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Abstract We study strongly Asplund generated (SAG) and strongly conditionally
weakly compactly generated (SCWCG) Banach spaces. These spaces are defined like
the strongly weakly compactly generated (SWCG) Banach spaces of Schliichtermann
and Wheeler, but replacing weakly compact sets by Asplund sets and conditionally
weakly compact sets, respectively. We show that every SAG space is SCWCG and that
a Banach space is SWCQG if and only if it is SAG/SCWCG and weakly sequentially
complete. We also prove that the notions of SAG and SCWCG space coincide for
Banach lattices. Some related results on Lebesgue—Bochner spaces are also given. We
prove that if the norm of the Banach space X is weakly uniformly rotund (WUR)
and p is any probability measure, then L' (x, X) admits an equivalent norm which is
WUR when restricted to any Asplund subspace of L'(u, X).
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1 Introduction

In this paper we study strongly Asplund generated (SAG) and strongly conditionally
weakly compactly generated Banach spaces. These classes of spaces were introduced
by Kunze and Schliichtermann [22], inspired by the strongly weakly compactly gener-
ated Banach spaces of Schliichtermann and Wheeler [27]. To recall the definition we
need some terminology. Given a Banach space Z, aset A C Z is said to be condition-
ally weakly compact if every sequence in A admits a weakly Cauchy subsequence. A
set A C Z is said to be Asplund if there exist an Asplund Banach space Y and an oper-
atorT: Y — Zsuchthat A C T(By). We denote by WC(Z), A(Z) and CWC(Z) the
families of all weakly compact, Asplund and conditionally weakly compact subsets
of Z, respectively. In general, we have WC(Z) C A(Z) C CWC(Z).

Definition 1.1 Let Z be a Banach space, H a family of subsets of Z and G C Z. We
say that H is dominated by G (or that G dominates 'H) if for every H € H and every
e > 0, there is n € N such that H C nG + ¢Bjy.

Definition 1.2 A Banach space Z is called:

(i) strongly weakly compactly generated (SWCG) if WC(Z) is dominated by some
G e WC(2Z),
(ii) strongly Asplund generated (SAG) if A(Z) is dominated by some G € A(Z);
(iii) strongly conditionally weakly compactly generated (SCWCG)if CWC(Z) is dom-
inated by some G € CWC(Z).

The class of SWCG spaces has been studied thoroughly in [15,21,25,27,28] (see
also [20, Section 6.4]). In this paper we shall focus on SAG and SCWCG spaces. The
basic properties of such spaces were discussed in [22]. Clearly, every Asplund space
is SAG and every Banach space not containing ¢! is SCWCG.

In Sect. 2 we discuss the connection between these classes of Banach spaces. In
general, the implications “SWCG — SAG — SCWCG” hold (Theorems 2.1, 2.2).
On the other hand, a Banach space is SWCG if and only if it is both SCWCG and
weakly sequentially complete (Theorem 2.2). The stability of “being a subspace of
a SAG/SCWCG space” under countable ¢”-sums (I < p < o0) and co-sums is
discussed in Theorem 2.6. We finish the section by proving that the notions of SAG
and SCWCG space coincide for Banach lattices (Corollary 2.11).

In Sect. 3 we study these properties in Lebesgue—Bochner function spaces L? (i, X)
(where 1 < p < oo, u is a probability measure and X a Banach space). The space
LP(u, X) is SAG (resp. SCWCG) if X is Asplund (resp. X 2 ¢, see Example 3.5.
The converse holds true for | < p < oo whenever p is non-trivial (Proposition 3.1).
We finish the paper by proving that if the norm of X is weakly uniformly rotund
(WUR), then L!(1, X) admits an equivalent norm which is WUR when restricted to
any Asplund subspace of Ll(p,, X) (Theorem 3.9). We should stress here that, for
1 < p < o0, the canonical norm of L?”(x, X) is WUR if the norm of X is WUR,
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Strongly Asplund generated and strongly conditionally... 105

thanks to a result of [29] and the fact that every Banach space admitting a WUR
equivalent norm is Asplund (see [19]).

We use standard Banach space terminology as can be found in [1,12]. Our Banach
spaces are real. The closed unit ball of a Banach space Z is denoted by Bz. The norm
of Z is denoted by || - ||z or simply || - ||. By an operator we mean a linear continuous
map between Banach spaces. By a subspace of a Banach space we mean a closed
linear subspace. Given two Banach spaces Z and Y, we write Z 2 Y if Z contains
no subspace isomorphic to Y, and we write Z 2 Y if Y is isomorphic to a subspace
of Z (in this case, we just say that Y is a subspace of Z). For complete information on
Asplund sets we refer the reader to [5, Chapter 5] and [10, Chapter 1].

