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Abstract Let ©2 be a bounded domain in a n-dimensional Euclidean space R". We
study eigenvalues of an eigenvalue problem of a system of elliptic equations of the
drifting Laplacian

Lyu + a(V(divu) — Védiva) = —ou, in 2;
ulyo =0.

Estimates for eigenvalues of the above eigenvalue problem are obtained. Furthermore,
a universal inequality for lower order eigenvalues of the problem is also derived.
Finally, we prove an universal inequality type Ashbaugh and Benguria for the drifting
Laplacian on Riemannian manifold immersed in an unit sphere or a projective space.
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1 Introduction

Let (M, <, >) be an n-dimensional compact Riemannian manifold with boundary
(possibly empty), ¢ € C>(M) and dy = e~?dv, where dv is the Riemannian volume
measure on M. The drifting Laplacian with respect to the weighted volume measure
W is given by

Ly =A—VeV.

Interesting results for the eigenvalues of the drifting Laplacian have been obtained
in recent years, for example in the works of Ma-Liu [13,14] and Ma-Du [12]. In
2014, Xia-Xu [19] have investigated the eigenvalues of the Dirichlet problem of the
drifting Laplacian on compact manifolds and got some universal inequalities for them.
Besides, at the same year, Xia et al. [6] have drawn universal inequalities of Yang
type for eigenvalues of the bi-drifting Laplacian problem on a compact Riemannian
manifold with boundary (possibly empty) immersed in: an Euclidean space, a unit
sphere or a projective space. Recently, Pereira et al. [15] have given some universal
inequalities for the poly-drifting laplacian on bounded domains in a Euclidean space
or a unit sphere.

Let 2 a bounded domain with smooth boundary in an n-dimensional Euclidean
space R". Consider an eigenvalue problem of a system of # elliptic equations

Lyu + a(V(diva) — V¢ divu) = —ou, in Q;
_ (1)
ulye =0,
where Ly is the drifting laplacian in R", u = (u1, u2, ..., uy) is a vector-valued

function from Q2 to R”, « is a non-negative constant, divu denotes the divergence of
u and V f is the gradient of a function f.
Let

0 <o Z0r<-+—> +00

be the eigenvalues of the problem (1). Here each eigenvalue is repeated according to
its multiplicity. When ¢ = 0 and n = 3, the problem (1) describes the behavior of the
elastic vibration [17]. The literature about this eigenvalue problem is extensive, more
informations can be found in [4,5,7,10].

This paper is organized as follows. In Sect. 2, we shall establish some general
estimates for eigenvalues of the problem (1), in particular, we shall give an universal
inequality wich for ¢ = 0 is the same got in [4]. In the last section, we shall use
an algebraic argument for to prove a universal inequality, without Rayleigh-Ritz, for
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the problem (1) and for the drifting-Dirichlet problem. Besides, we shall prove this
inequality for Riemannian manifold immersed in either an euclidean space, a unit
sphere or a projective space.

2 The first results

In this section we prove some general estimates for the problem (1). We shall prove
the inequality wich for ¢ = 0 coincides with the inequality obtained in [4].

Lemma 2.1 Let Q2 be a bounded domain in an n-dimensional Euclidean space R".
Denote by Ly the drifting operator of R". Let 6; denote the i-th eigenvalue of the
eigenvalue problem (1) and v be the orthonormal vector-valued eigenfunction corre-
sponding to &;. For any function f € C*(2) N C'(dR), we have

k
> Gri1 — 1)’ [/ IV f1PlwiPdp + a/ IVf-u |2du]
i=1 @ =
k
< D @1 — PO, )
i=1

and, for any positive constant §,

Z(ok+1—a,>2{(1—5>/ V£ |u,|2du—8a/ IVf- u,|2du]

i=1

k
1 1
52 et = DIV V) + Swly fIP, 3)

where Pi(f) =2V f - V) +wly f +a{V(Vf-u)+Vfdiviw) —Vo(Vf-u;)}
and V f - V(w;) is defined by

Vf-Vu)=(Vf-Vu; ', Vf-Vu ..., Vf-Vu").

