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1 Introduction and preliminaries
1.1 Introduction

In this paper we explicitly realize, using degenerate Eisenstein series, an automorphic
representation of a (global) symplectic group with a prescribed quadratic unipotent
Arthur parameter. We manage to obtain this result for a large class of quadratic unipo-
tent Arthur parameters, namely for those ones satisfying a technical condition (A)
which is easy to check. In [1] is given a detailed study of parametrization of automor-
phic (square-integrable) representations of global symplectic group by these parame-
ters, but without separation into cuspidal and residual spectrum. On the other hand,
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even with the detailed knowledge about the constituents of the local Arthur packets,
when a global representation is formed (by choosing members of local packets), it
is still difficult to decide whether it is automorphic; a very non-trivial multiplicity
formula is involved. In this respect, our method is very direct and gives an explicit
realization of an automorphic representation, with lots of information on the local
components.

We want to stress that our construction of automorphic representations is uncondi-
tional. It explicitly constructs a residual representation attached to an Arthur parameter.
This parameter is of special kind (conforming to conditions (A) we describe in the
third section), but for such parameter the construction is not making any additional
assumptions. It is not applying the trace formula, thus is independent of the still
unproven stabilization of the twisted trace formula for G L,,, and makes no additional
assumptions, such as regular infinitesimal character or cohomological requirements.

By our (inductive) construction, all these representations we obtain (except maybe
at the basis of our construction) are residual. A result on classification of residual rep-
resentations is given in [12], and in [11] are given, by standard procedure of Langlands
spectral decomposition, the quadratic unipotent Arthur parameters which parametrize
automorphic representations of symplectic group with a non-zero constant term along
Borel subgroup.

The idea of using degenerate Eisenstein series to insure the automorphicity of the
constructed representation was suggested by Goran Mui¢ in relation with his ear-
lier work [18]. We construct automorphic representations for quite general quadratic
unipotent Arthur parameters, and these representations need not to have a non-zero
constant term along Borel subgroups (unlike to those in [18]); the inductive construc-
tion starts from the unipotent automorphic representation with the general support (i.e.,
a minimal parabolic subgroup with non-vanishing constant term along that parabolic
subgroup). In our inductive construction, to prove the non-vanishing of degenerate
Eisenstein series applied to certain global representation (and thus proving that this
representation is automorphic) we calculate the constant term of the Eisenstein series
in question. In that calculation, a sum of intertwining operators occurs. We use an
argument which is essentially the one in [15] (the second chapter, the first section),
but since the assumptions are somewhat different than in loc.cit (where representa-
tion of which Eisenstein series is being taken is cuspidal, and in our situation, this
might not be the case) for the benefit of the reader, we make an explicit calculation
(Theorem 5.3).

In the second section, we prove some claims about the structure of local com-
ponents of the automorphic representations of symplectic and general linear groups
related to quadratic unipotent parameters. These claims are not consequences of our
constructions; they are quite general and apply to every automorphic square-integrable
representation with quadratic unipotent Arthur parameter. Let IT be (any) irreducible
automorphic representation appearing (discretely) in the space of square-integrable
automorphic forms on Spo,(A). Then, there exists a standard parabolic subgroup
P(A) of Spy,(A) with the standard Levi subgroup M (A) and a cuspidal automor-

phic representation o of M such that, as abstract representations, 7 is embedded in
SpZn (A)

ind p(ay O (the precise statement of the result and realization in the space of auto-
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morphic forms which we need in the fourth chapter are given in Theorem 5.1). We
know that a Levi subgroup M is a product of general linear factors with the symplectic
group of smaller rank. Now, using some simple consequences of the classification of
the unitary unramified representations of classical groups [19] we get that the factors
of m( corresponding to the general linear factors are of Ramanujan type [22], and the
factor corresponding to the representation of the smaller symplectic group is a cuspidal
automorphic representation with almost all local components which are negative repre-
sentations (the notion is defined further on in the preliminaries section and is essential
in understanding of the local components of the automorphic representations attached
to quadratic unipotent parameters). The results of the second section can be obtained
even without the embedding of Theorem 5.1, i.e., of its abstract-representation coun-
terpart mentioned above-these results would also follow from the global Langlands’
subquotient theorem [6], but we need Theorem 5.1 for the calculations in the fourth
section.

In the third section we explain in detail the inductive nature of finding automorphic
representations with the prescribed quadratic unipotent Arthur parameter. We explain
how, for a given parameter, we find “a basic parameter”, and then how we start with
the inductive procedure. This procedure is divided in two steps, Step 1 and Step 2,
which we explain. We state the form of the Arthur parameter (Conditions (A)) for
which this procedure is carried out.

In the fourth section we cover the case in which, in each step, all the intermediate
(and final) automorphic representation have a non-zero constant term along the stan-
dard Borel subgroup. At the end, to show that the final automorphic square-integrable
representation of Spa,(A) is really corresponding to the given Arthur parameter ¢,
we use local results from the Preliminaries (sub)section (Proposition 1.2).

In the fifth section, using a result mentioned above, about embedding of a non-
cuspidal automorphic representation in the representation induced from a cuspidal
automorphic representation, we obtain the same results as in the fourth section about
construction of the representation with the prescribed quadratic unipotent parameter,
but now we do not assume that “a basic representation” has a non-zero constant
term along the standard Borel subgroup. In this case, we also have to use some extra
ingredients, due to a number of different authors (Arthur, Mceglin, Ban), concerning
some properties of local Arthur packets, as is briefly explained at the beginning of the
third section.

1.2 Preliminaries

Let k be an algebraic number field and k, its completion at place v. The symplectic
group of rank n over k is defined in the following way:

B CTo =], TO0 =0
SPZn—[geGLan[]n O]g_[Jn Oi|]
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where J, is n X n matrix defined by J,, = .-~ |.In general, if G is an algebraic
1

group over k, B is an k-algebra, then G (B) denotes the group of B-points of G. The

adele ring of k we denote by A = Ay, and for a finite place v of k, we denote by O,

the ring of integers of k,, and by @, a generator of it’s maximal ideal (we fix it). We

let | - |, (or vy,) denote the normalized absolute value on k,. We choose a non-trivial

additive character ¥ : k\A — C*; we have ¢y = ]_[;) Yy (a restricted product; i,

is unramified almost everywhere). We fix a Haar measure dx = H,U dx, such that
dx, self-dual with respect to character v, (meaning self-duality with respect to the
Fourier transform). A unitary Grossencharacter p : k*\A* — C* can be written as a
restricted direct product of local characters w, : k, — C*; in this set up, Tate defined
local L-function L(s, u,) and e-factor e(s, iy, ¥y), here e(s, u) = [ (s, py, ¥o) is
independent of 1. For all places where u, and v, are unramified, e(s, uy, ¥y) = 1.
Meromorphic continuation of L(s, u) = [] L(s, ny) (the product initially converges
for Re(s) > 1) satisfies the following functional equation

L(s, ) = e(s, W)L(1 — s, ™).

If w # |- |, t € R, L(s, ) is entire. Otherwise, it has simple poles for s = —it and
s = 1 — it. Since we are interested in the cases where uz = 1, to detect the poles, it
will be enough only to look at s € R. Thus only the case of i = 1 produces a pole of
L(s, ).

For Sp», defined above, we fix a Borel subgroup consisting of upper-triangular
matrices, and maximal (k-split) torus 7}, consisting of diagonal matrices in B,,. In this
setting, we denote by U,, the unipotent radical of B,. With this choice of maximal
torus and positive roots (£ ) determined by B,,, the set of simple roots A = A(Sp2,,)
isgivenbya; =e;j—ej+1, i = 1,...,n—1land o, = 2e¢, (heree;(¢) = t;, wheret =
diag(ty,ta, ..., Iy, tn_l, el tl_l) is a diagonal matrix belonging to the maximal torus
T,,). Corresponding coroots are given by &; = ¢; —e;j 11, oy = €, where cocharacters
¢; have obvious meaning. For any @ € I, the corresponding root subgroup U (A) is
isomorphic to A; similarly, for every place v, U (k,) = k,. Using this isomorphisms,
we define Haar measures on these roots subgroups of unipotent radicals, moreover, in
this way we fix Haar measures on unipotent radicals of standard parabolic subgroups,
since they are spanned by root subgroups (these are isomorphisms of k-varieties). The
normalization of measures on unipotent radicals is important because of the definition
of intertwining operators.

For every v < oo we fix K, = Sp2,(Oy,) as a maximal good compact subgroup
of Spa (ky), and for archimedean places we fix some maximal compact subgroup and
denote K = [[, Ky C Sp2,(A). Also we denote Koo = Hvloo K,. Let go be a (real)
Lie algebra of Hvl o0 SP2n (ky). We say that an irreducible admissible representation
of Spa,(ky) (v < 00) is unramified if it has a non-zero K,-fixed vector (also called
K -spherical). Then, necessarily, this vector is unique, up to a scalar. We have the
following important result:
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Lemma 1.1 Let G = Spo,(ky) and K, as above. Assume that o is K,-spherical
smooth representation of G, and o is a subquotient of Indyy (6’ ® 1y), for some
smooth representation o’ of M (where M is a standard Levi subgroup of a standard
parabolic subgroup MN ). Then o’ is M N K,-spherical.

Proof This is Lemma 1.1 (ii) of [16]. O

The main aim of this paper is attaching (fairly explicitly) an automorphic repre-
sentation to a quadratic unipotent Arthur parameter (cf. [1]). So we recall the form of
Arthur parameters we need (without invoking the conjectural Langlands group Ly).
Let Wj denote the global Weil group attached to an algebraic number field k.

The general quadratic unipotent Arthur parameter is an admissible homomorphism

¢ Wiy x SL2,C) - SO2n+1;0C)

such that the following holds

1. ¢w, is continuous, semisimple, and it’s image is bounded,

2. ¢sL(2,¢) is a morphism of algebraic groups,

3. ¢ (Wi x SL(2, ©)) is discrete, that is, the image is not contained in a proper Levi
subgroup of SO(2n + 1; C),

4. ¢w, factors through Wab | where W,fh is the maximal abelian Hausdorff quotient
of Wy.

We can thus decompose homomorphism ¢ into the sum of irreducible representations
of Wi? x SL(2, C) so that

¢ = Bpa)elordp) it @ Va,

where V, is the unique irreducible algebraic representation of SL(2, C) of dimension
a and u : k*\A* — C* is a quadratic Grossencharacter of k, obtained by class
field theory from a character of W,?b . This decomposition defines Jord(¢). It can be
shown (cf. Theorem 4.1 of [18]) that the set of parameters like this is in the bijective
correspondence with the collection of finite sets Jord (called Jordan blocks) consisting
of pairs (i, @), where p : k*\A — C* is a quadratic Grossencharacter of k, a is an
odd positive rational integer such that 3°, \\cjora@ = 2n+land [, 4)cjora 4 = 1.
So the bijection is Jord <= Jord(¢).
To this global Arthur parameter we attach a local parameter:

dv = B.a)elord(p) v ® Va.

Note that, in this (local) case, Jord(¢,) (defined analogously to the global case) does
not have to be a set (i.e., for different global i and A we can have (y, a) = (Ly, a)).

We say that an irreducible subrepresentation X = ®, X, of the space A (Spay (k)\
Span (A)) of square-integrable automorphic forms on Spy, (A) is attached to a global
unipotent parameter ¢, if for all but a finite number of places v, X, is unramified
representation attached to parameter ¢, (so necessarily negative representation; the
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240 M. Hanzer

definition of a (strongly) negative representation of Sp», (ky), v < oo and its Arthur
parameter (i.e., the Jordan blocks) is recalled below).

