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1 Introduction

An important problem in the theory of automorphic forms is to understand periods, and
how they are related with L-functions and their special values, as well as with functorial
liftings. A prototypical example for this is the connection between symmetric and
exterior square L-functions, functorial liftings from classical groups to GL,, and
certain periods, which dates back at least to [22], and is more fully explicated in
[15,16]. Some more exotic examples are found, for example, in [9,10], and a general
framework which extends beyond classical groups is discussed in [13].

The connection between poles and liftings is well- understood, at least philosoph-
ically: one expects that the L function attached to a generic cuspidal representation
7 and a finite dimensional representation » of the relevant L-group will have a pole
at 1 if and only if the stabilizer of a point in general position for the representation
r is reductive and 7 is in the image of the functorial lifting attached to the inclusion
of the stabilizer of such a point. For example, in the exterior square representation of
G Ly, (C), the stabilizer of a point in general position is Sp2, (C), so one expects that
a pole of the exterior square L function indicates cuspidal representations which are
lifts from S O7,1. The connection with periods is up to now less well understood.

In order to prove the expected relationship between poles and liftings in specific
examples, and in order to draw periods into the picture, it is useful, perhaps essential,
to have some sort of an analytic handle on both the L-function and the lifting. An
analytic handle on the L-function may be provided by an integral representation,
either of Langlands—Shahidi type or otherwise (integral representations which are not
of Langlands—Shahidi type are often termed “Rankin—Selberg”). An analytic handle
on the lifting may be provided by an explicit construction.

Integral representation of L functions and explicit construction of liftings between
automorphic forms on different groups are important subjects in their own right as
well. For example, integral representations are, as far as we know, the only way to
establish analytic properties of L functions in new cases. When an integral represen-
tation produces L functions whose analytic properties are already well understood, it
nevertheless provides a new insight into the connection with periods, and identities
among periods which can be otherwise quite surprising. This is the case in the present
paper.

For explicit construction of liftings, there are two main ideas we know of. Each is
related to the other and both are related to the theory of Fourier coefficients attached
to nilpotent orbits [8, 14].

The first main idea is to use a “small” representation as a kernel function. The pro-
totypical example of this type is the classical theta correspondence [19]. In this type
of construction, an automorphic form, which is defined on a large reductive group
H is restricted to a pair of commuting reductive subgroups, and integrated against
automorphic forms on one member of the pair to produce automorphic forms on the
other. In general, there is no reason such a construction should preserve irreducibil-
ity, much less be functorial. The right approach seems to be to take automorphic
forms on H which only support Fourier coefficients attached to very small nilpotent
orbits. For example, a theta function, defined on the group %4mn (A) only supports
Fourier coefficients attached to the minimal nilpotent orbit of this group. Its restriction
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to Sp2,(A) X Oz, (A) provides a kernel for the theta lifting between these groups.
Functoriality of this lifting was established in [29]. This method has enjoyed brilliant
success, but also has significant limitations. For example, it is not at all clear how the
classical theta correspondence could be extended to other groups of type C,, X D,,:
the embedding into Spa,, is specific to Spa, x Oy,,. The results of this paper hint at
a possible way around this difficulty.

The second main idea in explicit construction of correspondences is the descent
method of Ginzburg, Rallis, and Soudry ([16], see also [20]). This construction treats
the Fourier coefficients themselves essentially as global twisted Jacquet modules,
mapping representations of larger reductive groups to representations of smaller reduc-
tive groups. As before, in general there is no reason for this construction to respect
irreducibility, much less be functorial, and a delicate calculus involving Fourier coef-
ficients seems to govern when it is.

In this paper we define and study two new multi-variable Rankin—Selberg integrals,
which are defined on the similitude orthogonal groups GSOj; and GSOg. These
integrals are similar to those considered in [3,6,7,11,12], in that each involves applying
aFourier—Jacobi coefficient to a degenerate Eisenstein series and then pairing the result
with a cusp form defined on a suitable reductive subgroup. To be precise, GS Og, has
a standard parabolic subgroup Q whose Levi is isomorphic to GL3;, x GSO3,. The
unipotent radical is a two step nilpotent group and the set of characters of the center may
be thought of as the exterior square representation of G Lj, twisted by the similitude
factor of GS O3, . The stabilizer of a character in general position is isomorphic to

C :={(81,82) € GSpan x GSO2 1 M(g1) = A(g; )}

Here, A denotes the similitude factor. The choice of a character in general position as
above also determines a projection of the unipotent radical onto a Heisenberg group
in 4n” + 1 variables, and a compatible embedding of C into Span2-

Our Fourier—Jacobi coefficient defines a map from automorphic functions on
G S Og, (A) to automorphic functions on C(A). In the case n = 2 and 3 we apply this
coefficient to a degenerate Eisenstein series on G S Og,, (A) induced from a character of
the parabolic subgroup P whose Levi factor is isomorphic to GL3 x GL3,-3 x GLj.
We then pair the result with a pair of cusp forms defined on G Sp»,, (A) and G S Oy, (A)
respectively. The results suggest an intriguing connection with the theta correspon-
dence for similitude groups.

Indeed, in the case n = 2, the global integral turns out to be Eulerian, and to give
an integral representation of

L5(s1, TT x 1) L5 (52, T x 1),

where IT is a generic cuspidal automorphic representation of GSp4(A) and 11, T2
are two (generic) cuspidal automorphic representations of G L;(A) having the same
central character, so that 7] ® 17 is a (generic) cuspidal automorphic representation of
GSO4(A). It follows that the original integral has poles along both the plane s = 1
and the plane s, = 1 if and only if IT is the weak lift of 71 ® 12 corresponding to the
embedding
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GSping(C) = {(g1, g2) € GL(2,0)* | det g1 = det g2} <> GSpins(C) = GSp4(C).
It is known that the functorial lift corresponding to the embedding
S04(C) — S0Os5(C)

is realized via the theta correspondence. Our Eulerian integral suggests that the
Fourier—Jacobi coefficient of the iterated residue of our Eisenstein series provides a
kernel for the theta correspondence for similitude groups. This is particularly intrigu-
ing since the Fourier—Jacobi coefficient construction extends directly to any group of
type D3, whereas there seems to be no hope of extending the theta correspondence to
any representations of such groups which do not factor through the orthogonal quotient
in any direct way.

The result is also intriguing in that it points to a possible identity relating our
Fourier—Jacobi coefficient with a theta series on 51316(1%). We are not aware of any
way to see such an identity directly.

The integral corresponding to n = 3 provides some more evidence for a connection
with the theta correspondence, in that the global integral unfolds to a period of G Spg
which is known to be nonvanishing precisely on the image of the theta lift from G S O¢
[15].

We now describe the contents of this paper. In Sect. 2 we fix notation and describe
a family of global integrals, indexed by positive integers n. In Sect. 3 we unfold the
global integral corresponding to the case n = 2, obtaining a global integral involving
the Whittaker function of the cusp form involve which, formally, factors as a product
of local zeta integrals. These local zeta integrals are studied in Sects. 5, 6, 7, after
certain algebraic results required for the unramified case are established in Sect. 4.
Once the local zeta integrals have been studied we return to the global setting for
Sects. 8 and 9, where we record the global identity relating the original zeta integral
and LS (s1, I x T )LS (s2, I x 77), and deduce a new identity relating poles of these
L functions and periods. Finally, in Sect. 10, we briefly describe what happens in the
case n = 3, omitting details. We remark that the case n = 1 is somewhat degenerate,
as the split form of GSO; is a torus; our global integral appears to vanish identically
in this case.

This work was undertaken while the authors were visiting ICERM for a program
on Automorphic Forms, Combinatorial Representation Theory and Multiple Dirichlet
Series. They thank ICERM and the organizers, as well as David Ginzburg and the
referee.

2 Notation

Write J,, for the matrix
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If g is an n x m matrix, write g for the transpose of g and ; g for the “other transpose,”
Jn'gl,. Letg* = ;g7 !. Let G = GSO, denote the identity component of GO, :=
{g¢ € GL, : gJ,'g € GLy - J,}. If n is odd, then GO, is the product of SO, and
the center of GL,. If n is even, then GSO,, is the semidirect product of SO,, and
{diag(ug, I%) : L € GL1}. Here I is the k x k identity matrix. The group GS O,
has a rational character A : GSO,, — GL, called the similitude factor, such that

ghn'g =2 Ju, (g€ GSOy).

The set of upper triangular (resp. diagonal) elements of GS O, is a Borel subgroup
(resp. split maximal torus) which we denote Bgso, (resp. Tgso, ). A parabolic (resp.
Levi) subgroup will be said to be standard if it contains Bgso, (resp. Tgso, ). The
unipotent radical of Bgsg, will be denoted U. We number the simple (relative to
BGso,,)rootsof Tgsp,, in G oy, ..., o, sothatt% =t;; /ti4q ;41 forl <i <n-—1,
and t%" = t,_1 n—1/th+1.n+1. Here, we have used the exponential notation for rational
characters, i.e., written ¢t instead of « () for the value of the root « on the torus element
t.
Define mp : GL3 x GL3(;,—1) x GLj into GSOg, by

mp(g1, &2, 1) — diag(rgi, Ag2, &, 81)- ()

Denote the image by M p. It is a standard Levi subgroup. Let P be the corresponding
standard parabolic subgroup. Thus, P = M p x Up, where U p is the unipotent radical.
We use (1) to identify M p with GL3 x GL3,-3 X GL1.

Recall that a character of F*\A* (i.e., a character of A* trivial on F*) is
normalized if it is trivial on the positive real numbers (embedded into A* diago-
nally at the finite places). An arbitrary quasicharacter of F*\A* may be expressed
uniquely as the product of a normalized character and a complex power of the
absolute value. If x = (x1, x2, x3) is a triple of normalized characters of F*\A*
and s = (s1, 52, 53) € C3, write (x; s) for the quasicharacter Mp(A) — C by

(x5 8)(g1, 82, 1) 1= xi(det gp)| det g1[*! x2(det g2)| det g2 x3 (M)A, (2)

Then (x;s)als) = (s)mpa'Ba ' Bpo1),d®) =  x;x3™"

X32(a)|a|2s3_3“+(3_3”)‘2. The pullback of (x;s) to a quasicharacter of P(A) will
also be denoted (x; s).

Consider the family of induced representations [ ndg((ﬁ)) (x;s) (non-normalized
induction), for fixed x and s varying. Here, we fix a maximal compact subgroup K of

G (A) and consider K -finite vectors. The map / ndg((ﬁ)) (x; s) > s gives this family the

structure of a fiber bundle over C3. By a section we mean a function C3xG(A) > C,
written (s, g) = fy.5(g), such that f,.s € Indg((ﬁ))(x; s) foreach s € C3. A section
Sy:s 1s flat if the restriction of f.; to K is independent of s. Write Flat(x) for the

space of flat sections.
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For such a function fy.s, let E(fy.s, g) be the corresponding Eisenstein series,
defined by

E(frs: @)= D,  fus(g)

yeP(F\G(F)

when this sum is convergent and by meromorphic continuation elsewhere. The sum is
convergent for Re(s; — s2) and Re(s;) both sufficiently large (Cf. [27], §II.1.5).

Let Q = Mg x Ug be the unique standard parabolic subgroup of G, such that
Mo = GLy, x GSO2,. We identify Mg with GL2, x G SOy, via the isomorphism

mo (g1, g2) = diag(h(g2)g1,82.87), (81 € GLay, g2 € GS02,).  (3)

The unipotent radical, Ug, of Q can be described as

L, X Y A
o 5, 0 —Y| ., .
0 0 I, —X 2+ X, Y+Y, X+,Z2 =0
0O 0 0 I
Let 2/\2n = {Z € Maty, x2, : 1Z = —Z}. Then we can define a bijection (which is

not a homomorphism) u g : Maty,x, X Maty,xn X2 Aoy — Ug by

Ly X Y Z-3X;Y+Y.X)
up(X,Y,2) = 8 1(3’ 10 _f§ . X, Y eMataysn, ZE>An.
n -t
0 0 0 Ly,
Then

ug(X,Y, DugU,V, W) =ugX+U,Y+V,Z+W—-(X,V)+(U,Y)),
(X,Y,U,V € Mat,xon, Z, W € 2A2y,), where
(A, B) := A;B — B/A, (A, B € Mat,x2,).
It follows that uo (X, Y, Z) ™! = ugp(—X, =Y, —Z), and that if [x, y] = xyx~'y~!
denotes the commutator, then [u g (X, 0,0), up(0,Y,0)] =up(0,0, =X, Y +Y, X) =
up(0,0, (Y, X)). Define [(Z) = Tr(Z - diag(I,,0)) = >.7_, Z; ;. For n € Z define
Han41 to be G x G!! x G, equipped with the product

(x1, ¥1, 21) (%2, 2, 22) = (X1 + X2, Y1 + ¥2, 21 + 22 + X1 Y2 — Y1:X2).

Write r for the map from Maty, «, to row vectors corresponding to unwinding the
rows: r(X) = X|1,.--X1.n>X2.1, - - - X2n.n, and write r’ for the similar map which
unwinds the rows and negates the last n. Explicitly:

Y
rY)y=r (_)1,2) = (V10s -+ Ylns Y1, 1s -+ Yans —Ynt1,15 -+ +» —YV2n,n)
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for Y = (){1) € Maty, «,,, Yi,Y> € Mat,, . Then we can define a homomor-
2

phism from Ug to Hy,2, |, the Heisenberg group with 4n? + 1 variables, by
Juo(X, Y, 2)) = (r(X),r'(Y),[(Z)).

