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Abstract In this paper we present some extensions of the Ailon—Rudnick theorem,
which says thatif f, g € C[T], then gcd(f" — 1, g™ — 1) is bounded for all n, m > 1.
More precisely, using a uniform bound for the number of torsion points on curves and
results on the intersection of curves with algebraic subgroups of codimension at least
2, we present two such extensions in the univariate case. We also give two multivariate
analogues of the Ailon—Rudnick theorem based on Hilbert’s irreducibility theorem
and a result of Granville and Rudnick about torsion points on hypersurfaces.
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1 Introduction
1.1 Motivation

Let a, b be multiplicatively independent positive integers and ¢ > 0. Bugeaud et al. [9]
have proved that

ged (a" —1,b6" — 1) < exp(en)
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as n tends to infinity. Corvaja and Zannier [ 10] have generalised this result and replaced
a", b" with multiplicatively independent S-units u, v € Z.

In the function field case, Ailon and Rudnick [1, Theorem 1] proved that if f, g €
CIT1] are multiplicatively independent polynomials, then there exists # € C[T] such
that

ged(f"—1,8"=1 | h (1.1

for all » > 1. Examining their argument one can easily see that the same statement
holds in a larger generality; namely there exists 7 € C[T] such that

ged(f"—1,¢" = 1) | h 1.2)

foralln,m > 1.

In the case of finite fields IF,; of characteristic p, Silverman [36] proves that even
more restrictions on the polynomials f, g € F;[T'] do not allow a similar conclusion
as the result of [1]. In particular, Silverman proves that the analogue of (1.1) is false
in a very strong sense: there exists a constant c¢(f, g; ¢), depending only on f, g and
q, such that

degged(f" —1,8" — 1) = c(f, g;q)n

for infinitely many n.

More results in positive characteristic are obtained in [13,15], as well as variants
for elliptic divisibility sequences [37,38].

In this paper we present some extensions of the Ailon—Rudnick Theorem [1, The-
orem 1] over C, both in the univariate and multivariate cases. Although the method
of proof in the univariate case is similar to, or reduces to using [1], we find these
extensions exciting and we hope they will be of independent interest. Moreover, as we
explain below, in certain situation we reduce our problem to applying [1, Theorem 1],
however for this we need a uniform bound for (1.1) that depends only on the degree
of the polynomials f and g.

Besides the generality of results, the new ingredients of the paper are employing
results [5—7,27] on the number of points on intersections of curves in the n-dimensional
multiplicative torus G/, with algebraic subgroups. We also present two multivariate
generalisations that are based on the use of Hilbert’s irreducibility theorem [31] and
a transformation using the Kronecker substitution to reduce the problem to the uni-
variate case, as well as a result of Granville and Rudnick [20] about torsion points on
hypersurfaces.

1.2 Conventions and notation

We denote by C[X1, ..., X;] the polynomial ring in £ variables and C(X1, ..., Xp)
the field of rational functions F/G, F,G € C[X|,..., X¢]. When working with
univariate polynomials we reserve the variable 7. All polynomials in C[7'] are denoted
with small letters f, g, .. ., and for polynomialsin C[ X, ..., X,] we use capital letters
F,G,...
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On some extensions of the Ailon—Rudnick theorem 453

Throughout the paper, for a univariate polynomial f € C[T], the notation d is
used for the degree of f.

For a family of polynomials Fi,..., Fy; € C[Xy,...,X¢], we denote by
Z(Fy, ..., Fy) their set of common zeros in Ct.

Throughout the paper we assume that the greatest common divisor of two (or more)
polynomials is monic, so it is well-defined.

We also define here the main concept of this paper.

Definition 1.1 The polynomials Fi, ..., F; € C[Xy, ..., X,] are called multiplica-

tively independent if there does not exist a nonzero vector (v, ..., vy) € Z° such that
F/'...F» =1

Similarly, we say that the polynomials Fi, ..., Fy € C[Xy, ..., X¢] are multiplica-

tively independent in the group C(Xy, ..., X¢)*/C* if there do not exist a nonzero

vector (v, ..., vs) € Z5 and a € C* such that

Finally, we define an as the set of k-tuples of non-zero complex numbers equipped
with the group law defined by component-wise multiplication. We refer to [31, Appen-
dix by Umberto Zannier] for necessary definitions on algebraic subgroups.

F'...F) =a.

We present now in more details the main results of this paper.

1.3 Our results: univariate case

Section 2 is dedicated to outlining the tools and results needed along the paper. In
particular, in Sect. 2.1 we recall the result of [1, Theorem 1] and, using a uniform
bound for the number of points on a curve with coordinates roots of unity due to
Beukers and Smyth [5], we derive in Lemma 2.2 a version of (1.2) that gives an upper
bound on deg ged(f" — 1, g™ — 1) that depends only the degrees of f and g (rather
than on the polynomials themselves).

Such a uniform bound is crucial for some of our main results presented below and
proved in Sect. 3. In particular, our first extension of [1, Theorem 1], which is proved
in Sect. 3.1, is based on this uniform bound.