In this paper we construct inductively an automorphic representation with the pre-
scribed quadratic unipotent Arthur parameter like this, in addition, we assume the
condition (A) explained in the beginning of the third section.

For an irreducible representation 7w of Spa, (ky) (v < 00),by r1, 1.0(;r) we denote
the Jacquet module of that representation with respect to the Borel subgroup B,. An
irreducible admissible unramified representation of Spy, (k) is strictly (or strongly)
negative if for every irreducible subquotient x1V*! ® - - - ® x,v* of r1__ 1.0() (here
Xi 1s unitary character of GL(1, k), s; € R, i =1, ..., n) the following holds

s1 <0,

514852 <0,
S1+s2+ -+, <O0. (1)

In an analogous circumstances, an unramified representation is negative if the
inequalities above are not necessarily strict. Note that this criterion is reverse of
Casselman’s criterion for square-integrability for the representations of symplectic
groups; indeed the Aubert duals of strictly negative (resp. negative) representations
are square-integrable (resp. tempered) representations.

We use Zelevinsky notation for the normalized parabolic induction for the general
linear groups and the symplectic group. Let M = GL,,(ky) X --- x GLp, (ky) be a
(ky-points of) Levi subgroup of a standard parabolic subgroup P of GL, (k,) so that
ny+---+n =n.Letm, ..., be admissible representations of GLy, (ky), i =
1, ..., k. Then, we denote IndgL”(k”)(m ® -+ @ my) by mp x -+ X mg. Similarly,
let M = GLy, (ky) X -+ X GLy, (ky) X Spay (ky) be a (ky-points of) Levi subgroup
of a standard parabolic subgroup P of Spy, (k,) so that n| + --- 4+ ngx +n’ = n. Let

71, ..., i, be admissible representations of GLy; (ky), i =1, ...,k and let o be an

admissible representation of Sp,,/(k, ). Then, we denote Ind‘;p 20 (kv) (M ® - Qo)

by X --- xm xo.Ifn’ =0, i.e., P is a subgroup of the Siegel parabolic subgroup,
then we denote this induced representation by w1 x - - - X g x 1. Here 1 thus denotes
the trivial representation of the trivial group.

For v < oo, a unitary character x of GL{(ky), and o, B € R such that 8 +
a+1eZs1, by ¢(—a, B; x) we denote the unique irreducible subrepresentation of

™%y x vy x ... x vy (which is a character vﬁ%ax odet of GLg1q+1(ky)).
For v < 00, let xo be the unique quadratic non-trivial unramified character of ;.

The Jordan blocks are defined for an unramified strongly negative and negative
representations of a symplectic group Sp2, (k) (v < 00) as follows. For an unramified
strictly negative representation o of Spy, (k, ) there exists (a unique) set of positive odd
rational integers 2m 1+ 1 < 2mo+1 < --- < 2my+1land2n14+1 <2no+1 < --- <
2ni+1suchthatkisevenand 2m{+1+---+2m;+142n1+1---4+2n+1 =2n+1
(so [ is odd) such that
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0 = {(=ng,ng_1; x0) X -+ x ¢{(=nz,n1; xo)
x¢(—=myp,mp—1; 1) X -+ x & (—=m3,mp; 1) x {(—my, —1; 1) x 1, (2)

where, if m; = 0, there is no factor {(—m1, —1; 1) (cf. [16, Lemma 5.5]). Then, we
define, for xo (the quadratic unramified character defined above) and 1 = 1g1,,)>
the trivial character of G L (k,), the following set, called the Jordan block of o :

Jord(o) = {(x0.2n1 + 1), ..., (X0, 2nk + 1), (1, 2my + 1), ..., (1,2m; + D}.

For a negative representation o, there exists a unique strongly negative representation
osp andpairs (x1,11), ..., (xj, ;) (i € Z>1, x; unramified unitary characters) unique
up to a permutation and taking inverses of characters, such that (cf. [19, Theorem 0-3])

j Li—1 [ —1
Opn = Xj_ 1S\ ——F—> —5— Xi | X Osn-

2 72

Then we define a multiset Jord(o,) = Jord(oy,,) + Zle {(xiy 1), ()(lf1 ).

Assume ¢ is an Arthur parameter as above. Then, for a global quadratic Grossen-
character x, we denote Jord, (¢) = {a : (x, a) € Jord(¢)}. In the same way, for alocal
component ¢, of an Arthur parameter and local character x,, we define Jord,, (¢y).
Analogously, for a (local) negative representation o and a local character y, we define
Jord, (o) = {a : (x,a) € Jord(o)}.

What we need in future from this information about negative representation is the
following result.

Proposition 1.2 Let B > o > 0 be integers, and let x be an unramified quadratic
character of ky. Let w be a negative representation. Then, the irreducible unramified
subquotient of { (—B, o; x) X 7 is a subrepresentation; it is also a negative represen-
tation.

Proof This is the main result in [9]. O

2 Restriction on the local components

In this section we comment on some information about local components of automor-
phic representations of symplectic group attached to unipotent Arthur parameter and
some global consequences that we can get relatively straightforward from the classi-
fication of spherical representations for general linear and symplectic groups. These
consequences we relate to generalized Ramanujan conjecture (cf. [22]).

Firstly, for the convenience of reader, we recall the classification of unitary unram-
ified representations for p-adic general linear groups (cf. [19, Theorem 4-1]). By
Irr*"" (G L) we denote a set of the equivalence classes of irreducible unramified repre-
sentations for the general linear groups GL, (k,) for all n € Z=. Here Irr*>*"" (G L)
denotes a subset of Irr*”"(GL) consisting of all the classes of unitary unramified
representations.
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242 M. Hanzer

Theorem 2.1 (i) Let ¢1,...,¢q, V1,...,¥p € It (GL) be a sequence of
unramified unitary characters (one-dimensional unramified representations). Let
ar, ..., ap € (0, %) be a sequence of real numbers (the possibility of a = 0 or
b = 0 is not excluded here). Then

D1 X - X g x WYy x vV Yy) X - X (VY x v Yry) € I (GL).

(ii) Letw € Irr*"*"" (GL). Then there exist ¢1, ..., ¢g, Y1, ..., Ypanday, ..., apas
in (i) such that 7 is isomorphic to the induced representation given above. Each
sequence @1, ..., P, and (Y1, a1), ..., (¥p, ap) is uniquely determined by w up
to a permutation.

Now we return to automorphic representation IT of Spo,(A) (more precisely, of
Hv<oo Span(ky) X (goo, Ko)) in square-integrable discrete spectrum of Spo,(A)
attached to an unipotent Arthur parameter. In [10] we prove that there is an embedding
(as abstract representations)

M~ m X7 X0, 3)

where 71, ..., g are (essentially) cuspidal automorphic representations of appropri-
ate general linear groups, o is an automorphic cuspidal representation of Spa;, (A).
We know that, at almost all places v, I1, is an unramified negative representa-
tion (with the cuspidal support expressible in terms of quadratic characters entering
the expression for the local Arthur parameter). At these places we look at the local
embedding
Iy, < w1,y X -+ T,y X Oy. 4)

By Lemma 1.1, we know that w4, ..., kv, 0y are spherical representations. By
the main result of [19, (Theorem 0.8)] oy, as a unitary unramified representation of
Spam (ky), is irreducibly induced

- -1 1-1 o
oy = X0 | ¢ - T; Ly ) v¥x ) X 0v neg- (5)

Here (I, x, o) varies through members of certain finite set, x is unramified unitary
character (but we know that cuspidal support of o, consists of quadratic characters, so
X € {xo0.v, 1v}); [ is positive rational integer, and « € (0, 1), satisfying some technical
conditions. Here o, denotes the unique unramified non-trivial quadratic character
of kj; and 1, is the trivial character of k. The representation o, ,.¢ is negative. Since
the exponents in the cuspidal support of o, must be rational integers, in the above
expression we must have % + o € Z, and —% +a€Z,sou = % and [ is even.
Having this in mind, we examine some of these technical conditions mentioned above
(cf. Definition 07 of [19]); namely we must apply Definition 0-7 (3) of [19], where,
for fixed [/ and x, exponents in e(l, x) are collected. Here e(l, x) denotes all the «’s
which occur in (5) for fixed [ and x. We thus have only one exponent, ¢ = % Then,
using notation from loc.cit, we have that v = 0. On the other hand, from (3)(b) it
follows that u = 1. So, u + v is odd, meaning, by 3(a), that (x,!) € Jord(oy,neg),
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An explicit construction of automorphic representations 243

for every (x,!) appearing in (5). We know ([16], [19, Theorem 0-3]) that, for oy eq
there exists oy g,, a strongly negative representation of some Spoy, (ky), and unitary

unramified characters i, ..., x» and /1, ..., [, € Z>1 such that
li—11;,—1
Ov,neg <> X;‘:l; (_ ] 5 / 3 ;Xj) X Oy, sns (6)
where, in our situation, again x; € {x0,u, lv} and Jord(oy neg) = Jord(oy sn) U

Z§=1 {GGa 1)), ( xj_l, lj_l)}. Since we are in the symplectic group case, every number
lin (I, x) € Jord(oy,sy,) is odd. This means that every /[ in (I, %) from (5) must be one
of (xj, ;) in (6). But, since such [ is even, this would, by (6), mean that there is an
exponent in the cuspidal support of 0 e, S0 in the cuspidal support of I1,, which is
not an integer; a contradiction. This means that (5) reduces to o, = 0y ;e 1S a negative
representation.

Now we analyze spherical representations of general linear group in (4). We note
that, for every j = 1,...,k, there exists a real number 8; such that v=hix jisa
cuspidal (unitary) representation of some global general linear group (cf. 3). For the
simplicity of notation, assume j = 1. Then,

VP =t XX e x (U X 0T X - X (0 X T )
(Theorem 2.1). Here ¢p; = ¢ —%, %; ¢;), i.e., we look at ¢; as a character of
GL,(ky); analogously for ;. Note that A 71,y has to be a generic representation,
so every factor in the previous relation must be generic, forcing ¢’s and ¥’s to be
characters of GL1 (k). Note that then 81 +a; and B1 —« have to be integers, for j =
1,..., b. By subtracting these expressions, we get that 2a; € Z, which is impossible
(by assumptions in Theorem 2.1). This means that A Ty = P1 X -+ X ¢pg, Where
¢;’s are unramified (quadratic) characters of G L (k).

Keeping the notation from (3) and (4) we have proved the following theorem:

Theorem 2.2 Let T1 be an irreducible automorphic representation in the discrete
(square-integrable) spectrum of Spa, (A) attached to an unipotent Arthur parameter,
so that, at almost all places, 1, is an unramified negative representation.

For those places v, the local components o, of an automorphic cuspidal represen-
tation o such that (3) holds, are negative (unramified) representations. Also, for those
places, the local components of a cuspidal automorphic (unitary) representation of
v hi 7 of a general linear group are fully induced from quadratic characters. This
moreover means, that, at those places, the local components are tempered, i.e., every
representation v_Pi i, J=1,..., kis of Ramanujan type (cf. [22] and conjectures
in the sixth section there).

Remark Note that for this Theorem we do not actually need the global embedding of
(3); it is enough to just use Langlands’ “subquotient version” [6]; we though do need
(3) in the fifth section.

We now study a certain specific case of (3). Assume that all the representations
1, ..., T are global characters of GL1(A), denote them vhi Xls - - vPr Xk, wWhere
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244 M. Hanzer

x’s a unitary, and B’s are real numbers. From the fact that almost everywhere the
characters x; ,, i = 1, ...k, are quadratic, it follows that they are quadratic (globally).