2 SAG and SCWCG spaces

We begin this section by showing the general relationships between SWCG, SAG and
SCWCG Banach spaces.

Theorem 2.1 Let Z be a SAG Banach space. Then:

(i) Zis SCWCG.
(ii)) A(Z) =CWC(2).
(iii) Every subspace of Z not containing £' is Asplund.

Theorem 2.2 Let Z be a Banach space. The following statements are equivalent:

1) Zis SWCG;
(ii) Z is SAG and weakly sequentially complete;
(i) Z is SCWCG and weakly sequentially complete.

In view of Theorem 2.1, any Banach space not containing ¢! which is not Asplund
(like the James tree space) is SCWCG but not SAG.

On the other hand, c¢g is an Asplund (hence SAG) space which is not weakly
sequentially complete, and so it fails to be SWCG. Spaces like £ and L'[0, 1] are
SWCG (hence SAG) but not Asplund.

For the proofs of Theorems 2.1 and 2.2 we will need the following lemma, which
is based on the argument given in [27, Theorem 2.5] to prove that every SWCG space
is weakly sequentially complete.

Lemma 2.3 Let Z be a Banach space and G C Z a balanced set. The following
statements are equivalent:

(i) WC(Z) is dominated by G;
(i) CWC(Z) is dominated by G.

Proof (ii) = (i) is obvious (and does not require that G is balanced). (i) = (ii) Our
proof is by contradiction. Suppose there exist H € CWC(Z) and ¢ > 0 such that
H SZ nG + eBz foralln € N. Let (z,,) be a sequence in H such that z, ¢ nG + Bz
for all n» € N. Since G is balanced, we have:

() for every m € N the set {n € N: z,, € mG + ¢Bz} is finite.
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106 S. Lajara, J. Rodriguez

Since H is conditionally weakly compact and (x) holds for any subsequence of (z,),
by passing to a further subsequence we can assume that (z,,) is weakly Cauchy.
Foreachn € Nandi € {1, 2} we define

m;(n) := min {m eN:z, emG+ E,BZ}.
l

Clearly, z, € mG + %BZ if and only if m > m;(n) (because G is balanced). Let
¥ : N — N be any function such that lirnn_moﬁ =0andn < ¥ (n) foralln € N.
We claim that there is a subsequence (z,,, ) such that

Y(ma(ng)) < mi(ng41) forallk e N. 2.1

Indeed, setn; = 1 and suppose that n; € N has already been chosen. Then (x) ensures
the existence of nx41 € N with ng| > ny such that

Zngyy & W(ma(n))G + eByz,

hence v (ma(ny)) < my(ng+1). This proves the claim. On the other hand, since

2.1
ma(ng) < Y(ma(ng)) < mi(ng+1) < mo(ngy)) forallk € N,
the sequence (ma(ny)) is strictly increasing and we have

ma(ng)

im ———— = 2.2)
k— oo Yr(ma(ng))

Define hy := 2y, — 2n, forall k € N, so that (hy) is a weakly null sequence in Z.
Since WC(Z) is dominated by G, there is mo € N such that for every k € N we have
hy € moG + 5 Bz. Take any k € N. Then z,,, € ma(nx)G + 5Bz, hence

gy = i + 2n, € (Mo +m2(ng))G + €Bz

and we get

2.0
Y (ma(nk)) < mi(ngs1) < mo + ma(ng).
As k € N is arbitrary, this contradicts (2.2). The proof is finished. O

The following stability property of Asplund sets (see e.g. [10, Lemma 1.4.3]) will
be used several times in the paper.

Fact 2.4 Let Z be a Banach space and A C Z. If for every ¢ > O there is B € A(Z)
such that A € B + ¢By, then A € A(Z).

We are now ready to prove Theorems 2.1 and 2.2.
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Strongly Asplund generated and strongly conditionally... 107

Proof of Theorem 2.1 Let G € A(Z) which dominates A(Z). We can assume without
loss of generality that G is balanced. Since A(Z) 2 WC(Z), Lemma 2.3 ensures that
G also dominates CYWC(Z). Since G is conditionally weakly compact, Z is SCWCG.
Bearing in mind that G is Asplund and dominates CVWWC(Z), from Fact 2.4 it fol-
lows that every conditionally weakly compact subset of Z is Asplund. Finally, (iii) is
immediate from (ii) applied to the closed unit ball of the subspace (a Banach space is
Asplund if and only if its closed unit ball is an Asplund set). O

Proof of Theorem 2.2 (i) = (ii) Let G € WC(Z) which dominates WC(Z). By the
Krein—Smulyan theorem (see e.g. [9, p. 51, Theorem 11]), we can assume that G
is absolutely convex and, in particular, balanced. Then G dominates CWC(Z) (by
Lemma 2.3). Since CWC(Z) 2 A(Z) and G is Asplund, we deduce that Z is SAG.
Bearing in mind that the weakly compact set G dominates CWWC(Z), Grothendieck’s
test (see e.g. [12, Lemma 13.32]) ensures that every conditionally weakly compact
subset of Z is relatively weakly compact, that is, Z is weakly sequentially complete.

