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Abstract We derive sufficient conditions for the nonexistence of global weak solu-
tions to the nonlinear pseudo-parabolic equation

MI_AHMI_AHM=|u|p+f(Iaﬁ)7 (tvl?)e(oaoo)X]HL
where Ay is the Kohn—Laplace operator on the (2N + 1)-dimensional Heisenberg
group H, p > 1 and f (¢, ¥) is a given function. Next, we extend this result to the case

of systems. Our technique of proof is based on the test function method.
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1 Introduction

In this paper, we are concerned with nonexistence of global weak solutions to the
nonlinear pseudo-parabolic equation

ur — Apuy — Agu = ul” + f(t,9), (,9) € (0,00) x H, (1.1)
under the initial condition
u(0, %) = up(®), v e€H, (1.2)

where Ay is the Kohn-Laplace operator on the (2N + 1)-dimensional Heisenberg
group H, p > 1 and f(z, ¥) is a given function. In the Euclidean case, this type of
equations models a variety of important physical process, for example, the seepage
of homogeneous fluids through a fissured rock [2], the unidirectional propagation of
nonlinear dispersive long waves [3] and the aggregation of populations [13]. Fur-
thermore, problem (1.1) and (1.2) can be regarded as a Sobolev type equation or
Sobolev—Galpern type equation [16].

The critical Fujita exponent to the pseudo-parabolic equation (1.1) and (1.2) (with
f = 0) in the Euclidean case was determined as p* = 1 + % in recent years, i.e., by
Kaikina et al. [10] for p > p* and Cao et al. [5] for p < p*. Yang et al. [17] extended
the above results to the case of coupled nonlinear pseudo-parabolic equations.

In this paper, first we provide a sufficient condition for the nonexistence of global
weak solutions to the nonlinear problem (1.1) and (1.2). Next, we extend this result to
the case of 2 x 2 systems. More precisely, we consider two kinds of coupled nonlinear
pseudo-parabolic equations. First, we consider the system

u; — Aguy — Agu = |9 + £, 9), (¢, 09) € (0, 00) x H,
v — Ay, — Agv = |ul? + g, 1), (¢, 1) € (0,00) x H, (1.3)
u(0,9) = up(?), v(0,9) =vo(), ¢ €M,

where p,q > 1 and f, g are given functions, for which we provide a sufficient
condition for the nonexistence of global weak solutions. Note that in the Euclidean
case, Yang et al. [17] proved that the critical Fujita curve for this system (with f =
g =0)isgivenby (pg)* =1+ % max{p + 1, g + 1}. Next, we consider the system
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Nonexistence results for pseudo-parabolic equations... 257

U — Agty — Ao = [l + £, 9), (&, 9) € (0, 00) x H,
v — Apvs — Agu = |ul? +g(t,9), (£, 9) € (0, 00) x H, (1.4)
u(0,%) = up(?), v(0,9) =vo(#), €M,

where p, g > 1 and f, g are given functions.

Before stating and proving our main results, let us recall some mathematical pre-
liminaries used here.

The (2N + 1)-dimensional Heisenberg group H is the space
the group operation

R2N+1 endowed with

vo =(x+x,y+y, 4+ +2(x -y —x" - y)),
forall ¥ = (x,y,7),? = (x’,y, ') € RY x RY x R, where - denotes the standard

scalar product in RY . This group operation endows H with the structure of a Lie group.
The distance from ¥ = (x, y, v) € H to the origin is given by

N 2\ 1/4
191z = r2+(Z(x?+y?)) :

i=1

where x = (x1,...,xy)and y = (y1, ..., YN)-
The Laplacian A over H can be defined from the vectors fields

Xi = axi +2y;0; and Y; = ay,. — 2x;0¢,

fori =1,..., N, as follows

N
Ap = > (X} +YP),
i=1

that is,
N
Agu = Z(aﬁl_xl_u + 8y2,-y,-” + 4y,~8§l,ru —4x; ByZiTu + 47+ yi)*07 ).
i=1

For all 9, 9’ € H, we have
Ag@® ¢ v¥) = Agu(® o 9').
For A € R and (x, y, ) € H, we have

Ap(u(x, Ay, A1) = A2 (Agu) (Ax, Ay, 221).
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258 M. Jleli et al.

If u(9) = v(|?|g), then

dv Q—1dv
Agv(p) = a(?) (W + T%) )

where p = |9, a(®) = p~2 Z“f\lzl()ci2 + yiz) and Q = 2N + 2 is the homogeneous
dimension of H.