Definition 2.1 For a strongly negative unramified representation ¢ or for a nega-
tive unramified o whose cuspidal support consists only of quadratic characters, by
supp(Jord(o)) we denote the multiset

a—1 a—1
supp(Jord(o)) = Z v™ 2 x,v 72 xl
(x,a)€lord(o)
a—1 a—1 a—1 a—1 a—1
Here [v~"2 x,v 2 x]denotestheset {v™ 2 x, v 2 tly, ..., v Z x}

In the fourth section we need the following:

Corollary 2.3 In the above situation, we have

k
supp(Jord(IT,)) = supp(Jord(0,)) + D {xi.ov™, xiv™ P}
i=l1

Proof Since I1, and o, are unramified negative representations and x; , quadratic,
this is obvious. O

3 Description of the inductive construction

The method presented in this paper is, as we have explained in the Introduction, of
the inductive nature, the important question is how to construct the first automorphic
representation explicitly realized in the space of square-integrable automorphic forms,
which corresponds to the part of the given Arthur parameter (i.e., which corresponds
to the analogous Arthur parameter for the symplectic group of smaller rank). We now
discuss how to see what the “basis” Arthur parameter should look like.

Let Jord, (¢) = {a : (u,a) € Jord(¢)}. We denote different grossencharacters
appearing in the parameter ¢ by w1, ..., ix and we denote |Jord,; (¢)| = r;. From
the conditions in the definition of Arthur parameter it follows that there is an odd
number of different ;s such that r; is odd. We letJord,, (¢) = {a;1, ..., a;y, }, where
ajl < ajp < - <djp.

We let exactly the first / characters (/ is odd) be such that their r; is odd. It follows
that Hf i = 1. Now, we denote by ¢pp = 1 ® Vo, D2 @ Vo @ -+ - ® 1y @ Vg,
an Arthur parameter of an automorphic representation o (¢o) (realized directly in the
space of the square-integrable automorphic forms). This representation will be the
basis of our inductive procedure.

Ifl =1, we get u; = 1. In that case we know that the trivial representation of
Spa;;—1(A) is attached to the Arthur parameter ¢9 = 1 ® V,,,; and we know that
this representation is automorphic (realized on the space of constant functions on
Spa,,—1(A)); moreover it belongs to the residual part of the spectrum. Moreover, Kim
and Shahidi [11] proved that, among the automorphic square-integrable representa-
tions with the unipotent Arthur parameters, exactly these (i.e., the ones with [ = 1)
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An explicit construction of automorphic representations 245

are the ones for which some constant term along the Borel subgroup does not vanish;
this means (as can be seen, for example, in [18]) that these representations can be
realized (as abstract representations) as subrepresentations of some (global) principal
series representations.

We assume that we can find o (¢g), even when [ > 1. There are some instances for
which we know, more or less explicitly, representations attached to a parameter of this
form; e.g., a cuspidal representation of SL(2, A) attached to the Gelbart-Jacquet lift
of a cuspidal representation of GL(2, A) to GL(3, A). The precise statement can be
found in [8, the third section]. The case of special interest in this context is a cuspidal
representation of SL(2, A) with the parameter y @ | Q@ 1P x n® 1, where x, p are
non-trivial global quadratic characters (related in a way described in [8]. Some of the
examples can be obtained by functoriality (from symplectic to general linear group).

To get Arthur parameter ¢ from the Arthur parameter ¢y we have to add an even

number of elements from Jord,;(¢), i = 1,...,[ and whole sets of elements of
Jord,;(¢), i =1+ 1,...,k (every set from this collection has even number of ele-
ments).

So assume that we have already constructed some automorphic representation o (¢p)
attached to the parameter ¢’ such that ¢’ is obtained by adjoining a u; ® Vg, ; @ s ®

Va, ;,, in each step (we of course, have a finite number of steps). Here, if 7 € {1, ..., [}
we start with ;; ® Vg, ® (s ® Vg 5, and when we haver € {{ + 1, ..., k} we start

with u; ® Vg, @ 1y ® Vg,,. So, we assume that we have an explicit realization of
o (@), (one of) the automorphic representations with the Arthur parameter ¢’, inside
the space of square integrable automorphic forms A (Spo, (k)\Spay (A)).

We want to construct explicitly (i.e., realize explicitly in the space of the square-
integrable automorphic forms) an automorphic representation with the Arthur para-
meter ¢ = ¢’ O u; ® Va,; ® e ® Va, ;. (so that y1, may or may not appear in ¢’ if
u; ® Vp appears in ¢’ then b < a; ;).

To be able to perform our inductive procedure, we assume that our quadratic unipo-
tent parameter is of such a form that the addition of new elements in the Jordan block
can be arranged to satisfy the following

Conditions (A)

1. Each of the numbers ay1, ..., a;; entering the definition of ¢y is strictly smaller
than any element a, ; we subsequently add in the Jordan block

2. We add elements a,,; and a; j41 in the Jordan block in such an order that a, ; is
equal or greater to any other element added previously in the Jordan block (this
means that we do not necessarily add all the elements of Jord,, and then all the
elements of Jord,,, and so on).

The method we use (for both cases, ! = 1 and/ > 1) is the global analog of the
construction of discrete series of classical p-adic groups [14]; this (global) method is
already present in [18, (cf. Theorem 5.2)]. We briefly describe it. It consists of two
steps:

Step 1

We first form a global representation of Spa,’124, ;(A) induced from a represen-
tation |det|*i; ® o (¢') of GL(as,j, A) ® Spa,y(A). In our realization of this repre-
sentation in a certain space of automorphic forms, we can get Eisenstein series (as an
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intertwining operator) acting on it. This Eisenstein series is holomorphic at s = 0. We
will then describe a certain subrepresentation 7 of this space (for s = 0) on which this
Eisenstein series will be non-zero, giving our subrepresentation a different realization
Ey(mr) (we use a constant term along the appropriate parabolic subgroup to detect a
suitable subrepresentation).

Step 2
Now, we again form a global representation of Spy,, (A) (wheren = n’+ a‘ﬁ#)

induced from a representation |det|* u; ® Eq(7r) of GL(M s A)®Span/ 424, ; (A).
Again, in the appropriate realization, we can take an Eisenstein series acting on this
representation. We prove that this Eisenstein series has a pole of order two for s =
W Then, when we normalize the Eisenstein series with (s — W)Z, we
get an image representation in the space of square-integrable automorphic forms, with
the local structure which relatively easy to analyze for almost every finite place. Now,
using our local results from the second section, we see that almost everywhere, the
local image is an irreducible negative representation, and we obtain an automorphic
representation with the Arthur parameter ¢.

We see that this construction is the global analogue of the local construction of the
discrete series representations [14], so that the first step corresponds to the formation
of the tempered representations, and the second step gives us (the new) discrete series
representations.

In the next section we prove all the intermediate steps described above for the situa-
tion when / = 1; in the fifth section we prove the analogous claims for the parameters
with / > 1 (but sometimes we slightly change our approach, e.g., in the proof of
Proposition 5.7). To do so, we need some additional arguments (the embedding of the
global automorphic representation in the representation induced from the automorphic
cuspidal representation of a Levi subgroup [10], explicit description of the calculation
of the constant term of Eisenstein series in a general situation (Theorem 5.3), analo-
gous to a similar result in [15]; we also need some results of Arthur on the structure
(with respect to Langlands parameters) of the representations in Arthur packets [1]
and of Mceglin about the action of the (Aubert)-duality operator on the representations
in the Arthur’s packets [1,13].

4 Explicit construction I: representations supported in the Borel subgroup

If the representation o (¢o) (realized on the HKOO Spong (ky) X (goo, Koo)-invariant
irreducible subspace of A(Spay, (k)\Sp2,,(A)) is concentrated on the Borel subgroup
(i.e., we are in [ = 1 case, as explained in the beginning of the third section), then
from the proof of Lemma 1.3.2 of [15] (as is explained in the third section of [18]), by
taking the constant term of o (¢o) along the Borel subgroup, we get intertwining which
realizes our representation inside the globally induced representation (normalized
induction, K-finite vectors) of Sp,,(A), induced from a character of the (standard)
Borel subgroup (cf. also section 2 of [18]). Because we want an automorphic discrete
series representation o (¢p) to be attached to the parameter ¢, by looking at the
corresponding local Arthur parameters we get that it is embedded (i.e., can be realized),
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as explained above, into the global representation induced from the character A(¢o),
where

aj1—1

1,1
Mp) =1 7T @@

is a character of a maximal split torus of Sp,,(A) (so 2ng = a1 — 1). This means
that o (¢') is embedded in the global representation induced from the character A(¢")

4 -1 aj1—1 ajj—1-1

/ i ST 5
A@) =17 @77 T @@ T T ) Q-
“1,1_]

Q|- |72 ®...®|.|—1‘ (7

Here n; € {1,...,ux}and! € {2,...,r;}. Here, we assume that, inductively, we
have proved, that in each adding of two elements (x, «) and (x, B) (where ¢ < B
are odd positive integers; and we add elements in Jord, by increasing order) we get
that our two-step procedure, in a case of descripting this character of a maximal torus,

. . -1 [ . .
boils downtoadding | - |7 2 x ® --- Q| - |T1 x in front of the previous character
ayj1—1

(of a smaller torus). Only the character of a basic torus (| - |~ “ ®---®|-his
different, corresponding to the embedding of the trivial representation (global).

4.1 Step 1
We return to the (first step of the) proof. We consider the global induced representation

Sp2n/+20,_j (

A)
Ind, (Idetl* s, G L(a, ;.0) ® 0 (@), (8)

where P is a standard parabolic subgroup with Levi subgroup isomorphic to
GL(a;,j) ® Spoy (this representation is realized in the analogous way as in [2, p.
32]). Then, the degenerate Eisenstein series, for a section f; belonging to (8), is given
by

E(s, fi)(8) = > L

PUNSP 424, ; )

is acting on this representation. It is holomorphic at s = 0 (Langlands, c.f. [2, Theorem
7.2]) and defines an intertwining operator

SpZn’-%—Qa,. : (

A) ,
IndP(A) ! (Mt,GL(a;,j,A) ® 0(¢ ) = A(SPZn’+2a,,j (k))\SPZn’-Q—Za,‘j (A)) ©)]

Here we assume that o (¢’) is realized in the space of square-integrable automorphic
forms in A(Spay (K)\Spa2y (A)).

Let Y be a subrepresentation of (8) such that the Eisenstein series does not send it to
zero. We want to detect what is a form of such representation. To do so, we calculate
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the constant term along the Borel subgroup of E(f5, )[s=0, fs € Y, and examine
whenitis non-zero. Since E(fs, )ls=0Y C A(Span/+24, ; (kK)\SP2an'+24, (A)), taking
the constant term along the appropriate Borel subgroup will give us automatically
realization of E(f;, -)|s=0Y (i.e., of Y since it is irreducible) as a subrepresentation
of a representation globally induced from the character of the appropriate maximal
torus. So, if we put this together, we calculate Ey(s, f5)(g). We denote

_at,j_l ”t,j_l
Aprsar; =l 77T @@l IPTTTT @M@,

and let o be a simple root such that the parabolic subgroup appearing in (8) corresponds
to the set of roots A\{a}, i.e., @ = ag, ;. We have

Eols. f,)(g) = / E(f;. ug)du
n'+a »(k)\Un’+a (D)
1] t,j
= > MOysa, w(f)o(). (10)
weW;w(A\{a})>0
(fo(g) = / (' g)du's (11)
U, (\U,/ (A)

the last integral is actually a canonical map (for g = k € K it does not depend on
s) from the automorphic realization of o (¢") to the space of it’s constant terms along
B,, i.e., embedding into the global representation induced from the character A(¢’)
of the maximal torus T, (k)\ T, (A).

