the logarithmic coefficients y,, of f € S are defined
by the formula

1 f@ SN
Elog<7> =§ynz , ze€D. )

These coefficients play an important role for various estimates in the theory of univalent
functions. When we require a distinction, we use the notation y,(f) instead of y,,.
For example, the Koebe function k(z) = z(1 — ¢'?7)~2 for each 6 has logarithmic
coefficients y, (k) = e /n,n > 1.1f f € Sand f(z) = z + Y o0, a,2", then by
(1) it follows that 2y; = a» and hence, by the Bieberbach inequality, |y;| < 1. Let
S* denote the class of functions f € S such that f (D) is starlike with respect to the
origin. Functions f € S* are characterized by the condition Re (zf'(z)/f(z)) > 0 in
D. The inequality |y,,| < 1/n holds for starlike functions f € S, but is false for the full
class S, even in order of magnitude. See [4, Theorem 8.4 on page 242]. In [6], Girela
pointed out that this bound is actually false for the class of close-to-convex functions
in D which is defined as follows: A function f € A is called close-to-convex, denoted
by f € K, if there exists a real « and a g € S* such that

Re (ei‘xw) >0, zeD.
g(2)

For 0 < B8 < 1, a function f € S is said to belong to the class of starlike functions
of order B, denoted by f € S*(B), if Re (zf’(z)/f(z)) > B for z € D. Note that
S(0) =: S*. The class of all convex functions of order 8, denoted by C(8), is then
defined by C(B) = {f € S : zf’ € 8*(B)}. The class C(0) =: C is usually referred
to as the class of convex functions in . With the class S being of the first priority,
its subclasses such as &*, IC, and C, respectively, have been extensively studied in
the literature and they appear in different contexts. We refer to [4,7,10,12] for a
general reference related to the present study. In [5, Theorem 4], it was shown that the
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logarithmic coefficients y,, of every function f € S satisfy

>yl < < )
n=1

and the equality is attained for the Koebe function. The proof uses ideas from the
work of Baernstein [3] on integral means. However, this result is easy to prove (see
Theorem 1) in the case of functions in the class U/ := U/ (1) which is defined as follows:

. < : /
u(l)—[feA‘<m> f(Z)—] ZGD],

where A € (0, 1]. It is known that [1,2,11] every f € U is univalent in D and hence,
UN) cU c Sfor i € (0, 1]. The present authors have established many interesting
properties of the family I/(1). See [10] and the references therein. For example, if
f el forsome 0 < A < 1 and ap = f”(0)/2, then we have the subordination
relations

f(@ 1 _ 1
z I1+0+0z+rz22 (142004 1r2)

, 2€D, 3

and

—~|—a2z<1—|—2)uz~|-)\z,ZEID)
f(@

Here < denotes the usual subordination [4,7,12]. In addition, the following conjecture
was proposed in [10].

Conjecture 1 Suppose that f € U(L) for some 0 < A < 1. Then |a,| < >}, ! Ak for
n>2.

In Theorem 1, we present a direct proof of an inequality analogous to (2) for
functions in /(1) and in Corollary 1, we obtain the inequality (2) as a special case for
U. At the end of Sect. 2, we also consider estimates of the type (2) for some interesting
subclasses of univalent functions. However, Conjecture 1 remains open forn > 5. On
the other hand, the proof for the case n = 2 of this conjecture is due to [17] and an
alternate proof was obtained recently by the present authors in [10, Theorem 1]. In
this paper, we show that Conjecture 1 is true for n = 3, 4, and our proof includes an
elegant proof of the case n = 2. The main results and their proofs are presented in
Sects.2 and 3.

2 Logarithmic coefficients of functions in /(1)

Theorem 1 For 0 < A < 1, the logarithmic coefficients of f € U(A) satisfy the
inequality

Zlyn _4< +2L12(x>+L12<x2>> )
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where Liy denotes the dilogarithm function given by

> ! og(1
Lix(o) = ZZ—Z— /0 0D 4

The inequality (4) is sharp. Further, there exists a function f € U such that |y,| >
(1 4+ A")/(2n) for some n.