(i) = (iii) follows from Theorem 2.1.

(iii) = (i) This is immediate since conditional weak compactness and relative weak
compactness coincide in any weakly sequentially complete Banach space. O

Remark 2.5 In general, subspaces of SWCG/SAG/SCWCG spaces need not be
SWCG/SAG/SCWCG. Indeed, in [25, Section 3] there is an example of a subspace
Z € L0, 1] which is not SWCG. Since L'[0, 1] is weakly sequentially complete, Z
cannot be SAG or SCWCG.

The following result extends [22, Theorem 4.5]. Its proof uses some ideas from
[27, Theorem 3.2] and [26].

Theorem 2.6 Let (X,) be a sequence of Banach spaces and let Y be either
(@neN X,,)gp forl < p < oo or (@nEN Xn)eo If' Y is a subspace of a SAG (resp.
SCWCG) space, then X, is Asplund (resp. X, 2 2Y) for all but finitely many n € N.

Proof We divide the proof into several steps.

Step 1 1t suffices to prove the SCWCG case. Indeed, if Y is a subspace of a SAG
Banach space Z, then so is each X,,, hence X, ;1_5 ¢! if and only if X, is Asplund (by
Theorem 2.1). Bearing in mind that Z is SCWCG (Theorem 2.1), it is clear that the
SAG case follows from the SCWCG case.

Step 2 We shall prove that if X, 2 ¢! forall n € N, then Y is not a subspace of a
SCWCG space. By James’ ¢! distortion theorem (see e.g. [1, Theorem 10.3.1]), for
each n € N there is a normalized sequence (x}) in X;, such that

> ace

1
2 >3 Z lag| forall (a) € £'. (2.3)
€

X, keN

Let A € NN be the set of all strictly increasing functions from N to N. Fix ¢ € A.
For each j € N, let f, ; € Y be defined as

xj Loifn =,
o)) = [me ifn#j

@ Springer



108 S. Lajara, J. Rodriguez

where T, : ¥ — X, denotes the nth-coordinate projection for alln € N. The sequence
(fp,j) is weakly null in Y, because it is bounded and for every n € N we have
74 (fp,j) = O whenever j > n. Therefore, the set Ky, := {f, j: j € N} U {0} is
weakly compactin Y.

Step 3 By contradiction, suppose that there exists an isomorphic embedding
T:Y — Z, where Z is a SCWCG Banach space. Fix G € CWC(Z) which domi-
nates CWC(Z) and fix 0 < ¢ < ¢ := %||T_1|T(y)||_1. For each ¢ € A we choose
m(p) € N with the property that 7(K,) € m(¢)G + eBz. Then A = J,,cry B,
where B, := {¢ € A: m(p) = m} for every m € N. It is easy to check that the
equality A = |J,,cy B implies that there is m € N such that {¢(m): ¢ € B} is
infinite. Notice that

U T(K,) € mG +¢eBy. (2.4)
veBy

Enumerate {¢p(m): ¢ € B} = {p1(m) < ¢2(m) < ...} for some sequence (@)
in B,,. Define g := f,,,m € Ky, €Y forall k € N. Observe that

23 1 |
Sbege| =D bexonl = 3 > lox] forall (o) € ¢,
keN Y keN Xom keN
hence
D T =D Ibil forall (br) € ¢'. (2.5)
keN VA keN

Step 4 By (2.4), for each k € N there is hy € mG such that | T (gx) — hllz < e.
For every (by) € ¢! we have

D bk =D bxT(g0) — D bi(T(gr) — )
keN 7 keN keN 7
> 1D BT ()| — D bl | T () — b,
keN 7 keN
(2.5)
> 1D BT —e> bkl = (c—e) D bl
keN 7z keN keN

Thus, (/) is an £'-sequence contained in mG € CWC(Z), a contradiction which
finishes the proof. O

Since C[0, 1] contains any separable Banach space (see e.g. [1, Theorem 1.4.3]),
the previous theorem applied to the space ¢>(¢!) yields:

Corollary 2.7 CI0, 1] is not a subspace of a SCWCG space.
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Strongly Asplund generated and strongly conditionally... 109

Given acompact Hausdorff topological space K, the Banach space C(K) is Asplund
if and only if K is scattered (see e.g. [12, Theorem 14.25]). On the other hand, if
K is not scattered, then C[0, 1] is a subspace of C(K) (see e.g. the proof of [12,
Theorem 14.26(v)]). These facts and Corollary 2.7 allow us to deduce:

Corollary 2.8 Let K be a compact Hausdorff topological space. Then C(K) is a
subspace of a SCWCG space if and only if C(K) is Asplund.