The stabilizer of / in M is

Cg = (GSpan x GS02,)° =1{(g1,82) € GSpau x GSO2, | 1(g1) = A(g2) "'},

where A(g;) is the similitude of g;. For any subgroup H of GSpa, x GSOy,, let
H° := H N Cg. The kernel of [ is a Cp-stable subgroup of Up, and is also equal
to the kernel of j. Note that A(g2) is also the similitude factor of (g, g2) as an
element of GSOg,, and that the center of Cy is equal to that of GSOg,. Define
T =Tgso, N Cg, B = Bgsp, NCp and N = U N Cg. They are a split maximal
torus, Borel subgroup, and maximal unipotent subgroup of C, respectively.

The group of automorphisms of H,,2, | whose restrictions to the center of H,,,2
are the identity is isomorphic to Spy,,2. Identifying the two groups defines a semidirect
product Spy,2 X Hyu2,q. Let Rg = Cp x Ugp. The homomorphism j : Up —
Hyu241 extends to a homomorphism Rg — Spy,2 X Hy,2, . Indeed, for each ¢ €
Cy, the automorphism of Uy defined by conjugation by ¢ preserves the kernel of
J and therefore induces an automorphism of Hy,2, {. Moreover, this automorphism
is identity on the center of H4,2 ;| because c fixes /. This induces a homomorphism
Co — Spg,2, which we denote by the same symbol j, and which has the defining
property that j(cuc™") = j(c)j(u)j(c)~! forall ¢ € Cop and u € Ugp. We may then
regard the two homomorphisms together as a single homomorphism (still denoted ;)
from R t0 Spy,2 X Hyp2iq.

For a positive integer M, identify the Siegel Levi of Spapy with G Ly via the map

(g g*) — g. It acts on Hap41 by g(x, y,2)g~ ! = (xg™!

g1 € GSpy, and g2 € GS Oy, the matrix mg (g1, g2) € M maps into GL,,2 if and
only if it normalizes {u o (X, 0, 0) : X € Maty,x,}, i.e., if and only if g; is of the form

—1
(,\(gl )83 g*) for g3 € GL,. Write
3

, g, 2). Note that for

-1
(/\(81) 82 *)) (81 € GSpan, g2 € GLy). 4)

1
m 1,82) =m 1
081, 82) Q(g g

Then
miy(g1. 82)ug(X.0.0mp (g g5") = up(g1Xgy'.0.0), (Y81 € GSpou. g2 € GLy),
and j(le(gl, 82)) € GL,,2 C Spy,> is the matrix satisfying

r(X)j(my(g1.82) =r(gy ' Xgo).
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The determinant map GL,,2 — GL pulls back to a rational character of this sub-
group of Cp which we denote by det. Thus det(le(gl , 82)) = det g, " det g%” =

)L(g])_”2 det g%" for g1 € GSpan, 82 € GL,.On T C Cyp, the rational character det
coincides with the restriction of the sum of the roots of Tgsoy, in {up(0,Y,0) : Y €
Maty; ).

Let ¢ be a additive character on F\A and ¥;(Z) := ¥ o l. The group Hy,2 (A)
has a unique (up to isomorphism) unitary representation, wy,, with central character
¥, which extends to a projective representation of Hy,2 1 (A) X Spy,2 (A) or a genuine
representation of Hy,2,1(A) X § p4,,z(A) where Sp,,2(A) denotes the metaplectic
double cover.

Lemma 2.1 The homomorphism j : Co(A) — Spg,2(A) lifts to a homomorphism
CQ(A) — Sp4n2 (A).

Proof Write pr for the canonical projection 3'774,# (A) — Spy,2(A). We must show
that the exact sequence

1= {1} = pr ' (/(Co(A)) — j(Co(h) — 1

splits, i.e., that the cocycle determined by any choice of section is a coboundary. The
analogous result for Spa,, x SO»,, over a local field is proved in [24], corollary 3.3,
p. 36, or [28], lemma 4.4, p. 12. The extension to C¢ follows from section 5.1 of [18].
The global statement then follows from the corresponding local ones. O

Thus we obtain a homomorphism Rp (A) — 5;74,,2 (A) X Hyy2, 1 (A) which we still
denote j. Pulling wy, back through j produces a representation of Rp(A) which we
denote wy, ;. This representation can be realized on the space of Schwartz functions
on Maty, »,, (A) with action by

[@y1(up(0,0,2)).0] = y1(2)¢p  [wy1(ug(X,0,0)).01(¢) = ¢ (¢ + X)
[y 1(up(0,Y,0).01(5) = vi((Y, )P (E) = (Y 1§ = &: V)@ (&), (&)

[y 1(m (81, 82))-B1E) = Yy detm (51,00 | deL 0 (81, 217 (g7 'Eg).

(Cf. [16], p. 8). Here yy o denotes the Weil index. The representation wy has an
automorphic realization via theta functions

0, ug) = D oW lE), (e Hyr (D), T € Spya(h)),

& eMatynxn (F)

Here ¢ € S(Mat,»,(A)) (the Schwartz space of Mato, ., (A)), Hy,2,1(A) is iden-
tified with the quotient of Uy by the kernel of /, and Spy,2 is identified with the
subgroup of its automorphism group consisting of all elements which act trivially on
the center.
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Lemma 2.2 Consider the Weil representation of Ha,+1(A) % 3;2,; (A) and its auto-
morphic realization by theta functions. Let V be a subgroup of Han+1 which intersects
the center Z trivially. Thus V corresponds to an isotropic subspace of the symplectic
space Hopy1/Z. Let V& = {(v/ € Hopy1/Z : (v, V) = 0} DV, and let Py be the
parabolic subgroup of Sp>, which preserves the flag0 C V C V+ C Hau11/Z. Note
that the Levi quotient of Py is canonically isomorphic to GL(V) x Sp(V+/ V). Thus
Py has a projection onto the group GL1 x Sp(V+/V) induced by the canonical map
onto the Levi quotient and the determinant map det : GL(V) — GL. The function

§+—>/ 0(¢; vg)dv
v

is invariant by the A-points of the kernel of this map on the left. (Throughout this paper,
if H is an algebraic group defined over a global field F, then [H] := H(F)\H(A).)

Proof First assume that V is the span of the last k standard basis vectors for some
k < n. Then

/( D oy ((0,...,0,0,09).¢]E) dv=" > [0y(@.¢]0,...,0,&),

F\A)k é:an é/EF"_k

and invariance follows easily from the explicit formulae for wy, given, forexample on p.
8 of [16]. The general case follows from this special case, since any isotropic subspace
can be mapped to the span of the last k standard basis vectors, for the appropriate value
of k, by using an element of Spy, (F). m]

For fy., € Indfjgﬁg(x; 5), and ¢ € S(Matanxn(A)), let

EYD (fys. ) = /

o du E(fy.s,ug)0(p, jmg)), (g€ Co(A). (6)
0

Recall that Cp was identified above with a subgroup of GSps, x GS0»,.If g € Cg
then g will denote its G Spa, component and g> will denote its G S O, component.
Now take two characters wy, wp : F*\A* — C*, and two cuspforms ¢, defined on
GSpy,(A) and @1, defined on GS 02, (A), suchthat g; (a-g) = w;(a)pi(g), fori =1
or2,a € A*, and g € GSpy,(A) or GS 07, (A) as appropriate. Choose x1, x2, X3 SO
that 3 Xy 3 x32a)1_1a)2 is trivial, and consider

[Fos 91, 02, ) = / E'D (s, D01 (gD0(edg.  (T)
Z(A)Co(F)\Co(A)

To simplify the notation, we may also treat the product ¢j¢; as a single cuspform
defined on the group Co, and write ¢(g) = @1(g1)¢2(g2), and I(fy.s, @, @), etc.
Note that the integral converges absolutely and uniformly as s varies in a compact set,
simply because E?®)( fy:s) 1s of moderate growth, while ¢1 and ¢, are of rapid decay.
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364 J. Hundley, X. Shen

3 Global integral for GS 01>

In this section we consider a global integral (7) in the case n = 2. Thus G = GSOq».
Ifug(X,Y, Z) is an element of Uy, we fix individual coordinates as follows:

X1 x2 y8 7 721 22 zz 0

x o |[¥3 X ’ y—|Y s 7@ 3 0 -—z3 ®)
X5 X6 Y4 3 26 0 —z5 -2
X7 Xg 2 oy 0 —z¢ —z4 —z1

Theorem 3.1 For n in the maximal unipotent subgroup N let Yy (n) = ¥(nj2 +
ny3 — nse + nsy), and let

Wy(g) = /[N] @(ng)yn(n)dn. ©)

Let Uy be the codimension one subgroup of N defined by the condition ny3 = nse.
For ¢ € S(Matyx2(A)), g € Ro(A), write

lo(¢.8) = /Az da dblwy(8)9] v (=a). (10)

S O = Q
S = O

Finally, let w be the permutation matrix attached to the permutation
12 3 4 56789 10 11 12 an
710 11 12 4 58912 3 6 )

and let Ué’ =UpnN w™' Pw. Then the global integral (7) is equal to

/ W, () / Frswug) (@, ug) dudg.  (12)
Z(A)U4(A)\Co(A) UbU(A)\UQ (A)

Remark 3.2 The permutation matrix w represents an element of the Weyl group of
G relative to Tg. We also record an expression for w as reduced product of simple
reflections. We also introduce some notation for elements of the Weyl group. We write
w(i] for the simple reflection attached to the simple root «;, and w[iyi> ... ix] for the
product wliiJwliz] ... w[ix]. Then w = w[64321465432465434654].

Before proceeding to the proof, we need to know the structure of the set P\G/Ry.

3.1 Description of the double coset space P\G/R¢

Clearly, the identity map G — G induces a map pr : P\G/Rg — P\G/Q. Each
element of P\G/Q contains a unique element of the Weyl group which is of minimal
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length. Recall that the group of permutation matrices which are contained in G maps
isomorphically onto the Weyl group of G. A Weyl element of minimal length in its
P, O double coset corresponds to a permutation o : {1, ..., 12} — {1, ..., 12} such
that

e 0(13—-i)=13—-0(), Vi,

e 0 is an even permutation.

elfl<i<j<4 5<i<j<8or9<i<j=<Il12 andif{i,j} # {6,7}, then
o(i) <o(j).

e Ifl<i<j<34<i<j<6,7<i<j<9o0rl0<i<j<12 then
o~ (i) <o 1()).

Such a permutation o is determined by the quadruple
#({1,2,3,4)No ({31 —2,3i — 1,3,

Deleting any zeros in this tuple gives the ordered partition of 4 corresponding to the
standard parabolic subgroup Py := GL4yNo ! Po (Here we identify the permutation
o with the corresponding permutation matrix, which is in GSO12, and identify g €
G L4 with diag(g, 14, g*) € GSO12). Now, for any parabolic subgroup P, of GSO4,
we have GSO4 = P,S04. It follows that g — o diag(g, 14, ¢*) induces a bijection
P,\GL4/GSps <> pr ' (P-0-Q) C P\G/Rg. Therefore we must study the space
P'\GL4/GSps, where P’ is an arbitrary parabolic subgroup of G L.

Lemma 3.3 Let S be a subset of the set of simple roots in the root system of type
Aj. Let Pg, Pé denote the standard parabolic subgroups G L4, and S Og, respec-
tively, corresponding to S. Then Ps\G L4/ G Sp4 and P{\SOg/S Os are in canonical
bijection.

Proof This follows from considering the coverings of SOg and G L4 by the group
G Spine which are described in [20] and section 2.3 of [1], respectively. The preimage
of SO5 in GSping is GSpins = GSps. Since the kernels of both projections are
contained in the central torus of G Sping, which is contained in any parabolic subgroup
of GSping it follows that both Ps\GL4/GSp4 and Pg\SOs/S Os are in canonical
bijection with P{\GSpine/GSpins, where P¢ is the parabolic subgroup of GSping
determined by S. O

Now, in considering S Og /S O5, we embed S Os into S Og as the stabilizer of a fixed
anisotropic element vy of the standard representation of SOg. Then Pé’\S 06/S 05
may be identified with the set of Pé-orbits in SOg - vo. For concreteness, take S Og
to be defined using the quadratic form associated to the matrix Jg, and take vgp =
10,0, 1, 1, 0, 0]. The S Og orbit of vy is the set of vectors satisfying ‘v - Jg - v = "vg -
Jos - v = 2. Note that each of the permutation matrices representing a simple reflection
attached to an outer node in the Dynkin diagram maps v to vy := [0, 1,0, 0, 1, 0],
and that a permutation matrix representing the simple reflection attached to the middle
node of the Dynkin diagram maps v; to v, := [1,0, 0,0, 0, 1].

Lemma 3.4 Number the roots of SOg so that ay is the middle root. (This is not the
standard numbering for S Og, but it matches the standard numbering for G L4, and the
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S OrbitrepsinV Double coset reps
] vg, V1, V2 e, w[l], w[2]w[1]
{1}, { 3}, 0r {1,3} vp, U2 e, w(l]

{2} V0, V] e, w2]w[1]

{1,2} {2,3}or {1,2,3} vy e

numbering inherited as a subgroup of GS O12). Write V for the standard representation
of SOg. The decomposition of S Og - vg into P orbits is as follows:

Proof Direct calculation. O

Remark 3.5 As elements of GSOj3, the double coset representatives are identified
with permutations of {1, ..., 12}. Writing these permutations in cycle notation, we
have w[l] = (1,2)(11, 12), w[2]w[l] = (1, 3,2)(10, 11, 12). Replacing w[1] by
w[3] in any of the representatives above produces a different element of the same
double coset.

3.2 Proof of Theorem 3.1

We now apply this description of P\G/Ry, to the study of I(fy.s, ¢, ¢). For this
section only, let wq be the permutation matrix attached to (11), and let w be an arbitrary
representative for P(F)\G(F)/Rg(F).

The global integral (7) is equal to

Iw(fx;.w Y, ?),

weP(F)\G(F)/Rg(F)

where T (fyss 92 ) = / Frswug)8 (. j (ug)e(g)ds.