Proof Let f € U()\). Then, by (3), we have

< (1=-20-x
f()<( 2)( 2)

which clearly gives

3 a2 = log fiZ) L leed _Z)Z_log(l —r) Z%(l +aMZ" (5)
— n=1

Again, by Rogosinski’s theorem (see [4, 6.2]), we obtain

5 ) e o0 1 200 A o )\Zn
ZW <Z 2( +A)T = p D Dl ) D
n=1 n=1 n=1

n=1
and the desired inequality (4) follows. For the function

Z

& (z) = m,

we find that y,(g;,) = (1 +A")/(2n) for n > 1 and therefore, we have the equality in
(4). Note that g (z) is the Koebe function z/(1 — z).
From the relation (5), we cannot conclude that

n

14+ A
(D] < (e = 2 for £ e U.

Indeed for the function f defined by

z
file) = 1—2 = r2)(L+ A/ +1))2) ©

we find that

z r—(1+1)2 22
=1 A+2" 4 z
f1(2) 1+ A 1+
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Fig. 1 The image of f)(z) =

and

2\, 22, (1+201 =)\ 4

which clearly shows that fj € U/ (}1). The images of D under f;(z) for certain values
of A are shown in Fig. la—d. Moreover, for this function, we have

L@\ _ o N A
log( - )_ log(1 —z) —log(l — Az) log(l+1+kz>

= ZZVn(fk)Zna

n=1
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where

_L(iean
J/n(fx)—§< (- )<1+A>n>'

This contradicts the above inequality at least for even integer values of n > 2. More-
over, with these y,,(fi) for n > 1, we obtain

1+ )2 —1" 22\
Zm(fm Z[( L ) <<1H>

)]

and by a computation, it follows easily that

Z|Vn(fx)| ( +2Li (%) +L12()»2)>

boel (14 2 V(14 2 )]+
__0 —_— —
2 % 11 A 1+ A 41+ 20

| 2
< 1 (% +2Li2(X) +Li2(A2)> forO0 <A <1,

and we complete the proof. O

Corollary 1 The logarithmic coefficients of f € U satisfy the inequality
(0.¢]

szfziz:” )

We have equality in the last inequality for the Koebe function k(z) = z(1 — ¢'?z)72.
Further there exists a function f € U such that |y,| > 1/n for some n.

Remark 1 From the analytic characterization of starlike functions, it is easy to see that

for f € S*,

S'@ TONY o5 2 22
16 1_Z<1°g( z >> _2;W S

and thus, by Rogosinski’s result, we obtain that |y,| < 1/n for n > 1. In fact for
starlike functions of order o, @ € [0, 1), the corresponding logarithmic coefficients
satisfy the inequality |y,| < (1 — o)/n for n > 1. Moreover, one can quickly obtain
that
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o0 7_[2
Dl = —a)—

n=1

if f € S*(w), @ € [0,1) (See also the proof of Theorem 2 and Remark 3). As
remarked in the proof of Theorem 1, from the relation (7), we cannot conclude the
same fact, namely, |y,| < 1/n forn > 1, for the class U/ although the Koebe function
k(z) = z/(1 — z)? belongs to U/ N S*. For example, if we set A = 1 in (6), then we
have

z 3 2
(1-2) + 5 52 + >

Z

fi@

where f1 € U and for this function, we obtain

n S
men Z<+<Upﬂ)=g+5

2

)3
—10g - < —.
835 %

On the other hand, it is a simple exercise to verify that f; ¢ S*. The graph of this
function is shown in Fig. 1d.

Let G(a) denote the class of locally univalent normalized analytic functions f in
the unit disk |z| < 1 satisfying the condition

Re <1+Z]J:((Z))><l+% for |z| < 1,

and for some 0 < o < 1. Set G(1) =: G. It is known (see [13, Equation (16)]) that
G C S&* and thus, functions in G («) are starlike. This class has been studied extensively
in the recent past, see for instance [9] and the references therein. We now consider the
estimate of the type (2) for the subclass G(«).