Theorem 1.2 Let f, g, hy, hy € C[T]. If f and g are multiplicatively independent in
C(T)*/C*, then for all n, m > 1 we have

d.
degged (1 (") h2 (8")) = duydy (11dutdy +dp)?) "

where d,, = min{dy, d,}.

For the second extension of [1, Theorem 1], which is proved in Sect. 3.2, we apply
the finiteness result of [7,27], see also [6], for the number of points on the intersection
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of curves in G/, with algebraic subgroups, see Lemma 2.3. No uniform bounds are
known so far for such finiteness results.

We recall that for a polynomial f € C[T], we denote by Z(f) the set of zeros of
finC.

Theorem 1.3 Let fi, ..., fo, 01, . s Ok» &1s s &> V1, ..., ¥s €C[T], L, k,r,s >
1, be multiplicatively independent polynomials such that

Z(fi...fOoNZpr...o) =9, Z(g1...8)NZ{1...Y5) =0. (1.3)

Then we have:

1. Forallny,...,ng, Vi, ..., Vg, M1, ..., My, U1, ..., s > 0, there exists a poly-
nomial h € C[T] such that

£ k r s
sea( [T - [Tor TTe =TT ) 1
i=1 i=1 i=1 i=1
2. Ifin addition

ged(fr... fe—1,81...8- =1 =1,

then there exists a finite set S and monoids £, € NP+t e S such that the
remaining set

N — N£+k+r+S\ UI‘ES L:t

is of positive asymptotic density and for any vector

(nlr"'anlsv13-'~’Vksml’--~’mrvﬂlv~'-9ﬂs)GN

we have
4 k r K
sa( [T - TTot T - T ) =
i=1 i=1 i=1 i=1

Although we prefer to keep the language of polynomials, one can easily see that
Theorem 1.3 can be reformulated in terms of S-units in C[7'] and implies that for any
set of S-units, there exists a polynomial 4 € C[T] such that for any multiplicatively
independent S-units U, V we have

gcd(U -1,V —1) | h.

In particular, this extension of [1] is fully analogous to the aforementioned extension
of [10] over [9].
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On some extensions of the Ailon—Rudnick theorem 455

We also compare Theorem 1.3, which for multiplicatively independent S-units
U, V, gives a uniform bound for deg gcd(U — 1, V — 1), while the result of Corvaja
and Zannier [12, Corollary 2.3] gives

degged(U — 1,V — 1) « max{deg U, deg V23,

However, [12, Corollary 2.3] applies to more general situations.
It is interesting to unify Theorems 1.2 and 1.3 and obtain a similar result for

ged (i (7" 1) o (&)

where hy, h, € C[T]. Similar ideas may work for this case however they require
a uniform bound for the number of points on intersections of curves in G4 with
algebraic subgroups of dimension k¥ < £ + r — 2 in Lemma 2.3. We note that for
£ = r = 1 this was possible due to the uniform bounds of [5]. However, no such
bounds are available in the more general case that we need.

1.4 Our results: multivariate case

For our first result in the multivariate case, we reduce the problem to the univariate
case using Hilbert’s irreducibility theorem (see Sect. 2.4), and to control the degree
for such specialisation we also couple this approach with a transformation involving
the Kronecker substitution. We obtain:

Theorem 1.4 Let hy,hy € C[T] and F,G € C[Xy,...,X]. We define D =
max;—1..¢ {degxi F, degy, G}. If F, G aremultiplicatively independent in C(X1, ...,
X¢)*/C*, then for all n,m > 1 we have

1 4
deg gcd (hl (Fn) Iy (Gm)) < dhldhz (44(D + 1)22)(D+ ) .

We note that if 41 = hp = T — 1 as in [1, Theorem 1], then in Theorem 1.4 we
need F, G to be just multiplicatively independent.

Theorem 1.4 is proved in Sect. 3.3.

Another natural extension of [1, Theorem 1] to the multivariate case is related to the
fact that the greatest common divisor of two univariate polynomials is given by their
common zeros. Thus [1, Theorem 1] says that the number of common zeros of f” — 1
and g — 1, for two polynomials f, g € C[T], is bounded by a constant depending
only on f and g for all n, m > 1, and Lemma 2.2 gives a uniform bound.

For positive integers £, D > 1, we denote

¢
{+1+D ) (1.4)

)/e(D)=( 41

We now obtain the following result proved in Sect. 3.4. This multivariate gener-
alisation is based on a result of Granville and Rudnick [20, Corollary 3.1], which
describes the structure of torsion points on hypersurfaces, see Lemma 2.5.
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456 A. Ostafe

Theorem 1.5 Let Fy, ..., Fy+1 € C[Xy, ..., X¢] be multiplicatively independent
polynomials of degree at most D. Then

U z@Fr -1 R -1

n],...,n(JrlEN

is contained in at most

N < (0.792y,(D)/ log (y¢(D) + 1))7*P)

algebraic varieties, each defined by at most £ + 1 polynomials of degree at most
¢+ 1)D* Hpsyz(D) p, where the product runs over all primes p < y;(D).