This formula for the calculation of the constant term of the Eisenstein series of the
representation (8) is proved in Lemma 2.1 of [17] (c.f. Lemma 2.2 there).

We further have

> MGgsa, w (o= (o + MG a2 wo)(f)o

weW;w(A\{a})>0

+ > Mg 5.0, ;- w) ()05 (12)

weW;w(A\{a})>0;w#uwo,1

where wo = wi,aw; i\{a} is the longest element in the Weyl group for £ modulo

the longest one in EX\{O[}.

Now we examine more thoroughly the decomposition of the global intertwining
operator M (Ay' S.a5 0 wy) into the local ones.

We decompose the representation (8) into the local components

Sp2n/+20,,j (A)

Ind, ) (Idet|* s, G La j.1) © T (@)
~ Sp2n/+2a ; (kv)
= @uInd ) " (et e, k) ® 00 @) (13)
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We are interested how the local components of (8) decompose for s = 0 (so we
get finite length, unitary representations for s = 0). To study this decomposition, we
need local intertwining operators

20124, (

Sp ky)
A(s, |detlytr,GLiar k) ® Tu(@)), wo) : Indp (Idet]} i1, G L(ar ko) ® 00 (9)

Sp2n’+2¢1,.j (kv)

— Indpg ) (Idetl,* 1,6 L(a, ; k) ® 00 ($))

defined, standardly, by
As, 18et ) 1. G L@ ko) © 00(@)), wo) fu(gy) = / fowg nygy)dny.
N (ky)

wo in the defining integral is the fixed representative of the Weyl group element wy
(fixed like in [21]). These operators converge for Re(s) >> 0, and admit meromorphic
continuation on the whole complex plane. Since (11) gives (global) embedding into
the representation induced from the character of the maximal torus, this also happens
locally, so that we have embedding

ov (@) = Ay(@),
and

20’ +2a, (ky

Sp2n/+2a, (@ v)
J
()‘¢’,s,az,_/,v)-

ky) Sp
Indp,, " (dethyur.G L@y 0 ® 00(@) > Indg, [0

Then, the above intertwining operator A(s, |det|‘,§u,,GL(a,./.,kv) ® oy (@), wo) is just
the restriction of the intertwining operator A(Ag' s 4, ;,») acting on

Sp2n/+2a,1j (

I Spln’+2at1j (
I B,

kv)
()\qb’,s,a,,j,v) g IndB ,

n +lt;,j(kv)

ky)
(wO(A¢’,s,a,_j,v))-

+ay j(kv)
To normalize intertwining operators A(s, |det|yur,GL(a, k) @ Oy (@), wo) we
use the same normalization as we use (standardly) for the intertwining operators

A(rg 5.0, ;.05 WO) which act on the principal series representations, so the normal-
ization is by well understood L-functions:

N (|det]} itr.G Ly ko) ® 00 (@), wo)
= r()\¢”s,at,j’ys U)O)A(S, |det|f)l'l/l,GL(at,j!ku) ® UU(¢/), U)O),

where, for s = (sq,...,8¢) € Ck and a general local character A(s), = | - f})xl,v ®
-+ ® | - [ A,y of the maximal torus of the appropriate size, and w from the Weyl
group attached to this torus, we have:

H L1, A(s)v 0 @)e(0, A(s)y 0 &, Yrv)

r(($)y, w) = L(0, A(s)y 0 &)

aez+,w(a)<0
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This might not be a standard normalization, but it satisfies usual properties with
respect to taking hermitian contragredient, etc. (as is discussed in [18, relations (5-17),
(5-18), (5-19)]); moreover, for s = 0, N(/L,,GL(at‘j)kv) ® 0y (¢"), wp) is holomorphic
and unitary (because the analogous claim holds for N (A, s.ar jvs WO, cf. Theorem
2.5 of [18]) and N (O, Mt,GL(ay j ky) @ oy (@), wo)? = Id. We use this normalized

. .. SPow 12a, : kv)
intertwining operators to define subspaces YUjE < In P(ky) i (e, Liar,j k) @

oy (¢")) as follows:

2n’+2at‘ ; (kU

/Ny E Sp J ) /
Yy (0 ()™ ={f elndp , (1.6 L@, j.ky) @ Ov(9))
XN (lt,GLG@, j k) © 00 (@), wo) f = £ 1)

Moreover

Sp2n/+2¢1,_j(kv) , I+ I —
I (G k) ® 00(@)) = Vo0 @)F ® Yoo (@)

Note that if o (¢p), is spherical and 1, ¢ Liar j k) unramified quadratic character, then
Y, (o (¢"))™ # {0}, since it necessarily contains a K, -fixed vector, by the property (iv)
of Theorem 2.5 in [18]. If, additionally, v is non-archimedean, then (spherical) rep-
resentation Y, (o (¢"))™ is irreducible (and so is Y, (o (¢"))~) (we can see by working
little bit with [16, Corollary 5.1] or directly, when we apply Aubert involution).

So we have

sz"/‘antY : (A)

Ind, " (eGL@ .h) © 0(@) = Bs[@ugsYu(0(9))T @ves Yol (@)1,

where S ranges over finite subsets of the set of places of k.

Claim [f |S| is even and 7w an irreducible subrepresentation of
®ugsYu(0 (@) Bues Yo(a(9),

then (9) is non-trivial on .

We now proceed to prove this claim.

We return to (12). Let f; be a function in (8), so that ( f;)o is factorizable function
o ()L(p/,s‘a,j). We assume that (fs)o = ®y fsp and forv ¢ S fs, is
n arYj i ’
spherical vector normalized so that f ,(e) = 1. To simplify the notation, we denote
the action of the Weyl group on A4/ 5 4, ; by w(s) (instead of w(Ay 5.4, ;)). Then, for
the choice of 7 as in the claim, (12) becomes

Eo(s, £5)(8) = (/)0 + ' s.ar o w0) ' ®ugs fup(s).v
®uesN(ldet* 1t GL(a, j k) ® 0v (@), w0) s
+ > MO 5.0, ;> w)(f:)o. (14)

weW;w(A\{a})>0;w#wo, 1
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Lemma 4.1 In the above setting, we have w()»q&/,o‘a,,j) = A¢' 0,4, for w € W such
that w(A\{a}) > 0 if and only if w = wo or w = 1.

Proof Indeed, by (Lemma 4.4 of [23]), (we let i = a; ;) the set {w € W :
w(A\{e;}) > 0} can be described as Up<;j<; W; where each W; consists of ele-
ments of the form pe, where p € S, and ¢ = (e, €2, ...¢&,) € {£1}", such that the
action of p and ¢ can be described as (the last row is a description of the g-action)

12 Jlji+1 il i+1 n
— —— —
p is increasing p is decreasing p is increasing

11 1] -1 —1] 1 1

We write down Ag 0,4, ; as follows:

i—1 i—1 )
A Oy, = VT T @ @y T @A v @ @ Ay,

Assume that Wk 0,a,;) = *'0.a,, and w = pe € W; describe above. Because of

our construction, if forsome Ay, k € {i+1, ..., n} wehave Ay = u,, then |s| < %

il . . .
We observe how to get ,utvlT, i.e., the factor on the ith place. Since it cannot come
from the factors on the places from i + 1, ...n (as we just observed), it must come
. _izl . .
from either factor on the first place (i, v~ 2 ) either from the factor on the ith place

(u,v%). Assume it comes from the factor on the first place. This means p(1) =i
and e = —1. Thismeans j =0, p(1) =i, and p is decreasing on {1, 2, ..., i}. This
means p(2) =i —1,..., p(i) =1, and pl{i41,..n) = id, so that w = pe = wp. On
the other hand, if it comes from the factor on the ith place (u,v%), thismeans p(i) =i
ande; = 1. Thismeans j =i and p(1) =1,..., p(i) =i, also p|(i11,.. ) = id, s0O
that w = pe = 1. O

From this Lemma follows that in (14) the second line cannot cancel the expression
in the first line for s = 0.
We have the following important ingredient.

Lemma 4.2 The following holds:

hm r()‘(b’,s,a,ja wO)_l = 1
s—0 ’

Note here that if ; = 1, then a, j > 1 because of the description of the basis of our
inductive procedure.

Proof (of the Lemma) Note that, according to the notation in Lemma 4.1, the element
wo belongs to the set Wy. Now, according to [23] and Corollary 1-3 of [18], we have
explicit description of roots @ € X such that wo(e) < 0, and these roots play a role
in the definition of the normalizing factor r (A4, WNRT wo). Leti = a; ;. Then the set
of those & € £ such that wy(«) < O can be divided in several sets:

@) {2ex 11 <k =i},
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(i) {ex +e:1 <k <Il=<i},
(i) {ex —e : 1 <k <i,i+ 1<l <nj},
i) fex +e:1<k<i,i+1<i<n,pd) > pk)}

Now we study the expression

L(1, Ay s.a,; © @)e(0, A(s) o &)
H L0, A(s) o)

aez+,wo(a)<0

for o from the each of the above four groups of roots. The contribution from the first
group of roots is given by

i

HL(—%+S+k,M;)E(—%+S+k_1a/'Lt).

al (15)
Pl L(-5 +s+k—1, )
The contribution from the second group of roots is given by
H L(2s—i+k+l,1)6(2s—i+k+l—1,1)' (16)

L2s—i+k+1-1,1)

1<k<l<i

Note that in the fourth set of roots, the condition p(/) > p(k) is automatically satisfied,
due to the description of the permutation p in wg = pe given in the proof of 4.1. So
the contribution of the third and the fourth group of roots is given by

L(s =5 +k=pon)L(s =S +k+1' )
L(s— S 4k—0 =1 ) L(s — S +k 4+ =1, )

I1<k<i,i+1<l<n

i — 1 — 1
~6(s—lT+k—l’—I,MIXZ)G(S—ZT—I-k—i—l’—1,,11,,)(1) (17)

Here lel/ denotes a character appearing as a factor in Ay 4, ; at the Ith place (x;
is quadratic). We now use a functional equation satisfied by the L-functions: for a
quadratic Grossencharacter y we have

L(s, x) =€(s, x)L(1 =, x).

Now we apply this on the denominators in the expression (15) and then introduce the
a change of variables k — i + 1 — k to obtain

ﬁ L(s—%—i—k,u,)

kzlL(—s—%—i-k,;L,)'
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If u; # 1 L(s, ut) is holomorphic in s, so that each of the above factors tends to 1
when s — 0. If u; = 1, we have the following simple fact

- L(—s+t, 1) |1;ifr¢{0, 1}
s—>0 L(s+1,1) — |=1; ifr {0, 1}.

This means that exactly for k = % and fork = ’erl the factors are equal to —1 when

s — 0 so that overall product consisting from the contributions of the first set of roots
equals 1 (unless i = a; ; = 1 and p, = 1 so that whole product consists only of one
factor, but this cannot happen).

After applying the functional equation on the denominators of the contribution (16)
and then applying change of variables (k,[) — (i + 1 —1,i + 1 — k) we obtain

H L2s—i+k+1,1)
1 <ki<i L(=2s—i+k+1,1)
This means that in the cases when k +/ =i and k + 1 =i + 1 these factors tend to
—1 when s — 0. There are exactly 2% =i — 1 (even number!) of these instances,
so the overall product tends to 1. If i = 1 there is no second product.

