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Abstract In this paper, the monotonicity property for two functions involving the
logarithmic of the g-gamma function is proven for all ¢ > 0. As a consequence, sharp
inequalities for the g-gamma function are established. Our results are shown to be as
a generalization of results which were obtained by Anderson and Qiu (Proc Am Math
Soc 125:3355-3362, 1997).
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1 Introduction

Euler’s gamma function is defined for positive real numbers x by
o)
F(x) = / rle7ldt, x>0
0

which is one of the most important special functions and has many extensive appli-
cations in many branches, for example, statistics, physics, engineering, and other
mathematical sciences. Anderson and Qiu [1] used the increasing monotonicity of the
function
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logT" 1
Foy = ot (L.1)
xlogx
to establish a sharp inequality
Il ) <X x> (1.2)

where y = 0.577215... is the Euler—Mascheroni constant, which has attracted the
attention of many researches, because of its simple form, and of its usefulness in
practical applications in pure mathematics or other branches of science such as prob-
abilities, engineering, or statistical physics. They conjectured that f is concave on the
interval [1, oo). The concavity of f on [1, co) was established by Elbert and Laforgia
[2]. A short and simple proof of the increasing of the function f which extended the
increasing on (0, 00), has been presented by Alzer [3]. It is worth mentioning that in
1989, Anderson et al. [4] conjectured that the function

logI'(5 + 1)

Gx) =
xlogx

2 (1.3)

is strictly increasing on [2, 0o). This conjecture was proved by Anderson and Qiu [1].

Many of the classical facts about the ordinary gamma function have been extended
to the g-gamma function (see [5-8] and the references given therein). The aim of this
paper is to extend the inequality (1.2) to the g-gamma function for all positive real
numbers x and g by means of the study of the monotonicity property of the function

logTy(x +1) — @H(q —1logg
xlog[x]y —x(x — DH(g — 1)logg

Fy(x) = , x>0,9g>0 (1.4)

where [x], = (1 —¢%)/(1 — g), H(-) denotes the Heaviside step function and I'; (x)
is the g-gamma function defined as

1 R 1—CI"Jrl
L@ =0 =™ [] 7 0<a <1, (1.5)
n=0
and
ad (n+1)
_ l—x 26-D l_q
Fyx)=(@—-1)""q 2 Hm, q > 1. (1.6)

n=0
From the previous definitions, for a positive x and g > 1, we get

G=D(x=2)

Fyx) =gq Ly-1(x). 1.7

Also, we extend the function G(x) to Fy (x), defined in (1.4), which contains the ¢-
gamma function, for all ¢ € (0, 00) and x € (0, 1) U [2, 00). This means that the
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function G(x) is also increasing on the interval (0, 1). Furthermore, we use these
results to establish new inequalities for the g-gamma function.

An important fact for gamma function in applied mathematics as well as in prob-
ability is the Stirling’s formula that gives a pretty accurate idea about the size of
gamma function. With the Euler—Maclaurin formula, Moak [7] obtained the following
g-analogue of Stirling’s formula (see also [9])

1 Lir(1 —g%) 1
log Iy (x) ~ ( x — 5 ) loglxl, + “lozq +5H(g—Dlogg + Gy
0 AN 2k—1
By ( logg ~x -
= Poi_3(G"), 1.8
+k2_1 0! (CAIX — q" Px-3(g"), x — o0 (1.8)

where By is the Bernoulli numbers,

1

R q if 0<g<l1
S PR RS

Lis (z) is the dilogarithm function defined for complex argument z as [10]

< log(1 —
Liz(z)=—/0 Mdz, 2 ¢ (1, 00), (19)

Py is a polynomial of degree k satisfying

P2)=@E—)P_ )+ kz+ )P 1(z2), Po=P_1=1, k=12,

(1.10)
and
. = Log@r) + L log (121 L
= —log(2n) 4+ -log{ —— ) — —1lo
97508 2 %%\ logq ) ~ 24 81
o0
+10g( Z (rm(6m+l)_r(2m+1)(3m+1))) (1.11)
m=—o0

where r = exp(472/log q). It is easy to see that

1 Lix (1 — g*
lim C, = C = Elog(Zn), lim L =g _ —x and Pi(1) = (k + 1)!

g—1 g—1 logg
(1.12)
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and so (1.8) when letting ¢ — 1, tends to the ordinary Stirling’s formula [10]

log I'(x) ar +11 Q@ )+Z B !
0 ~{x—=)logx — og(2m —_— — 00.
gt Ty )oexr—a g W2k — Ny xk—1" F

(1.13)