Theorem 2 Let 0 < o < 1 and G(a) be defined as above. Then the logarithmic
coefficients y, of f € G(a) satisfy the inequalities

o
8
ZMW_M+D ®)
n=1
and
i|ﬁ<fu L ©)
= \are?)
n=1
Also we have
— > 1. 10
lvnl < 2(a+1) forn > (10)

@ Springer



496 M. Obradovi¢ et al.

Proof If f € G(a), then we have (see eg. [8, Theorem 1] and [13])

S@ U+aXLﬂ0_1:_a(_ﬂQiﬂL_) ceD, (1)

@ lta-z 1= /(0 +a)

which, in terms of the logarithmic coefficients y,, of f defined by (1), is equivalent to

) . ) o
;(—ZH)/n)Z <o r; m (12)

Again, by Rogosinski’s result, we obtain that

] oo o
4112 < o2 _
Z nlyal” <« ;(l—i—a)z” ot

which is (8).
Now, since the sequence A, = e + i is convex decreasing, we obtain from (12)
and [15, Theorem VII, p.64] that

1
-2 < A = —,
| nyn| < Aj l+o

which implies the desired inequality (10). As an alternate approach to prove this
inequality, we may rewrite (11) as

/(@) _ (¥t
Z(znyn)z =z <log< )) $(2) = —« <1 — @/ +a))>

and, since ¢ (z) is convex in D with ¢’ (0) = —a /(1 + ), it follows from Rogosinski’s
result (see also [4, Theorem 6.4(i), p. 195]) that [2ny,| < «/(1 + «). Again, this
proves the inequality (10).

Finally, we prove the inequality (9). From the formula (12) and the result of Rogosin-
ski (see also [12, Theorem 2.2] and [4, Theorem 6.2]), it follows that for X € N the
inequalities

2

k k
2 2 _
’;n |Vn| 57; l+0[)2”

are valid. Clearly, this implies the inequality (8) as well. On the other hand, consider

these inequalities for k = 1,..., N, and multiply the k-th inequality by the factor
kLZ — m ifk = l,...,N — 1 andby —5 for k = N. Then the summation of the

multiplied inequalities yields
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2 N

N
L YL
];wu <= ];kz(l+a)2k

N
)

1
< JE—
~ 4 ]; (1 + o)

o 1
=—Li|——) forN=1,2,...,
4 (1 + )2

which proves the desired assertion (9) if we allow N — oo. O

Corollary 2 The logarithmic coefficients y, of f € G := G(1) satisfy the inequalities

Zn lyal? 5— and Zh’n S—le(D

n=1

The results are the best possible as the function fo(z) = 7 — %zz shows. Also we have
lynl < 1/(4n) forn > 1.

for

Remark 2 For the function fy(z) = z — %zz, we have that y,(fo) = —nz,lm

n = 1,2,... and thus, it is reasonable to expect that the inequality |y, | < 2,, —aT 1S
valid for the logarithmic coefficients y, of each f € G. But that is not the case as the

function f, defined by f;(z) = (1 — z”)% shows. Indeed for this function we have

zfn (z) 1-27"
(@) 1 —z"

I+

showing that f;, € G. Moreover,

Jn(2) 1
Io = — Zn —+ e,
¢ Z nn+1)
Which implies that |y, (f,)| = 2,,(” +y forn =1,2,..., and observe that m >
2,, —71 forn = 2,3, .... Thus, we conjecture that the logarithmic coefficients y;,, of

each f € G satisfy the 1nequality [Vnl < 2n(n —y forn =1, 2, .... Clearly, Corollary

2 shows that the conjecture is true forn = 1.

Remark 3 Let f € C(a), where 0 < o < 1. Then we have [18]

zf’ ()
< Gy —1= 8,2, 13
15 (@) g Z (13)
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where §, is real for each n,

Qo — 1)z )
Gu(z) = (1- Z)[ilz_z)l_za Y ifa #1/2,
(I —2)log(l —2) ifa =1/2,
and
1 -2«
5 if0 172 < 1,
B(@) = Go(—1) = inf Gu(z) = 2[211‘2“— U= #1/2 <

lz|<1 Tos2 ifo=1/2

so that f € S*(B(w)). Also, we have [16]
1— 200—1 __
&< Ky (2) _ % if0<a#1/2<1,
: : el =D ey g,