For more details on Heisenberg groups, we refer to [4,8, 12]. For other nonexistence
results in Heisenberg groups, we refer to [1,4,6,7,9,14,15,18].

2 Results and proofs
Let H = (0, o0) x H. For R > 0, let

Ug ={t,x,y,T) e H: 0<t>+|x|*+y* + 2 < R*}.

2.1 The case of a single equation

Let f € L} (H). The definition of solutions we adopt for (1.1) and (1.2) is:

loc

Definition 2.1 We say that u is a global weak solution to (1.1) and (1.2) on H with
initial data u(0, -) = ug € L} (H),ifu € L” (H) and satisfies

loc loc

/|u|pg0dtd1?+/u0(19)<p(0, 19)d1?+/ fodtdd
H H H
=—/ ug; dtdv +/ u(Ang),dtdz?—/ uAme dtdv
H H H

+/u0(19)AH<p(0, V) dv,
H

for any regular test function ¢, ¢(-,¢t) = 0,¢ > T (¢ is large enough).
Our first main result is given by the following theorem.

Theorem 2.2 Let ug € L' (H) and f~ € L' (H), where f~ = max{— f, 0}. Suppose
that

/ uodv + liRm inf fdtdd > 0. 2.1
H

=00 Jug
If

1<p<p*—l—i—2

< 0’

then (1.1) and (1.2) does not admit any global weak solution.
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Proof Suppose that u is a global weak solution to (1.1) and (1.2). Then for any regular
test function ¢, we have

/ |u|pgodtdz§‘+/ 1o (9) (0, 19)d1§‘+/ fodidy
H H H
5/ Iullsazldtd0+/ Iull(AH¢)z|dtdﬁ+/ lullAme|dtdd
H H H

+/H luo() || Arge (0, 9)| dD. (2.2)

Using the ¢-Young inequality with parameters p and p/(p — 1), we obtain

—1 D
/Iullfpzldtd19§8/ |u|”<odrdz9+cg/ 07T g | T drdd,  (23)
H H H

for some positive constant c;.
Similarly, we have

—1

/IMII(AH(D)zIdtdl?SS/ IulpfﬂdldﬁJrcs/ o7 (M) | 7T did9 (2.4)
H H H

and

—1

/lulIAH<p|dtd19§8/ lu|P g dtdv +c5/ 07T |Age| 7T did9.  (2.5)
H H H

Using (2.2)-(2.5), for ¢ > 0 small enough, we get

/ |u|p<pdtd19+/ 1o () (0, ﬂ)dﬁ‘—i—/ fodtdy
H H H

<c (A,;(go) + Bp(9) + Cple) + /H o) || A (0, )] dﬁ) . @6

where
Ap() = /H 7T g 7T drdo, @)
B,(p) = /H 07T (M), |77 ded, 28)
cp(<p)=/H<p17T]1|AH¢|% drdy. 2.9)

Now, let us consider the test function

2+ x|t + |yt + 12
R4

Yr(t, ) =¢‘”( ) R>0, o> 1, (2.10)
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260 M. Jleli et al.

where ¢ € C{°(R") is a decreasing function satisfying

1 if0<r<l,
‘W):[o if r>2.

Observe that supp(¢r) is a subset of
Qr={(t,x,y,7) € H: 0 <1+ |x[* +|y[* + 2 <2RY,
while supp(¢r;), supp(Amer) and supp((Amger);) are subsets of
Or ={(t,x,y, 1) e H: R* <® + x* + [y|* + 7% < 2R%).
Let

x4yt 2
10_ R4 .

Then we have

4o (N +4 e
Angr(t,9) = %(W +1yH¢' (0)¢° " (p)
16 -1
4 22Dl + 1510 + 20— Py + 2P + P
x ¢ (0)$” % (p)
16
+ R%«w + 1910 + 2t (x? = [yHx -y + 2+ [y1P)
x ¢ (p)¢” " (p)
and
8w (N + 4
(Angr)i(t, 9) = %(ixi2 + YD @ (0§ (p) + (@ — DY (0)$”(p)
32 —1
%«mﬁ +1y1%) 4 20(x > = [yP)x -y + 2(x P + 1y12)
x (20 (p)¢' (0)d" (p) + (@ — 2)¢" (p)$” > (p)
32wt

+ o (I + Y10 422 (x P = [yPx -y + 22 (P + 1y1%)
< ($(0)8" (p) + (@ — ¢ (0)¢" () > (p).