ZMUZ(F)CHIFI\Co(M)Ug (D)

where CS =CpnN w Pw, and Ug =UpnN w ! Pw.

Proposition 3.6 If w does not lie in the double coset containing wy, then I
(fxss- @1, 92) = 0. Consequently, I(fy;s, 1, 92) = Tuy(fy;s, 91, ¢2).

Proof Write w = ov where w is a permutation of {1, ... 12} satisfying the four
conditions listed at the beginning of Sect. 3.1, and v is one of the representatives for
Ps\Mgy/Cg given in the table in Lemma 3.4. The integral I,,(fy;s, ¢, ¢) vanishes
if ¥ is nontrivial on U 5 =UpN wlPw, or equivalently, if the character v - Y

obtained by composing 1/; with conjugation by v is nontrivial on Ugp N o~ Po. For
our representatives v, we have

Y(Z1,9+ Z210), v=e,
v-Y1(up(0,0,2)) = ¥ (Z1,10 + Z29), v =w[l],
V(Z111 + Z39), v=w[2]w[l].
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There are 25 possibilities for o. However, it’s clear that Iy, (fy.s, ¢, ¢) vanishes,
regardless of v, if o (1) < 0(9), orif 0 (2) < o (10). This eliminates all but seven pos-
sibilities for o. For the remaining seven, the above criterion shows that I, (f.s, ¢, ¢)
vanishes unless v is trivial.

Assume now that v is trivial on U 5 This means that the image of U 5 in the
Heisenberg group intersects the center trivially, and maps to an isotropic subspace of
the quotient H17/Z (H17) (which has the structure of a symplectic vector group). Write
V for this subspace and V= for its perp space. Define Py C Spig as in Lemma 2.2,
and let P& denote the kernel of the canonical projection Py — GL; x Sp(V+/V).
It follows immediately from Lemma 2.2 and the cuspidality of ¢ that I,,(fy.s, ¢, ¢)
vanishes whenever P‘} N Cp contains the unipotent radical of a proper parabolic
subgroup of Cg. This applies to each of the remaining double coset representatives,
except for wo. O

The following lemma is useful in our calculation.

Lemma 3.7 Let f1, f> be two continuous functions on (F\A)", and W a nontrivial
additive character on F\A. Then

[ axiwpw=3 [ apwven [ dypowe,
(F\A)" F\A)" (F\A)"

aeF"
13)
Moreover, iff(F\A),, dx fi(x) = 0, then one can replace 3, c pn by 2 e pn_oy in
the formula above.

Proof By Fourier theory on F\A,

fi) =D ¥(—a-x) fie,

aeF"

where f,-(ot) = f(F\A)” dx fi(x)¥(ax) fori = 1, 2. So the left hand side of (13) is
equal to

> A@p@) [ . (14)
(F\A)"

o,BeEFN

The integral on x vanishes when o + 8 # 0, and equals 1 if « + 8 = 0, so (14) equals

> file) (e,

aeF"

which is the right hand side of (13). When f(F\A)" dx f1(x) = 0, we have fl 0) =0,
so we can replace D", pn bY D epn_g - |
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From now on, let w = w[64321465432465434654]. Then

y8 Y7
_ 0 O
Ug::UQﬂw]sz u’é(y%yg):uQ 0, 0 0 ,0):y7,3€Fy,
0 0
(15)

Ch=CoNw 'Pw= (P x P)°

where P; is the Klingen parabolic subgroup of GSp4 and P; is the Siegel parabolic
subgroup of GSO4. Let P = M x U; and P, = My x U; be their Levi decom-
positions. Note that f,.;(wug) = f.s(wg) forall u € Ug. So, by Proposition 3.6,
I(fy.s» @, @) is equal to

/ o (g) / Fros (wit2g) / 6(p. j(u1u2g)) duuy dus d.
Z(A)CH(FI\Co(A) UBANUA) w1

(16)
But, for u = uz(y% yg) (defined in (15)),
& &
[y GU)PIIE) = $1EVY Ery + &), & = 2 Z .an
& &g

for any ¢ € S(Matygy2(A)). It follows that (16) is equal to

/ o(g) / Frs(wug)8o(é, j(ug)) dudg,  (18)
Z(A)CE(F)\CQ(A) Uéj (A\U(A)

where

Oo(p,ug) = D l[oyug).g] (g) . (e Hin(A), g € Spig(d)

§eMatzxa (F)

Now, Cpp = (M1 x M2)° x (Uy x Uz), and fy;s(wuiuzg) = fy:s(wg), for any
uy € Uy, up € Uy, and g € G. Moreover, if

19)
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s & s &
then [0y Ua@u9)g] | 3 £ | = viatesss - sssNloymosl |2 ¢ | 1
0 0 0 0

then follows from the cuspidality of ¢ that (18) is equal to

/ o(g) / Frs(wug)0r (@, j(ug) dudg,  (20)
Z(A)CS(F)\CQ(A) US(A)\U(A)

where

016, ug) = > [y (4B) ] (3) . e M), e Spig(A)),
EeMatzxa (F): (E366—E485)#0

The group (M x M>)° is the set of all

m(g3. ga, 1) := diag(t det g3, g3, 1~ '; det g3g4, g t det g3, det g3 - g5, 17 1) (21)

where g3 € GLj, g4 € GLy and t € GL;. Note that the summation over (£, &)
is invariant under the action of (M x M>)°. Consider the action of (M| x M>)° on
(63, &4, &5, 80) | det (? o

s &
stabilizer of (1,0,0, 1) is {m(¢, g3, 84) | g4 = g3 - det(gg)_l}, which is the same
as {Ms(t, g3) = diag(tdetgs, g3,17"; g3, g% det g3: 1 det g3, g4 det g3, 171) : g3 €
GL,, t € GL}. We denote this group by Ms. Let ¥y, be a character on U, defined
by Yy, (Uz(a)) = ¥ (a), then Eq. (20) is equal to

) = 0}. It is not hard to see that it is transitive, and the

/ IRTAT Fos (wie)02(j (ug)) du g,
Z(A)Ms(FYU(F)Ux(A)\Cp(A) US(A)\U(A)
(22)
where
& &
. . 1 0
20 we) = D logGuenel|, | |
(&1,62)€F? 0 0

and the notation ¢U2:¥02) is defined as follows. For any unipotent subgroup V of an
F-group H, character ¢ of V, and smooth left V (F')-invariant function ® on H (A),
we define

oV (p) ::/ @ (vh)® (v) dv.
[V]
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Now, U; consists of elements

1 a b ¢
1 b
Ui(a,b,c) = 1 —a € GSp4, (23)
1
and for any g € Ro,

& & & &
1 0 1 0
[0y U10,0,09¢1 | o | | =lop@el| 4 |
0 O 0 O

Factoring the integration over Uy and applying Lemma 3.7 to functions

& &

1 0
(a,b) = wy (Ui(a, b, 0)g)¢ 0 1 and (a,b) — /F\A degr(Ui(a, b, 0)g),

0 0
we deduce that (22) is equal to

op (IR

o'V (g / Frswug)ty " (jug)) dudg.

Z(A)Ms(F)U1 (A)Ux(A)\Cg(A) UG (M\U(A)

(24)
op _ _ af _ a.p
where WUI (Ui(a, b, c)) = y(axa + Bb), Us = U1Us, and ¥37" = wUzl//Ul . The
group Ms(F') acts on Uy (A) and permutes the nontrivial characters wg’lﬁ transitively.
The stabilizer of ¥y, = 1//11]’10 is

Mg := {Me(a1, az, as)},  where Me(ai, az, as) = Ms (a;l, ‘8 Zi
(25)
Hence Eq. (24) is equal to
U¥y,), .
(p(Usﬂlng)(g) / Sz (wug)o, s (j(ug))dudg,
Z(B) Mg (F)Uy (A U2 (A\C o (A) UBAN\U(A)
(26)
where WU3 = I/fU1 1ﬁU2~
Note that
& & §&il+a &+b
wy i@ b0l | L | = 1oy @)e1] 0
wgb 1a, b, g 0 1 - a)w g 0 l )
0 O 0 0
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and that for §1,& € F, Yy (- (a@+&)+B- b+ &) = Y(a-a+p-b). We
can combine the summation on (&1, &) with the integral over (a, b). It follows that

ULY, . . .
92( : 1'[/U‘)(g) = Ip(¢, g), defined in (10). Let Mg = U T be the Levi decomposition.
It is not hard to see that both Ip(¢, g) and the function g — f(wg) are invariant on
the left by Ug(A). So, (26) is equal to

WYy, , .
@ Usdua) (g) / Frswug)y 7 (j(ug)) dudg,
ZATe(F) U1 (MU (A\Co (A) USANU(A)
27

where Uy = U3Us, and Yy, is the extension of ¥y, to a character of Uy which is
trivial on Ug. Now,

1 1 r
Uy, 1 r Us, 1
gD(U4v‘//U4)(g):/ 905 LY | g1 <P§ 2,¥2) X o
F\A

Let Ny denote the standard maximal unipotent subgroup of GSp4 and N> that of
GSOy. Let wK,l and w])\/lz be the extensions of ¥y, and Yy, to characters of Nq(A)
and N, (A) respectively, such that

1 1
= v, Lo | =von.

r
1 1

4
5%

—_—

Then it follows from Lemma 3.7 (and the cuspidality of ¢1, ¢7,) that

(NLYY) (N2, ¥y?) ¥
eV ()= > 0 T (gey P (g2) = oMV (o),
yeFX*

where N = N{N>, a maximal unipotent subgroup of Cg, and for y € F*, 1/}1)\/] =
wK,] 1//,;;/. We plug this in to (27). The group 7§ acts on the characters 1//,3\’, transitively,

and the stabilizer of ¢y := 1//]1\, is the center of Cg. Since PNV (g) = Wy (g), this
completes the Proof of Theorem 3.1.

4 Preparation for the unramified calculation

In this section, we establish some results which describe the structure of the symmetric
algebras of some representations of Sps x SLy, and Sps x SLy x SL;, which will
be used to relate our local zeta integrals to products of Langlands L-functions.

We first consider some representations of Sps x SL;. Let @ and @w»> denote the
fundamental weights of Sps4 and @ that of SLy. Write V(,, »,.m) for the irreducible
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Spa x SLy-module with highest weight ny@ + nymy + mow, and let [ny, ny; m]
denote its trace.

Proposition 4.1 For i, j,ny, ny and m all non-negative integers, let j; j(ny, ny; m)
denote the multiplicity of Vi, ny:m) in sym' V(i.0.1) ® sym’ V(1 0.0). Then

o0

Z wi,j(n1, nz,m)tf'tnztmx’y

i,j,ny,n2,m=0
1-— t1t2t3x3y2
(1= n5x)1 —x2)1 = nx2)(1 —ny)(1 — Bxy)(1 — Hhrxy)(1 —Hx2y)(1 — nx?y?)’

Proof We first describe sym/ V(j o.1y. Write V(,, n,) for the irreducible Sps-module
with highest weight ny@w| + nyw,. Then we may regard V(; ¢.1) as two copies of
V(1.0 with the standard torus of SL, acting on them by eigenvalues, say,  and n~!.
Then, using the well known fact that sym* V(; o) = V{; 0), and the decomposition of
Vim,0) ® V(n,0) described in [23],
n min(ny,n—ny) ¢ L51 ¢
Trsym” Vo = D 0" 2" D D In=20jl=> D [n—2¢ jin—26],
=0 j=0

n1=0 £=0 j=0

whence

(0.¢] o 1 o

> A Trsym Voo = > 2" jin] = ——— 3 In jinle™.
— X

n=0 Jk,n=0 J.n=0

Using [23] again to compute V(;, j) ® V(n,0) one obtains

Z [n, jllm., 0]¢"x" 2]y

n,m,j=0
1 )
1 ixy Z (n+m+is—ka, j+kolt"x "+21+212ym+12+k.

1 —tx
Y n,j,iz, k=0

n+ir>k

It follows that

o
D i, nymy Gy
i,j,ni,n2,m=0
o0

= L; Z t”l+m+12 —k n2+ktn1 n1+2n2+212ym+i2+k
1—x21—1nx 1
3XY ni,ny,iz,k,m=0
n+ir>k
00
— ! 1 1 1 Z tn1+lz ktktnl n1+2n2+212y12+k
1—x21—txyl—tx21—1ny 4 !
ny,iz, k=0
n-+i>>k
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and the result then follows from the identity

ny 2

i i W okwd — 1 —uvw
pr (1 —w)(l —uv)(l —uw)(1 —uvw)’

n1=0n,=0 j,k=

Corollary 4.2 Forn = (ny, na, n3) let [n] = [ny, no; n3], and, let

a="[1 0 1 1 2 2 2]

1 100
., g="[0 0 0 1
b="'[0 1 1 1 0 1 2] 101 1

S = O
SO =
S = O

Then 3772 x' Trsym' Vi o:1) 2520 ¥/ Trsym/ V1 o.0) equals

1
=2 [Z[n gl = g+ (1,1, 1)]x"'a+3yn»b+z] ’
n

n
where n is summed over row vectorsn = (ny, ...,n7) € Z7>O'

Our next result describes the decomposition of symi Va,0.1) ® sym/ Va,0.0) ®
sym* V(1,0.0y- It is an identity of rational functions in 6 variables. To keep the notation
short, we often reflect dependence only on arguments which will vary. Let

d(t1,0) = (1 — 1130)(1 — x?) (1 — 1) (1 — t3x9) (1 — tat3x) (1 — 11x%y) (1 — 12x%y?)
-1

— n-gy ng ng3i n-a,nb
=| D sy :

p
”EZzo

where g1, g» and g3 are the three columns of the matrix g in Corollary 4.2. Define
rational functions y1, ..., y7 by

Ny Ny ni+na

PID DI
n1=0n=0 k=0
=yi(u, v, w) + y(u, v, w)uN' + y3(u, v, w)vN2 + ya(u, v, w)uN] V2

+ys @, v, w) @w)N + Yo (u, v, w) (VW)N + Y7 (u, v, W) WM VW),

and let ¢; = y;(t1/z, 1z/ 12, 122/ 11).