Proof We define the vector-valued functions v; by v; = fu; — Z j=1¢iju;, where

ajj = fQ fllilljd,u.
Since v;|po = 0 and fQ viujdu = 0, then it follows from the Rayleigh-Ritz
inequality [9] that

Jo{=viLgvi + a(divvi)*}du
fQ Ivil2dp

“

Ok+1 =<
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From the definition of v;, we derive

k
—/ V,'L(;)V,'dpL = —/ V,L(;)(fui)d,u—i-Za,-j/ v,-]Ld,ujd/L
Q Q Q

j=1

k
- _/ vilLy(fu)dp + Za,,/ vi{—6ju; — a(V(divu;) — Vedivu;)}du
Q . Q
j=1
k
- —/ Vi(fLow; +wly f +2Vf - Vudp —a D a;j / vi(V(divu;)
Q Q

j=1

—Ve¢divu;)du = —/ vi f{—oiw; — a(V(divw;) — Vedivy;)}du
Q

k
—/ Vl'(lliL¢f + ZVf . Vlli)dpb — Zaij/ Vi(V(diVllj) — V(bdiVu]')dpL
Q : Q
j=1
k
= alvilP + | [ vi v = Vadivadi = a

J=1

X / v; (V(divu;) — Vgdivu;)du —/ vi(wlLy f+2Vf-Vu)du. (5)
Q Q

We have that

k
/ vi £ (V(divy) — Vodiva)dp — > aj; / vi(V(divu;) — Vodivu)du
Q Q

j=1

= —/ dive; (div(fvi) — Ve - (fvi))du —/ fviVodivu;dp
Q Q
k k
+ Z aij / divu; (divv; — Vo - v))dp + Z aij / v; Vodivu;du
‘ Q X Q
j=1 j=1

k
= —/ divu; (fdivv; + Vf -v))dp + Za,-j/ divu;divv;du
Q - Q
j=1

= —/ divv; (fdiva; + Vf-u; — Vf - -u)du —/ divu; (Vf - vi)du
Q Q

k
+ E a;jjdiva;divv;dp = —/ divv,-div(fu,-)du—i—/ divv;(Vf -u;)du
; Q Q
Jj=1
k

—/ divui(Vf-Vi)dpL+Zaij/ divudivv;dp
Q Q

j=1
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k
:—/ divv;div( fu; —Zaiju/‘)dﬂ-l-/(Vf-u,')(V¢~Vi)d/,L
Q Q

j=1

—/ viV(Vf~ui)du—/ dive; (V£ - vi)dp = —/(divv,-)zdu
Q Q Q
- / Vi(V(V [ -u) + Y fdive; — VOV f - updp. ©)
Q
From (5) and (6), we derive
= [ viLovidi = Gl - alidivilP ~a [ (V7F - u) -+ fdiva,
Q Q
=Vo(Vf-u)ldn —/Qw(ui]quf +2(Vf-Vu))dp.
Therefore, from (4), we have
Grs1 — GDIvil)* < —/ Vil2(Vf - V) +wllg f +ao[V(V S -w) + V fdivy;
Q

—Vo(5 £ -w)lldis = = [ wPi(fdp.
1
Define b;; = / (Vf -Vu; + Eu[IL(pf) u;d . From Stokes’ theorem, we infer
Q

—/ Vi2(Vf V) +willg fdu = —/ JuiQ(Vf-Vw) +uillg f)dp
Q Q

k k
+2Zaijbij=-2/ fui(Vf-Vui)d;L—/fu?]l,¢fdu+22a,-jbij
Q Q

j=1 j=1
k
=/ w2V fPdp 427 aijbi (7
Q =
and

—a / VI(V(VS ) + V fdiva; — V(Y f - up)ldp
Q

= —a [ JuVVS w) + 9 fdive; = VO (VS - upldp
Q
k
ba Y ay [ W VOTS w4 fdiva — Vo7 F - uld
=t 7

—a / (VF - u)ldiv(fu) — Vo - furldu —a / FuiV fdivadp
Q Q
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k
o [ o f wdu—a S a; [ (9F - wldive; - V6 wld
j=1

k k
+a2aij/uijdivu,-du—otZaij/ujV¢(Vf-u,~)d,u,
=1 ¢ =t e
=a/(Vf~ul-)[fdivu,- + Vf-ui]du—a/ fw;V fdiva;d i
Q Q

k
— o Zaij /Q((Vf . ul-)divuj — (Vf . uj)divui)du = a/Q(Vf . ul-)zdu

j=1

k
— o Zaij /Q((Vf . ul-)divuj — (Vf . llj)diVll,’)dM. (8)

j=1

With the inequalities obtained in (7) and (8), we have

k
et =PI < [ iPIV P+ 2 Y by + o [ (9F wydu
=1
k
— Zaij/g((Vf'lli)diVllj —(Vf'llj)diVlli)dpL.

j=1

Moreover, we derive

1 1
bi; =/ u; ((Vf~VUi)+ Euihpf) dp = 5/ u;[Ly(fu;) — fLLyu;ldu
Q Q
= l/ flliL¢Ujd/L—l/ ijL¢uidM= l/ fu,-[—c'rjuj —Ol(V(diVllj)
2 Ja 2 Ja 2 Ja
—Vedivu;)ldu — %/ Sfuj[—oiuw; —a(V(diva;) — Vodivu;)]du
Q
= l/(ai _C_fj)fuiujdﬂ‘f‘g/ divu;[div(fu;) — Vo - (fu)]du
2 Ja 2 Ja
+g/ fuiV¢divujdu—g/ divu;[div(fu;) — V¢ - (fu;)ldu
2 o 2 /g
—3/ Fu;Vedivudp =+, —&j)ai,»+5/ divu; [ fdivuy,
2 /g 2 2 Jq
+Vf-u,~]du—%/ diva;[fdiva; + V£ - u;ldp
Q