2 Useful lemmas

In order to prove our main results we need to study the monotonicity properties of some
functions which are connected with the g-digamma function v, (x) and its derivative
which is defined as the logarithmic derivative of the ¢g-gamma function

I )
Fq (x)

d
Vg (x) = E(log [y(x) = (2.1

The g-digamma function ¥, (x) appeared in the work of Krattenthaler and Srivastava
[11] when they studied the summations for basic hypergeometric series. Some of its
properties are presented and proven in their work. Also, in their work, they proved
that ¥, (x) tends to the digamma function ¥ (x) when letting ¢ — 1. For more details
on the g-digamma function (see [12] and the references therein). From (1.5), we get
for 0 < g < 1 and for all real variable x > 0

0 xk
q
= —log(1 — 1 _ 2.2
Yy () = —log(l — @) + ogq; = 2.2)
and from (1.6) we obtain for¢ > 1 and x > 0
0 q—xk
Yy (x) = —log(qg — 1) +logq | x — = ]; o (2.3)

It is worth mentioning that many papers recently have introduced inequalities related
to the g-gamma, g-digamma and g-polygamma functions, see [9,13-21] and the ref-
erences therein.

Lemma 2.1 Let x and q be real numbers such that 0 < g < 1. Then the function
logTy(x +1) > 0 forallx > 1 andlogl'y(x +1) <0 forall0 <x < 1.

Proof Replacing x by x+1in (2.2) followed by integrating from O to x, the logarithmic
of the g-gamma function can be represented as
&, gDk _ gk

logI’ 1) = —xlog(l — —_—
Og q(x+) xog( 51)+ k(l—qk)

k=1
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which can be also rewritten as

0 k

logFyx+ 1= —2

S A — gk
2 k(l_qk)oc(y), y=q,

where a(y) = x(1 — y) + y* — 1 which has the derivative o/ (y) = —x(1 — y*~1).
It is clear that o’(y) < 0if x > 1 and &’(y) > 0 if x < 1 which reveals that a(y) is
decreasing on (0, 1) if x > 1 and increasing on (0, 1) if x < 1. Since «(1) = 0 for all
x >0,thena(y) > 0if x > 1 and a¢(y) < 0if x < 1 which give the desired results.

Lemma 2.2 Let g be a positive real number such that 0 < g < 1. Then the function

fo@) =)@+ 1) -

I
Ly 24
—q

is strictly positive for all x € RT.

Proof The relation (2.2) and the Cauchy product rule gives

k
logg e rq”
Lyaen -3t S
k=1 r=1

1-— 1—qg"
which yields that
o
fq(x) = —log? ¢ D" g™ (k)
k=1
where
k r 2 0k
rq kg
(k) = — .

Forward shift operator gives

(k + l)qk+l (k + 1)2qk+1 quk
Lk+1)—Lk) = —
(k+1) () 1_qk+l l_qk+1 +1_qk

which can be simplified as

kg*(k(1 — q) — q(1 — g*))
(1 —g"( — gkl

Lk +1) —Ltk) =

Since l —gk =1 —-¢)1+qg+q¢*>+---+4¢*") <k(1 —¢) forall k € N, then we
get £(k + 1) > £(k) for all k € N which gives that £(k) > £(1) = 0 for all k € N and
so the function f,(x) > O for all x > 0.

@ Springer



286 A. Salem

Lemma 2.3 Let g be a positive real number such that 0 < q < 1. Then the function
hg(x) = xyy(x +1) —logy(x + 1) 2.5
is non-negative and increasing on [0, 00).

Proof Differentiation gives

o
, kg (x+D)k 10g2 q
By =yt D=x) = p— =z

k=1

x> 0.

Hence, the monotonicity of i, follows. Obviously, i, (0) = 0.

Lemma 2.4 Let g be a positive real number such that 0 < g < 1. Then the function

1
2g(0) = XY (x + 1) — 2k (x) — %hq(x) 2.6)

is strictly positive for all x € (0, 00), where hy(x) is defined as in Lemma 2.3.

Proof Differentiation gives

2 X X

x~logg (1 —g* 4+ xq*logg)logq
8 () = XY+ 1) = Ty 4 1) 8 08 by ().

—4q =g
Let A(y) = ylogy + 1 — y where y = ¢*. A short calculation shows that
(0.¢]
log(1/y)
/\(y)=y2gTzO, 0<y<l. 2.7

n=2

Since hy(x) > 0 according to Lemma 2.3, then we get g,’] (x) > x2 fq(x) where f,(x)
defined as in Lemma 2.2. This concludes that g;] (x) > Ofor all x > 0 and so that the
function g, (x) is increasing on (0, co) for all 0 < ¢ < 1. It is clear that from (2.6)
and Lemma 2.3 that lim, ¢ g4 (x) = 0 which concludes that g, (x) > O forall x > 0
and0 <g¢q < 1.