Proposition 4.3 Let u; j x(n1,na; m) denote the multiplicity of Vi ny:m) in sym!
V0,1 ® sym’ V(1,0.0) ® symk V(,0:0y- Then
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o0

D piknmy By = (1= )T A =27
i,j.k,ny,ny,m=0

cv(hg) | cvlti) | cv(tz?) | cav(ifz) | esv(t3z)

d(z, 1) d(t, 1) d(z,t1z) d(ti,t1z,) d(hz, t)

cov(z®) o3z

d(z,0z2)  d(bz, hz?)’

where ¢y, ..., c7 and d are as above and let v(u) = 1 — ut3x3y2.

Proof From [23] again, one deduces that

oo my my i1+iz

00
[my, ma] - Z[e, O]xZ = Z z Z Z [if +iy—k+£€,my—in +k]xl+m17i1+[2+k,
=0

£=0i1=0i=0 k=0

Combining with Corollary 4.2 gives

o0
. ni na i J ok
Z Wi, jk (1, nos mye) 1715 x" y/ z
i,j,k,ny,na,m=0
n-gy n-gy ij+iz

1 1 " ; oL
— n-a n-b,ng3 i1+ir—k n-go—is+k _n-g)—ij+ir+k
sl gD DESS U A DIDID I R

neZ;O i1=0i=0 k=0

n-g1+1ln-g+1ij+i

ek mer ik o
_x3y2,3 Z Z Ztiwz kt;gz-i- ik n-gi1—iitia+k 7
i1=0 =0 k=0

and and simplifying this rational function gives the result. O

Proposition 4.4 Let Vi, ny:n3:ny) denote the irreducible representation of Sps X
SLy x SLy such that Sps acts with highest weight nyw| + nywy, the first SLy
acts with highest weight ns, and the second SLy acts with highest weight na. For
n = (n1, n2; n3; ng), let u; j(n) denote the multiplicity of V, in symi V1,0:1:0) ®
symf V(l,O;O;l)- Then

S @, y. 1)
Z Z Mi,.j(n)t?lt;2t§l3t24xlyj — 7

< T8,y 1)’
lﬁJZOneZéo ( Y )
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where

vix,y, 1) =1— t1t2t3zfx3y2 — t1t213214x2y3 — 11213Z4x3y3 — 112t2t3t4x3y3 - t1t2132t4x4y3

—nnnixlyt — dnoxtyt — dndxtyt 12 nd ity — giddxty?t
+ 0680y + 1356530y + dntuxty’ + n366x%y + dngux’y’

+ 2265uxy + iy + 560y + 50oi3ux®y’ + nidg 0y’

+ 06537y + n13655x°y0 — ttngi3x0y0 + 26753151300 — 7131517 x0y0
— 125303 00x0y8 — 5365037y — 333x8yT — fi353 6Ty’

—135656x7y —530303x8y = 5350x7TyE + 1511010,

8o, y, 1) = (1 —n13x)(1 — xH) (1 — x?) (1 — r11y) (1 — Y (1 — yH) (1 = x2y?)(1 — 1314xy)

x (1 = tataxy) (1 — 11432 y) (1 — 153xy7) (1 = 1fx2yH) (1 — 3 x2yH) (1 — g x2y?)
Proof Let p and g be the polynomials such that

p(x,y,2,1)

o0
. . ny ny.m i.j k __
M:,/,k,nl,nz,m(nl»nLm)tl Lol x' y'zh = .

Z q(x,y,2,1)

i,jk=0
They may be computed explicitly using Proposition 4.3. Set 1’ = (11, 12, t3), and
oo

f,y i’ 1) = z Z wi, i () 525 et x y

istOHEZiO

By regarding V(1 0.0.1) as two copies of V(j o.0) with the standard torus of the second
SL; acting with eigenvalues T and 7!, say, we see that

tf (e y. ) -t eyt nz41,n4—2r _ plx,yrytT L)
@D < gCcyr oyt L)

So it suffices to verify that

per.ytyt (@ =t HsG, y D),y T
=q(x,yt,yt L, )ev(x, y, 1, 0)8(x, v, ' Y
- T_lv(x7 yy ZJ, T_l)(s(xy y9 t/’ T)]a

which is easily done with a computer algebra system. O
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5 Local zeta integrals I
5.1 Definitions and notation

The next step in the analysis of our global integral is to study the corresponding
local zeta integrals. We introduce a “local” notation which will be used throughout
Sects. 5 and 6, 7 In these section F is a local field which may be archimedean or
nonarchimedean. Abusing notation, we denote the F-points of an F-algebraic group
H by H as well. We fix an additive character ¢ of F, and define a character Yy :
N — C by the same formula used in the global setting. Similarly, if we fix a triple
x = (x1, x2, x3) of characters of F*, and s € C>, then formula (2) now defines a
character of M p. We write Indg (x; s) for the corresponding (unnormalized) induced
representation (K -finite vectors, relative to some fixed maximal compact K ). We shall
assume that the characters in x are unitary, but not that they are normalized, and define
(x: s) fors € C? by the convention s3 = w Thus we have a two parameter family
of induced representations and let Flat(x) denote the space of flat sections.

Let S(Mat4y2) be the Bruhat-Schwartz space, which we equip with an action wy, ;
of R as in the global setting, and define Iy : S(Matsx2) x Rg — C by replacing A
by F in (10).

Next, take 7 to be a yy-generic irreducible admissible representation of C¢g with
Y¥n-Whittaker model Wy, (;r), and with central character 3 X2 3 X32.

For W € Wy, (), f € Flat(x) and ¢ € S(Matyy>), define the corresponding
local zeta integral to be the local analogue of (12), namely:

1(W, f.¢:5) = / W(g) Frus(wug)lo(b, ug) dudg.  (28)
ZU4\Co Up\Ug

0
In addition to the above notation, for 1 <i, j <r,i # j, letx;j(r) =l +7E;; —
rE13_j13—;, where I3 is the 12 x 12 identity matrix and E; ; is the matrix with a
one at the i, j entry and zeros everywhere else, and let

0 0 a @
= 1 0 _ 0
So:=1g 1| B@=]g cg . (a= (a1, a3, a4) € F).
0 0 0O 0

5.2 Inital computations

In this section we carry out some initial computations with local zeta integrals which
will be used in both the proof of convergence in Sect. 7.1 and in the unramified
computations carried out in Sect. 6.

The image of the function x>3 maps isomorphically onto the one dimensional quo-
tient of U4\ N, and the function g — f’(wg) is invariant by the image of x23 on the
left. Moreover, W (x23(x4)g) = ¥ (x4) W(g), while
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[wy (x23(x4)ug) 9] (B + E2(x1, x2,0)) = [wy (ur).¢] (Eo + Ea(x1, X2, x4))

Let
re rn
11(@) = / oo FlT+ran 6 eSMata)
F3
0 o0
H(f, ¢,5) :=/ Fros )l (wy j(u).9)du, (¢ € S(Matyx2), f € Flat(x))
Ug\Ug

LW, f,¢;s) = /Z\T WO (RQ@).f, oy 1(1).¢,5) 3§l(t)dt,

where ¢ € S(Matyx2), f € Flat(x), W € Wy, (), and R is right translation. Then
expressing Haar measure on C in terms of Haar measures on 7, N and K, and using
X723 to parametrize U4\ N yields

LW, f.¢:5) =/KI](R(1<).W, R(k). f, wy1(k).¢: 5) dk (29)

where K is the maximal compact.

The integral 111 (¢) is absolutely convergent. Indeed, 111 (¢) = ¢1(Yop), where ¢
is the Schwartz function obtained by taking Fourier transform of ¢ in three of the eight
variables, and Yy is a matrix with entries 0 and 1. We study the dependence on u €
U 5 \Up and t € Z\T using the local analogues of (5). A remark is in order, regarding
the Weil index Vydetml (21.2) which appears in the third formula. In order to reconcile

the local and global cases, one should think of this as the ratio y,, ;o ml(g1.82) /Y-

The denominator can be omitted because the global yy, 1 is trivial. In the local setting
Yy.1 may not be trivial, but y,, ,» = yy,1 for any a, and det mIQ(gl, g2) is always a
square, so the ratio is always trivial.

Now, let Uy C Ug be the subgroup corresponding to the variables, x1, x2, x4, y3, y5,
Y6, Z1, 22, 23 and z5. That is, the subset in which all other variables equal zero. Let
U7 C U be the subgroup defined by the condition that each variable listed above is
0, and, in addition, y; = yg = 0. Then UpU7 maps isomorphically onto the quotient
Ugj\Ug. We parametrize Ug and Uy using the coordinates inherited from Up. A direct
computation using (5) shows that forug € Up, u7 € Uz, andt € T, 11l (wy (tuou7).¢)
is equal to

yi+th 2
1 _ _ [*ﬁ% tﬁ4
P+ | det 112 (g 191 FxatP — y31 Pyt Po b2y 42y [T y4+_,3
X5 X6 + 16

X7 X8

(30)
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where ¢’ is the Schwartz function obtained by taking the Fourier transform of ¢
(relative to ) in x1, x2 and x4. If we define ¥y, ; (ug) = Ip(xltﬁl +xgtPs — ygt_ﬁ3 +
yét_ﬂﬁ + z1 + z5), and we define §(t) € U7 and 77 : U7 — Matyy by

0 0 0 0 Yoy
-B3
t 0 0 0 X3 V4
5(t) =ug 0 t_ﬂé ) tﬂ4 0 ) 0] e U77 7T7(M7) = xXs  Xe P
0 0 0 P X7 X8

then (30) becomes |t#1HP21+P4|| det r|%wUO,,(u0)¢/(n7(5(r)—1u7)).

The projection 77 has a two dimensional kernel corresponding to the variables
z4 and zg. Let Ug denote this kernel and choose a subset Ué of U; which con-
tains §(¢) and maps isomorphically onto the quotient. Then we can parametrize
II(R(1). f, wy,1(1).¢, s) as a triple integral over Uy x Ug x Ug. The Uy integral is
convergent because ¢’ is Schwartz, after a change of variables it becomes

@ 1 fy.s(Wuougd (1)) := /U, F:s (wuougd (1ug)d’ (7w7(uy)) dus.
8

Thus, conjugating ¢ from right to left, and making a change of variables yields
LW, f,¢;5) = L(W,¢ % f;s), where (W, f, ¢; s) is defined as

/ W ()85 ()] det 12 [tP1HA24B4 | Tac) (1) (x: ) (wiw ™) fyos (wiousd (1)) dt.
Z\T

with Jacy () being the “Jacobian” of the change of variables ug — tupt Y, u7 —
tu7t~'. Notice that ¢ %; f is simply another smooth section of the same family of
induced representations, and that if f,.; and ¢ are both unramified, then ¢’ = ¢ and
@' *1 fy.s = fy:s- Thus, we may dispense with the integral over ug.

Next, we dispense with the integral over ug. To do this, we use [5] to replace fy.s
by a sum of sections of the form

b2 42 fr.5(8) = /FZ Fris(@ra(yD)x3a(y2))$1(y1, y2) dy, (s € C?, g € G).
Now, let
D> fy;51(8) 1=/U s wuo)Vuy, i (uo) dug, — uo(y1, y2) := x24(y1)x34(32).
0

conjugating u9(yq, y2) from right to left shows that
D fr:s18(Dugug(y1, y2)) = ¥ (=y1z6 — y2(za — 1)) - [UD2. f:51(8(t)usg).
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(Recall that zg and z4 are coordinates on Ug). But then
/2[1124)2 *2 [y:s1(8(B)ug) dz = /2[Ilz.fx;s](S(t)us)rlAﬁz(Z@ 74 — 1) dz,
F F

which we may erte as [II,. ¢2 *3 fyis (S(t)) Where *3 is the action of S(Ug) by
convolution, and 8(1‘) = §(1)x29(t“!). Notice that ¢2 *3 fy.s 1 again another smooth
section of the same family of induced representations. Note also that if f is spherical
then taking ¢, to be the characteristic function of 02 gives 252 *3 fys = fyose

Thus, we are reduced to the study of the integral

—1/2

(W, fis) —/ W ()85 '~ (s (1) 1. f:5(8(1)) dt, €1y

where vy(1) = 85 /2(t)| dett|2|tPrHB2Bs| Jac) (1) (x: 8) (wiw™)). Write w =

wiwaws, where w; = w[634], wy = w[3236514] and w3 = w[2356243564].
Write U for the unipotent radical of our standard Borel of G, and U~ for the unipo-
tent radical of the opposite Borel. For w € W, let U, = U N w~'U~w. Then
w3U0w§1 = Upyyw, = w;]leszwz. For ¢ := (ci,...,c6) € F°, define a
character .o of Up in terms of the standard coordinates on Uy by V¢ o(uo) :=
Y(c1x1 + cax4 4+ c3y6 — c4y3 + ¢521 + c625). Notice that Yy, is obtained by tak-
ing ¢ = (ﬂgl P =P =P 1, 1). In terms of the entries u;; we have ¥ o(u) =
Y(ciu1s + caune + c3uz7 — causg + csu9 + ceu2,10), Now, w3 corresponds to the
permutation (2, 4, 11, 9)(3, 8, 10, 5). It follows that u(, wc,o(w§1u6w3)isthechar-
acter of w3 U()u);1 given by u +— Y (cru13 4 cauta + c3ua7 4 cauzs + csu12 + col4s).
In particular, its restriction to w, ! Uy, wy is trivial. Let ¢ > denote the restriction to
Uy, Then

/ Sris(wug)e o(u) du =/ Sriswrurwaurwsg) duy Ye2(u2) dus,
Uo u

U,
(32)
and the u| integral is a standard intertwining operator, M (wl_l, X;8): Indg (x;8) =
1 1
Ind§ ((x; $)85/%)"1, where ((x;$)85°)"1(1) = ((x; )85 )(wirw; "), and Ind
denotes normalized induction.