We recall that by the prime number theorem, for an integer k > 1,

H p = exp(k + o(k)).

p=k

We note that a bound on the number of algebraic subgroups that contain the points
on H with coordinates roots of unity can also be derived from [2, Theorem 1.1], which
says that, for a hypersurface defined by H € C[ X7y, ..., Xs], s > 2, of degree D, the
number of maximal torsion cosets contained in 7 is at most

c1(s) D2
with

— S2+s)5 _1 L5572 _ g0
ci(s) =57 and ea(s) = - (49 5 4s 9).

We also note that any argument that is based on the Bezout theorem ultimately leads
to bounds that depend on the exponents 1, . . ., ngy1, while the bounds of Theorem 1.5
depend only on the initial data.

We conclude the paper with comments on future work.

2 Preliminaries
2.1 The Ailon—Rudnick theorem

The Ailon—Rudnick theorem is based on a well-known conjecture of Lang, proved by
Ihara, Serre and Tate [23], which says that a plane curve, which does not contain a
translate of an algebraic subgroup of G,Zn, contains only finitely many torsion points.
In this case, Beukers and Smyth [5, Section 4.1] give a uniform bound for the number
of such points (see Lemma 2.1 below), and Corvaja and Zannier [11] give an upper
bound (actually for curves in GJ,) for the maximal order of torsion points on the curve.
We now present the result of Ailon and Rudnick [1, Theorem 1], coupled with the
result of Beukers and Smyth [5, Section 4.1], which we first mention separately.
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On some extensions of the Ailon—Rudnick theorem 457

Lemma 2.1 An algebraic curve H(X,Y) = 0 has at most ll(deg H)2 points which
are roots of unity, unless H has a factor of the form X' — pY’ or X'Y’/ — p for some
nonnegative integers i, j not both zero and some root of unity p.

Using Lemma 2.1, we obtain the following more precise form of [1, Theorem 1].

Lemma 2.2 Let f, g € C[T] be non constant polynomials. If f and g are multiplica-
tively independent, then there exists a polynomial h € C[T] with

dy
degh = (11d,(ds +dy?) ",
where d, = min{dy, d,}, such that
ged(f" —1,8" =1 | h

foralln,m > 1.

Proof The proof, except for the explicit bound for the degree, is given in [1, Theorem
1]. In particular, from the proof of [1, Theorem 1], the polynomial # € C[T]is defined
by
W) =[] —n®, @1
teS

where S is the finite set of € C such that both f(¢) and g(¢) are roots of unity.

To see the degree bound, we just apply Lemma 2.1. Our curve is given in parametric
form {(f(¢), g(t)) : t € C} and we need to find the degree of the implicit form H
such that H(f(t), g(t)) = 0, t € C. This is obtained using resultants, that is,

H =Rest (f(T) — X1, 8(T) — X»),

which is a polynomial of degree d,; in X and dy in X». Thus, the total degree of H
isatmostdy + dg. B

Let H be an absolutely irreducible factor of H and assume that H (f(¢), g(¢)) =0
for infinitely many t € C. As H (f(T), g(T)) is a univariate polynomial , we must
have the identity H(f(T), g(T)) = 0. Then, by Lemma 2.1 applied with the curve
defined by the polynomial H, we obtain that H is of the form X|'X5? = o, for
some root of unity @ and integers n1, np not both zero. This implies that f, g are
multiplicatively dependent, which contradicts the hypothesis. Thus, there is no such
absolutely irreducible divisor of H.

Therefore, the number of torsion points of the form (f(¢), g(¢)), t € C, is at most
11(dy + dg)z. Taking into account that the largest possible number of preimages for
each pair (f(¢), g(¢)) is at most d, we get the bound

#S < 11d.(dy + dy)*.

The degree bound of the polynomial z now follows from (2.1). O
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458 A. Ostafe

2.2 Intersection of curves with algebraic groups

One of the main tools in our paper is a result on the finiteness of the number of points
on the intersection of a curve in Gf‘n with algebraic subgroups of codimension at least
2, initially obtained in [6] for curves over @, and later on extended over C, see [7,27]
and references therein. We present it in the following form.

Lemma 2.3 Let C C G],‘n, k > 2, be an irreducible curve over C. Assume that for
every nonzero vector (ri, ..., 1) € ZF the monomial XT‘ . X,:k is not identically 1
on C. Then there are finitely many points (x1, ..., x;) € C(C) for which there exist
linearly independent vectors (ay, ..., ax), (b1, ..., by) in 77X such that

aj ag __ by bk_
Xpx =xp .x =1

Remark 2.4 As explained in [6], the condition of Lemma 2.3 that the monomial
X\ ...X ¥ is not identically 1 on C is equivalent with the curve not being contained
in a proper subtorus of G .