After applying the functional equation on the denominators in the expression (17)
and applying the change of variables k +— i 4+ 1 — k, and then grouping together
numerators and denominators in a nice way, we obtain

I II s+2+———k U, wixi)

iisieniizi L (s H24+ 55 —k =1 )
s+2+ — k41
I II /MMQ. 8)
i1<i<n1<k=i L (=512 + —k+1', poxr)

We have to check what happens if x; = u;. The number of times when [’ is such
that 2 + % —k—1'"=1forany k € {1,2,...,i}is equal to the number of I’ such
that 2 + % —k+1'=1anyk € {1,2,...,i}. Analogously we cancel of the —1’s
in the numerators, keeping in mind that || < % (since we study the exponents
corresponding to ;). O

Now we have that (so | S| is even)

1im (30 + 7 (gt 5.0, w0) ™' @ugs Fug(.v Oves N(Hr 6L k)
R0y (@), wo) fs,v = 2(fo)o # 0,

since, | S| is even and for v € S we have N (i1, GL(q, j k) @ oy (@), wo) fo.o = — fov,
so for such choice of w we have that intertwining (9) is non-trivial on 7 (since after
calculation of the constant term we still get a non-zero contribution) and the Claim is
proved.
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4.2 Step 2

Proposition 4.3 Assume that 7 is an irreducible subrepresentation of (8) such that
the intertwining (9) does not send it to zero (e.g., one for which we take |S| to
be even). Let E(m) be the image of m under this intertwining (so that E(w) C
A(SPZn’JrZa,,j (k))\sz,,urza,‘j (A))). Let Eo(7t) be a constant term along Bn/+aw. . Now
we construct degenerate Eisenstein series fs +— E(fs, g) = ZyeP(k)\szn(k) fs(vg)

attached to the global induced representation Indfsz’)(A) (usldet|® ® Eg()), where P

is the standard parabolic subgroup with Levi factor isomorphic to GL(M) X
Span'+2a, ;- Then, map

"t,_j+“[. i

(A A, j T 41
Ind 72 (e ldet| ™57 ® Eo(m)) — A(Span(k)\Sp2n(A))

given by

asj+az j+1

2
4 ) E(fs’ ')|S:ar.j+zr,j+1

fﬂr,j+ar,j+1 - (S
7

is well-defined and non-trivial, and its image E(7, (s, a; j+1) is contained in the
space of square-integrable automorphic forms. Every irreducible subrepresentation
of E(m, it ar,j+1) (Which is semi-simple representation) is thus automorphic square-
integrable, and has a global Arthur parameter equal to ¢.

Proof We denote

At j+1"9%,j 1 i, j+1"%, ) 1

-2 ___ 2
A =l I TR @l T ® Ao

and « denote a simple root such that the standard parabolic subgroup P of Spy, from
the statement of Proposition corresponds to set of roots A\{a}. Let S’ be a finite set of
places containing the archimedean ones. Let f; = ®,(fs), be a factorizable function
in the space of IndffZX)(A) (usldet)® ® Eo(r)) such that for v ¢ §’, the function f
is K,-invariant. We calculate the constant term of the degenerate Eisenstein series
fs = E(fs,-); similarly as in the first step of the construction, but now, since we

immediately realized 7 in the space of it’s constant terms (cf. [17, section 2]) and
G+l G j+179%j

embed u,|det|S — ] -~ 2 ® - ul- I’ = (also by taking
an appropriate constant term), we get

Eo(s, f:)(g) = > MO w)f
weW,,w(A\{a})>0
= M (ks wo) fs + > M (g w) f

weW,, w(A\{a})>0,w#wy
= 7 (hs, w0) ™ (®ugs’ Fuo(rerv) Oves' N (s, fhe,p ® (Eo(70)), o) f,0)
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+ Z s W)@ Fuwts )

weW,, w(A\{a})>0,w#wy
®pes' N (s, Hio @ Eo(m))y, w)fs,v)-

Here we use the analog of the normalization for the operators N(s, isy ®
(Eo())y, wp) described in the previous proposition, and use the fact that
(un)normalized operators M (Ag, w) and M (s, uy ® Ep(m)) (and, consequently,
N (s, w) and N (s, tr ® (Eo()), w)) agree on Ind P2 ® (11, |det|* @ Eo(rr)) which

P(A)
is, by taking a constant term, realized as a subspace of Indf;‘: Z(K)A )

[18]).
We are interested in the situation for s = sg =
lemma.

(As) (cf. section 3 of

ar j+ae, .
I We have an important

Lemma 4.4 In the above situation, the order of the pole at s = M# of

r(Ag, wo) "L is two, and of r (s, w)~! for w # wq is at most one. Note that either
arj > loru, #1.

Proof We first calculate the order of pole for s = sg of r (A, wo) L. Again,we use the
similar notation as in the proof of Lemma 4.2. Let now i = % We return to the
contributions (15)—(17). We now want to examine possible poles and zeros of these
expressions for sg = w# It is easy to see that the enumerator of the expression
(15) does not have any poles or zeros, and the denominator has no zeros and a simple
poleifa, ; = 1and u, = 1, but this is impossible here. As for the expression (16), we
see that, since both numerator and denominator express values for L-function L(z, 1)
for (real) z > 2 there are no zeros or poles. In (17) there are no poles in the numerator
if x; = w;, and there is a pole of second order in the denominator (if x; = p,, and that

ap i—1 a; i—1

happens exactly for the factors with [’ = v and I/ = UWT, and these factors
do appear in Ay o 4, ;. as We have seen in the previous step of the construction).

If l is such that x; # , the corresponding L-functions are entire, but there are also
no zeros appearing since L(x, i, x;) is evaluated at the rational integers. This means
that 7 (A, wo) has a zero of order 2 at s = 5o if a; ; # 1 and of order 3 if q; ; = 1 and
u: = 1 and the claim about poles of r (A, wo)~! follows.

Now we deal with w # wq. Let w = pe € W; (what this means is described in
the proof of Lemma 4.1). We need to describe all @ € %% such that w(a) < 0 to
calculate the normalizing factor r (As, w). The set of these «’s consists of six sets

1. S1=L2e:j+1<k<i},
So={ex+e:j+1<k<l<i},
Ss={ex—e:j+1<k<i,i+1<l<n}
Ss={ex+e:1<k=<jj+1=l=<i pl)<pk}
Ss={ex—e:1<k=ji+l=l=n, pl)<ph)},
Se={ex+e:j+1<k=<iji+1=<l=<n,pl)>pk}
We thus have

s wD

6 v “
L(1, s 0a)e(0, A 0 @)
rsw) =111 L0, hs 0 &) :

t=1aeS;
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Now, reasoning analogously as in the case of wg, we see that the contribution (in
L-functions) to r (Ag,, w) is holomorphic (and non-zero) for o € S; U S U S4. There
is a pole of the first order of the denominator for o € S3 if k = 1, so that j = 0, and
fora € S5if k = 1 so that j > 1. Analogously, @ € Sg contributes with the pole of
the first order in the denominator if k = 1, i.e., j = 0. (Again, we have a separate
caseifa, j = 1and p, = 1, in that case, « € Sy also contributes if k = 1, so j = 0).
Assume now that a; ; > 1 or u; # 1. Then if r(Ay, w)~! has a pole of second order
for s = 59, we have j = 0, and p(i + 1) > p(1) (this comes from the condition on
a € S¢). Now, from the scheme in the proof of Lemma 4.1, we see that w = wg. O

We denote r(wg) = limg_, 5, (s — 50)2r (hg, wo) ™! # 0. Lemma 4.4 insures that

. ar,j +ar, jy1
lim (s — L =02 B, fs)(@)
S— 50 4

= r(wO)(®v¢S’fu10(A50,v)) Qpes’ N(s0, Ui ® (Eo(m))v, wO)fvo,v)-

Indeed, the operator N (so, f4r.y ® (Eo (7)), w) is holomorphic at s = 5o = 24 7000+1

for all w € W,, w(A\{e}) > 0 (Lemma 3.5(i) of [17]) so we get the limit above
(we just calculate r(Xg, w) L as s — sg). Also, M (so, 0 @ (Eo())y, wo) i
nonzero for s = s9, so we get that limy_, (s — M#)ZEQ(S, fs)(g) is non-
zero, specifically lim;_, ¢, (s — W#)ZE(JCS, g) = E(m, u;, a;, j41) is non-zero,
and E (7, u, as, j+1) belongs to the space of the square-integrable automorphic forms
on Spa, (k)\Sp2,(A) (as we can see from the calculation of it’s constant term). We
see that the constant term of E(m, i/, a; j+1) (which is isomorphic to this repre-
sentation) is generated, for all v ¢ S’, by the spherical vector fu@, v inside

Spon (ky Span (ky

Ind 2 (g wldet |}y ® Eo()y) < Indy 25 (wo (hsp.0)).
Note that wo(Agy,») = A(¢)y, the (local component) of a character of the maximal

torus, attached to the Arthur parameter ¢.

Lemma 4.5 For all v ¢ S’ the subspace in Indf{; 2(’;(5];”)(11)0()»50,”)) generated

by the spherical vector is an irreducible (spherical) subrepresentation o, of
Span (ky
Indy % (w0 (hsp.0)).-

This lemma follows from Proposition 1.2 and it guarantees that every irreducible
subrepresentation of E (7, 4, a;,j+1) is attached to the Arthur parameter ¢. O

5 Explicit construction II: representations with general support

To be able to execute the same steps for general case of automorphic unipotent repre-
sentations (as we have done in the previous section in the case of such representation
with some constant term non-vanishing along the Borel subgroup) we need some addi-
tional results. One of these results actually states that any automorphic representation,
occurring as a subrepresentation in the space of automorphic forms (so especially,
a representation occurring in the discrete part of square-integrable spectrum) can be
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embedded (as an abstract representation) in the representation induced from a (essen-
tially) cuspidal representation of a Levi subgroup. This result is proved in [10]. For our
purposes, we need an explicit realization of the space of the induced representation, and
we actually have that same realization in [10]. This result is straightforward application
of Langlands’ method in his Corvallis lecture combined with various decompositions
of the spaces of automorphic forms which can be found in the second and the fourth
chapter of [15], and we briefly explain it.

Assume that we have an irreducible representation realized in the space of auto-
morphic forms Sp,’ (k)\Sp2,(A) (in this setting, it is important to be aware of the
explicit realizations of the global representations in certain spaces of automorphic
forms). Assume that this representation, say (IT, V), is concentrated on the (stan-
dard) parabolic subgroup Py,, (parabolic subgroup which corresponds to the subset
0o of the set of simple roots of Spj, with respect to the maximal diagonal torus
(and upper triangular Borel subgroup)), and assume that 6 is minimal with this prop-
erty. This means that the constant term of (IT, V) along Py, does not vanish. We
show in [10] that there is a character & of Z Mg, (A) such that (maybe after left trans-
lation by an element of Z My, (A)), the space of constant terms of (IT, V), denoted
Vo # 0, belongs to the space of automorphic forms Ag(Ug, (A) Mg, (K)\Span' (A))e,
(for the notation and the definitions of these spaces of automorphic forms we refer
to [15], 1.2.17, and for the constant term 1.2.6). Then we show that there is an auto-
morphic representation 7o of Mg, (A) (cuspidal, because of the minimality of the set
o) such that V belongs to A (U, (A) Mg, (k)\Span'(A))z, [15,11.1.1.]. We recall that
A(Ugy (A) My, (k)\Spay (A)), is defined as

A(Ugy (A) Mgy ()\Spon (A)) o = {¢p € A(Ugy(A) Mg, (k)\Spon (A)) :
Yk € K, ¢ € A(Mg,(k)\Mgy(A)),}

_1
where ¢y (m) = Pe(z) ¢ (mk); this space can canonically be identified with

indlll(/lgo aynk AMay (k)\Mey (A)) g

hence the statement about embedding in the induced representation (as abstract rep-
resentations).
So, to conclude, the following holds [10].