It follows that there is a positive constant C > 0, independent of R, such that for
all (z, %) € Qpg, we have

|Amgr(t, )| < CR™2¢“(p)x (p), (2.11)
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where
x(p) =19’ (0)|p(p) + ¢ (0) + 16" (p)|d(0),
and
[(Am@R): (1, 9)] < CR™*¢3(p)E(p), (2.12)
where

£(p) = 2 (018" (P)| + "% (P)P (p) + D (D) (D)D" (P)| + 16" ()]
+¢%(p)lo" ().

Using (2.11) and (2.12), we get

—4 3p
B,(pr) = CRTJ;/ ¢ (0)ETT (p) d1d, (2.13)
H
=2p w— 2P L
Cplpr) = CRr=1 [ ¢ 171 (p)x 7= (p) drdD. (2.14)
H
Let us consider now the change of variables
(2.15)

(t,x,y,7) = (,9) > (,9) = (1,X,5,7),

where
T=R% F=R'x,y=Ry, T=R7r
Let
p=0+ 7+ 51+ 7
O={ X7, eH: 1<p=<2}
Tr={(x,y, 1) e H: R* <|x/*+|y|* + 7> <2R%},
and

r £ Y~ w_37p P o~
Cy =max[ /@ 6”71 (D)L ()| dTd, /@ 6“7 (3)E 7 (5) dFd?,
x/@¢“"f—”l<ﬁ>xpfl<ﬁ)d?d5].

Using (2.6), (2.13) and (2.14), we obtain

/ |u|1’g0Rdtd19+/ uo ()0, 9) dv +/ fordtdd
H H H

<CCy (RA' + R™ +/ luo(D)||Amer 0, )] dﬂ) , (2.16)
R
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where

2
M=0+2-
p
On the other hand, we have

lim inf (/ Iulp(detdz9+/ uo(M) g (0, z?)dl?+/ f(detdﬂ)
R—o00 H H H

Zlim’nf/ lul”or dtdz?—i—liminf/ uo (g (0, ﬁ)du“+liminf/ for dtdd.
R—oo JH R—oo Ju R—oo Jn

Using the monotone convergence theorem, we get

liminf/ |u|p<detdz9:/ ul? dtd?.
H H

R—o0

Since ug € L! (H), by the dominated convergence theorem, we have

R—o00

liminf/ ug(3)pr(0, %) dd :/ ug () do.
H H

Writing f = f+ — f~, where f* = max{f, 0}, we have

/ fordtdd =/ fdtdz9+/ f+<detd19—/ f~ordtdy
H UR Or ORr

> | faaw - [ ferdidv.
Ug Or

Since f~ € L'(H), by the dominated convergence theorem we have

lim | f ggrdtdd =0.

R—o0 Or

Then

liminf/ fordtdy > liminf fdtdv.
H

R—o0 R—o00 Jip

Now, we have

lim inf (/ |u|”goRdtdz?+/ uo(3) g (0, ¥) dv +/ f(detdﬂ)
R—o0 H H H

z/ lu|P dtdd + ¢,
H

@ Springer



Nonexistence results for pseudo-parabolic equations... 263

where form (2.1),

R— o0

L =/ upg() do + liminf/ fdtdy > 0.
H Ur
By the definition of the limit inferior, for every ¢ > 0, there exists Ry > 0 such that

/|u|”g0Rdtdl9 +/uo(z9)<pR(0,19)dz‘/‘+/ fordtdd
H H H

R—o0

> lim inf (/ |u|pg0Rdtd19+/ up(3)pr(0, 9)dd —I—/ f(detdﬂ)—e
H H H
z/ lu|? dtdv + £ — ¢,
H

for every R > Ry. Taking ¢ = £/2, we obtain

/ |u|p(detd29+/ uo (Mg (0, 9) d +/ for dtdy
H H H

£
> / lu|? dtdd + =,
H 2

for every R > Ry. Then from (2.16), we have

¢
/H jul? drdv + 5 < CCy (RM+R*z +/ o ()| Amer O, 0)|d19) , (2.17)

2R

for R large enough.
2
Now, werequire that .1 = max{A1, A2} < 0, whichisequivalenttol < p < 1+ a

We distinguish two cases.

2
oCasel.If1<p<1+§.

In this case, letting R — o0 in (2.17) and using the dominated convergence
theorem, we obtain

¢
/ lu|P dtdd + = <0,
” 2

which is a contradiction with £ > 0.
2
° CaseZ.przl—i—E.

In this case, from (2.17), we obtain

/ lu|? dtd® < C < oo. (2.18)
H
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Using the Holder inequality with parameters p and p/(p — 1), from (2.2), we
obtain

1
. '
/ lu|Pog didd + = < C (/ lu|Por dtdz?)p .
H 2 Or

Letting R — oo in the above inequality and using (2.18), we obtain

¢
/ lu|? dtd® + = = 0.
H 2

This contradiction completes the proof of the theorem.