2.3 Torsion points on hypersurfaces

Results regarding uniform bounds on the number of torsion points in subvarieties of (G’,‘n
go back to work of Bombieri and Zannier [8], Schlickewei [32] and Evertse [14]. For
example, Evertse [14], improving bounds of Schlickewei [32], shows that the number
of non-degenerate solutions in roots of unity to the equation ajxj + - - - + agx; = 1,
ai, ...,a; € C,is at most (k + 1)3(k+1)2.

For our results we use the following result of Granville and Rudnick, see [20,
Corollary 3.1], which describes the structure of the algebraic subgroups that contain the
roots of unity on a hypersurface. Although the statement of their result does not contain
the bound for the degree or the number of the polynomials defining the algebraic
subgroups, this follows directly from or is explicitly stated in their proof. Moreover,
we recall this result only for the case of hypersurfaces, however their result holds for
any algebraic variety.

Lemma 2.5 Let H = Z(H) be a hypersurface in C* defined by a polynomial H
C[X1, ..., Xr] of degree D and with s(H) terms. There exists a finite list B of at most

N(H) < (0.792s(H)/log (s (H) + 1))**)

integer k x k matrices B = (b ;),i,j=1,...,k and

bjil <D H Ds

p=s(H)
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On some extensions of the Ailon—Rudnick theorem 459

where the product runs over all primes p < s(H), such that if ¢ € H is a torsion
point, then & € Ugc.gWp, where

k
we =z (XXX 1),
j=1

Proof The proof is essentially given in [20, Corollary 3.1]. Indeed, each matrix B
corresponds to a partition of the set {1, 2, ..., s(H)}, and thus, the number of matrices
B in the set B is given by the number of such partitions, which, by [4, Theorem 2.1],
is at most N (H).

The number of rows ng of a matrix B € B is not specified in [20, Corollary 3.1].
However, we can choose the largest linear independent set of these vectors b j, whichis

of cardinality at most k, and all other varieties of the form Z (X ifi’l X 127,-,2 . ¢ :i‘k — 1)

are defined by combinations of these vectors. Thus, we can considernp < k.Repeating
some rows if necessary we can take np = k which concludes the proof. O

2.4 Hilbertian fields and multiplicative independence

For the first multivariate generalisation of [1, Theorem 1] we need a result which

says that given Fi,..., Fy € C[Xy,..., X/] that are multiplicatively independent
in C(X1, ..., X¢)*/C*, there exists a specialisation (a2, ..., a¢) € C~! such that
Fi(X1,00,...,0¢),i = 1,...,s,are multiplicatively independent in C(X)*/C* (see

Lemma 2.8 below). Such a result follows directly from [6, Theorem 1] which says
that the points lying in the intersection of a curve C, not contained in any translate of a
proper subtorus of an, with the union of all proper algebraic subgroups is of bounded
height (see also [6, Theorem 1]).

Furthermore, this also follows from previous work of Néron [28] (see also [33,
Chapter 11]), Silverman [34, Theorem C] and Masser [25] (see also [40, Notes to
Chapter 1] where Masser’s method is explained) on specialisations of finitely generated
subgroups of abelian varieties. In particular, Masser’s result [25] gives explicit bounds
for the least degree of a hypersurface containing the set of exceptional points, that is,
points that lead to multiplicative dependence, of bounded degree and height.

Although the above results are sufficient for our purpose, for the sake of complete-
ness we now give a simple self-contained proof that follows directly from Hilbert’s
irreducibility theorem, see [31, Theorem 46]. Moreover, this proof does not appeal
to the notion of height and applies to arbitrary Hilbertian fields (see Definition 2.6
below), rather than to just finite extensions of Q.

Definition 2.6 We say that a field K is Hilbertian if for any irreducible polynomials
Py, ..., P € K[Xy,..., X¢]over K there exists a specialisation («2, ..., ay) € K1

such that P; (X, o, ..., a¢),i =1, ..., r,are all irreducible over K.

In particular, by the famous Hilbert’s irreducibility theorem, any finite extension
of Q is a Hilbertian field. Furthermore, by [31, Theorem 49] every finitely generated
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460 A. Ostafe

infinite field and every finitely generated transcendental extension of an arbitrary field
are Hilbertian.
We prove first the following simple fact.

Lemma 2.7 Let K be a field and F, G € K[X1, ..., X¢{\K[X ] non-constant poly-
nomials such that F] G ¢ K(X¢). Then, there are only finitely many a € K such that
the polynomials F(X1, ..., X¢—1,a) and G(X1, ..., X¢—1, ®) are proportional.

Proof We write

FXi..... X)) = D i @X X[
T1yeenlo—1
GXi,....Xeena) = D> gj o @X{' . x], (2.2)

Jlseees Je—1

for some polynomials fi, . i, &ji,...j—; € K[X¢].
We exclude finitely many o € K for which the coefficients f;, . ;,_ () and

&j1,....je_; () are zero. For the rest of o € K, the polynomials F (X1, ..., X¢_1, @)
and G(X1, ..., X¢—1, o) are proportional if there exists a constant ¢ € K* such that
F(Xi,...,.Xe—1,0) =aG(Xq, ..., X¢e—1, Q). 2.3)

If both F and G are monomials, then (2.3) is possible for either « = 0, or the case
when F/G € K(X,), which contradicts our assumption.