Theorem 5.1 Let (I1, V) be a ((g00, Koo) X Hv<oo Spon (ky))-irreducible subspace
of the space of automorphic forms inside A(Spoy, (k)\Spay (A)) such that some con-
stant term of the functions from V does not vanish along a parabolic subgroup Py,
of Spay; assume that 6y is minimal (set of simple roots) with this property. Then,
there exists an irreducible automorphic representation mo of Mg, (A) (appearing in
Ao(Mg, (k)\M (A)) such that the space of constant terms of V along Pg,, denoted
by Vo, belongs (up to a left translation by an element from Zmy, )) to the space
Ao (Ugy (A)Mp, (kK)\Sp2n' (A))r, of cuspidal automorphic forms.

Remark The embedding of the representation IT inside the space Ao (Uy, (A) Mg, (k)\
Span (A))z, given in this theorem is referred to as “given by the constant term.”
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We show (Theorem 5.3) that the constant term of certain (degenerate Eisenstein
series) related to the representation 7 as above decomposes as a sum of global inter-
twining operators, similarly to the case of (ordinary) Eisenstein series.

Calculation of this sort were executed also in [18], but only in the case 6y = 0,
i.e., when the representation IT is supported on the Borel subgroup. To treat this (more
general) case, we need some additional results from [15].

So, recall that in the first step of our inductive construction we use (a degenerate)
Eisenstein series as an intertwining operator from the space of automorphic forms
related to the space from the previous theorem, equivalent to a certain induced rep-
resentation, to the space of automorphic forms on Spy, (k)\Sp2,~(A), for certain n”
to be defined later. The local components of this induced (unitary) representation will
chosen so that the resulting representation has a non-zero Eisenstein series; this would
be guaranteed by the fact that the constant term of this Eisenstein series (along the
parabolic Py, ) is non-zero.

5.1 Step 1

Let ¢’ be the Arthur parameter build up in the previous step of our inductive
procedure, and let ¢ = ®,0, be an irreducible automorphic representation of
Spo, (A) with the Arthur parameter ¢’ realized in the space of the automorphic forms
A(Spo (k)\Spay (A)). We assume that the basis of our inductive procedure is Arthur
parameter ¢, and that we have an automorphic representation o of Sp2,,(A) with
that Arthur parameter, and that oy is concentrated on the parabolic subgroup Pg,. Now,
as we add new elements in the Jordan block, and the rank of the symplectic group in
question raises, we always make this convention about the notation of a subset 6y of
the set of simple roots: let say that 6y is a subset of the set of simple roots of Spa,,
such that My, = GL,, X GLy, X --- x GLy, X Spa,, (of course, depending on 6y,
the last Sp,,, does not have to be there). Now, we enlarge the rank of the symplectic
group; say that we have Spj,, now. Now, the simple roots in Spy, are rearranged
in a such away that M(;O (Levi subgroup in Spy, attached to 6p) is isomorphic to
GLy x -+ X GL1 X GLy; X -+ x GLy, X Spy,, where the number of GL|s at the
beginning is exactly n’ — ng. With this convention, we have the following lemma and
theorem.

We need next observation about the action of the elements of the Weyl group W of

szn.

Lemma 5.2 Let o; = e; — ejy1 be a simple root withi < n —ng and ) # 6y C
A(Spany). Let w € W be such that w(A\{«;}) > 0, and w(0y) = 0y. Then, w acts
as the identity on 6y, moreover it acts as a identity on every simple root of A(Spay,)
“between” the simple roots in 0y. As a consequence, if e,_ny+1 — €n—nog4+2 € O (the
first simple root of Spay, in the standard ordering with our convention above about
the numeration of roots), then w acts as identity on A(Spau,).

Proof We use the description of those elements of Weyl group for which w(A\{¢;}) >
0 given in Lemma 4.1. Since w = p (in the notation of this Lemma) is increasing on
{en—ng+1, - .-, en} and w(bp) = Oy, it is obvious that w acts on 6y as an identity, and
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also it then must act as a identity on the simple roots in A(Sp2,,) between the roots
in 6. O

For this theorem we also define i = a;,j; W denotes the Weyl group of Span/424, ;
attached to our standard choices of maximal torus and Borel subgroup. The standard
parabolic subgroups (and their unipotent radicals) of the group Sp,, are denoted by
prime. Calculation in the next theorem is essentially the one from [15, II.1.7], but we
had to adapt it, since the inducing data in our case is not cuspidal so we had to use a
bit different realizations of global representations.

Theorem 5.3 Let o (¢') be an automorphic representation of Spa, (A) and ¢’ Arthur
parameter of o (¢’), as described above. We assume that o (¢') is concentrated on

Péo , and let 7ty be an automorphic cuspidal representation of Mg, (A)" such that o (¢")

is realized as a subspace in A(Né0 (A)Méo(k)\sznr(A))né (cf. Theorem 5.1). We
consider the global induced representation

SpZn/-%—Zat,j (

A)
Ty = IndPA\(ul-)(A) (Idetl® s, G L(a, ;.0) ® T (D). (19)

realized in the space A(Up\g;(A)Ma\g; (k)\SPZn/Hat,j (A)) et 41, G Liay ;.2 B0 (4)
(keeping in mind our realization of o (¢)). For f; from this space, we define Eisenstein
series

E(s, fi)(g) = > fi(r),

¥ €Paa;} \SPow 124, ; (K)

cf. [15, II.1.5]. The constant term of E(s, fs) along Py, (a standard parabolic of
Span'+2a, ;(A)) is given by

Ep, (s, f:)(g) = > M(w, 7, 9)(f:)(g)
weW,w(A\a;)>0,w(6)=0
where
M(w, 7, s) : A(Ug, (A) Moy (k)\Span'+24, ; (A))M izl

vS*T®~~~®u,v‘”%®n{)
— A(Ug, (A)Myg, (k)\Sp2,y (A i i
(Usy (A) Mgy (k)\Span' 124, ; ( ))w(muS’Tl®-~®M,u”Tl®n(;)

is an intertwining operator.

Proof Let fs € A(Un\; (A)Ma\a; ()\Sp2n'+24, (A))ldetPM,,GL(a[’jA)@J(d)’)'We have
the following disjoint decomposition [7] (since S Pan'+2a, is split over k, this decom-
position works over k and over A):

Spon'+2a,; = U PA\{a,'}w_l Py,,

weW, w1 (6p)>0,
w(A\{e;})>0
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where P, and N, denote a standard parabolic subgroup and unipotent radical of a
standard parabolic subgroup attached to a subset * of the set of simple roots. For such
w € W, easily follows that

Ppvoyw ™ Poy = Pavjosyw ™ (Ngy N wNgw ™) (Mg, N wNa\ o),
where

Pav(i) X (Ngy NwNgw™") x (Mgy N wNa\(yw ™)
— Pa\j;)w ! (Ngy N wNgw ™) (Mg, N wN A\ g w1

given by (x, y, z) — xw~!yz is an isomorphism of varieties (cf, e.g., [5, 14.12]).
Now we calculate the constant term of the Eisenstein series in question:

Epy, (s, f)(g) = > fi(yug)du

Noo (k)\ N, (A) ¥ €Pa\(a; JO\SPy +2a (k)

> >, fiw ™ yug) |du.

weW, w1 (6)>0, ye(NgyNwNyuw")(k)
wANM@D>0 (g N o w0~ ()

/Nao (k)\Ngg (A)

We can exchange the sum and the integral because of the convergence properties
of the series, Ng,(k)\Ng,a) being compact [15, II.1.5.]. Since Ng,(k) = (Ng,(k) N
ngw’l)(Ng0 (k) N wNyw ™), we can write down the last line as

> > / fow™ umg)du
Ny

-1
weW.w=(80)>0. me(MgoﬁwNA\(ai}w—])(k) o ()N Nyw =1 (k)\ No, (A)
w(A\{a; >0

= 2 2

weW, w1 (60)>0, me(Mgy NwNa\ (o, w ™) (k)
w(A\{e; })>0

/N@0 (k)NwNgw =1 (k)\ Ngy (A)NwNgw=1 (A)

/ fs(w_lulumg)duldu.
Nop (A)Nw Nygw =1 (A)\Ng (A)

By the change of the variable u — w™'ujw the first integral is transformed into
integral over (w™ ! No,wN Ny) (k)\(w_lNgo w N Ny)(A), and then we can interchange
the order of integration. We then decompose the set of integration of the (now) second
integral:

w_lNgow N Ny = (w_lNgow N MA\{ai})(w_lNgow N Na\jg})-
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Since f; € A(NA\{o;) (A) M\ (o) (k)\Spgnq,zam (A)), the integration over (w ™! Ngyw
N Na\jo,)) 1s irrelevant, so that we have this expression for E Py, (fs, &)

Z Z //fs (urw ™ umg)durdu (20)

weW,w™! (60)>0, me(Mgy M N\ (o) w ™) (k)
w(A\{e;})>0

where the first integral is over Ng,(A) N wNy)w_l(A)\Ngo (A) and the second
over w_lNgow N MA\{O([}(k)\w_lNgow N Ma\(;)(A). Now, since Ma\(o;}(A) =
GL;(A) x Spry(A), we can see that forup, € GL; N w_lNgow we have f(ur*) =
f5 (%), because of the domain of the definition of f;. This means that in the expression
for Epgo (s, fs)(g) (20) the second integral is over (w! Ng, wNSpoy ) (k)\ (w™! Ng,wnN
Spaw)(A). Of course, we constantly use our normalization of Haar measures on the
unipotent radicals.

It is easy to see that w_lNgow N Spyy = w_lNgow N Né is a unipotent
radical of standard parabolic subgroup of Spy,. It is not difficult to show that
(Ny N w’lN@0 w)Né’,0 is a unipotent subgroup which is the unipotent radical of a

standard parabolic subgroup of Sp,, attached to the set of roots w16y Ny C A’
Because we normalized Haar measures on the unipotent radicals as we did, and in our
realization f; is left invariant under Néo (A), the inner integral in (20) can be taken to
be over (N N w1 Ng, w)NéO. Now, if w™'6y N6y C Oy because of the cuspidality of
70, this integral is 0. So, in order for this integral to be non-zero, we have w(6y) = 6p.
This forces Mg, N wNa\(o,;w ™! = {e}, and (20) becomes

> / fow™ ug)du.
N

WEW, 10—, * Voo (INWwNggw =" (A)\Ngy (A)
w(A\{o;})>0

In the previous expression we recognize the intertwining operator

M(w, 7, s) : A(Ugy(A) Mgy (k)\Span'+24, ; (A))M
— A(Ugy (A) Mgy ()\Span'+24, ; (A)

s—’si s+i~zi 4
v @@V ®my

w (v [T ®m)

as claimed. For the convergence issues and the meromorphic continuation of the (con-
stant term of) the Eisenstein series and intertwining operators, we refer to [15], the
second and the fourth chapter. By a result of Langlands (e.g., [2, Theorem 7.2]), this
meromorphic continuation of the Eisenstein series is holomorphic for s = 0 (the
realization of o (¢’) in our case is a bit different than in the cited theorem, but since
this realization is given by taking the constant term, the holomorphy argument is the
same). O

We continue with the assumptions from the previous theorem.
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Proposition 5.4 For w € W, w(6y) = 6y, w(A\{a;}) >0

i—1 i—1 _g_i—l gy izl
w(,U,;US_Q ®"'®Mt‘)s+2 ®T[(,))=MIU S—73 ®"'®H’tv s+ ®j‘['(/)

fors = 0 ifand only if w = 1 or w = wy (the longest element in W modulo the
longest one in Mg, ).