1
= 36 —5))aij - %/Q(divu,-(Vf-uj) — divu;(Vf - u))dp.
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Thus,
Zbij = (5‘,‘ — 6j)a,-j — Ot/ (divu,-(Vf . Uj) — diVllj(Vf . u,-))d,u. (9)
Q

Hence,
k
Gk1 — G)Vill* < / i PV fPdp+ D 60 — 5))af; + a/ (Vfu)dp.
Q ; Q
j=l1
From (7) and (9), we have

2

k
Gry1 — 61) / i |V £ Pdp+ D (6; — 6))af; + o / (Vf u)’du
Q Q

J=1

2
— Grg1 — 51’ (— /Q v Pi(f)du)
2

k
= (Gks1 — 671)° _/QVi[Pi(f) — > 6i — 5))aiju;ldp
=1

k
< (Gk1 — 6 Ivill? /Q (pi(f) = D (6i — &))aiju;) dp
j=1
k
= @i — ) Ivill> [ IPHIP = D60 — 5))°af;

j=1
k
< Gi— o [ WPISPan+ Y6 - ak v [ (V)
Q N ‘ Q
j=1
k
< (PO =D @ —5))%a];
j=1

Summing overi =1, ..., k, we infer

k k
> Gest —51)? ( [ v Pausa [ 5 u,->2du) 3 G —
i=1

i,j=1
k k
X(6; — 5)a? < 51— )IP 2 _ — o =N(5 _ 5.\2,2
0i —0j)ai; = D (0k+1 — a)|Pi(ll (Ok+1 —0i)(0i — 0j)7aj;.
i=1 i,j=1

(10)
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Since a;; is anti-symmetric, it follows

k k
- ~\2/= ~ N2 - ~ (= ~ (= ~ N2
> Gri1 —6)2Gi —5))aj; = D, (Grr1 — 61)(Grr1 — 6))(Gi — 6))aj;
i,j=1 i,j=1

k

- S Nm =22

- E (0k+1 — 0i)(0;i — ) a;;
ij=1

k

- S Nm =22

= - E (Ok+1 — 61)(0; — ) a;;.
ij=1

This finishes the proof of inequality (2).
In order to obtain the inequality (3), we derive

k
Grr1 — 1) /g2 w1V £+ 2> by
j=1

= (Gkt1 — 51)° (—/QVi{Z Vf-Vu) +ui]L¢f}dM)

k
_ _ 1
= G =50 (=2 [ | (VF Vu) + Julos = 3 byu; | d
Q o

k
- - I _ _ 1
< 8(Gkr1 = G IV + 5 @iyt = 50) [ 11V - V) + Swillg £ — jZ_;b?,-

k
<0G — a0 | [ P13 G- a4 [ (95 udn
Q . Q
j=1

k
1 _ _ 1
+ G — ) ||<Vf-Vu,~>+§qu¢f||2—Zlb?j
J:

Thus,

k k
> G — i)’ ( / IuiIZIVflzdu) +2 > Ger1 — 6 aijbij
i=1 Q@

i j=1

< 8(Brt1 — 1)° (/Q qu-|2|Vf|2dM+a/Q(Vf~ui)2du)
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k
- - 2- = 1 _ -
+5ijz_:1(0k+1 —61)*(6; — & ))a; + 5 (Okt1 = 0i)

k
1 1 _ _
x (II(Vf V) + 5ul~1L¢f||2) =5 2 @k = G0)bj.

i, j=1

Since a;; is symmetric and b;; is anti-symmetric, we have

k k
2> Grp1 =60 aijhij =2 D (Gr1—561)(Gk1 —6))aijbij

i,j=1 i,j=1
k k
-2 Z (Ok+1—0i)(0i —0)a;jbij = 2 Z (0k+1 — 07)(0; — 0j)aijbij,
i,j=1 i,j=1
(11)
k k
- = \2/= =2 - ~ /= — s =2
> Grs1 — 62 Gi —))ay = D (Gri1 — 6)(Grs1 — 5))(6; — 5))ay
i,j=1 i,j=1