If at least one of F and G is not a monomial, by comparing the coefficients of the
monomials in (2.3), we obtain at least one nontrivial equation of the type

fil ,,,,, ig_|(a)gj1,.4.,jg_|(a) = fjl,...,jg_l(a)gil ..... ig_l(a)v

for some vectors of indices (i, ..., i¢—1), (j1, ..., je—1) which define the monomials
of the polynomials in (2.2). As the number of solutions « to such univariate equations
is at most their degree, we conclude the proof. O

We now have the following result which is essential for the proof of Theorem 1.4.

Lemma 2.8 Let K be a Hilbertian field and Fy, . . ., Fy € K[ X1, ..., X¢] multiplica-
tively independent polynomials in K(X1, ..., X¢)*/K* such that all their irreducible
factors belong to K[ X1, ..., X¢)]\K[X2, ..., X¢]. Then, there exists a specialisation
(o2, ..., ) € K1 such that the polynomials F; (X1, 0, ...,a0),i =1,...,s, are
multiplicatively independent in K(X)* /K*.

Proof We order all monomials lexicographically (with X being the leading vari-
able) which in a natural way leads to the notion of the leading coefficient. Thus
we say that ' € K[Xy,..., X¢] is monic if the leading coefficient is 1. Let
Pi,...., P € K[Xyq,..., X, ]\NK[X2, ..., X/] be the distinct monic irreducible fac-
tors of F1p, ..., F, that is, we have the factorisation

€1 eir

Fi=a;P" ...P."", witha; € K*, i=1,...,5.
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On some extensions of the Ailon—Rudnick theorem 461

We note that the polynomials Fi, ..., Fy are multiplicatively independent in
K(X1, ..., X¢)*/K* if and only if the matrix (¢; ;) 1<;<s has full rank.

l<j=r

Since K is Hilbertian, there exists a specialisation (a3, ..., o) € K¢~ such that
Pi(Xy,a2,...,a¢), j = 1,...,r, are all distinct (up to a constant factor) and irre-
ducible over K. Indeed, this follows recursively from Hilbert’s irreducibility theorem
coupled with Lemma 2.7. First we specialise only the last variable X, and by Hilbert’s
irreducibility theorem there are infinitely many o, such that P; (X1, ..., X¢—1, @),
j=1,...,r,areall irreducible. However, by Lemma 2.7 there are only finitely many
such «y leading to proportional polynomials, which concludes this case. We fix now
ay € Ksuchthat Pj(Xy, ..., X¢—1,0),j =1,...,r,areall distinct (up to a constant
factor) and irreducible over K and choose ay_1 in the same way. We continue till we
find (a2, ..., 0¢) € K¢! such that Pi(X1,00,...,a¢), j=1,...,r,are all distinct
(up to a constant factor) and irreducible over K.

Thus, fori =1, ..., s, we have the factorisation

Fi(X1,a2,...,00) = a; P1(X1,00,...,0)% .. P(X1,02,...,00)".

If the polynomials F; (X1, a2, ...,a¢),i = 1,...,s, are multiplicatively dependent
in K(X1)*/K*, then there exist integers 1, ..., £y, not all zero, such that

Fl(le,Olz,...,()[E)Zl . Fy(Xq, an, __.’O[Z)Z& —

for some ¢ € K*. This is equivalent to the fact that the matrix (e;, j)1<i<r does not

1<j<s
have full rank, which contradicts the fact that the initial polynomials Fi, ..., Fy €
K[X1, ..., X¢] are multiplicatively independent in K(X1, ..., X,)*/K*. O

2.5 Multiplicities of zeroes

To prove Theorem 1.3 we need a uniform bound for the multiplicities of zeros of
polynomials of the form f"' ... £ — g|"" ... g/"". We present such a result below,
as well as deduce as a consequence a similar uniform bound for rational functions,
which we hope to be of independent interest.

For a rational function # € C(T), we denote by M (h) the largest multiplicity of
the zeros of 4 and by Z(h) the set of zeros of & in C, respectively. We also recall that

for a polynomial f € C[T], we use the notation d s for the degree of f.

Lemma 2.9 Let fi,..., fo, g1,--., & € C[T] be polynomials satisfying
Z(fl...f[)ﬂZ(gl...gg)zfé. (2.4)
Then, forallny, ...,ng, my, ..., m, >0, we have

12 r
M =it gn) < D dp D dy,
i=1 j=1
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462 A. Ostafe

Proof We denoten = (n1,...,n;) € Nbandm = (my,...,m,) e N
Writing the factorisation into linear factors, we have

n 0
=g g = anm I (T — )%,
rez (A =g )

where an m € C is the leading coefficient of f'' ... f,'* — g|"' ... g/"".