Now let wgy = w[32365] so that wy, = waw[14]. Also, let wg = w[14]ws. Observe
that wy is the long element of the Weyl group of a standard Levi subgroup of GSO12
which is isomorphic to GL| X GL3 x GSO4.Forcy, ..., cs € F, define a character
Ye,a of Uy, by Ve a(u) = Y(cruzz + causq + c3use + cousy), and for fy.suw, €
Ind§ ((x:$)85.%)", let

jwcyz"f)(;S;U)l(g) = /[] f;;sywl(w4ug)wc,4(u) du’
w4
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which is a Jacquet integral for this Levi subgroup. Then (32) equals

/F (e o MO 19). Fss s (r0xsara)wh) W (esr +cor) dr.

6 Unramified calculation

We keep the notation from Sect. 5.1, and assume further that F' is nonarchimedean,
with ring of integers o having unique maximal ideal p. We fix a generator tv for p.
The absolute value on F is denoted | | and normalized so that |w| = g := #0/p. The
corresponding p-adic valuation is denoted v. Moreover, we assume that K = G (o),
and that the representation 7 and characters x;, i = 1,2, 3 are unramified, and we
let W7, f° and ¢° denote the normalized spherical elements of Wy, (), Flat(x ) and
S(Matyy2), respectively.

The (finite Galois form of the) L-group of GSps x GSO4 is GSpins(C) x
G Sping(C). Indeed, one may define GSpino,+1 (resp. GSpiny,) as the reductive
group with root datum dual to that of GSpy, (resp. GSO»,). However, both GSpin
groups appearing here can be understood more explicitly via “coincidences of low
rank.” Indeed, a simple change of Z-basis reveals that the root datum of GSp4 is in
fact self dual. Thus G Spins is just G Sp4 in another guise. Note, however, that the iso-
morphism of G Sps with its own dual group does not respect the standard numbering
of the simple roots.

Next, we can realize G S O4 (resp. G Sping) as a quotient (resp. subgroup) of G L, x
G L. Indeed, we can realize GS Oy as the similitude group of the four dimensional
quadratic space (Matyx2, det). Letting GL, x GLy act by (g1, 82) - X = g1X'g»
induces a surjection GLy x GLy — GSO4 with kernel {(al»,a'I>) : a € GL},
and thence a bijection between representations of G S O4 and pairs of representations
of GL, with the same central character. By duality, this induces an isomorphism of
G Sping with {(g1, g2) € GL>, x GL; : det g; = det g>}. We remark that the induced
map G Sping — S04 is not the restriction of our chosen map GLy x GLy — GSOy.

We regard GSps x GSO4 as a subgroup of Mg containing Cg in the obvious
way, and regard its L group as a subgroup of GSps x GLy x GL,. We make the
identification in such a way that the first G L, corresponds to the fifth simple root of
G = G SO0; and the second G L, corresponds to the sixth simple root of G.

Let Stgsp, denote the standard representation of GSp4. It may also be regarded
as the spin representation of G Spins. For this reason, the associated L function is
often called the “Spinor L function.” We regard StGsp, as a representation of of
the L group via projection onto the G Sp4(C) factor, and let Sz Spa denote the dual
representation. Let St Ly (resp. St ng)) denote the representations of the L group

obtained by composing the standard representation of G L, with projection onto the
first (resp. second) G L, (C) factor.
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Theorem 6.1 Let

N(s, x) =L(S1 —Sz,ﬁ)L(n -5 —1, E)L(n — 852 — 2, &)L(ﬁ +52 =2, x1x2)
X2 X2 X2

x L(st 452 =3, x1x2)L(s1 + 2 — 4, x1 x2)L2s2, x3)L(2s1 = 6, x7).
(33)
(Local L functions. The corresponding product of global zeta functions is the normal-
izing factor of the Eisenstein series). Then I (W7, f°, ¢°; s) equals

S1—82 vV X3 si+s2 Y X3
L ( 2 L, StGsp, @ SZGL(ZI) X X1X22) L ( 7~ 2.7 Stgg,, ® SIGLf) X mxz)

N(s, x)

Proof (Reduction of the general case to the special case of trivial characters) For
purposes of this proof, write Ay for the similitude rational character of H where
H = GS012, GSpa, or GSO4. Our embedding (GSpa x GSO04)° — GSO13is such
that A\gs0,,(8, h) = AGSP4(g)_1 = AGso,(h), and the projection p : GL, x GLy —
G S04 is such that Ags0,(p(g1, 82)) = det g1 det g>.

Write 7 = I1 ® 71 ® 72 where I1 is an unramified representation of G Sp4 and
71 and 1, are unramified representations of G L, with the same central character (so
that 7; ® 7, is a representation of GSOy4). Write 7, = 1,0 ® |det|"! where 7, ¢ is
an unramified representation of G L, with trivial central character for i = 1, 2, and
t1 is a complex number, and write IT = I1p ® |Agsp, |2, where Iy is an unramified
representation of G Sp4 with trivial central character and #; is a complex number. Then,
as representations of Cg = (GSps x GS04)°,

T =m0 ® [Agson!" T2, where 7o = Iy ® 71,0 ® 12,0.

The operation of twisting ITo by |Agsp,|™ to obtain IT corresponds, on the L group
side, to multiplying the corresponding semisimple conjugacy class in GSp4(C) by
g8 14. Likewise, the operation of twisting 7; o by | det |"! corresponds to multiplying
by ¢ in GL,(C) fori = 1, 2. If 5 is the unramified character n(a) = |a|", then

L (M,JT, Sl‘gsm ® StGLg) X 77) =L (u —th+1H +r o, Sl‘gsm ® StGLg)) .

For i = 1,2, 3 the unramified character y; is given by | |/ for some r; € C. If
s = (s1, 52, 3(“2&) € C3, then let s’ = (s + 71, 52 + 12, w), and let xo

be the triple consisting of three copies of the trivial character. Then it follows directly
.ps _3r+43mp
from the definitions that f;;s = f° - lrgsop,!” 2. The general case now

follows from the case t; = 1, = ry :XOrsz =r3=0.

Recall that I (W, f, ¢; s) is only defined when the triple x and the central character
of m are compatible. In the present notation the compatibility condition is that —3r; —
3ry + 2r3 + 2(t1 — tp) = 0. But then W - )‘(’;s = Wx, f;o;s,. The general case now
reduces to the special case when x = xo and 7 = m. O
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Remark 6.2 We may now assume that 7 = I[1 ® 1] ® 12, where the central characters
of I, 71 and 1, are all trivial. Thus, 7 may be regarded as an unramified represen-
tation of SOs x PGLy x PGL, and corresponds to a semisimple conjugacy class

in Sp4(C) x SL2(C) x SLy(C). Define Stsp,, Stg,m and Stg, @ as the restrictions
2 2
of StGsp,, StG L and StG L@ respectively. Note that all three are self dual repre-
2 2
sentations. In particular, L(u, 7, Ste;/sp4 ® St L(u,m, Stsp, ® StSLg)) for all

uecC.

oLy) =

Proof (Proof in the special case of trivial characters) As x is trivial we write f;
instead of f;,s. LetI(s,m) :=1(Wp, f°, ¢;s). As we’ve seenin Sect. 5.2, it is equal
to 3(W2, f°;s), defined by (31). Let I (s; c1, ..., c6) equal

/f)(;S(WMO)wc,O(UO)duO'
Uo

Leta =tP1 b =1P c=1Ps d =1t P Note that B; — B3 = a1, Bs — B3 = as,
and B4 — Be = a2. Moreover, the characters — 83 — B and a¢ are not identical on T,
but they have the same restriction to the maximal torus 7" of Cg. It follows that for ¢
in the support of W7, the quantities |ad|, |bd|, |bc| and |cd| are all < 1.

By plugging in the Iwasawa decomposition for w38 (1), we find that

IL. £ (3(1)) =
Li(s;a,b,c,d, 1,1), lal, |bl, |c], |d| <1,
|d| =51 =524 (s, ad, bd, cd, 1, 1, 0), |d| > 1, ]al, |b], |c] <1,
|c|_51_52+411(s, a,bc,1,cd, 1,0), le| > 1, al, |b|, |d] <1,

la|~$18242 | 71724 (5, 1, be, 1, acd, 0,0), lal,|c| > 1,b|, |d] <1,
la|=1+2%2L, (s, 1, b, ¢, ad, 0, 1), b1, lel, 1d] < 1, ]al > 1,
la| =192 2 |p|=5149242 (5, 1, 1, be, abd,, 0,0), |, |d| < 1, |al, |b| > 1,

| |6 =51+9242] (s, a, 1, be, bd, 1, 0), Id|, Icl, lal < 1,1b] > 1.
(34)

_1
Now let fsc,)wl denote the normalized spherical vector in Indgc ((x0; $)85 )W and
let

Zits) = LB = DG = — DL+ - 3)
. $(252) C(s1—52) C(s1+s2—2)

Then, M (wl_l, X 8).f = Z1(s) fs‘fwl, by the Gindikin—Karpelevic formula, and
hence
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LiGsicr,....c6) = Z1 (S)/F2 Trea Fsw, (X211 (r1)x54(r2)) ¥ (esr1 + cer2) dr.

_1
We remark that ((xo; s)<332)w1 maps diag(Aty, ..., M, tgl, R tfl) e Tg to

s1-5 —4y, 152=21, |— 3, 41— s3—250— 1
LT 1Y e 74 B |1 ] Rt VN I e (35
O
Lemma 6.3 Assume that each of cs, ce is either zero or a unit. Assume further that if

ce = 0 then at least one of ca, c3, ca is a unit, and that if c5 = 0 then c1 is a unit, and
set Jey caey,eq = J%Af;)’wl (I12). Then 11 (s; c1, ..., c6)/Z1(s) equals

—s1—s2+4 —2s514+6 —3s1—s2+10
Jenereses =4 A ey md T T 2 a gt T g 9 g g,
Remark 6.4 Observe that all the sextuples cy, ..., c¢ appearing in (34) satisfy the

conditions of Lemma 6.3.
Proof There exist cocharacters #; : GL1 — Tg, (i = 1,2) such that (h1, ;) = 8; 1

and (ha, ;) = 8; 4 (Kronecker §). It follows that Jy,, f;jwl (x21(r1)x54(r2)) depends
only on v(ry) and v(r2). If ¢5 is a unit, then

-1, k=1
V(csry)dry = ' '
/v(r1)=k 0, k>1,

and similarly with rp. Since both f¢, =~ and v are unramified, it follows that
Ii(s; c1, ..., ce) equals

ch"‘fscfwl (112) = Fyes SCjwl (mil)) - jllfc,4fso,w1 (mil))
FTpes fiw, (21 (0™ Dxsa (o™ h).

Plugging in the Iwasawa decomposition of x»| (ro~!) and/or xs4 (10! ) gives the result
in this case.
Now suppose that cs5 is not a unit. Then it is zero and ¢y is a unit. It follows that

/F2 e Fsw, (21 (r1)x54(r2)) ¥ (esr1 + cer2) dr
- /F Tpes [0, (542 (cor2) dra.

Indeed the support of J is contained in UT1 K where K = GSO12(0) is the maximal
compact subgroup, and 77 is the set of torus elements 7 with [¢*2| < 1. It follows easily
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from the Iwasawa decomposition that x21(r1)x54(r2) € UT1 K if and only if | € o.
If cg is a unit then proceeding as before we obtain

‘o

/ Tpes S5 Ksa(r) ¥ (eer) dry = Je ereses =400, 2 a.
F

On the other hand, when ¢y is a unit then Je . = Je ¢ a3 ¢4 = 0, and the
T 1€2:€3:C4 T Ty

stated result follows in this case as well. Likewise, if cg is zero, then integration over
rp can be omitted and JCl ¢4 = 0, which gives the result in the
’ o

C

oo

o =J
1o

=1
3l

02 C3 Cl
B o

s

remaining two cases. O

Now consider the subgroup of the torus consisting of all elements of the form

. _ I b _
t = diag hi, 0, 1,4 1,t3t4,t4,—,—,l‘ltz,lz,l,ll . (36)
14 1314

This subgroup maps isomorphically onto Z\7. For elements of this torus and with
coordinates as in (36) we have

224

2, 2—1 -2 2 -1 1
Jaci(#) = |tym315| ™, Jacy (1) = 532 = |ty 11314 |det?]2 = |1, “1514].

—1 51— —851—3s X 2
(x0: ) (wtw™ 1) = [1[* 72 1| 7SI )2,

5135
Set x = q_( - 2), y= q_52+1, and let n; be the p = v(#;) for 1 <i < 4. Then

2n|+n2y2n1+n3+2n4' (37)

ve(t) = x

Forl = (I, b, I3, 13) € Z*, set

: 20442 20442 20142 20 214 +4 4 +44 48
g =1—x 4+y4+ —y 1+2 _ 2h+ 4+y 1+44+
+x214+2y211+4l4+6 + x211+214+4y411+214+6

]2(1) — 1 _ x212+2y412+4 J3(l) — 1 _ x213+2y2l3+2
i) = JiD) ) j30), i = 0Vi,
0, otherwise.