The following result was proved in [21, Corollary 2.29]. The particular case not
involving subspaces was first noticed in [28, Theorem 5.10].

Corollary 2.9 (Kampoukos—Mercourakis) Let (X,,) be a sequence of Banach spaces
and let 1 < p < oo. If (D, e Xn)e, is a subspace of a SWCG space, then X, is
reflexive for all but finitely many n € N.

Proof By Theorems 2.2 and 2.6, we have X,, 2 ¢! for all but finitely many n € N. On
the other hand, bearing in mind that every SWCG space is weakly sequentially com-
plete (see [27, Theorem 2.5], cf. Theorem 2.2) and that weak sequential completeness
is inherited by subspaces, we get that each X, is weakly sequentially complete. From
Rosenthal’s ¢! theorem (see e.g. [1, Theorem 10.2.1]) it follows at once that X, is
reflexive for all but finitely many n € N. O

Itis known that a Banach lattice is Asplund if (and only if) it does not contain ¢ (see
[9, p. 95] and [17, Theorem 7]). We finish this section by proving that the properties
of being SAG and SCWCQG are also equivalent in Banach lattices.

Theorem 2.10 If Z is a Banach lattice and Z 2 C|0, 1], then A(Z) = CWC(Z).

Proof Let H € CWC(Z). Since Z ;_b CJ0, 1], the convex solid hull H of H is condi-
tionally weakly compact as well (see [16, Corollary I1.4]). Let Y be the interpolation
Banach space obtained from H by applying the Davis—Figiel-Johnson—Petczyriski
method and let 7: ¥ — X be its associated operator (see e.g. [2, Theorem 5.37]).
Since H is conditionally weakly compact, we have Y ? ¢ (see e.g. [18, Theo-
rem 5.3.6]). Since H is solid, Y is a Banach lattice (see e.g. [2, Theorem 5.41]).
According to the comments preceding the theorem, Y is Asplund and so H < T (By)
is an Asplund set. O

Corollary 2.11 A Banach lattice is SCWCG if and only if it is SAG.
Proof Combine Theorem 2.10 and Corollary 2.7. O

3 Lebesgue—Bochner spaces

Throughout this section X is a Banach space, (€2, X, u) a probability space and, for
1 < p < oo, we consider the Banach space L” (u, X) of all (equivalence classes) of
strongly measurable functions f: 2 — X such that

1

1 flrex) = ( /Q IIf(w)II”du(w))p < .
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110 S. Lajara, J. Rodriguez

A set C C L'(u, X) is called uniformly integrable if it is bounded and for every
¢ > 0 there is § > O such that || f14llz1¢, x) < € forevery A € X with u(A) <6
and every f € C. (Here 14 denotes the characteristic function of A.) It is known that
every conditionally weakly compact subset of L' (u, X) is uniformly integrable (see
e.g. [9, p. 104, Theorem 4]). Conversely, a result of Bourgain, Maurey and Pisier (see
e.g. [7, Theorem 2.2.1]) states that every uniformly integrable subset of L!(x, X) is
conditionally weakly compact if and only if X 2 ¢'.

For 1 < p < oo, the space L” (i, X) is Asplund (resp. L?(u, X) 2 ¢by if and
only if X is Asplund (resp. X 2 2, see e.g. [9, IV.1] (resp. [7, Theorem 2.2.2]).
We say that u is non-trivial if L' () is infinite dimensional or, equivalently, there is
an infinite sequence of pairwise disjoint elements of X with positive measure. In this
case, £7(X) is a subspace of L?(u, X). Thus, from Theorem 2.6 we get:

Proposition 3.1 Suppose v is non-trivial and let 1 < p < oo. The following state-
ments are equivalent:

(i) LP(u, X) is a subspace of a SAG (resp. SCWCG) space;
(i) LP(u, X) is Asplund (resp. L” (11, X) B €');
(iii) X is Asplund (resp. X 2 €Y.