Lemma 2.5 Let g be a positive real number such that 0 < g < 1. Then the function

xg*logglogTly(x + 1)
1 —g* hg(x)

H,(x) = log[x], + (2.8)

is strictly positive on (0, 00), where hy(x) is defined as in Lemma 2.3.
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Proof Differentiation gives

g*logg  xq*logq Vq(x + Dhg(x) — hy(x)logTg(x + 1)

H,(x) = =

1—g* 1—g* hé(x)
g*logq(l —q* +xlogg)logl',(x + 1)
(1 —g*)? hq(x)
q"logq

= T m (hé(x)—qu (x + Dhg () x>, (x+1) log [y (x+1)

B hg(x)logy(x + (1 —g* + xlogg
1—g*

. q*logglogI'y(x + 1)
YR

g(x)

where g(x) defined as in Lemma 2.4. According to the results obtained in Lemmas
2.1 and 2.4, we see that H(;(x) >0ifx > 1and Hé (x) < 0if x < 1 which yields
that H, (x) is increasing on [1, 00) and decreasing on (0, 1]. It is obvious from (2.8)
that A, (1) = 0 which gives that H,(x) > 0 forall x > 0.

Lemma 2.6 Let x and q be positive real numbers. Then the function

5 () = loglrly —x( = DH(g — 1)logg
@)= xlog[2x]; —x(2x —1)H(q — 1) logg

(2.9)

is strictly increasing on (0, 1/2) U (1/2, 00) and S;(x) > 0 if x € (0,1/2) U[1, o0)
and S;(x) <0ifx € (1/2,1].

Proof When 0 < g < 1, differentiation gives

q"* logq

! = 2.1
M = e, 10
where
1 X
B) = logll, + [ log(1 +4°)

which has the derivative

2q" logg
(1 —g*)?

Since limy 00 B(x) = —log(1 —¢) > 0 and B'(x) < 0, then B(x) > Oforallx > 0
which yields that S:I (x) > Oforall x € (0,1) U (1, oo) and so the function S, (x) is
increasing on (0, 1/2)U(1/2, 00). Itis easy to see that S, (1) = Oand lim,_.¢ S, (x) =
1 which give the sign of the function. When ¢ > 1, we get S4(x) = S,-1(x). This
ends the proof.

B (x) = log(1+4¢%) <0, x>0.
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3 The main results

In this section, the main results will be provided. At first, we recall that the author in
[12] defined the g-analogue of the Euler—Mascheroni constant as

Vg = longq(l) 0<qg<l, 3.1
and proved the identity
*lo,
Vx4 1) = Yo (x )—q 24 x>0 3.2)
—4q

We are now in a position to prove the following:

Theorem 3.1 Let x and q be positive real numbers. Then the function Fy(x) defined
as in (1.4) is strictly increasing on (0, 1) U (1, co) and has the limits:

1. limy_o Fy(x) =0
2. limy Fp(x) =1-4"y;
3. limy—oo Fy(x) = 1.

Proof When 0 < g < 1, differentiating (1.4) gives

(xlog[x]y)* F, (x) = x log[x]gvrg (x + 1) — log[x], log Iy (x + 1)

Io
+ l—gq log Ty (x + 1)
xg*loggq
= log[x]qhq(x) + T IOg Fq(x + 1)

= hy(x)Hy(x)

where h, and H, are defined as in Lemmas 2.3 and 2.5, respectively. Hence, the
monotonicity of F, follows immediately from Lemmas 2.3 and 2.5. When ¢ > 1,
inserting (1.7) into (1.4) yields F,(x) = Fy-1(x) which concludes that F (x) is
increasing on (0, 1) U (1, oo) for all ¢ > 0.

In order to evaluate the limits, using 1’Hopital’s rule to get

+D—-21HgEg-11
hmF(x)_hm Yg(x + 1) —H(g —1)logg

=1 loglxly — %8¢ — 2x — DH(g — Dlogq

Also, when 0 < g < 1, we get

wq x+1) Wq (2)
llm Fy(x) = ]inl xq*logg  _qlogq
*=>1log[x], — =g B =7
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From the relations (3.1) and (3.2), we get
lim F,(x) =1 —qilyq, 0<g<l.
x—1
Since Fy(x) = Fq—l (x) when g > 1, then we get
lim Fy(x) =1—-gqy,~1, g¢=1
x—1

The previous two limits lead to the proof of the second statement. Also, by Moak
formula (1.8), we have

. . (x + %) log[x]; + —Lizl(olg_gx) +C; §*log§
lim F,(x) = lim A =1,
X—00 X—>00 X log[x]é x(1 —g%)
q > 0.
This ends the proof.