2.2 The case of 2 x 2 systems
Let f,g € L}, (H).

2.2.1 The case of system (1.3)

The definition of solutions we adopt for (1.3) is:

Definition 2.3 We say that the pair (u, v) is a global weak solution to (1.3) on H with
initial data (u(0, ), v(0, -)) = (uo, vo) € L}, .(H) x L}, (H), if (u,v) € L} (H) x
LY (H) and satisfies

loc
/|v|q<pdtdl9 ~|—/uo(z§‘)<p(0, V) do ~I—/ fodtdd
H H H
:—/ up; dtdv +/ u(AH<p)ldtd19—/ ulAme dtd?d
H H H
+/u0(19)AH<P(0, ) dv
H
and
/ |u|”<pdtdz?+/ vo(ﬁ)w(O,ﬂ)dﬁ—F/ g dtdv
H H H
=—/ vw,dtdﬁ—i—/ v(Ang))tdtdﬂ—/ VAR dtdd
H H H
+/v0(19)AH<P(0, 0)dv,
H

for any regular test function ¢, ¢(-,¢) =0, > T.

Our second main result is given by the following theorem.
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Theorem 2.4 Let (1o, vo) € L'(H) x L'(H) and (f~,g~) € L' (H) x L'(H).
Suppose that

/ uodv + lim inf fdtdd >0
H

R—o0 Ur

and

R—o0

/ vo dP +1iminf/ gdtdd > 0.
H Ur

If1 < pg < (pq)*, where
N 2
(pg)” =1+ Emax{p+ l.g+1},

then there exists no nontrivial global weak solution to (1.3).

Proof Suppose that (u, v) is a nontrivial global weak solution to (1.3). Then for any
regular test function ¢, we have

/ v|9g didd +/ 1o () (0, 9) d +/ Fodidd
H H H
5/ Iullwzldtd0+/ |u||<AHgo),|dtdﬂ+/ | Mg didd
H H H
+/H|uo<z9>|mw<o,ﬂ>|dﬁ
and
/ u|P o didd +/ 20 ()9 (0, ﬂ)dﬁ+/ 2g dtdd
H H H
5/ |v||¢t|drdﬁ+/ |v||<AH<o>z|drdz9+/ vl Agel drd?
H H H
+ /H [vo() ] A (0, 9)] .

Taking ¢ = g, the test function given by (2.10), using the Holder inequality with
parameters p and p/(p — 1), we get

/ [v|?pg dtd® +/uo(z9)goR(O,19)dﬁ+/ fordtdy
H H H

- /H 10() || Ak 0, 9] 9
1

p=1 p=L p=1 »
< (Ap((pR) "+ B,(pr) » +Cp(pr) ? )(/H |u|”goRdtdz9) ,

@ Springer
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where A, (), By(¢) and Cp(¢) are given respectively by (2.7)—(2.9). Similarly, by
the Holder inequality with parameters ¢ and ¢ /(g — 1), we get

/ |u|1’goRdtdz9+/ vo(z?)goR(O,ﬁ‘)dﬁ—i—/ gprdtdd
H H H

—/Hlvo(l‘/‘)llAprR(O, D) dv

1

1
q-=1 q-=1 g=1 q
< (Aq(gaR) T4 By(on)T 4 Cylon) )(/HlvlqgoR dtdz?) .

Without restriction of the generality, we may assume that for R large enough, we have

/H uo(9)pr (0, 9) d9 + /H Fordtdd — /H 10 ()| Asrgr (0, 9)| dB = 0

and
/H 2090, #) d9 + /H gordidd — /H [0() ]| g (0, 9)] d = 0.

Slight modifications yield the proof in the general case (see the proof of Theorem 2.2).
Then for R large enough, we have

p=1 p=1 p=1 Iz
/Hlvquﬂkdtdﬂ < (Ap(pr) » +Bp(pr) » +Cp(pr) ? )(/H [ul? g drd v
(2.19)
and

1
q

-1 g1 -1
/Hlulp<ﬂRdtdl‘/‘ < (Ag(@r) ¢ +By(pr) ¢ +Cy(pr) ¢ )(/H|U|q§0Rdldl9)