Note that X is a complemented subspace of Ll(,u, X), hence X is SWCG, SAG
or SCWCG whenever L' (i, X) is. Schliichtermann and Wheeler [27] asked whether
L'(u, X) is SWCG whenever X is SWCG. Some partial answers have been given in
[24,26,27], but the general question still remains open in full generality. In the same
way, we might ask:

Question 3.2 Is L' (i, X) SAG if X is SAG?
Question 3.3 Is L' (i, X) SCWCG if X is SCWCG?

Remark 3.4 1f the answer to either Question 3.2 or 3.3 were affirmative, then the
problem of Schliichtermann and Wheeler would have positive solution as well. Indeed,
this follows from Theorem 2.2 and Talagrand’s striking result that L' (11, X) is weakly
sequentially complete if X is (see [30, Theorem 11]).

Part (i) of the following example should be compared with Theorem 2.1.

Example 3.5 (i) If X is Asplund, then:

(a) L'(u, X) is SAG.

(b) Every uniformly integrable subset of L' (i, X) is an Asplund set.

(c) AsubspaceY C L'(u, X)is Asplund if and only if By is uniformly integrable.
(i) If X 2 ¢!, then L'(u, X) is SCWCG.

Proof (i)Leti: L*(, X) — L'(u, X) be the identity operator. It is easy to check that
the family of all uniformly integrable subsets of L' (1, X) is dominated by i (B L2(1. X))
(just adapt the proof of [20, Proposition 6.41] to the vector-valued case). In partic-
ular, A(L' (i, X)) is dominated by i(Br2u, x))- Since L?(11, X) is Asplund, the set
i(BLZ(u, X)) is Asplund and therefore L (e, X) is SAG. Statement (b) follows from
Fact 2.4 and (c) is immediate from (b) applied to By. The proof of part (ii) is similar
to that of (i)(a). O
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Strongly Asplund generated and strongly conditionally... 111

We next consider some special subfamilies of A(L' (i, X)) and CWC(L' (e, X)).

Definition 3.6 H C L! (i, X) is said to be a §.A-set (resp. 8C-ser) if it is uniformly
integrable and for every § > 0 there exists Wy € A(X) (resp. Ws € CWC(X)) such
that: for every f € H thereis A € ¥ such that u(2\A) <6 and f(A) € W;.

Of course, the typical example of §.A-set (resp. §C-set) is
L(C) = {f € L'(u. X): f(Q) € C},

where C € A(X) (resp. C € CWC(X)). The §C-sets were studied in [3,4]. It was
shown in [4, Proposition 13] (cf. [7, Theorem 2.2.1]) that every 8C-set of L' (u, X) is
conditionally weakly compact.

Proposition 3.7 Every 8 A-set of L' (11, X) is Asplund.

Proof We divide the proof into several cases.

Case 1. L(C) is Asplund whenever C C X is countable and Asplund. To prove this,
let Y be an Asplund Banach space and 7: Y — X an operator such that C C T (By).
Then L?(u, Y) is Asplund and we can consider the operator

T:L*(w,Y) > L'(w, X), T(f):=Tof.

We claim that L(C) C f(BLz(u, y))- Indeed, the fact that C is countable ensures
that for every g € L(C) there is a countably-valued strongly measurable function
f: S — BysuchthatT o f = g, hence f € B;2(, y) and T(f)=g.

Case 2. L(C) is Asplund whenever C C X is Asplund. It suffices to prove that every
countable subset of L(C) is Asplund (seee.g. [10, Theorem 1.4.5]). Fix a sequence (g,)
in L(C) and take any ¢ > 0. For each n € N we choose a countably-valued function
gn € L(C) such that ||g,(w) — g, (w)]|| < € for u-a.e. w € Q. There is a countable set
Co € Csuchthatg, € L(Co) foralln € N, hence{g, : n € N} © L(Co)+€Bp1(, x)-
Since Cy is Asplund, so is L(Cp) (by Case 1). As ¢ > 0 is arbitrary, from Fact 2.4 it
follows that {g,,: n € N} is Asplund.

General case. Let H C L! (i, X) beany § A-setand fix ¢ > 0. Since H is uniformly
integrable, there is § > 0 such that

sup ”le”Ll(p_,X) =¢
eH

for every B € ¥ with u(B) < 8. Let Ws € A(X) be as in Definition 3.6 and set
C :=Ws U {0} € A(X).Givenany f € H,thereis Ay € ¥ such that u(Q\Ay) <§
and f(Ay) S W;, hence || floa,lizix) < € and fla, € L(C). Therefore,
H < L(C) +¢By1(, x)- Another appeal to Fact 2.4 ensures that H is Asplund. The
proof is finished. O

In [3, Section 4] there is an example of a Banach space X and a weakly compact
subset of L1([0, 1], X) which is not a 8C-set.