Z

and K, (z)/z is univalent and convex (not normalized in the usual sense) in ID.
Now, the subordination relation (13), in terms of the logarithmic coefficients y,, of
f defined by (1), is equivalent to

ZZnynz <G(z)—l—Z8nz, zeD,

n=1

and thus,

k k
1
z_:nz al? < 7D 85 foreachk e N. (14)

n=1
Since f is starlike of order S(«), it follows that
2K} (2)
Ky (2)

—1=Ga(z)—1<2(1—,3(a))li

and therefore, |6,| < 2(1 — B(«)) for each n > 1. Again, the relation (14) by the
previous approach gives

N N oy
Yol < Zkz <(1-p@)’) 5
k=1 k=1
for N =1, 2, ..., and hence, we have
- 2 _ 1 - ,% 27T2
n;w S‘_‘,,Z::l_z - B@)* Z = (1= p@)*—
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and equality holds in the first inequality for K, (z). In particular, if f is convex then
B(0) = 1/2 and hence, the last inequality reduces to

Zh’n = 24

which is sharp as the convex function z/(1 — z) shows.

3 Proof of Conjecture 1 forn =2, 3,4

Theorem 3 Let f € U(X) for0 < A < land let f(z) = z+arz*>+a3z>+---. Then

__\n

— forO<i <landn=2,3,4, (15)

lan] = 5

and |ay| < n for A = 1 and n > 2. The results are the best possible.

Proof The case A = 1 is well-known because i/ = U(1) C S and hence, by the de
Branges theorem, we have |a,| < n for f € U and n > 2. Here is an alternate proof
without using the de Branges theorem. From the subordination result (3) with A = 1,
one has

f(z) 1
Tz (1—z)? Z ni

Z

and thus, by Rogosinski’s theorem [4, Theorem 6.4(ii), p. 195], it follows that |a,| < n
forn > 2.

So, we may consider f € U(A) with 0 < A < 1. The result for n = 2, namely,
laz] < 14 A is proved in [10,17] and thus, it suffices to prove (15) forn = 3,4
although our proof below is elegant and simple for the case n = 2 as well. To do this,
we begin to recall from (3) that

o )\n_H

f@) 1
Z h (l—z)(l—kz) Z

=1

and thus

f@ 1
7z (1 —-zo@)l - irzo)’

where w is analytic in D and |w(z)| < 1 for z € D. In terms of series formulation, we
have

1 — X”+1

Zan+lz Z ﬁwn(Z)1n~

n=1
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We now set w(z) = ¢1 + c2z + - - - and rewrite the last relation as
o o
Do =Nagi =) (1 =2" e+ ez +--)"" (16)
n=l1 n=1

By comparing the coefficients of z”* for n = 1, 2, 3 on both sides of (16), we obtain

(1= 2ay = (1= 2%)c
(1 =naz =1 =222 + (1 =23l (17)
(1 —Nag =1 - Az) (C3 + pcier + vc?) ,

where

It is well-known that |c{| < 1 and |c3| < 1 — |¢|*. From the first relation in (17) and
the fact that |c;| < 1, we obtain

(1= Mlazl = (1 = 1D)er] < 1= 27,
which gives a new proof for the inequality |ap| < 1 + A.
Next we present a proof of (15) for n = 3. Using the second relation in (17),

c1] < 1 and the inequality |cz| < 1 — |¢; 2 we get
q y g

(1= Wazl < (1 =Dleal + (1= 2H)er

< (1= =1+ 1 =2l )?
=1=-22+ 0> = )|a)?
S 1 _)"3’

which implies |a3] < 14 A + A2.

Finally, we present a proof of (15) for n = 4. To do this, we recall the sharp
upper bounds for the functionals |C3 + ucier + vcﬂ when p and v are real. In [14],
Prokhorov and Szynal proved among other results that

‘63 + pcier + vc?’ <

if2 <|u| <4andv > (1/12)(u? +8). From the third relation in (17), this condition
is fulfilled and thus, we find that

-4
(I =Mlasl = (1 —Az)‘c3+uc1cz+vc{" <(1-=2% (1 —)@) =1-x*

which proves the desired inequality |as| < 1 + A + A2 4+ 3. O
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