(2.20)
Using the change of variables (2.15), from (2.19) and (2.20), we obtain
1
Q(p—1-2 »
/ lv|9pr dtd® < CR™ 7 (/ lu|? pr dtdz?) (2.21)
H H
and :
0(g—)-2 q
/ |u|’pr dtd® < CR™ 4 (/ lv|9pg dtdl?) ) (2.22)
H H
Combining (2.21) with (2.22), we obtain
1—L
P4
(/ lu|? pr dtdz‘}) < CRY (2.23)
H
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and 1
1_7
(/ |v|‘1g0Rdtd19> " < CRY, (2.24)
H

where

_Q(pg -1 =2(p+1) _Q(pg—1)—=2q+1)
= and vy = .
prq rq

U1

We require that v; < 0or vo < 0 whichisequivalenttol < pg < 1+ % max{p +
1, g + 1}. We distinguish two case.

e Case 1.If 1 < pg < 1+émax{p+1,q+1}.
Without restriction of the generality, we may suppose that 0 < g < p. In this case,
letting R — o0 in (2.23), we obtain

/ [ul? dtd® =0,
H

which is a contradiction.
e Case2.If pg =1+ émax{p—i— 1,9 + 1}
This case can be treated in the same way as in the proof of Theorem 2.2.

Remark 2.5 If p = g and u = v in Theorem 2.4, we obtain the result for a single
equation given by Theorem 2.2.

2.2.2 The case of system (1.4)
The definition of solutions we adopt for (1.4) is:

Definition 2.6 We say that the pair (u, v) is a global weak solution to (1.3) on H with
initial data (u(0, ), v(0, -)) = (uo, vo) € L} (H) x L}, (H), if (u,v) € L} (H) x
L] (H) and satisfies

/|v|qtpdtdz9+/uo(19)<p(0, l?)dz?+/ fodtdy
H H H
=—/ mp,dtdﬁ—f—/ u(AHgo),dtdﬂ—/ vAge dtdd
H H H

+ / o () Age(0, 9) do
H

and

/ |u|pgodtd2§‘+/ 00(9)(0, 9) d +/ g dtd?d
H H H
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=—/ v, dtdv +/ U(AHw),dtdz?—/ uAme dtdv
H H H
+/vo(ﬁ)AH¢)(O, 9) d?,
H

for any regular test function ¢, ¢(-,¢t) =0, > T.
We have the following result.

Theorem 2.7 Let (ug, vo) € L'(H) x L'(H) and (f~,g~) € L' (H) x L'(H).
Suppose that

R—o0

/ ug dv +liminf/ fdtdd >0
H Ug

and
/ vo dP +liminf/ gdtdd > 0.
H R—o0 Ur
If
0 <2max{Qy, 02}, (2.25)
where

1 1 2 2 2

Q1=min{ , (1+ el ) (q + L )—1],
p—1 qg—1 qg+1 g+1\g—1 p—1
1 1 2 2 2

Qz=min[ , (1+ P ) (” + -4 )—1],
g—1 p—1 p+1 p+1\p—1 qg—1

then there exists no nontrivial global weak solution to (1.4).

Proof Suppose that (u, v) is a nontrivial weak solution to (1.4). We continue to use
the same notations of the proof of Theorem 2.4. By proceeding in the same manner
as in the proof of Theorem 2.4, for R large enough, we obtain

p=1
X? < Cp(pr) 7 X + Dy(¢r)Y

and

¢=1
Y% < Dp(pr)X + Cylpr) 7 Y,

where

1
X = (/ |u|”<detdl9)p , Y= (/ |v|q<detdz9)q ,
H H

p=1 p=1
Dp(QOR) = Ap(QDR) ro4 Bp((pR)
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Using Lemma 3 in [11], we obtain

X" = C (Cplon) + Cylpr)Dy(9r)" + (Dy(9r)'Dyplgr) 77

and

Y71 < € (Cy@r)” + Cplr)Dp(pr)” + (Dp(pr)" Dy (@r)TT ).

Using the change of variables (2.15), we get

XxXP4 < C(Rpl + RP2 + R,Oa)’

where
2
p—1
2q
p2=(Q+2)(61+1)—qT1(2q+1),
4 44>
py = ((Q+2)(q+1)——p— 1 )
pg —1 p—1 qg-—1
and
YP < C(R"™ + R™ + R™),
where

2q
vi=plO0+2—-——),
qg—1

2p
v=Q@+2)(p+1) - F(ZP + D),

4 4p?
vy =1 ((Q+2)(p+1)——q -7 )
rq—1 g—1 p-1

As in the previous proof, to get a contradiction, we have just to take
max{pi, p2, 3} < 0 or max{vy, vo, v3} < 0, which is equivalent to (2.25). This

ends the proof of Theorem 2.7.

]

Remark 2.8 If p = g and u = v in Theorem 2.7, we obtain the result for a single

equation given by Theorem 2.2.
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