The following result can be obtained similarly as in [26, Theorem 3.7]. The proof
is omitted.
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112 S. Lajara, J. Rodriguez

Proposition 3.8 The following statements are equivalent:

(1) X is SAG (resp. SCWCG);
(i) the family of all 8 A-sets (resp. C-sets) of L' (1, X) is dominated by some 8 A-set
(resp. 8C-set).

We finish the paper by studying renorming properties of the space L' (x, X). Some
ideas from [23] were adapted to the vector-valued case in [13,14] to show that some
convexity and smoothness properties of X lift to L' (x, X) when equipped with the
Orlicz-type equivalent norm ||| - ||| defined below.

From now on, M: R — [0,00) is a fixed Orlicz function with some addi-
tional properties: M is Lipschitz and twice differentiable, M” is decreasing and
lim;_, o0 12M" (1) € (0, 00). An example of such a function is M (1) = |t|—log(1+]t]).
We consider the equivalent norm || - ||| on L'(u, X) defined by

|||f|||:=inf[p>0: /M(”f;“’)”)dm)sl]. a1
Q

Here we focus on a property of the norm (WUR) which is close to the space being
Asplund. The norm || - || of a Banach space Z is said to be WUR if for every two
sequences (z,,) and (z},) in the unit sphere Sz := {z € Z : ||z|| = 1} satisfying ||z, +
z,|| = 2, we have z,, — zj, — 0 weakly in Z. Every Banach space admitting a WUR
equivalent norm is Asplund (see [19, Theorem 1], cf. [11, Appendix]). Conversely,
every Banach space with separable dual admits a WUR equivalent norm (see e.g. [8,
Ch. II, Corollary 6.9(ii)]).

We shall prove the following:

Theorem 3.9 [f (X, || - ||) is WUR and Y < L' (i, X) is an Asplund subspace, then
Y- 11D is WUR.

Since the Banach space X of Theorem 3.9 is necessarily Asplund, the subspaces
for which the result applies are exactly those with uniformly integrable closed unit
ball [Example 3.5(i)]. Our proof of Theorem 3.9 follows the ideas of [14]. We isolate
some steps as auxiliary lemmas for the convenience of the reader.

Lemma 3.10 For every f € L'(u, X) we have

1
A =1 e x) = vl

where c is the Lipschitz constant of M and ¢’ := 2 + M+(1)
Proof See [13, p. 250]. O

Definition 3.11 Let f, g € L'(x, X). We define two non-negative functions ¢y,
and V(s ¢) belonging to L'(n) by

0(1.) (@) := M" (max{|| f @), |g@)]}) - (I f @) = llg(@)])*
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Strongly Asplund generated and strongly conditionally... 113

and

Vi@ =M (“f ol “g<w>”) M (M) |

2 2

Lemma 3.12 Ler (f,) and (g,) be sequences in L' (i, X) such that

I falll = lllgnlll =1 foralln € N and nli)n;olllfn + gulll = 2.
Then
A | O A= nlijgo/g Y (fyngn) dit = 0.
Proof See the proof of Theorem 1 in [14]. O

The symbol o’ := o (L' (i, X), L®(1, X*)) denotes the topology on L' (1, X) of
pointwise convergence on L% (u, X*), the duality being given by

(o g) =/Q<f(w),g(w)>du(w), Fel'(w.X), geLl™®u X

Note that L (1, X*) embeds isometrically into L' (1, X)* and o’ is weaker than the
weak topology of L!(jt, X). It is known that L' (i, X)* = L (1, X*) whenever X
is Asplund, see e.g. [9, p. 98, Theorem 1].

Proof of Theorem 3.9 It suffices to check that if ( ;) and (g,,) are sequences in Y such
that

Ifalll = lllgalll =1 foralln € N and  lim [|[fy + gnlll =2,
n—o00

then for every ¢ > 0 there exist a subsequence (ny) of N and a weakly null sequence
(h) in L' (e, X) such that || (fu, — gn,) — hill L1 x) < € forall k € N.
Since any bounded subset of Y is uniformly integrable, there is § > 0 such that

sup/ | fn(w) — gn(w)|| du(w) < e forevery A € ¥ with u(A) < 6. (3.2)
neNJA

Define A, == {w € Q: | fu(@)] + llga(@)]| > X} € =,
fo = falova, and g, = gulova,

for all n € N. Note that ( fn) and (g,) are uniformly bounded. Bearing in mind that
the inequalities

0= 050 = PUngn ad 0=V 7 o) <Vifig
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hold w-a.e. for every n € N, an appeal to Lemma 3.12 yields

dm e ol = m 1, e g =0
Therefore, there is a subsequence (n;) of N such that
Jm ¢g g = M Vi g, =0 poae (3-3)

Given any k € N, we define h; = f,,k — &n,- By Chebyshev’s inequality and
Lemma 3.10, we have

1)
u(Ay) < 7/(||fnk(w)|| + [lgn, (@)D d (@)
¢ Ja

8
g(”fnk”Ll(u,X) +lgn 21, x)) =96,
hence (3.2) yields

(g = 8mi) — il x) = 1Cfae — 8 1, It x) < &

Therefore, to finish the proof it remains to check that (A;) is weakly null in L' (i, X).