k k
= D @1 =)@ —6))%af == D Gk — 66 — 6. (12)
i,j=1 i,j=1

With the results obtained in (11) and (12), moreover that

k k
- - - 1 - -
=8 X Gkt = GG — Gjag; — 5 D Gk — G
i,j=1 i,j=1

k
<=2 Z (Ok+1 — 0i)(0; — 0j)a;jbij
ij=1

we infer that
k k
> (Ger1 — 61)’ ( / |ui|2|vf|2dl/~) <8 (Grp1— i)
N Q )
i=l1 i=1

X (/ IuiIZIVfIZdMJrOt/(Vf-ui)zdu)
Q Q

k
1 _ _ 1
+3 _§l<ok+1 — DIV - Vu) + EuiL¢f||2.
1=

By a simple computation, we get (3). O

The last lemma gives us the tools for the proof of next theorem.
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Theorem 2.2 Let Q2 be a bounded domain in an n- dimensional Euclidean space
R"™. We consider ¢ a smooth function in Q with Cy = maxg [V@|. Let Ly be the
drifting laplacian in R". Denote by &; the ith eigenvalue of the problem (1) and u; the
orthonormal vector-valued eigenfunction corresponding to ;. Then

k k
> Girt — 6> <D @rt — ) (min {4(”n’; @ A ] 5i
i=1 i=1

n—+uo
4 B(n, — ) C(n,
+ min (n+oz), (v, @) Co\/;i—i—mln n—i—a’ (n, @) Cé ,
n? n+a n2 2
where
8+(n+2)x if0<a < n+24/(n+2)2+16
An,a) = L+1 = 22— i
4+ o2 ifa > n+2«/(n2+2) +16
8+ (n+6)a—a? if0<a < n+24/ (n+2)2+16
B(n,a) = L+1 = 22 )
4(0{ + 1) l.fOl > n+24/ (112-‘1-2) +16
8+(n+10)a+3c® if0<a < n+2+/ (n42)2+16
Cn, a) = ac+n YV = —22
012 420+ 1 l'fOl > n+2«/(n2+2) +16
4 Na — a?)n?
with L — @4+ 0n+2)a—-a)n -0
4(n + a)?
Proof Let x!, ..., x™ be standard coordinates functions in R". Setting f = x?,in (3)
we have

k
D Grp1 =6’ [(1 — ) / il ?| VP Pd e — S / (Va? 'ui)zdu]
i=1 @ &
1< 1
<3 le@H —a)IIVx? - V() + Euihpxpuz.
1=

Summing over p = 1, ..., n, we infer

k k n
1
2 Gk = &)1 = d)n — Sa} < < i;(&kﬂ —61) D |IVx?

i=1 p=1

1 2
V() + Eu,‘Ld)po . (13)
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By a simple calculation, we infer

n n
1
z ||VXP'V(Ui)+§UiL¢xp||2= z /{Ipr-Vllilz-i-lliL(pxp(pr'Vlli)
p=1 p=1 Q

1 1
4 Lo Pdp = [ Vuidi = [ wvo - Vudi+ g [ wVePd
Q Q Q

2 % 2 % C(%
s/ui(—L¢)Uidu+(/ uidu) (/ |V¢-Vui|) +
Q Q Q
2

1
2 C
< / u; (o;u; + a(Vdive; — Vediva;))du + Co (/ |Vui|2du) + TO
Q Q

=0 + a/ w; (Vdivu;)dpu — a/ u; Vodivu;d
Q Q

2 VLG .
+ Co (/ [Vu;| du) + Ui—a/dlvui[divui—V¢-u,~]dﬂ
Q Q

3 c?
—a/ u;dive; Vopdu + Co (/ |Vlli|2) + -0
Q Q 4

= sl 12 ~ s ol 12 C(%
= 0; — a||divy; ||“ + Cov/ 67 — af|divu; || +T. (14)

Replacing (14) in (13), we have

k k
1
2 Gr1 —a)Hn =80+ )} < = D (Gke1 — &)

i=1 i=1

_ o - — G
x | 0; — «a||divu;||© 4+ Cov/o; — af|divy;]]| +T .

1

o)
_ _ _ . = - C

>k Grr1—6) (m —alldivey |2+ Con/5; —al[divey | 2+ -2 )

Putting § =
g Sk Grr1—61)2 (n+a)

, we get

1

k 2
HZ((}HI - c‘n)z}
i=1

=

k
> @G —60)? = [@]
i=1 n

K o\ ?
x {Z(akﬂ 1) (a» — elldivu;||* + Cov/07 — af|divay |2 + 70)] :

i=1
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808
Therefore,
k k
- - dn+a) - -
Z(Ukﬂ — ) < 2 {Z(Ukﬂ —0i)
i=1 i=1
C2
= . . 2 = . 112 0
x | 0; — of|divw; || 4+ Cov/o; — af|divu;||* + 2 (15)
On the other hand, taking f = x” in (2) and summing over p = 1, ..., n, we have
k k n
D G =) (o) < D Gy —61) DI (xeP)|.
i=1 i=1 p=1

A straightforward computation yields

p=1
+ VxPdiva; — Vo (VP - u))|?