Then direct computation or the Casselman-Shalika formula shows that

C(s1+ 52— D2 ¢(s1 — 52 —2)2 §(2S2—2)j(l)
Cs1+52—3)%0(s1—s2—D2¢Rsy— 1) 7

ch.ll‘fSO,w] (112) =
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where [; = v(¢;) for each i. Hence, if

i1() = j) —x2y*jd —(1,0,0,00) —x*y0 1 —0,1,1,1) +x8y105 0 — (1, 1,1, 1)),

then

I(s: o1 cg) = (51— s —2)%2(s1 + 52 — 4)*¢(2s2 — 2)i1(n1, 2, n3, ng)
Y ¢(s1 = 52)¢(s1 — 52 — DE(s1 + 52 = 2)8 (51 452 — 3) (250)

for all cq, ..., ce satisfying the conditions of Lemma 6.3. Consequently,

£(s1 — 2 —2)%¢(s1 + 52 — 4)%¢ (252 — 2)i(A, B, C, D)
C(s1 —52)C(s1 — 52 — 1)(s1 4+ 52 — 2)¢(s1 + 52 — 3)C(252)

1L f2(3(1)) =

where A = v(tP), B = v(t#), C = v(t=F), and D = v(r=#) and i is defined
piecewise in terms of i1 according to the seven cases from (34). It is convenient to use
an alternate parametrization. Let ii (m1, mo, m3, ma) equal

ilm _—m2+m3—|—m4 my +m3 —myg my—m3+myg —my—+m3+my
: 2 ’ 2 ’ 2 ’ 2
x2m1+m2y2m|+m2+m4 (38)

if mo + m3 + my is even and zero otherwise. Then

¢(s1 — s —2)%¢(s1 + 52 — 42252 — 2)ii (m)

s (D1 f2(5(1)) = ,
V(I f ) = e G =52 = D2 (st + 52— 2051 + 52 — )L 22)

where now m; = v(t%) fori = 1,2, 3,4. Let [m, my; m3; my] or [m] denote the
trace of the irreducible representation of Lc 0/Z) := Sps x SLy x SL on which
Sp4 acts with highest weight m @ + maw», the first SL, acts with highest weight
m3, and the second SL, acts with highest weight m4. Then

_1
82 (OWr (1) = [m2, my; m3; mg)(tz),

where 7,; is the semisimple conjugacy class in L(CQ /Z) attached to . Note the
reversal of order between 1 and 2. The reason for this is that when G Spy4 is identified
with its own dual group, the standard numberings for the two dual G Sp4’s are opposite
to one another. For example the coroot attached to the short simple root «; is the long
simple coroot, which makes it the long simple root of the dual group.

Now, let Z>(x,y) = (1 — y)(1 — x2y*)2(1 — x*>y*)2. Then j(n) is divisible
by Z, for any n. Also, for o the character of a finite dimensional representations of
L(CQ/Z), let L(u, 0) = Z?io uk Tr symk (0), Then Theorem 6.1 is reduced to the
following identity of power series over representation ring of ©(C 0/2):
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1

——— > dilmy,mi,m3, mplml = Z3(x, y)L(xy, [1,0; 1; ONL(xy?, [1,0; 0; 1),
Zr(x,y)

meZs
(39)
where Z3(x, y) = (1 — x2y2) (1 — x2y*) (1 — x*y©).
Define polynomials Py, (u, v) by

L(u,[1,0; 1;0DL(v, [1,0;0; 1) = D Pp(u, v)[m].

meZ‘éO
Then (39) is equivalent to the family of identities of polynomials,

(1 =y =223 = 2y (1 — x*yO) Py (xy, xy%)
= ii(my, my, m3, ms) (Ym € Z1 ),

or to the identity of power series over a polynomial ring:

D dima,my,my, m)" PR = Za0e,y) DT Py, xyh g e
meZ‘éO mEZ‘;O
v(x, y, 1)

= Za(x,y) s
TP

(40)
where v and § are defined as in Proposition 4.4, and Z4 = Z»Z3.
The identity (40) can be proved as follows. Let X = (X1, X3, X3, X4) and ¥ =
(Y1, Y2, Y3, Y4) be quadruples of indeterminates. Define polynomials,

J Gy X Y) =1 = PP XGYE = Y — Py XXy + Y OXGYEYy
+x*yoxix3viy?

Ly XV =A=2P3Y iy X ) = (=2 X3YE) = )sis

so that for k = (ky,...,kq) € Zio, the polynomial j (k) is equal to j(x, y, xk, yk),
where x¥ := (x%1, ... x*) and y*¥ := (y¥1,..., y*). Likewise, one computes a
polynomial i (x, y, X, Y) such that i1 (k) = i;(x,y, xk, yk). It can be expressed as
a sum of 12 monomials in X and Y, each with a coefficient which is a polynomial
in x and y. Thus i (k) = Z}i] ci(x,y) Hj’:l (i, j (x, y)ki, for some polynomials
1, ...,cr2 and monomials ft1,1 ..., (12,4 in x and y. Now,

Z ii(my, my, ms, m4)t?”t£n2t§natin4

meZiO

_ S ,.B.C.DEZ . 2A4+B+C+2D 2A+B+2C+3D ,B+C , A+D ,B+D ,C+D
= 44D.5iC.B1D.Crp=0t (A B, C, D)x y ST S U Y
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This is a sum of seven subsums corresponding to the seven cases which appear in (34).
The simplest of these is
z il(A, B, C, D)x2A+B+C+2Dy2A+B+2C+3DtlB+Ct£\+Dt33+Dt4C+D
A,B,C.D>0
12

:Z ci(x,y)

= (0= pialx, W0x2y?) (1 — pio(x, Mtxy) (1 — w3, y)ntaxy?) (1 — pia(x, y)anx?y3).

In each of the other six sums one can make a substitution to obtain a similar, fourfold
sum of A’, B’, C’, D’ from 0 to infinity. For example, in the second case listed (34),
one has the conditions A, B, C > —D > 1. Substituting A’ = A+ D, B'= B+ D,
C’'=C+ D,and D' = —D — 1, yields

o0

Z i1(A, B, C, o)tlB’JrC’+2D’+2t2A’t3B’t4€’x2A’+B’+C’+4D’+4y2A’+B’+2C’+6D’+6
A',B/,C',D'=0
B i ci(x, y)xtyor?
= (1= i (e, W22y (A = pia (e, Pusey) (1= i3, intaxy?) (1 = 17x4y0)

The other five subsums are treated similarly. Totaling up the resulting rational functions
and simplifying gives (40), completing the proof of theorem.

7 Local zeta integrals IT

In this section we continue our study of the local zeta integral (W, f, ¢;s) at the
ramified places.

7.1 Convergence

In this section, we prove the convergence of local zeta integrals

Theorem 7.1 Take W € Wy, (), f € Flat(x) and ¢ € S(Matyy2). Then the local
zetaintegral [ (W, f, ¢; s) converges for Re(s1 —s2) and Re(s2) both sufficiently large.

Proof We need to show that convergence of I3(W, f;s) defined in (31), for W €
Wy (r) and f a smooth section of the family of induced representations Indg (x;8).
To do this, we simply bound f,.; by a constant times the spherical section flge(s),
where Re(s) € R? is the real part of 5. Then ID>. f . (g(t)) is bounded by a constant
multiple of M (wy ' wi, Re(s)). figy() (w38 (1)), where M (w 'wi ™!, Re(s)) is a stan-
dard intertwining operator. The unramified character (xo; Re(s))d 5 Gl may be identified
with an element ¢ of X(7g) ®z R. The integral defining the standard intertwining
operator converges provided the canonical pairing (¢, ") is positive for all positive
roots o with wy ! wl_loz < 0. Inspecting this set of roots, one finds it is convergent
provided Re(sp) > 1, Re(s; — s2) > 2, and Re(s1 + s2) > 5. Moreover, it converges
to a section of the representation induced (via normalized induction) from ¢™1"2.
Next, we need to understand the dependence of M (wjw,, Re(s)). fﬁ’e(s)(wﬁ(t))

on 7. In order to do this, we write w33(7) as V(t)T (1)K (1) where U(1) € U, T(t) € Tg
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and k (¢) varies in a compact set. It is convenient to do so using the basic algebraic

substitution !
1 0 r= 1Y (0 -1
(r 1) - ( 0 r) (1 r_l) ’ @1

which corresponds to the Iwasawa decomposition if F is nonarchimedean, but remains
valid in the Archimedean case as well.

Recall that S(t) is the product of x37(—>b), x36(—c) and xp5(—d)x43(—a)xz9(ad),
which all commute with one another. We can partition 7" into 16 subsets and use the
identity (41) to obtain a uniform expression for T(¢) on each subset, and compute

gwlwzzsllg/ 2('f(t)) in each case, obtaining

G
L, pl<1] [L =1,
17240, bl = 1] 7 [el ™2, e > 1
I, lal. ld| < 1,
e, lal < 1.1d| > 1,
jal =2, jal > 1, lad| <1, [

la| 72172 |d| 7242 | > 1, |ad| > 1

where 1 := Re(%), uy = Re(“""%‘). Note that most these contributions are
already visible in (34). Moreover, as in (37) we have |vg (£)| = |a|?1|b|*! |c|*2|d|*1 42

Next, we consider the quantity W(t)SEl/ 2(t) which appears in the integral (31).
Using [4] or [26] in the nonarchimedean case, or [35], and [30] as explicated in [31]
and [32] in the archimedean case, we have

—12

w085 (1) = > @y(ad. be, bd, cd)x (1), (42)

xeXy

where X is a finite set of finite functions depending on the representation i, and &,
is a Bruhat-Schwartz function F* — C for each x.
Thus we obtain a sum of integrals of the form

/ @(ad, be, bd, Cd)x(t)|a|k1u1+llu2|b|k2u1+12u2|C|k3u1+l3u2|d|k4u1+l4u2 dt, (43)
D

where D is one of our 16 subsets, k1, ..., kg and/q, ..., l4 are explicit integers depend-
ing only on D, ® is a Bruhat-Schwartz function F* — R, and x is a real-valued finite
function Z\T — R.

Now, for each of the seven cases which appear in (34), make a change of vari-
ables, as in the unramified case so that |a|<141Hhuz|p kauithuz o ksurHsuz | g kawr+Hauz
is expressed as powers of the absolute values of the new variables. For exam-
ple, when |d| > 1 and l|al, |b|,|c| < 1, we have |v,(¢)||d|~ReGD-Rel)+4 —
la|?1|b|"1|c|“2|d|*1 2, and substitute a’ = ad, b’ = bd,¢’ = c¢d andd’ = d~".
After the substitution, each exponent is a nontrivial non-negative linear combination
of uj and us. Also |d’| is bounded, and we have ®(a’, b'c’(d')?, b, ¢), which provides
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convergence as |a’|, |b'| or |c’| — oo. It follows that the integral converges provided
u1 and u» are sufficiently large, relative to the finite function x.

As a second example, we consider the case |a|, |c| > 1, |b|, |d| < 1. In this case,
we make the change of variables b’ = bc,d’ = acd,a’ = a™', ¢’ = ¢~!. We obtain
the integral

/ O[d b, d' b ()2, d'd)x()|a |1 T2 B | P2 g 2 gg! b dl dd

la’|<LIc'|<L|p'c’|<1|a’c'd"|<1

assuming that u; and u, are positive and sufficiently large (depending on x), the inte-
grals on @’ and ¢’ are convergent due to the domain of integration, and the integrals on
b’ and d’ are convergent from the decay of ®. Indeed, ®(c'd’, b’, a'd’, a’(b')?*c'd") <«
la’b'c'(d")?|~N for any positive integer N because ® is Bruhat-Schwartz, and then
la’b’c'(d")?|™N < |b’'d’|~" on the domain D. The other five cases appearing in (34)
are handled similarly.

The nine cases which do not appear in (34) are easier. For example suppose that
|c| and |d| are both >1 while |a| and |b| are both < 1. Then the exponents of |a|
and |b| are the same as in vs(?), i.e., they are 2u; and u; respectively. This gives
convergence of the integrals on a and » when Re(u1) is sufficiently large (relative
to x). The integrals on |c| and |d| converge because of the rapid decay of @ in cd.
The other eight cases are treated similarly, completing the proof of the convergence
of I1(W, £, ¢; s). Now consider 11 (R(k).W, R(k).f, wy (k).¢; s). Each bound used
in the analysis of /; can be made uniform as k varies in the compact set k. Hence
Ii(R(k).W, R(k). f, wy (k).¢; s) varies continuously with k so its integral is again
absolutely convergent. O

7.2 Continuation to a slightly larger domain

In this section, we prove that the local zeta integral 1 (W, f, ¢; s) extends analytically
to a domain that includes the point s; = 5, so = 1. This point is of particular interest
for global reasons. We keep the notation from the previous section. There are two
issues. The first is related to the convergence of the integral II;. f,.;. As we have
seen, this integral is not absolutely convergent at (5, 1). We must show that it extends
holomorphically to a domain containing (5, 1). Then we need to prove convergence of
the integral over Z\T. The domain of absolute convergence for this integral depends
on the exponents of the representation 7. To make this precise, we use terminology
and notation from [2], Sect. 3.1.

Proposition 7.2 Suppose that 11 satisfies H(04) and that T\ and t, satisfy H(6>) (as
in [2], section 3.1). Then for any € > 0, the local zeta integral I (W, f, ¢; s) extends
holomorphically to all s € C? satisfying Re(s; — sp) > max(204 + 26, + 2,3) +
e, Re(si +52) = 546, Re(s2) > 5 + &, Re(sy +252) > 20, + 1.

Proof We first need to extend II>. fy,s beyond its domain of absolute convergence.
It suffices to do this for flat K-finite sections, even though the convolution sections
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encountered in Sect. 5.2 are not, in general, flat of K-finite. Indeed, the integral oper-
ator /I, commutes with the convolution operators considered in 5.2. Moreover, these
operators are rapidly convergent, and hence preserve holomorphy.