Proof Assume that
i1 i-1 S ezt
w7 @@ uvtt 2 Qmy) =uv T2 @ ® v 7 ® 7.

We fix s = 0 and analyze how we can get factor M;V =", Our inductive procedure says
that 7) = 4111 ® -+ ® A v** ® 7, where Ajv*!, ... A v are Grossencharacters
obtained by adding elements in the Jordan blocks, and 77 is a cuspidal representation
of the appropriate Levi subgroup of Sp»,,, associated to the representatlon 0’ (¢0), as

explained in Theorem 5.1. Now, similarly as in Lemma 4.1, we see that p, v 5 (the lth)
—1
factor cannot be obtained from Ay V1, ... Agv . Assume now that w(y;v*/) = u,v e ,

where x;v*/ is a factor ofrr (sj € ]R) Now we have two cases. If g C A(Spay,) is
attached to Levi subgroup Wthh is a product of G L-factors (and maybe a symplectic
group of smaller rank) such that there is a factor GLg such that s > 2, then there is
a set of roots 6, conjugated to 6, such that the factor GLj is the first factor in the
Levi subgroup attached to 6. This means that e, ;11 — €,_n,42 belongs to 6. But
if we assume that o (¢g) (30 also o (¢')) has a non-zero constant term along 6y, it has a
non-zero constant term along 6, so we can immediately make this assumption about
the structure of 6y. Now, we apply Lemma 5. 2 to conclude that w acts as identity on
A(Spang), so we cannot have w(x;jv®/) = v = . On the other hand, if 6y is attached
to Levi subgroup isomorphic to a product of GL1’s and symplectic group of smaller
rank, we have (according to Theorem 5.1)

no (A) Spang (D)
o (go) = Ind, " () = Ind 2 Gt @ @ vt @), 2D)
where oy is a cuspidal automorphic representation of some Spon,, and xi, ..., Xk

are Grossencharacters and s; € R. Since o (¢o) is attached to an unipotent Arthur
parameter ¢, we conclude that

—1  — 1
|s] < max ah%;lfhfl <l2 , Vr=1,...,k,

by Conditions (A) 1. so we also cannot have s; = % This means, that, if w = pe,
then either p(i) =i or p(1) = i. In the first case, this means j =i and w = 1, in the
second case j = 0 and w = wy, as claimed. O

Using the previous proposition we prove that the (meromorphic continua-
tion of) Eisenstein series E(s, fy), for f; in a certain (irreducible) subspace of
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SPaw' 124, (
Paye;) (A)
such, gives a realization of this representation in the space of automorphic forms
A(S Pan'+2a; ; (\S Pan'+2a; (A)). Namely, using Theorem 5.1 we prove that the con-
stant term of the image (of this irreducible subspace of w5 for s = 0) by Eisenstein
series in non-zero.

A)
gy = Ind (|det|su,,GL(ar,jA) ® o(¢)) (for s = 0) is non-zero, and as

SPZn’JrZa[,j (

A)

Let fs = ®vfs,v €y = IndPA\(a,-)(A) (|det|sﬂt,GL(a,,j,A) ® U(¢/)) = QuTs,v
where for almost all v, 7, , is an unramified representation, and f; , is K,-invariant
vector in 75 5, normalized in such a way that f; ,(e,) = 1. By Proposition 5.4, f; and
M (wy, 7, s) fs belong to the same space for s = 0 (and by the same Proposition the
other M (w, m, s) f; do not belong to the same space) so to prove that EPHO (s, f5)(©)
is non-zero, it is enough to prove f; + M (wo, 7, s) f is not zero. Let S be a finite set
of places such that for v ¢ S, 7, , is unramified. Then, analogously as in the third
section, we normalize local intertwining operators. If v ¢ S then g, is a principal
series representation, so we can use the normalization introduced in the third section;
in this case

i—1 i—1
Ts,v <> Ind(ﬂz,uvs_T Q- '®,U/t,vvs—~_T ®)L1,vvs1 Q- '®)¥k,vvsk o (¢o)y) (22)

(we use the notation from the proof of Proposition 5.4). Now, o (¢), is (negative)
unramified representation of Spo,, (k) corresponding to the local unipotent Arthur
parameter ¢y . Although there does not exist (global) character A4 ¢ ar,jwo such that
o (¢0)y, or more precisely, s , is embedded in Ind()\¢/,x,alﬁj,w0,v), we can still easily
express the normalizing factor analogous to the normalizing factor r(Ag s.a, wo.v)s
as we did in the third section (where our representation 7y was a subrepresentation
globally induced from character). Later, we check that these normalizations give nor-
malized operators which still have good properties, even for v € § (where locally, we
might not have subquotients of principal series representations).

Indeed, assume that 7y ,, is unramified representation, so that o (¢¢), is also unram-
ified and a subquotient of a principal series representation; let us say

s

o(gp)y = lesi X )(2vsé NEEED er’/ x 1. (23)

The (local) normalizing factor we use in this situation is (according to the third section)

_ L(1, 1y (s) o @)e(0, Ay(s) o @, ¥ry)
roswo) = [ L0, Ay(5) 0 &) '
aext
wo () <0

Here X,(s) is obvious local character obtained from (22) and (23); we can take
£(0, Ay(s) o @) = 1, because we are in the unramified situation. The set of @ €
7+, woa) < 0is divided into four subsets (as in the proof of Lemma 4.2). The
contribution (this time locally) from the first and the second set of roots is the same
asin (15) and (16). As for the third and the fourth group of roots, we can divide them
into two subsets-the first related to the (localization of) global characters A1, ..., Ak
(in (22)) and the other subset-local characters 1, ..., x, appearing in (23). While the
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first subset is obviously related to the global characters, we can also relate (global)
Hecke L-functions with the second subset of roots; namely if exponents si, ..., s,
appear in (23), they appear in the local L function in the third group of roots, and
—si, el —s; appear in the fourth group of roots. This means, that, if we examine the
third and the fourth group of roots together (and the corresponding local L-functions in
the normalizations) it does not matter what exact kind of embedding (23) we have, i.e.,
only what matters is a cuspidal support of o (¢9),. We can relate the cuspidal support
of that (negative) unramified representation with the Jordan block. For simplicity of
notation, assume that v is unramified place such that 1 , = 2.y = -+ = prv = X0,
and f4y41,0 = --- = u1,» = 1 (here we use the notation for the basis of our inductive
procedure given in the third section). Then

a1 —1 a1 —1 ar—11—1 an1—1
0(¢0)u‘—>§(— T ;XO)X"'XC(—r 5 ,r2 ;Xo)

ary1,1 — 1 arq21 — 1 aig — 1
— . , : 01 - —1;1) x1. 24
X€( 5 5 )X C( > ) (24)

Then, part of the appropriate normalizing factor (attached to the third and fourth set
of the roots) is

uﬁl—l

H ﬁ ﬁ L(—%+S+k—P,Mt,qu,v)€(—%+S+k—P—L/Lt,va,v)
LS +s+k—p—1, mons)

1<k<i =1 ar1—1
sk=i\f=1,__ £l

LS +s+k—1 )
L(—=F s +k e +s+k—1, 1)

The second line above comes from the fact that in the first line we calculated v01 ¢ Ly
as a part of cuspidal support in (24), and it isn’t, so we had to divide it by the factor in
the second line. Note that this second line exactly cancels with the contribution from
the first set of roots in the proof of Lemma 4.2. So, we can conclude

( ) H LQ2s—i+k+1,1y)e@Rs—i+k+1—1,1y, %)
ry(s, wg) = "
|kl L2s—i+k+1—1,1p)
a—1 ) .
1 1 ﬁ LS s +k—poomn)e(=5 +s+k—p— 1, propy)

1
1=ksi \ raelord(@) p— a3l L(=% +s+k—p—1Luom)

(25)
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This leads us to define

1 LQ2s—i+k+1,De@s—i+k+1—1,1)

r(s.wo) = [ T rus. wo) = LQs—i+k+1—1,1)

v 1<k<I<i

0l 1l H L(—%+s+k pu,u>s(—ﬂ+s+k—p—1,w>
LS +s+k—p—1, )

1<k<i \ (u,a)€lord(¢’) p——;

although this normalization is justified (for now) only for v ¢ S.
Continuing after Theorem 5.3 and Proposition 5.4, and the discussion after it, we
conclude the following (for f; = ® fs.» € 7s):

M (wo, 7, S)fs =r(s, wO)_l(®v¢Srv(Sa wo)A(wo, 7Ty, S)fv,s Ques (s, wo)A(wo, 7y, S)fv,s)
= r(s, w0)~ (®ugsN (Wo, Ty, 5) fu,s @ves N (W, 7o, ) fus),

where we have defined normalized operators as in the Sect. 4.1. (for v ¢ S). So, for
v ¢ S we can define subspaces Y, (o (¢'))* as in Sect. 4.1. We now prove that for
v € S, the normalized operators also have the required properties.

Proposition 5.5 With the notation as above, limg_,q r(s, wo) ! = 1. Forv e S

the intertwining operator N(wq, 7y, s) is holomorphic for s = 0, and the space

Spon a - (ky)
In P(i )+2 h (4.GL(ay ;. ky) ® 0 (¢")y) decomposes into two subspaces Yy (o (@'NT

and Y, (o (¢"))~, where this operators acts as identity and minus identity, respectively.

Proof Using the global functional equation for Hecke Grossencharacters and change
of variables, similarly as in the proof of Lemma 4.2, we get that

lim (s, wo) "' = 1.
s—0

Assumethatv € §is anon-archimedean place. We briefly recall a certain involution
on the set of (local) Arthur parameters for the classical groups (for the general defini-
tion of the Arthur parameters we refer to [1]). If ¥ is some (local) Arthur parameter
Y Wi, xSL2,C)xSL2,C) - SO2n+1,0C), 1} is Arthur parameter obtained
by interchanging the action of two SL(2, C)’ s. The Arthur parameter is generic if it is
trivial on the second copy of SL(2, C) and it then corresponds to a tempered packet;
in this paper we work with the unipotent parameter; i.e., trivial on the first SL(2, C).
By the results of Mceglin [13], which are partially global, depending on Arthur’s The-
orem 2.2.1 of [1], (cf. [1, section 7.1]), we know that when we apply involution on the
generic Arthur parameter (to obtain a unipotent parameter), the associated represen-
tations in the unipotent Arthur packets are (Aubert—Schneider—Schuler) duals of the
representations in the original generic Arthur packets. For an irreducible representa-
tion o, we denote by & its Aubert dual representation (6 is a genuine representation,
so it is plus or minus Aubert dual representation as defined in [3]). Note that, in that
case, in our notation, o (d;v) describes a tempered packet, and the Plancherel measure

[’211 2a, (ky) A
attached to the induced representation Ind , ky )+ n (|det|$ s, v St Lay ;o Qo (d)y)
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can be calculated in terms of this (Arthur) parameter (i.e., Jordan block, cf. [14, Sec-
tion 13]). Here Stg Loy j ko denotes the Steinberg representation of GLaw, (ky), which
is the Aubert dual of the trivial representation of G L, ; (ky). The results of Ban [4, the
proof of Lemma 7.1], cf. [1, section 7.1] (obtained without any restrictions) show that
the Plancherel measure (s, (s, » St Lay j ko ® U((i’ )v) attached to the representation

Dot 2, ; () .
Indp(iv)+2 " (|det|f)/Lt,uStGLat_j_kU ® o (¢')y) is the same as the Plancherel measure

attached to the representation

SPZn’Jant,j (ky

)

Ind ;. (1detf) 21, L(ar s k) ® 0 ($)0)

(here we have a particular representation o (¢"), belonging to the local Arthur packet,
but the measure should be the same for any member of the packet). Because we are
interested in the intertwining operator attached to the longest element wq of the Weyl
group, we prove that (5-18) and (5-19) of [18] hold, and this is enough to prove the
claim of the Proposition. By the above discussion, to prove these relations it is enough
to show that

ru(s, wo)ry (=5, wo) = K(s, teStGL,, 1 @ 0 (@)0).