For simplicity we write
Sam=Z(f". . f =gl g,
m%et Mm= max;es, , ¢ be the largest multiplicity of the zeros of fi''... f;"" —
. Til-e.ti;ur.ld for M follows immediately from the polynomial A BC theorem (proved

first by Stothers [39], and then independently by Mason [24] and Silverman [35]).
Indeed, we apply the polynomial ABC theorem with A = anm [],c Sam T — D,

B = fl"...f" and C = g["'... g/, which by (2.4) are pairwise coprime. We
obtain

14 r
D e dp+ D dy +#Sam— 1. (2.5)
1€Snm i=1 j=1

Taking into account that

D e =M+ #Sum— 1,

t€Sn,m

from (2.5) we obtain
¢ r
M <> dp+ Y dg;.
i=1 j=1

which concludes the proof. O
We present now a similar result for rational functions.

Corollary 2.10 Let hy,...,hy € C(T), hi = fi/gi, fi.gi € C[T), i =1,...,¢,
with Z(f1... fo) N Z(g1...g¢) = O. Then, forallny, ...,ng >0, we have

¢
M (R Y —1) <D (deg fi +deggi) .
i=1
Proof We note that Z (k' ...h})" —1) = Z(f" ... £, —g]'...g,"). The result

now follows directly from Lemma 2.9 applied withr = ¢ and m; = n;,i =1,..., L.
O
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On some extensions of the Ailon—Rudnick theorem 463

2.6 Algebraic dependence

We need the following result [29, Theorem 1.1] which gives a degree bound for the
annihilating polynomial of algebraically dependent polynomials, which is always the
case when the number of polynomials exceeds the number of variables. The result
holds over any field, but we present it only over C.

Lemma 2.11 Let Fy, ..., Fpy1 € C[Xy, ..., X¢] be of degree at most D. Then there
exists a nonzero polynomial R € C[Z1, ..., Zyy1] of degree at most D* such that
R(Fy,..., Fiy1) =0.

3 Proofs of main results

3.1 Proof of Theorem 1.2

We use the same idea as in the proof of [1, Theorem 1] and Lemma 2.2. Indeed, we
write the factorisation in linear factors,

dp, dn,

h=[]T —w), h=]]T - w2
i=1 i=1

where w1 ;, w2 € Cii=1,....dn,j=1,....dp,.
Thus, we reduce the problem to estimating the degree of each

ng (fn — Wl,i, gm — a)z,j) .

For simplicity we use the notation @ and w; for any two roots of 4 and /», respec-
tively, and we denote

Dum(@1, 02) = ged (f" — w1, g" — ) .
For every n, m > 1, we fix an element ¢, ,, € C such that
f(tn,m)n = w1, g(tn,m)m = w2 3.1

(if no such ¢, ,, exists then we immediately have deg D,, ,, (w1, w2) = 0). We define
new polynomials

1 -
ST and gn,m(T) =

~ 1
nm(T) =
S ' ™ f(tn,m) g(tn,m)

g(T).

As f and g are multiplicatively independent in C(7)*/C*, we obtain that ﬁl,m and
8n.m are multiplicatively independent for every n, m.
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Thus, we can apply Lemma 2.2 and conclude that

= . ) dy
d%gﬂﬂm—L&m—Dgowmh+%”

From (3.1) and the definition of f,;,m and g, ,,, we have
deg Dy m (w1, w2) = degged (£, — 1Z0,, — 1),
and thus, for every n, m > 1, we obtain
2\ %
deg Dy (@1, 02) = (11dy(ds +dp)?) "

As this holds for any roots wp, w; of iy and h», respectively, we obtain

dy
degged (1 (1) h2 (8")) = iy, (11du(ds +dp)?)

which concludes the proof. O
3.2 Proof of Theorem 1.3

We use the same idea as in the proof of [1, Theorem 1] combined with Lemma 2.3.
First, we note that for any zero t € C of

L k r s
([T - [Tor T - T1)
i=1 i=1 i=1 i=1

the condition (1.3) ensures that ¢; (¢), ¥;(t) #0,i =1,...,1, j = 1,..., k. There-
fore each such zero ¢ satisfies

4 k r K
[T JJeo™ =]]a@™ - [Jvi ™" =1. (32)
i=1 i=1 i=1 i=1

We apply Lemma 2.3 with k replaced by L = ¢ 4+ k + r + s and with the curve

C={fi@), ... fe@, p1(1), ..., @), g1(1), ..., & (1),
Yi(0), ..., ¥s() 1 t €C} S G

Indeed, we write
a= (n15"'7n£7_v17'-'3_vk)5 b= (m17"'amra_M17"'5_MS)-
As the vectors

(a,0), (0,b) e Z-
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are linearly independent, by Lemma 2.3 we obtain that there are only finitely many
t € C such that (3.2) holds for some vectors a, b as above.