As we have seen in the unramified computation /I can be expressed /I3 o
M(wfl, X;$), where II3 is an operator defined on m ((X $)8p 1/2)“’1 by the
uy integral in (32). Then, M (wfl, X; ) is absolutely convergent for Re(sy) >
%, Re(s; — s2) > 1,Re(s; + 5o — 3) > 3. If we insert absolute values into the
integral which defines I3, we obtain a standard intertwining operator attached to
wy ' we may write is as a composite of rank one intertwining operators attached to
{a >0:w, lo < 0}. The rank one operator attached to « is absolutely convergent
provided that (", ¢¥!) is positive. Running through the eight relevant roots, we find
that only one rank one operator diverges at (5, 1). It is attached to the simple root a3
which satisfies (@Y, ¢%!) = 2Re(s2) —

Thus, we only need to improve our treatment of the integral over a single one-
parameter unipotent subgroup. Thus, we consider

A f)l(li}r(w[3]x34(r)g)1p(c4r) dr, (44)

where ¢4 € F and fx ; is a section of the family Ind IndG ((x:9)8, 1/2)“’1, s € C2.

Notice that (44) may be regarded as a Jacquet integral for the rank- one Levi attached
to the simple root 3. By [21], this extends to an entire function of s when f is flat.

If we apply it to the output of M (wi! | » X3 8), then it has no poles other than those of
M (wl_l , X; §). Now we use again the fact that the asymptotics of a Whittaker function,
are controlled by the exponents of the relevant representation. This time we apply it to
the induced representation of our rank one Levi. For most values of s, the exponents
are ((x; )3, 1/2)“’l and ((x; s)3_1/2)w””[3] and the Whittaker function is bounded in
absolute Value by a linear comblnatlon of spherical vectors.

On the line s = 1, this may fail: if ((x; s)éEGl/z)wl ((x; s)S_;/z)w‘ w31 then an
extra log factor appears in the asymptotics of the Whittaker function (cf. [17], 6.8.11,
for example). Bounding log |x| by |x|~¢ with ¢ > 0 as x — 0, in this case, we again
bound the integral (44) by a sum of spherical sections. In fact, the extra |x|°* may be
safely ignored, since we obtain convergence for s in an open set and ¢ > 0 can be
taken arbitrarily small. Thus, if wy = w[3]w’2, then I1,. f,.; extends holomorphically
to the domain where the standard intertwining operator attached to w), converges on
both fé’e(s)’w], and fé’e(s)’w]wm. Inspecting {& > 0 : (wé)’la < 0}, we see that this
means Re(2sy — 1), Re(s; — sp — 3) and Re(s; 4 so — 5) must all be positive. As a
side effect We find that |I1>. fy.5(g)] is bounded by a suitable linear combination of
M(w2 w1 ,Re(s)). fRe(S) and M((wz) Lw Re(s)) fRe(S)

As before, we obtain a sum of 1ntegrals of the form (43) where now the integers
ki,...,kqandly, ..., s depend on the choice of domain D and on a choice of between
wy and w).

In order to obtain a precise domain of convergence, we need information about the
finite function x. Firstly, since we have taken absolute values and assumed unitary
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central character, it factors through the map ¢ +— (lad|, |bc|, |bd|, |cd|). We may
assume that x is given in terms of real powers of the coordinates and non-negative
integral powers of their logarithms, since such functions span the space of real-valued
finite functions. Since a power of log y may be bounded by an arbitrarily small positive
(resp. negative) power of y as y — oo (resp. 0), for purposes of determining the
domain of convergence, we may assume that there are no logarithms. Thus we may
assume x(t) = |ad|P'|bc|P2|bd|P?|cd|P* with py, p2, p3, p4 € R. The quadruples
(p1, P2, P3, p4) which appear are governed by the exponents of i, by [4] or [26] in the
nonarchimedean case, and [35], [30] (see also [32]) in the archimedean case. Hence
they are bounded in absolute value by max(6,, 64), by the definition of H(6;) and
H (64) in [2] and the bound on exponents of tempered representations found in [30],
Theorem 15.2.2 in the archimedean case, or [34] in the nonarchimedean case, we see
that | p1|, [02] < 64, | 03|, [p4] < 61.

What remains is a careful case-by-case analysis along the same lines as the proof
of convergence. For each choice of D, after a suitable change of variables we have an
integral which is convergent provided #| and u; are sufficiently large, and “sufficiently
large” is given explicitly in terms of pq, ..., p4.

For example, the above integral corresponding to the case |a|, |c| > 1and |b], |d| <
1 will now feature a Schwartz function integrated against

2 2 2
e e e R R R F

and so will converge provided uy + u + p3 + pa, u1 + p2 + p3, 2u1 + p1 +2p2, and
u1 + uz + p1 + p3 + pa are all positive. O

7.3 Meromorphic continuation and nonvanishing

Write U, for the unipotent radical of the parabolic opposite P. Notice that PUp w is
a Zariski open subset of GSO1,. We say that f € Flat(y) is simple if it is supported
on P K where K| is a compact subset of U, w.

Proposition 7.3 Suppose that f is simple. Then [ (W, f, ¢; s) has meromorphic con-
tinuation to C? for each ¢ € S(Matyy) and each W € Wy () Moreover, if sg is
an element of C2, then there exist W, f and ¢ such that [(W, f, ¢; so) # 0.

Proof We begin with some formal manipulations which are valid over any local field.
The process requires many of the same subgroups which were defined during the Proof
of Theorem 3.1, and we freely use notation from that section.

.
IO, .65 5) = / / / W (&) f (wug, $)lwy (ug).9] (12) %(r- m) dr du dg.
ZUg\Cy US\UQ Mat| o 0

Define Ui (a, b, ¢) as in (23). Then
r

[wy (ug).@¢] | I | = lwy (Ui(r1, r2, c)ug).¢1(Eo),
0
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0
(for any ¢) where Eg := || and r = (r; r). Also WU (r1,m2,c)g) =
0

YW =y (r : [é}) W (g). Hence

L(W, f,¢;9) =/ / W(g) f(wug, s)[wy (ug).¢l(Eo)du dg,
ZUs\Co JUB\Ug

where Us is the product of Ug, U, and the center Z(U;) of Uj. O

Recall that C 5 is a standard parabolic subgroup of Cg. Let U(C 5)_ denote the
unipotent radical of the opposite parabolic. Then CS -U (Cg)’ is a subset of full
measure in Cp and we can factor the Haar measure on C as the product of (suitably
normalized) left Haar measure on Cg and Haar measure on U (C 8)_. Hence

1(W, f.:5)
_ / / / W) f (wigur, )y (ugu).$1(Eo)du duy dog
zus\cl Juccy)- Jus\ug

Conjugating g across u, making a change of variables, and making use of the equivari-
ance of f yields

I(W, f, ¢;5) :/ / J(Ru1). W, wy (uuy).¢; s) f (wuuy, s)dudu;.
vy~ Jug\ug

where

J(W,¢,S)=/

W (@)[wy (2)-1(Eo) Jaci (g)(x; s)(wgw ™) deg.
ZUs\C}
with Jaci(g) being the Jacobian of the change of variables in #. Now conjugation
by w maps U 5 \Ug x U (Cg) isomorphically onto the unipotent radical U, of the
parabolic opposite P. Hence, if ® is any smooth compactly supported function on
US\UQ X U(Cg)_, then there is a flat section f such that f(wuuy, so) = ®(u, uy).

We claim that the integral J (W, ¢; s) converges provided Re(s; —s2) and Re(s;) are
both sufficiently large, and that J (R(u1).W, wy (uu1).¢; s) extends meromorphically
to C? and is a continuous function of uu; away from the poles. Granted this claim,
is clear that if the integral of J(R(u1).W, wy (uuy).¢; so) against the arbitrary test
function f(wuuy, so) is always zero, then J (W, ¢; so) is zero for all W and ¢.

Now, C 5 = (P1 x P,)° is the intersection of Cg with the product of the Klingen
parabolic Py of GSp4 and the Siegel parabolic P; of GSO4. Let C' = (P x M3)°
denote the subgroup of elements whose GSO4 component lies in the Levi, and let
Us = C'NUs = UgZ(U)). Then C’ surjects onto ZU5\C5, which is thus canonically
identified with ZU;\C’. Expressing the measure on C 5 in terms of Haar measures
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on Uy, Uy and (M x M3)°, and then identifying Z(U;)\U; with Maty 1 (F) via the
map i1 ([r1 rz]) = Ui (r1, 12, 0), yields the following expression for J (W, ¢; s):

W (i (rym)wy (g (r)m).¢1(Eg) Jacy (m)(x; S)(wmw71)5gw}é (m)ydmdr, (45)
Maty o (M| xM3)°

where 808, is the modular quasicharacter.
Now, elements of C’ map under j into the Siegel Levi of Spje. So that

1
[wy o j(c).01(§) = |detc'|2¢(§ - ),
where - is the rational right action of C’ on Mat4y, by
£-mp(g1. g2) =gy 8.

[withm b asin (4)]. The stabilizer of the matrix Eg is precisely the group M5 introduced
in the Proof of Theorem 3.1.

In (45), conjugate m across u1(r), make a change of variables in r, and let Jac, (m)
denote the Jacobian. Define

s m) = (; 9) wmw ™8y ()] det |2 Jacy (m) Jaca (m).

Then replace m by msm’s(g) where ms € Ms and m5(g) = m(1, I, g), [with m as in
(21)]. Observe that

r g
Eo-msms(Qui(r) =1 g
0

Hence if x(g, r) = m(g)it1(rg~"), then

.
JW. g s) = / / J(R(:(g. 1) W, )¢ [ g | 105 (mb(g))| det | dg dr,

Mat x> GL» 0
(46)

where  J'(W,s) = / W (ms) s (ms) dms. 47)
ZUs\ M5

Direct computation shows that i (mg-(g)) = | det g2 x2(det g).
Write Ms = UgTsKs, where Ts = T N Ms and K5 is the maximal compact
subgroup of the G L, factor. Then

J(W.s) = / W (k) (1)8 5 (1)
Ks J Z\Ts
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where §p, is the modular quasicharacter of the standard Borel subgroup Bs of Ms.
Set #¢(a) = diag(a, 1, 1,a7",1,1,1,1,a,1,1,a™"), and write ¢ € Ts as t6t{(a) for
t¢ € To and a € F*. Then

JW,s) = /K | rwag@n s ar
5 X

where J" (W, s) = / W (t6) s (16)8 5. (16) dte.
Z\Ts ’
Observe that J'(W, s) may be written formally as
/ J"(R(g1)-W, s)1s(g1)dg1.
Mo\ Ms

Also, direct computation shows that 14 (té(a)) = |a|"" ™2 x1(a) ) x2(a).
For ¢ a smooth function of compact support F2 — C let

61 1 W1(g) = / W (Ui (s 72, 0)) (11, r2) dir-
FZ

Observe that

[¢1 x1 WI(Ms5(2, g3)) = W(Ms(t, 5’3))51(83_l - |:(1)] tdet g3).

Thus, by replacing W by ¢ *; W (which is justified by [5]) we may introduce what
amounts to an arbitrary test function on Mg\ Ms5. Hence

J' (W, s0) = OVW < J"(W,s0) = 0Vsp.

Similarly, if
(s 2 W1(g) = /U W (gue)da(ug) dus,  ¢2 € C(Us).
6

then J” (¢ %2 W, 50) = OVepa € C2°(Up) if and only if W vanishes identically on Ts.
In particular, if J” (W, so) vanishes identically on Wy, (), then Wy, () is trivial-
a contradiction.

This completes the formal arguments for Proposition 7.3. It remains to check the
convergence and continuity statements made above. These will be proved based on
facts about asymptotics of Whittaker functions and the Mellin transform

Zen®w) = [ @0 og 1)l . 48)
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where ® € S(F), &€ : F* — C, acharacter,n > 0 € Z, u € C. We recall some
properties.

Proposition 7.4 Fix a character & and a non-negative integer n.

(1) There is a real number ¢ depending on & such that the integral defining Zg ,.®
converges absolutely and uniformly on {u € C : Re(u) > ¢ + ¢} foralle > 0
and all ® € S(F).

(2) There is a discrete subset Sg of C such that Zg ,,.® extends meromorphically to
all of C with poles only at points in Sg. Moreover, there is an integer og , such
that no pole of Zg ,.® has order exceeding o ,, for any ®.

(3) If F is archimedean, then Zg ,.® = Qo (q") for some rational function Q.

(4) We have

d
Zeni1 ®W) = - Ze . O(w). (49)

Proof 1f n = 0 then the first three parts are proved in [33]. Convergence forn > 0 is
straightforward, since log |x| grows slower than any positive power of |x| at infinity,
and slower than any negative power as |x| — 0. Equation (49) is clear in the domain of
convergence, and follows elsewhere by continuation. The first three parts for general
n then follow. O

Next, we need a version of the expansion (42). Specifically, if we replace W (t) by
W (tk) then each @, in (42) will be in S(F* x K) (see [31], especially the remark on
p. 20).

Let us now consider the convergence issues raised by our formal computations
more carefully. Recall that I (W, f, ¢; s) was initially expressed as an integral over
Up\Ug x ZUs\Cy. Inthe course of our arguments, we have expressed it as an iterated
integral over

(UG\Ug x U(CPH)7) x (F* x GLy) x (F* x Ks) x Z\Ts.

In order to perform the integration on Z\Tg we may identify with with {f5(a) =
diag(1,1,a " a ', 1,a " 1,a7 ", 1,1,a7 ,a™Y),a € F*}. Then u,(ts(a)) =

51752 5 XZXZ
la|"2" 2= ().