n n n
=4 ||Vxl V[P + 4> /uiIL,(l,xp(pr-Vui)du—i— > /(uil[,d,xp)zdu
Q Q
p=1 p=1 p=1

n n
+4a2/ (VxP - Vup))(V(VxP - u;))dp +4a2/(Vx'"-Vu,~)prdivu,-du
Q Q
p=1 p=1

n n
SRR = D 112(Vx? - Vi) + uLgx? +a(V(VxP -u;)
p=1

n n
+ 2 E /uiL¢xp(V(pr-ui))du+2a E /uiL¢xpprdivuidu
Q Q
p=1 p=1

n n
+a? DIV )P + 20 Z/ (V(VxP ;) VaP)dive;dp
Q
p=1 p=1

n n
+a? Z/(prdivui)zdu—me/ Vé(VxP - u) (VP - Vuy)dp
p=1"% p=1"%
n n
—2a Z/ V¢(pr-ui)uiL¢xpdu—2a2Z/ Vo (VxP - u)(V(VxP - up))dp
Q Q
p:l p:l

n n
—20{22/ Vo (VxP - u;)VxPdivu;dp +a22/ V|2 VxP - u;2du
Q Q
p=1 p=1

< —(4+(x2)/ u,~]L¢ul~du+(8a+2a2+a2n)|ldivu[||2—4(a+1)/ w; Vo Vudp
Q Q
+(a2+2a+1)/ |V¢|2|ui|2du—(4a+4a2)/ (Vo - wy)divu;dp
Q Q

<6i(4+a?) —a@® — (n+2)a — d)||dive;||> + 4 + 1)Coy/5; — o||diva; |2
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+ (@2 4 20 + 1)CF + 4a(a + DCo[dive; ||

Hence

k k
> G — 602 < > G —6) {Pi}
i=1 i=1

where

_ 440 a@®—m+2a—4) 4(a+ 1 — -
Jo Vo, 2@ DD i1+ 22D o) o alidivan 12

n—+uo n+u«o n+a«o

@ +2a+1) , da(@+1) )
C Co|divu;]|.
+ p—— o+ - olldivu |

/ 2
IfOlz —(n+2Da—4>0, namely, o > w’ we have

i = Oj

_ 440 A4a+1 _ o + 20 +1 do(a + 1
5 Vo L Het D = )¢z 4 Y@t D
n—+uo n—+uo n—+uo n—+uo

Colldivu;|].
(16)

Ifotz—(n+2)a—4<O,namely,OSa < M2V (1427416 W,wehave

_ 4402 ad+ n+2)a—a? . 4(a +1 - -
P < ( )0i+ ( ( ) )||d1Vlli||2+¥C0\/0’,‘ — o||divu; |2

n—+u«o n+o n—+uo
2
o+ 20 + 1 do(a + 1 .
2ot Dea @D v, (17)
n—+uo n+uo

From (15) and (17), it follows

k k
- o2 - 8+ (n+2a _
l;(okﬂ &i) s;‘,(okﬂ m)[—(Ha)(H])m
8+(n+6a—a’ — 8+ (n+10)a+3a ,
LD VOt oty O
n da(a + 1)

ColldiVlliII],

(4+(n+2)ozfozz)n2

where L = T o)
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810 R. G. Pereira et al.

Thus, for any o > 0

k k

— - \2 - -
z (Ok41 —0i)" =< E (Ok+1 —07)
i=1 i=1

Aln, ) _ Bn,a - Cn,a do(o +1 .
x[ ) 5 4 B0 ) o 4 S D a2 )Colldlvuill]-(lg)
n—+uo + o n n—+uo

Making a comparison between (15) and (18), we finish the proof. m]

3 Lower order estimates

In this section, we shall give many informations about lower order estimates.

Theorem 3.1 Let 6; denote the i-th eigenvalue of the problem (1),i = 1, ..., n. Then,
we have

n C2
D Gy —61) <4+ ) (51 + Cov/o1 + —0)

“ 4
i=1

Proof Let {x! }i_, be the standard coordinate functions of R". Let us define an x n
matrix C := (¢;j) where ¢;; = fQ x'uju j+1d . Using the orthogonalization of Gram
and Schmidt, we know that there exists an upper triangle matrix B and an orthogonal
matrix T such that B = T'C, namely

n n n
2 E k E k

bij = likCkj = tik/Qx lllllj+1du, Z/Q( ligXx )uluj_Hd,u =0
k=1 k=1

k=1

forl <j<i

Putting y; = > _; tixx*, we have Joyimujdp =0forl < j<i.