Corollary 3.2 Let x and q be positive real numbers. Then the q-gamma function
satisfies the inequality

x(1—x) i
qT(ztxf])H(q—])[x]gxf] <T,(x)<q 2 H(q—l)[x]gxfl

, xell,o0)
(3.3)

with the best possible constants o = 1 —c}_l)/,} and B = 1, where y, is the g-analogue
of the Euler—Mascheroni constant (3.1), and the inequality

x(x—1)

g TR < Ty ) <" T O xe (011 (B4)

with the best possible constants « = 1 and B = 0.
Proof The proof of this corollary comes immediately from Theorem 3.1.

Corollary 3.3 Let y > x > 1 and q be positive real numbers. Then the q-gamma
function satisfies the inequalities

logTy(y + 1) — @H(q —1logg
logly(x + 1) — @H(C] —1logg

(yIOg[y]q -y —DH(q - 1)10gq)°‘
xlog[x]y; —x(x —1)H(g — 1)logg

(3.5)
for all o < 1 with the best possible constant @ = 1.
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Proof Taking the logarithm of two sides to obtain « < P(x, y; g) where

P(x,y:q)
log (log (6] y(l;;')H(q_l)Fq (v + 1))) ~log (log (6] x(]z—x)H(q—l)Fq (x + 1)))

log (log (g* 1= Ha=D[y])) — log (10g (qx(l—x)H(q—n[x]g))

When 0 < g < 1, using ’'HoSpital rule, one gets

log (log (Fq (y+ 1))) — log (log (I‘q(x + 1)))
log (y log[yl,) — log (x log[x];)
- lim ylogylg¥g(y + 1)
Y=o log Ty (y + 1) (loglyly — *4=2%1)
— g YO ED (1 _yq’logg )_1
y=o00log Ty (y + 1) y—=o00 (1 —¢g¥)loglyly
Ye(y+ D+ 90+ D
y—00 Ye(y + 1)

lim P(x,y;q) = lim
y—>00

y—>00

1=1.

Here, we use yg” — 0 as y — oo and lim,_, o ylﬂé(y + 1) = 0 which comes
immediately from (2.2). When g > 1, it is clear that P(x, y; q) = P(x, y; q_l).

Theorem 3.4 Let x and q be positive real numbers. Then the function

logly(1+3) — @H(q —Dlogg
xlog[x]y —x(x — 1)H(g — 1) logg

Gy(x) = (3.6)

is strictly increasing on (0, 1) U [2, 00) and has the values G4(2) = 0; limy_,¢
Gq(x) = 0 and lim,_, o G4 (x) = 5.

Proof The function G, (x) after replacing x by 2x can be read as

_xG=l) _ v (x— _
G (2x) = llog Cyx+1) > H(g—1)logqg xlog[x],—x(x—1)H(g—1)logq
1 2 xloglx];—x(x—1)H(g—1)logg xlog[2x],—x(2x—1)H(q—1)logg

1
= 5 Fy ()8 ()

where Fy; (x) and S, (x) defined asin (1.4) and (2.9), respectively. Differentiation gives
4G, (2x) = F,(x)Sy(x) + F4(x)S, (x)
It is clear from Theorem 3.1 and Lemma 2.6 that G;(Zx) > Oforallx € (0,1/2) U

[1, 00) which lead to the function G (x) is increasing on (0, 1) U[2, oo) forall g > 0.
To obtain lim, o0 G4(x) = % use the I’Ho$pital rule and the relations (2.2) and (2.3).
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Corollary 3.5 Let x and q be positive real numbers. Then the q-gamma function
satisfies the double inequality

x(x—2) _ _ X X x(2—3x) - X_1 x
g ¥ eV 4492) < T (5)<qi8 Ha=D[x127(1 4 ¢43) (3.7)

forall x € [2, 00) and satisfies the one-sided inequality

X =D f (g-1) -1
ry (3) <a5 HeL); (338)

forall x € (0, 1).

Remark 3.6 The function G,(x) defined as in (3.6) approaches the function G(x)
defined as in (1.3) when letting ¢ — 1 and so the function G (x) is increasing on the
interval (0, 1) which is considered an extension of the results obtained for this function
by [1].

Conjecture 3.7 The function G, (x) defined as in (3.6) is strictly increasing on the
interval (1, 2] for all g > 0.

Conjecture 3.8 The function F,(x) defined as in (1.4) is concave on the interval
0, HU (1, 00) forall g > 0.
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