Now, the integral J” (W, s) is the Mellin transform taken along the one dimensional
torus we use to parametrize Z\ 7. Its convergence and analytic continuation follow
directly from Proposition 7.4 and (42). Now consider J” (R (t(’)(a)k).W, s) witha €
F*,k € Ks. We claim that it is smooth and of rapid decay in a. In the domain of
absolute convergence, this is easily seen. For s outside of the domain of convergence,
we use (49) to pass to the Mellin transform of a suitable derivative at a point inside
the domain of convergence. To get J' (W, s) we integrate k over the compact set k and
take another Mellin transform in the variable a. This of course converges absolutely,
and by similar reasoning, we see that J'(R(x(g, r).W), s) is smooth. Now, set g equal

to (t(; Z) k and consider the integral
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,
/ /// / J(R(x(g,r).W,5)¢ | & | xa(ti)|t1|*|02]* dk dbdr d* 1 d* 1,

Matix2 F*X F* F KgiL, 0

where s4 and s5 are two more complex variables, and K, is the standard maximal
compact subgroup of G L;. The integrals on k, r and b converge absolutely and uni-
formly because K¢, is compact and ¢ is Schwartz-Bruhat. The integrals on #; and 1,
take two more Mellin transforms, yielding a meromorphic function of four complex
variables. The restriction to a suitable two-dimensional subspace of C*is J (W, d,s).
Moreover, J(R(u1).W, wy (uu1).¢, s) remains continuous in u; € U(Cg)’ and
uelU ‘é’ \Ug, which completes the proof.

8 Global identity

We now return to the global situation. Thus F is again a number field with adele
ring A, while and ¥y, and Flat(y), are defined as in Sects. 3 and 2, respectively. In
addition, let # = ®,m, be an irreducible, globally vy -generic cuspidal automorphic
representation of GSpa(A) x GSO4(A), with normalized central character w,, and
¢ be a cusp form from the space of «, etc.

For r a representation of LG define L(u, 7, r x 1) to be the twisted L function.
Thus at an unramified place v the local factor is

Ly(u, 70y, 7 x 1) = det(I — g1y (0,)r (tz,)) "1,

where tv,, is a uniformizer, g, is the cardinality of the residue class field, 7., is the
semisimple conjugacy class attached to m,, and n, is the local component of 7 at v.

Theorem 8.1 Suppose that f, =[], fy, € Flat(x), ¢ = [[, ¢» € SMatyx2(A))
and Wy, = [, Wy, (the Whittaker function of w as in Theorem 3.1 are factorizable. Let
I(fy,.s» Wo, @v) be the local zeta integral, defined as in (28), and let S be a finite set
of places v and all data is unramified for all v ¢ S. Then for Re(s1 — s3) and Re(s3)
both sufficiently large, the global integral 1 (fy.s, ¢, ¢), defined as in (7), is equal to

S s1i=s2 _ Vv X3 S s1ts2 \ X3
L ( 7 Lz, Stgs,, ®SIGL;'> x X1X22) L ( 2 2,7, Stsp, ®SIGL(22) X x1x2)

NS(s, x)

times

[ 11 Wo. d0),

ves

where NS (s, x) is the product of partial zeta functions corresponding to (33)
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Remark 8.2 Let n; and 1, be any two characters of F*\A*. Fix 7 and let w; be its
central character. Then the system

X13Xz3 X3 X3
5 = Or, —— =1, —— =m
X3 X1X3 X1X2

has a unique solution. If n; = 1, is trivial, then it is given by x1 = x3 = w, and
X2 = 1.

Proof 1t follows from Theorem 6.1 the bound obtained in [25] that for any cus-
pidal representation 71 = ®,m, of GSps(A) x GSO4(A) the infinite product
HUE s I(fx,» Wy, @) is convergent for Re(s; — s2) and Re(s2) sufficiently large. It
then follows from Theorem 3.1, and the basic results on integration over restricted
direct products presented in [33] that

I(f)(;s’ 0, ¢) = Hl(fxvms Wy, ¢v),

which, in conjunction with Theorem 6.1 again gives the result. O

Corollary 8.3 Let m, be the local constituent at v of a cuspidal representation 7.
Then the local zeta integral I,(Wy, f,, ¢v; ) has meromorphic continuation to C?
for any Wy, f, and ¢,.

Proof This follows from a globalization argument. We create a section of the global
induced representation which is f at one place and simple at every other place. Mero-
morphic continuation of the global zeta integral follows from that of the Eisenstein
series. Having shown meromorphic continuation at every other place in Proposition
7.3, we deduce it at the last place. O

9 Application

In this section we give an application relating periods, poles of L functions, and
functorial lifting. The connection between L functions and functorial lifting in this
case was obtained in [2].

Let IT be a globally generic cuspidal automorphic representation of G Sp4, and let
71 and 72 be two cuspidal automorphic representations of G L. Assume that I1, 7 and
7> have the same central character. Then 71 ® 7o may be regarded as a representation of
G S 04 via the realization of G SOy as a quotient of GL> x G L; discussed in Sect. 6,
and when I1 ® 71 ® 12 is restricted to the group Cp (which we identify Cy with
subgroup of GSp4 x G SOy as in Sect. 2 its central character is trivial.

Now take s; and s> to be two complex numbers. Let x; = x2 = x3 be trivial.
Consider the space Flat(x) of flat sections as in Sect. 2. Its elements are functions
C3? x G(A) — C, but we regard each as a function C> x G(A) — C by pulling it
back through the function (s1, s2) +— (s1, 52, MLZM). Then Theorem 8.1 relates the
global integral (7) with the product of L functions
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S| — 8 —2 ~ s s —4
Ls(#,nxn)p(ﬁ_z,nw)_

2 2

For f € Flat(y), let
r(f, g = Resslfs2=4 Ressl+s2=6 E(fx;Ss g)

be the iterated residue of the Eisenstein series along the plane s; + s» = 6 and then
the plane s; — sp = 4. (It follows from Theorem 8.1 and Proposition 7.3 that this
residue is nonzero. It can also be checked directly.) As f varies we obtain a residual
automorphic representation which we denote R. Givenr € Rand¢ € S(Matgx2(A)),
we define the Fourier coefficient r7®) exactly as in 6. Varying r and ¢ we obtain a
space of smooth, K-finite functions of moderate growth Z(A)Co(F)\Cg(A) — C.
We denote this space FC(R). Write Vyy for the space of the representation IT and V;
for that of 7. Then, define the period P : Vi1 x V; x FC(R) — C, by the formula

Pon, gr, 17 @) =/ 7P (@) on(g1)g- (g2) dg.
Z\Cgo

Theorem 9.1 First suppose that t1 # t2. Then the following are equivalent:

(1) LS(s, I x 71) and L5(s, T1 x 1) have poles at s = 1.
(2) I is the weak lift of T1 X T
(3) the period P does not vanish identically on Vi x Vy x FC(R).

Similarly, if T| = 12, then the following are equivalent:

@) és(s, IT x 11) has a pole at s = 1.
(2) I is the weak lift of T1 x T’ for some cuspidal representation T’ of GLy(A),
(3) the period P does not vanish identically on Vi x Vy x FC(R).

Proof The relationship between poles and the similitude theta correspondence was
established in [2]. What is new here is the period condition, which follows from our
earlier results. Indeed, for f € Flat(x), ¢ € SMatax2(A)) o1 € Vi1 and ¢, € V7,
the period P(¢r1, @7, R(f)?®)) vanishes if and only if

Ressl—s2:4 Ressl+s2:6 I(f)(;57 o, ¢, $) #0.

By [2], the local components of IT all satisfy H(15/34) and the local components of
T all satisfy H(1/9). Hence each ramified local zeta integral is holomorphic at (5, 1)
by Proposition 7.2. Moreover, by Proposition 7.3, each ramified local zeta integral is
nonzero at (5, 1) for a suitable choice of data. The result follows. O

Remark 9.2 Inspecting the various intertwining operators which appear in the constant
term of our Eisenstein series along the Borel, one finds that some have poles along
s1 — sy = 4 and s; + 52 = 6 of orders as high as three, as well as simple poles
along s; = 5 and s = 4. However, it follows from Theorem 8.1 and Proposition
7.2 that the global integral can have at most a simple pole along s; — so = 4 and a
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simple pole along s1 4 s2 = 6. It follows that any automorphic forms obtained by
considering higher order singularities of the Eisenstein series either do not support our
Fourier—Jacobi coefficient or have the property that their Fourier—Jacobi coefficients,
regarded as smooth functions of moderate growth on Co (F)\Cg(A), are orthogonal
to cuspforms.

10 A similar integral on GSO1g

In this section we consider the global integral (7) in the case n = 3. Our unfolding
does not produce an integral involving the Whittaker functions attached to our cusp
forms, but it does reveal another intriguing connection with the theta correspondence.

As before, the space of double cosets P\GS O3/ R is represented by elements of
the Weyl group, and

I(f)(;s» @, P) = Z [w(fx;sv ., P), where
weP\GSO13/Rg
Io(fgis 0. 8) = / 0(9) / Fs wit2g) / 6(p. uruzg) duy dus dg.
CHIP\Co()  UB(ANUg(A) [0

which is zero if w1|Z(UQ)mUw is nontrivial, or if some parabolic subgroup of Cp
0

stabili_zis the flag 0 C Ug C (ﬁZ)J‘ inUp/Z(Ug), where ﬁz is the image of Ug
and (U Q)J- is its perp space relative to the symplectic form defined by composing
l:Z(Ug) — G, with the commutator map Up/Z(Ug) — Z(Ug).

Lemma 10.1 Let wy denote the longest element of the Weyl group of GS 013, let w
be the shortest element of (W N P) - wp - (W N Q) and let wy = wy - w[32]. Then
Pwy Ry is a Zariski open subset of GS O13.

Proposition 10.2 1,,(fy.s, ¢, ¢) is zero unless w is in the open double coset.

Proposition 10.3 Let Uy C Cg be given by

1 x1 x x3 x4 x5
1 0 0 X6 *
uo(x, x") = 1 (1) 8 : ,
1 *
1
1 X} xj, x7 xg *
1 xg x9 % *
1 0 —xo xeG),
1 —x¢ % X eGH|
1 —X1
1
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where entries marked * are determined by symmetry, and for x € A° and x' € A3, let
Yy (uo(x, x")) = ¥ (x1 + x6 — x| — X6 + x9).
Let S L‘f be the copy of SLy generated by U+iq,, and let Ry be the product of Uy

and SL%“. Let g, be the character of Ry which restricts to Yy, and to the trivial
character of SLY*. Let

g ROV (¢) = / P(re)WRy (r) dr = / / ohe) Yy, ) dhdu, (¢ € Co(h).
[Ro] (Vo] [si’;»*]

Let Vo = {u(x,x) : x; = x/,i = 1,4,6} C Uy, and let

1 0 0
01 0
0 0 O
0 0 1
0 0 O
Then
_ (Ro,¥R)
Iwz(fx;ss [ON)) @ (c) fx;s(w2uc) [w¢(uc)¢] (éo)dudc.
Z(A)Vy(AM\C(A) UW2(A)\U(A)

Remark 10.4 Tt was shown in [15] that the period we obtain in the G Spg characterizes
the image of the theta lift from S Og to Spe.

Proof First, ng is the set of all u g (0, ¥, 0) such that rows 2, 5 and 6 of Y are zero.
It follows that

gUo’ (¢, ururg) := / 0(¢, ujurg) duy = Z[ww(uzg).¢](5)7
w %‘
U,

where the sum is over & € Matgy3(F) such that rows 3,4 and 1 are zero. Next, the
identification of C ¢ with a subgroup of GSpg x GS O identifies C 52 with the subset
of elements of the form

I X1 X2 X3 X4 X5
a 0 0 b
a b 0 g w
d d 0 ’ ( lgfl)n) ’
c d
tA
Y
teGLy, (i Z) , ((Z‘/ z,) e GLy, g € GL3. (50)
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Now we can expand ¢ along the abelian unipotent subgroup which consists of

elements of the form u (W) := (16, (13 ‘I}V)) , W € 2A3. The constant term
3

is of course zero. The group C 52 acts transitively on the nontrivial characters. As a
representative for the open orbit we select the character ¥ | (11 (W)) = ¥ (W3 1).
The stabilizer of this representative can be described in terms of the coordinates from

(50) as the set of elements of C 52 such that g € GLj3 is of the form (tl ;) with
1

g1 € GLy and det g1 = A. Denote this group by C,?. Now we write the integral as a
double integral, with the inner integral being

wy
/ Fres attau1 (W) )0V (¢, uquy (W)g) dusyyry | (W) dW. (51)
PAsTUL? (M\Ug(A)
Now,
up&,0,0u1 (W) =ui(Wiup(,0,0up(,5W, —§W,§), (W € 213, & € Matgy3).
It follows that (51) is equal to
/ FrzsWatag) D oy (u2g).PlEYIEW £y | (W) duz dW,
2A3] ng (A\Ug(A) §
with £ summed over 6 x 3 matrices such that rows 3, 4 and 6 are zero. Clearly the

integral on W picks off the terms such that y; (§ W ,é)wi 11 (W) is trivial. Now, direct
calculation shows that

§&1 & &
%‘ %5 506 yIoo» 0
& & & 0 =3 =
0O 0 O

Y3 =y »
=y |det| & & &6 |-
& & &

So, in the coordinates above, the condition for ¥y (§W (§)v, ll(W) to be trivial is

&4 = & = 0 and det (gz gg

g > lwy(g).¢1(§) is invariant on the left by [(16, (" zu_l)) € CSZ U =

) = 1. Observe that if & is also zero, then the function

1 x vy
( 1 ) € GLj ] . Thus, the contribution from such & is trivial by cuspidality. The
1
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group Ci”z permutes the remaining terms transitively, and the stabilizer of & is

r X1 X2 X3 X4 X5
a 0 0 b =«
/ /
wy . a b 0 =x g w wa
G = ¢ d 0 =x ( e €C

c d *
A

r X1 x4

g = a b

Expanding first on x; and x4, and then on the unipotent radical of the diagonally

embedded G L», and using Lemma 3.7 two more times gives the result. O
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