We define a vector-valued function w; = (y; — a;)u; where a; = fQ Vi u%d u. We
infer that w;|3q = 0 and fQ wiujidpw = 0 forany j = 1,...,i — 1. From the
Rayleight-Ritz inequality we have

Jo{—wWiLgw; + a(divw;)*}dp
fQ \wi|%du

Ok+1 < (19)
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We derive that
—/QWi]quWidM = —/Qwi[(yi —ap)Lgu; +uiLgy; +2(Vy; - Vuy)|du
= _/Qwi [(vi — ai) (=101 — a(Vdivu; — Védivay)) +uiLey; + 2(Vy; - Vup)|dp
=ihHWHF——a/gqu1thwxyi—an)—-V¢~(wxyi—a0ﬂdu
—oc/Qw;(y; —a;)Vodivadu —/Qwi (u1JL¢,y5 +2Vy; -Vul)du
=6MWW—a4@rwmmmﬁWWM—{éWwwdeMu
—/Qwi (wiLgy; +2Vy; - Vuy)dp = &1]|w;|[* — a/ﬂ[divwi
—Vy; -uldivw;du — cx/Q(Vy,- -w)divaydp — /Q wi(wLgy; +2Vy; - Vuy)dp
—ailiwlF —o [ @vwPdnta [ (9 w6 widp—a [ V(3w
widu — (x/Q(Vy,- -w)divaydp —/Qw,- (wLgyi +2Vy; - Vuy)dp
=61IIWillz—a/Q(diVWi)zdu—a/QWf {(V(Vyi -up)+Vydivay — Vo (Vy; -u))}du

—/ Wi (U1L¢yi +2Vy; - Vu])d/,L.
Q
Replacing the above identity in (19), we have

Gipr —DIWiI < ‘/QW" (PLOoW) dpe (20)

where Py (y;) == u1Lyy; +2Vy; - Vuy +a[V(Vy; -up) + Vyidiva; — Vo (Vy; -up)].
By a simple computation, we derive that

—~ / wi(wLgy; +2Vy; - Vuy)dp = / g ?|Vy; Pd 1)
Q Q
and
—a/ w; {V(Vy; -up) + Vydivu; — Vo(Vy; -up)}du =a/ |Vyi - uy|*dp.
Q Q

(22)
So, from (20), we infer

<6,-+1—61>||w,-||25/ |u1|2|Vyi|2du+a/ Vi - wi .
Q Q
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On the other hand, we have

_ _ B _ 1
(i1 — Ul)/ i *|Vyi *dp = (6141 — &1) [—2/ Wi(iulﬂ‘qﬁyi + Vyi 'Vlll)dM]
Q Q
2

_ _ 1|1
< 8(Git1 — a)lIwill* + 3 ‘ Eulhﬁyi + Vy;i - Vuy

58@“—61)(/ |111|2|Vyi|2du+a/ |Vyl--u1|2du)
Q Q

2

1|1
+g Hiulﬂabyi‘i‘v)’i - Vuy

Summing overi = 1, ..., n, we conclude

n

n
> G — 601 — ) /Q P9y < 0> @i — 51) /Q 9y - w Py

i=1 i=1

1|1 2
+§ ; §U1L¢yi + Vyi-Vuy|| ,
(23)
Since
n 2 2
1 ) o - —  C}
Z Eul]Ld)yi + Vyi - Vuy|| =01 —afldivy ]| + Cov/ o1 — afldivay |[© + 2
i=1
1
&1 —alldiva; ||2+CoA/51 ot||divu1||2+cg :
. _ 11— — e .
putting § = ST G~ (140) , we infer
> @i —51) = 41+ a) (51 + Covar + ). 24)

i=1
O

It is not difficult to see that, when ¢ = 0, the inequality (24) is the same obtained
in [5].
The theorem below and the corollary can be found in [11].

Theorem 3.2 (Algebraic) Let H and G be self-adjoint operators with domains D7
and Dg respectively, such that G(Dy) € Dy C Dg. Let 6 and v; be eigenvalues
and eigenvectors of H, then, for each j

([H, gl Vi, Vk>2

5k — )

1
=5 (I, G1.G1vj.vj) =D

k
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Corollary 3.3 Under conditions of Theorem 3.2

— @my1 —0m) D _([IH. G1.Glv;. v;) < 2D |I[H. Gv,I%. (25)

j=1 j=1

With the help of the above corollary, we obtain an estimate about the gap from any
consecutive eigenvalues.