We denote by S the set of such t € C. For vectors v € N‘™% and w € N"** given
by

V=(1,...,00,V],..., V), W= (M1, ...,0p, (A1, ..., [hs),

we denote

4 k r B
Dyw = ng(Hfi”i —[e 18" —H%"”).
i=l i=1

i=1 i=1

We see from the above that set of zeros Z (Dy ) belongs to some fixed set that depends
only on the above curve C and thus only on the polynomials in the initial data. To
construct the required polynomial 2 € C[T] as in the statement of Theorem 1.3 we
only need to prove that the multiplicity of the roots t € S of Dy w can be bounded
uniformly for all vectors v, w as above. This is given by Lemma 2.9 applied with the
polynomials [T;_; f" — [Ty ¢ and [Ti_y &" = TTimy v

Indeed, if we denote by M and M> the largest multiplicity of roots in S of the first
and second polynomials, respectively, we get

k

4 r K
My <D dp+ ) dy, My <Y dy + > dy,.
i=1 i=1 i=1 i=1

Thus, there exists a polynomial & € C[T'] defined by

l k r s
h=[Ja@ -0 d= min{Zdﬁ + D dy, > dy, +Zd¢i] ,
i=1 i=1 i=1 i=1

teS

such that Dy | & for every vectors v, w as above. This concludes the proof of Part i.
For Part ii, for each t € S, let

Ly ={(v.w) e Nl : (T —1)| Dy.w).

We note that £; is actually a monoid as the sum of any two elements in £, is also an
element of £;. As the set S is finite, there are finitely many such monoids £;, t € S,
such that deg Dy v > 1 for any (v, w) € L;.

We are left to show that U,csL; is not the entire space NL. Indeed, this
follows directly from [1, Theorem 1] as for the diagonal case, that is v =
n(l,...,1,0,...,0) e Ntk andw=n(1,...,1,0,...,0) € N*5, we have

——— ——

¢ r
ged ((fi-- f)" —L(g1...g0)" —1) =1
infinitely often.

Thus, for any (v, w) outside U;cs L, we have Dy y, = 1, and we conclude the proof.
O
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3.3 Proof of Theorem 1.4

The idea of the proof lies in applying Hilbert’s irreducibility theorem, and in par-
ticular Lemma 2.8, to reduce via specialisations to the univariate case and thus use
Theorem 1.2.

We denote d = D + 1, thatis d > deng F, deng Gforany j =1,...,0. We
define the polynomials

Foxi. X0 =F (X X+ x4 X+ X7,
~ -1
G(Xl,...,Xg)=G(X1,X2+Xf,...,Xg+Xf )

The polynomials F, G have the property that

L

degf,degé < Dd

<D+

and

degI::(Xl,ocz,...,ag) =degf, degé(Xl,az,...,ag) =deg6

for any specialisation (a2, ..., ap) € (C‘Z’l.~ _

Moreover, we note that the polynomials F, G are also multiplicatively independent
in C(Xq, ..., X¢)*/C*. Indeed, if this would not be the case, then there would exist
i1, i> not both zero and a € C* such that

Fi1G2 = a.
Composing this polynomial identity with the polynomial automorphism

(Xl,...,X[)—>(X],Xz—Xcli,...,X[—Xiie_l) (3.3)

we obtain that the polynomials F, G are multiplicatively dependentin C(X1, ..., X¢)*/
C* and thus we get a contradiction.

Let K be the field extension of Q generated by the coefficients of the polyno-
mials F, G. By the Hilbert’s irreducibility theorem, see [31, Theorem 46], K is a
Hilbertian field. We apply now Lemma 2.8 with the polynomlals F, G, and thus infer

tklat there exists a specialisation (a2, ..., o) € K’ such that F(Xl ,an, ..., ap)and
G(X1, aa, ..., ap)are multiplicatively independent in C(X)*/C*. For simplicity, we
put

f=FXi,0,...,0) and g = G(X1, 02, ..., ).

We denote Dy, ,,, = ged (b1 (F™), ha (G™)). Moreover, we note that

D (X1 Xa + X4, Xe+ X9) = ged (1 (F") 2 (G).
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We denote E, ,, = ged (hy (f") , o (6'”)), and for the specialisation (az, . . ., o)
one has

Epm(X1,00,...,0¢) | ged (h1 (f"), h2 (™)) -

In particular, we have

degDn,m = deg En,m = deg ng (hl (fn) L ho (gm)) .

We make here the remark that using the automorphism (3.3) was essential to have
these degree inequalities, as if one just uses Hilbert’s irreducibility theorem applied
directly with the polynomials F and G, we cannot guarantee that when we make
specialisations we get that deg D,, ,,, < degged (A1 ("), ha (g™)).

We apply now Theorem 1.2 and using the fact that deg f, degg < (D + 1)¢ we
conclude that

degged (1 (") ha (8")) < di,di, (44(D + 126 P+D",

which finishes the proof. O

3.4 Proof of Theorem 1.5

We define

H={(Fi@),..., Frr1(@) | @ € C}.
By Lemma 2.11 there exists a polynomial R € C[Zy, ..., Z;11] of degree at most
D such that R(FY, ..., Fy41) = 0. In other words, any point of 7 is a point on the

hypersurface defined by the zero set of R in C“*!. In particular, any point & € C*
such that Fj(a)" = 1,i =1, ..., £+ 1, gives a point on the hypersurface defined by
the zero set of R with coordinates roots of unity.