Claim The sequence (hi(w)) is weakly null in X for pi-a.e. w € Q2. Indeed, since || - ||
is WUR, the claim will be established with the help of [8, Ch. II, Proposition 6.2(i)]
by checking the following statements (a) and (b):

@) [ fup @) = 118n; (@)| = O p-ae. as k — oo. Indeed, since M” is decreasing,
for every k € N and every w € Q2 we have

O<M// 2¢' ~ ~ 2 < N
=" (5 ) 1@l = 1an @D < 0, 4 @)

The preyious inequalities, the fact that M” does not vanish on (0, c0) and (3.3)
yield || o, @) = [1Zn, (@)l — 0 pr-a.e. as k — oo,

®) |l fup (@) + &y ()|l =2|| fu (@) || = O p-a.e. as k — oo. Indeed, by (3.3) and (a)
we have

y ( 1 fri () erg ()|

)— M(I fa,@)]) > 0 p-ace ask —oco. (3.4)

Since M is strictly increasing and continuous on [0, 00), it is a homeomorphism
between [0, 2] and [0, M (2<)]. The uniform continuity of M~ on [0, M (%)]

and (3.4) imply that || o, (@) + Zug (@) = || fu, @)I| — 0 p-a.e. as k — oo.
This finishes the proof of the claim.
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Note that the sequence (/1) is uniformly bounded. Given any x* € X*, the previous
claim and Lebesgue’s dominated convergence theorem applied to the sequence of
compositions (x* o i) yield

lim x* (/ hi d,u) :klim /(x* ohy)du =0 forevery A € T.
A —00 J A

k—o00

Hence the sequence ( f 4 hiedp) is weakly null in X for every A € X. This fact
and the uniform integrability of (/) imply that (k) is o’-convergent to O (see [6,
Theorem 4]). Since o’ and the weak topology of L!(, X) coincide (because X is
Asplund), the sequence (/) is weakly null and the proof is finished. O

Remark 3.13 In [13, Theorem 3.1] it is proved that if the norm || - || of X is Fréchet
smooth, then Ll(u, X) admits an equivalent norm which is Fréchet smooth when
restricted to any reflexive subspace Y < L'(u, X). Such a norm is obtained by
the formula (3.1) applied to an Orlicz function satisfying certain properties like, for
instance, M (t) = [t| — log(1 + |t]). Actually, the proof of [13, Theorem 3.1] only
uses the uniform integrability of By. On the other hand, any Banach space admitting
a Fréchet smooth equivalent norm is Asplund (see e.g. [8, Ch. II, Corollary 3.3]). It
follows that the aforementioned result in [13] applies exactly to Asplund subspaces
Y € L'(u, X). Bearing in mind that M(t) = |t| — log(1 + [f|) also fulfills the
requirements of Theorem 3.9, we deduce that if the norm || - || of X is Fréchet smooth
and WUR, then L! (., X) admits an equivalent norm which is Fréchet smooth and
WUR when restricted to any Asplund subspace Y < L' (i, X).

References

1. Albiac, F.,, Kalton, N.J.: Topics in Banach space theory. Graduate Texts in Mathematics, vol. 233.
Springer, New York (2006)

2. Aliprantis, C.D., Burkinshaw, O.: Positive operators. Pure and Applied Mathematics, vol. 119. Acad-
emic Press Inc., Orlando (1985)

3. Batt, J., Hiermeyer, W.: On compactness in Lp (i, X) in the weak topology and in the topology
o(Lp(u, X), Lg(, X')). Math. Z. 182(3), 409-423 (1983)

4. Bourgain, J.: An averaging result for ll-sequences and applications to weakly conditionally compact
sets in Lg(. Isr. J. Math. 32(4), 289-298 (1979)

5. Bourgin, R.D.: Geometric aspects of convex sets with the Radon—Nikodym property. Lecture Notes in
Mathematics, vol. 993. Springer, Berlin (1983)

6. Brooks, J.K., Dinculeanu, N.: Weak compactness in spaces of Bochner integrable functions and appli-
cations. Adv. Math. 24(2), 172-188 (1977)