Theorem 3.4 Let Q2 be a bounded domain in R". We consider ¢ a smooth function in
Q with Cy = maxg |V@|. Denote by o; the ith eigenvalue of the problem (1) and u;
the orthonormal vector-valued eigenfunction corresponding to ;. Then

k k
_ _ max{d+ao%, 84+am+2)}1 . 4(a+1) 1
Ok+1 — Ok = X E_ oj % E_

n—+uo
+MC2

n+a U

Proof We denote N = (=Lg) and M = V¢ div — Vdiv, so H = N + aM. This
operator is associated to the eigenvalue problem (1). We consider G, = x?, then from
(25), we have

k n k n
= @1 =00 O, D> ([[H. xP] xPujuy) <27 D IH. 2wy |2, (26)

j=1 p=1 j=1 p=1
We derive
n n n
— Z([[H,x”] , x”] uj, uj) = 22/ |Vx"|2|uj~|2du, + 2« Z/ (VxP . uj)2du
p=1 p=1 £2 p=1 £
=2(n+ a).
Notice that

[H,xp]llj = —Pj(xp).
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Hence, it follows from Theorem 2.2

S 37T I = 3 1P, G —(4+a)/ujL¢ujdu

p=1 p=1

+ (8a + 2a% + &*n)||divu||* — 4(a + 1) /Q u;VéVu;du
+ (0 + 20 + 1)/Q IV |*luj*dp — (4o + 4a2)/9(v¢ -uj)divu;dp

< —@4+a? /Q u;Lgu;dp + (8a + 2% + a’n)
X |:/Q divu; (Vo -u;)dp —/QVdivuj -ujdu} —4(a + l)/QuquSVude
+ (@ +2a + 1)C§ — 4a(1 + a)/Q(qu ~uj)divujdpu

=—“4+ az)/szujL¢ude + (4o — 2% + azn)/gujV¢>divujdu
—4a+1) /Q u;VoVu;dp + (@ +2a + 1)C} — (8 + 2o + a’n)
X/Qudeivujdu <@+ az)/szujL¢ujd,LL + (8 + 20% + o®n)
x /Q u; Vodiva;dp — 4(a + 1)/QujV¢Vujdu + @ +2a 4+ 1C
— (8o + 202 +oz2n)/gudeivujdu < —(4 +a2)/gujL¢ujdu,

+ (8 + 2a* + azn)/ [u;jVodiva; —u;Vdiva;ldu
Q
1

2
+4(a + 1)Co (/ |vu.,~|2du> + (@ 420+ 1C?
Q

< max{4 + az, 8+aln + 2)}/ u;[(=Lg)u; — a(Vdivu; — Vodivu;)]du
Q

+4(a + 1)Coy/5; — alldivu |2 + (@ + 2o 4+ 1)C§ = max{4 + o>, 8
+a(n +2)}5; 4+ 4 + 1)Coy/5; — alldivu |2 + (@® + 2a 4+ 1)C3.

Inserting the above inequality in (26), we have

Ok+1—0k <

max{d + o2, 8 +a(n+2)) 1 <= _ 4@+ 1) (a+1)
£ 200 O*Z\r

n—+ao = n—+a n—+a
27)
When ¢ = 0, we have that (27) is the same inequality obtained in Example 4.4
[11]. O
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In the next theorem our aim is to get a result similar to Ashbaugh and Benguria
in [1]. This result is very interesting because it doesn’t make use the Rayleigh-Ritz
inequality.

Theorem 3.5 Let M"be a complete Riemannian manifold and let Q2 be a bounded
domain with smooth boundary in M. Let ¢ be a smooth function in Q with Co =
maxg |Ve|. Denote by A the j-th eigenvalue of the drifting problem, namely

(=Lpuj =rju; in Q
u; =0 in 09Q. (28)

If M is isometrically immersed in R™ with mean curvature vector H, then

n
1
D Mk < (- Hh+nHG + Ch+4Cok 2,
k=1

where Hozsuplﬁ [, l e N.
Q

Proof Let {x4})_,; be the standard coordinate functions in R™. For each j fixed, we
considerer am x m matrix, C where cap = ([H, xo]uj, tj1p)

Using the orthogonalization process we have that there exist B := (byp) an upper
triangle matrix and 7 := (f48) an orthogonal matrix such that B = T'C, that is

m m m
bop = Z’aycyﬂ = thy <[H xy] Uj, “Hﬂ) = <[H Ztayxy:|“jv “j+f5> =0,

y=1 y=l1 y=1

forl < B <o <m.

Defining g, = 21’7:1 tay Xy, we have that ([H, galuj, uj_Hg) =0forl < <.