From Lemma 2.5 we get that there are at most

N < N(R) < (0.792s(R)/log (s(R) + 1))*®

algebraic subgroups, each defined by the zero set of at most £ 4 1 Laurent polynomials
of the form

2073z 1 e C(Zy, .. Zos1)

with

£+1

S pl<e+ndt [] po j=1...0+1,
i=l p=s(R)
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where the product runs over all primes p < s(R), that contain all the points in Z(R)
with coordinates roots of unity. In particular, all points (Fi(et), ..., Fpy1(e)) such
that Fj(a)™ = 1,i = 1,...,£ 4+ 1, lie in these algebraic subgroups. It remains to
estimate s(R).

As Risapolynomial in £41 variables and deg R < D!, we have thats(R) < y¢(D),
where y¢ (D) is defined by (1.4).

Thus, the points a such that Fj(e)” = 1,i = 1,...,¢ + 1, lie in at most
N algebraic varieties, each defined by at most £ + 1 Laurent polynomials of the

form F lb 7! sz L Zh _{r’f“ — 1 (note that these polynomials are non constant since
F1, ..., Fg4q are multiplicatively independent) of degree at most

£+1

> lbjildeg F < @+ DD [T po j=1l+1,

i=1 p=ve(D)
where the product runs over all primes p < y¢ (D). O

4 Final comments and questions
4.1 Extensions over C

Lemma 2.3 gives only the finiteness of the intersection of curves in an with algebraic
subgroups. As already mentioned after Theorem 1.3, it is of high interest to have
available uniform bounds for the size of this intersection. This implies uniform bounds
on the degree of & in Theorem 1.3.

More generally, one can use bounds for the number of solutions to f(x,y) = 0,
with x", y™ € S for some nonzero integers n and m, where S is the group of S-units
of some fixed number field, to obtain further generalisations. In fact such bounds are
known, for example see [30, Theorem 1.2] for a more general result.

It is certainly interesting to obtain a similar result as Theorem 1.4 for

ged (Hy (FI',... F™)  Hy (G™,....G™)),
with polynomials Hy € C[Yy, ..., Y], H, € C[Zy,..., Z,]andalso F1, ..., Fy, Gy,
....G, eC[Xy,..., X/l

If one chooses

H=Y...Ys—1, H=27...Z, — 1,

then following the same proof as for Theorem 1.4, we reduce (via specialisations) the
problem to Theorem 1.3, and thus get that

degged (Hy (F{", ..., F}*), Hy (G",....GI")) 4.1)

is bounded by a constant depending only on Fi, ..., Fs, Gy, ..., G,.
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However, the approach of Theorem 1.4 does not seem to work for more general
multivariate polynomials Hy, H;.

4.2 Dynamical analogues

Another interesting direction of research is obtaining dynamical analogues of the
results of Ailon—Rudnick [1] and Silverman [36]. That is, investigating the greatest
common divisors of polynomials iterates.

More precisely, let K be a field and f, g € K[T]. We define

FO=T, fO =", n=z1,

and similarly for g.

Problem 4.1 Give, under some natural conditions, an upper bound for

deg gcd (f(”), g(m)) .

Problem 4.2 Show, under some natural conditions, that the iterates of f and g are
coprime for infinitely many n, m.

We note that some conditions on f, g are certainly needed in Problem 4.2 as, for
example, if f and g have 0 as fixed point, that is, £(0) = g(0) = 0, then £ and
g™ are never coprime.

We note that there are many results regarding the arithmetic structure of polynomial
iterates. For example in [18,19,21,22] and references therein, results regarding the
irreducibility of iterates are given. Irreducible polynomials f € K[T'] such that all the
iterates £, n > 1, remain irreducible are called stable polynomials. For quadratic
polynomials the stability is given by the presence of squares in the orbit of the critical
point of the polynomial. Thus, if f, g € K[T] are stable, then f® and g™ are
coprime for every n,m > 1.

For hy, hy € K[T1], one can also consider the more general case

G = 8 (1 (1) 167

We note that, following the ideas of [1, Theorem 1] and of this paper, bounding the
zeros of G, ,, reduces to proving the finiteness (or even finding uniform bounds) of
the number of 7 € C such that (£ (r), g™ (1)) € V, where V is the set of zeros of

{h1(X1), ha(X2)}.
This naturally leads to the question of counting the occurrences

(F™w.¢"®) ev. @m0l NIxILNIxC,
for an arbitrary variety V C C? and a sufficiently large integer N > 1.
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For a fixed ¢ and the diagonal case n = m, this is of the same flavour as the uniform
dynamical Mordell-Lang conjecture, which, for a fixed (¢1, 12) € C? asserts that the
integersn, > 1 such that (f(") (1), g(")(tz)) € V,see[3,16,17] and references therein,
lie in finitely many arithmetic progressions (which number does not depend on 71, 7).
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