7. Cembranos, P., Mendoza, J.: Banach spaces of vector-valued functions. Lecture Notes in Mathematics,
vol. 1676. Springer, Berlin (1997)

8. Deville, R., Godefroy, G., Zizler, V.: Smoothness and renormings in Banach spaces. Pitman Mono-
graphs and Surveys in Pure and Applied Mathematics, vol. 64. Longman Scientific & Technical, Harlow
(1993)

9. Diestel, J., Uhl, J.J. Jr: Vector measures. In: Pettis, B.J. (ed.) Mathematical Surveys, No. 15. American
Mathematical Society, Providence (1977)

10. Fabian, M.: Gateaux differentiability of convex functions and topology. Weak Asplund spaces. In:
Canadian Mathematical Society Series of Monographs and Advanced Texts. Wiley, New York (1997)

11. Fabian, M., Godefroy, G., Hdjek, P., Zizler, V.: Hilbert-generated spaces. J. Funct. Anal. 200(2), 301-
323 (2003)

@ Springer



116

S. Lajara, J. Rodriguez

12.

13.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
27.

28.

29.

30.

Fabian, M., Habala, P., Hijek, P., Montesinos, V., Zizler, V.: Banach space theory. In: CMS Books
in Mathematics/Ouvrages de Mathématiques de la SMC. Springer, New York (2011). (The basis for
linear and nonlinear analysis)

Fabian, M., Lajara, S.: Smooth renormings of the Lebesgue—Bochner function space L! (i, X). Stud.
Math. 209(3), 247-265 (2012)

. Fabian, M., Lajara, S.: Rotund renormings in spaces of Bochner integrable functions. J. Convex Anal.

22(4) (2015). (to appear)

Fabian, M., Montesinos, V., Zizler, V.: On weak compactness in L spaces. Rocky Mt. J. Math. 39(6),
1885-1893 (2009)

Ghoussoub, N., Johnson, W.B.: Factoring operators through Banach lattices not containing C (0, 1).
Math. Z. 194(2), 153-171 (1987)

Ghoussoub, N., Saab, E.: On the weak Radon-Nikodym property. Proc. Am. Math. Soc. 81(1), 81-84
(1981)

Gonzidlez, M., Martinez Abejon, A.: Tauberian operators. Operator Theory: Advances and Applications,
vol. 194. Birkhéuser, Basel (2010)

Hajek, P.: Dual renormings of Banach spaces. Comment. Math. Univ. Carol. 37(2), 241-253 (1996)
Hajek, P., Montesinos Santalucia, V., Vanderwerff, J., Zizler, V.: Biorthogonal systems in Banach
spaces. In: CMS Books in Mathematics/Ouvrages de Mathématiques de la SMC, vol. 26. Springer,
New York (2008)

Kampoukos, K.K., Mercourakis, S.K.: On a certain class of /C, 5§ Banach spaces. Topol. Appl. 160(9),
1045-1060 (2013)

Kunze, M., Schliichtermann, G.: Strongly generated Banach spaces and measures of noncompactness.
Math. Nachr. 191, 197-214 (1998)

Lajara, S., Pallarés, A.J., Troyanski, S.: Moduli of convexity and smoothness of reflexive subspaces of
L1, J. Funct. Anal. 261(11), 3211-3225 (2011)

Lajara, S., Rodriguez, J.: Lebesgue-Bochner spaces, decomposable sets and strong weakly compact
generation. J. Math. Anal. Appl. 389(1), 665-669 (2012)

Mercourakis, S., Stamati, E.: A new class of weakly K-analytic Banach spaces. Comment. Math. Univ.
Carol. 47(2), 291-312 (2006)

Rodriguez, J.: On the SWCG property in Lebesgue—Bochner spaces. (submitted)

Schliichtermann, G., Wheeler, R.E.: On strongly WCG Banach spaces. Math. Z. 199(3), 387-398
(1988)

Schliichtermann, G., Wheeler, R.F.: The Mackey dual of a Banach space. Note Mat. 11, 273-287
(1991). (Dedicated to the memory of Professor Gottfried Kothe)

Smith, M.A., Turett, B.: Rotundity in Lebesgue-Bochner function spaces. Trans. Am. Math. Soc.
257(1), 105-118 (1980)

Talagrand, M.: Weak Cauchy sequences in L! (E). Am. J. Math. 106(3), 703-724 (1984)

@ Springer



	Strongly Asplund generated and strongly conditionally weakly compactly generated Banach spaces
	Abstract
	1 Introduction
	2 SAG and SCWCG spaces
	3 Lebesgue--Bochner spaces
	References