At this moment, we analyze the term

(11, galuj, ur)’
Ak — Aj '

Observe that, fork = j +1,..., j + (¢ — 1), we obtain

(11, galuj, ur)’
A —Aj

=0.
For k > j + «, we have that Ay > A ;. Hence,

([H, galuj, w) _ (. galuj, ur)
Mjga —Aj Mo—A;
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When k£ = j, in the algebraic lemma we assume g = 0. For the case in that k < j,
we have Ay — A; < 0. So,

(1, galuj, ur)’
—_— <
Ak — Aj

Therefore, for any positive integer k, we have

(A, ga]“j»”k)2 - ([H»ga]uj,uky.
Ajta — Aj - Ak — Aj

Summing over k, we get

S {H. goluj ui)’
k=1

i [H, got]u]»”k) )

(29)
Ajta = Aj k=1 M —
In the other hand, the Parseval’s Identity gives us
oo
S, galuj, we) =1 [H. ga] I (30)
k=1

In Algebraic Lemma 3.2, we assume G = g, and we use the inequalities (29), (30).
Thus, we can conclude that

o0

Z ([H, 8aluj, uk)2

1
— 5 (M. 8al. galuj uj) = Ay

k=1

2

(1M, galuj, i)’

=~
I
-

IA

Mjta = Aj
_ Mgl 1P

€)Y
Mjta = Aj

Here, we assume that H = (—Ly) and we obtain

1
_E<[[Hﬂgol]agot]u]7u]>
1
= / % [ (~Lp)(82u) — 280 (~Lg) (gatt)) + g2 (~Lg)u; | d
2 Ja

= [ Ve P du
Q
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Summing over « in (31)

Z/Qw,-Vga > Qe = 2pdp < DI I(=Lg), goluj 117+ (32)
a=1

a=1

We remember that M is isometrically immersed in R”, namely,

—
L¢ga:ana_<v¢7Vga>v a=1,...,m.

Consequently, we have
m m
Lo gality 1P = 3 [ uiLoga +2(Vgu, Vuy) P dp
a=l1 a=1 2
m m
= Z/ u?(hpga)zd,u + 42/ uillygy (Vgou VMj)d,u,
Q Q
a=l1 a=1

m
2
+4Z/ (Vga, VMj) du
a=1 Q2
—
= [t 7 P10 Prdie =4 [y (9, V)i

+a [ 1vu; P du
Q
1
202 | 2 2\’
<n"Hj+ Cj+4Cy | Vu; | +4 | uj(=Lyu;du
Q Q
§n2H02+C§

1
+4C0)»12. +4A;.

Furthermore, from (32), we obtain
m 1
Z/Q |4V I* (jra —Aj)dp < n”Hg + Cg +4Cor? +42,.
a=1
Since | Vgy |>< 1 then
m m
Z/ | Vg I (jira —=Ap)dp= D" | Vgq I* (jya — 1))
Q
a=1 a=l1

m n m
=D 1Vea Phjya—nhj=D | Vea P Ajya+ D, |Vaa I Ajya —nkj
a=1

a=l1 a=n+1
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n m
ZZ|VgOt |2)‘-j+0(+)\j+n Z |Vga |2 —I’l)\.]
a=1 a=n+1

n n
= Z | Vo I* Aja + Ajgn (n - Z | Vgg |2) —nhj
a=1 a=1
n

n
= D71 V80 P AjratAjen 3 (1 Vea IP) = 12,
a=1

a=1

n n
= > 1V8e Phjra+ D Ak (1= 1 Vo 12) = 2,
a=1 a=1
n
= Z)»]q_a — nAj.
a=1

Therefore,

! 1
D hjta < nPHg 4 Cj+4Cor} + (n+ 41,

a=l1
O

For j = 1 and ¢ constant, the inequality derived covers Ashbaugh and Benguria
in [1].

Corollary 3.6 Under the same assumptions as in Theorem 3.5. We have

i) If M is isometrically immersed in the unit sphere S"~' C R™ with mean curvature
vector H then

" 1
D hirk = (1 +n? (HE+1) +C+4Con,
k=1

%
where Hy = supq | H |.
ii) If M is isometrically immersed in a projective space FP™ with mean curvature
%
H, then

n

2(n+d 1
Dk < A4+’ (sz + %) + C3 +4Cor},
k=1

B -
M A
Il
oa=

where Hy = supg, | ?I) | and d = dimp =
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Proof 1) Let f be standard embedding from M into an unit sphere S”~! and let j
— —
be the inclusion map. Denote by H the mean curvature vector of f and by H' the
mean curvature vector of j o f. Since j : S"~! < R™ has —I like the Gauss
normal map then the shape operator Sy = /. Hence,

| H ’=| H |* +1.

Using the Theorem 3.5, we obtain

" 1
> hiak = (0 Ak +n® (HE 4+ 1) + CF +4C02]

k=1
ii)
M ! Fp™
¢
pof l
H@m +1;F)

— —
Let H be the mean curvature vector of isometric immersion f and let H'be the
mean curvature vector of ¢ o f. Let ¢ be the standard immersion of FP™ into
H(m + 1;F), where H(m + 1;TF) is the vector space of (m + 1) x (m + 1)
Hermitian matrices with coefficients in the field F. We’re going to use the Lemma
2.2 that is shown us in [6], namely

2(n+d
R H D

n
Replacing in Theorem 3.5 we obtain the result required.

(]

See [3] for more informations about the standard imbeddings of projective spaces.
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