We can use [14, Section 13] to easily obtain the above result, but only up to a non-zero
constant (since [14] gives the expression for the Plancherel measure up to a non-zero
constant). After adjusting our normalization by this constant, we get (5-19) of [18]
and we can introduce spaces Y, (o (¢’ ))E. This constant is not a serious obstacle, since
it is a positive real number (we know that 1 (0, ut,vStGLu,’j‘k” ® o‘((};’)v) > 0 and we

assume ¥, = ) SO introducing spaces Y, (o (d)’))i still makes sense (even without
second normalization with this constant).

Assume v € § is an archimedean place. We note that the normalization of the
intertwining operators attached to the local Arthur parameter v, (we use this notation
for ¢, to avoid confusion) explained in the section 2.3 of [1] is uniform (used for
all the members of (non-generic) packet v,,) and obtained in the following way: we

1
introduce ¢y, : Wi, — SO(2n + 1, C) given by ¢y, (u) = ¥, (u, |:|u0|2 | |0_]:|).
u 2

We easily see that, for a representation ¥, = p, ® V, of Wy, x SL(2, C), its pull
back ¥y, to Wi, equals @Z_]uv )] - I_%H . When we, in our situation, use then

formulas (2.3.3), (2.3.8) and=(2.3.26) and (2.3.27) of [1] (to be in the same situation as
in our case), calculate these normalizing factors, we obtain the same formulas as we
have for r,(wq, s). Then Proposition 2.3.1 of [1] guarantees that our normalization

satisfies the claim of this Proposition. O

Proposition 5.6 Let S be a finite set of places, containing all the archimedean places
and if v ¢ S, mo,y is unramified (cf. (19)). Assume that |S| is even. Let 7w be an irre-
ducible subrepresentation of the representation ®yg¢sYy (0 @NT Rues Yo(o (@)™
Then, the Eisenstein series from Theorem 5.3 acting on the representation m is non-
zeroon  fors = 0.
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Proof By the the discussion before this proposition, we saw that, for the choice f; =
® fs.v from 7, the following holds: limg_, o M (wo, 7, s) f; = Cfo, where C > 0 so
that lim_, ¢ Epg0 (s, fs) # 0, and, consequently, lims_¢ E(s, fy) # 0. |

5.2 Step 2

We now continue our construction, and we have the analogon of Proposition 4.3.
The image of 7 under the action of the Eisenstein series is denoted by E (). We
denote the $pace of constant terms of E(;) along Py, by Eg, (), (in the previ-
ous proposition we proved that it is non-zero). We study the induced representation

In dip(X’)(A) (usldet|* ® Eg,(m)), and calculate Eisenstein series associated to this rep-

resentation: f; — E(s, f5)(g) = Zyep(k)\spzn(k) fs(yg), where P is a maximal
parabolic subgroup (analogous to the one in Proposition 4.3. We prove the following
proposition:

Proposition 5.7 The map

+a

n (A iR iV bl ¥
o = IS ™ (g ldet) ™ @ Egn) — A(Span(\Sp2a(4))
given by
arj+a j+1 2
fajtan — (s — —=—"=) EGs, f)O|__ar+a 11
7 4 s= T

is well-defined and non-trivial, and its image E(7, (s, a; j+1) is contained in the
space of square-integrable automorphic forms. Every irreducible subrepresentation
of E(m, us, ar,j+1) (Which is semi-simple representation) is thus automorphic square-
integrable, and has a global Arthur parameter equal to ¢.

Proof Proof of this proposition will differ somewhat from the proof of Proposition 4.3.
Again, to prove that the Eisenstein series has a pole of order two, we calculate the
order of a pole for the constant term E Py, (s, fs)(g) (we recall our convention about
the notation of roots 6p). Again, as in the proof of Theorem 5.3, for f; = ® f5,, we
have

Ep . )@= > (Mw.7.5)f)@. (26)

weW, w(A\{a})>0
w(6)=0p

Let S be a finite set of places, such that for v ¢ S, is unramified and f; , is a
spherical vector, normalized as usual. For v ¢ S, let x, , be a character of maximal
torus in the symplectic group in question, such that 75 , is embedded in the principal
series representation induced by the character xs ,. Assume that for those v, ¥, is
unramified. We then have

L(0, %500 )
Mw.m,9)fs =®us [] S22 L fus)o @ves Aw, s, 1) frp. (27)
B>0 L1, XYUO,B)
w(B)<0
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.y j1—arj
Note that now i = =11

as j+1+a; i
,soforv ¢ S, s near =~

a; /-71 aty_/fl

_ s—iz1 s+51 -5 51
s = MHipV 2 @ @ VT 2 @iV 2 @@ UV T @AY
&--- ®)¥k,vvsk X o (P0)v),

cf. (22).

The difference in the proof of this proposition and Proposition 4.3 is in the fact
that we calculate the order of pole of M (w, 7, s) fi by calculating the orders of the
poles of partial Hecke L-functions obtained from the previous expression. Although
the representation 7, is not globally induced from Hecke characters, in the same way
as in the discussion after Proposition 5.4, we can attach to it (partial L-functions of) a
certain global character. As we saw in the proof of Lemma 4.4, that for given w € W
as above, the set of all 8 > 0 such that w(8) < 0 can be divided in the six sets. We
examine the behavior of the partial L-functions which we form when we explicitly
express [ [, % for every set of roots.

The contribution from the first set of roots (where w = pe, w € W;) is
CoLs (S s k-1 )
Ls (Gl rs k=)

k=j+1

Note that for s ~ % every factor in the numerator (and denominator) is strictly
positive. Note that in the integer points (the full) Hecke L-functions are non-zero. Also
note that in the strictly positive points, local Hecke L-functions (attached to quadratic
characters) are non-zero and do not have a pole. We conclude that this contribution
has no zeros or poles, except when u, =1, a; j =1, j = 0, when Lg(1, u,) has
a pole of the first order (appearing in the numerator), so the whole contribution has a
pole of the first order.
The contribution from the second set of roots is given by

H LsQ2s—i+k+1-1;1)

4 l<kel<i Ls(2s —i+k+1;1)

As2s —i ~ a, ; we see that k +1 — 1 > 3, so this expression has no zeros or poles;
and if j =i or j + 1 =i there is no second set of roots at all.

Analogously, we see that the fourth set of roots contributes with expression which
has no zeros or poles, and there is no contribution if j = 0 or j =i.

The third set of roots does not existif j = i. Otherwise, we can divide the expression

L(0, xs,0 0 (€x — €1))
H Rugs 5,0

jHl<k<i L(1, xs5,v 0 (ex —€1))

i+l<l<n

into a product of three factors, according whether

@ Springer



An explicit construction of automorphic representations 269

o j+1=1= BT (case (a)),
o WtIM 4} <] < p —ng (case (b)) and
e n—nyg+1=<1<n/ (case(c)).

Contribution from case (a) equals

L(s—%+%+k—l+i;1)

jH1<k<i L(s—%+a”"2—_l+k—l+i+l;1)

. “l,_l+|+a1,j
i+1<l< bl

If j=0thenfork =1land/ = % there is a factor Lg(1; 1) in the numerator;
if j > 1 there are no poles or zeros in the numerator or denominator. So, if j = 0
there is a pole of the first order. As for the case (b), we easily again get global (partial)
Hecke functions, like in the case (a), and by our assumption (A) on the way of adding
new elements in Jordan block (4, ; is greater or equal to every previous member of
Jordan block (associated to any appearing character)) we can conclude that there is
no zeros or poles in that contribution. The case (c) is not directly related to the global
characters, but we can go around it in the following way: according to the proof of
Proposition 5.4, either w(A(Sp2,,)) = id or for o (¢p) relation (21) holds. In the first
case we can automatically conclude that p(I) > p(k) for case (c) (p(l) = I), but then
we can combine this case with the contribution of the sixth group of roots (case (c);
we divide this group of roots in cases in the same way as for the third group) and
analogously as in the discussion after Proposition 5.4 we get the contribution

H l—[ ﬁ Ls (s_%'i'k_l_pvﬂtﬂr) Lg (S—%—i—k, Ml)

j+1§k§i r=1 p “r,171 LS (s_%"i_k_pv Mtﬂr) LS (S_%‘i‘k—l, M[)
=5

We easily see that this expression has no zeros orpolesunless ; = 1, a;,;j =1, j =0
when it has a zero of the first order. If (21) holds for o (¢g), we proceed as follows:
we divide the contribution 3 (c¢) into subsets

H Lg (S - % +k—1—=51—(-no); ,utXl—(n—no))
- 1<k<i Lg (S - % — Sl—(n—ng)>» Mle—(n—no))
n—no+1<l<n—mg
p)>p(k)
H Ls (s — 5t +k =1 = Si—(n—no)s bt Xi—(1-no))
1 .
il<k<i Ls (s = 5% = Si—(1—no)i Mt Xi—(n—n))
n—no+1<l<n—mg
p(H<p(k)

and, the last contribution, coming from embedding oy , in principal series (cf. Theo-
rem 2.2 and Corollary 2.3), which we combine with analogous situation for the part
of sixth (c) case (since here p(l) =1 > p(k)):
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ar,lfl . .
1 IL[ 7 Ls(s—%+k—l—p,mur) Ls(s—%Jrk,uz)
Jjt1=

k<i \r=1__ a1-1 LS(S—%‘HC—P,/MW) Ls(s—%—i—k—l,u,)
2

ki LS(S—%+k_sr7MtXr>LS(3_%+k+5raﬂt)(r)

Il

r=1Ls (S—%Jrk—l—sr,/m(r)Ls (s—%+k—1+sr,mxr)

Again, the result is the same as for the situation w(A(Sp2,,)) = id.
As for the fifth set of roots (the contribution is not there if j = 0): again, we divide
the contribution in three cases, as above. The contribution of the case (a) is

Ls(s—%+k—1+“” — 14— 1); 1)

l<k<j LS(S——+k+ L4 G—1) 1)
S LR

p()<p(k)

We see that this expression has a pole of the first orderif k = 1, [ = w (and

( p(a"’++a"") < p(1)). As for the contribution from the case b (I varies among the
exponents attached to the adding new elements in Jordan blocks), it easily follows that,
with the assumption (A), it does not have zeros or poles. The discussion in the case
(c) again resembles the discussion about the third set of roots: if w acts as an identity
on A(Span,), then there is no contribution from this set of roots, since we cannot
have I = p(l) < p(k) (since (n — ng + 1 <[ < n)). If, on the other hand, we have
(21), then if p(I) < p(k) for roots in the case (c), then they are attached to characters
o, ..., xxv* in the notation of (21), so our assumption (A) then guarantees that the
contribution from this roots does not have zeros or poles (analogously to the case (b)).

We are left to analyze the sixth set of roots (case (a) and (b) ; case (c) is resolved).
The contribution from the case (a) is

Ls(s = Stk —1- 2 41— G+ 1s1)

j+£[k<,- Ls(s——+k—“’f Hl— (i + 1) 1)

A, j+1+a

i+1<I<
P> pk)

We note thatfor j =0, k = 1 and/ = i+ 1 we obtain factor L g(1; 1) in the numerator
if p(i +1) > p(1) (and this is the only possible pole). There is no pole if j > 1.
Again assuming (A), the contribution from case (b) is without zeros and poles.

We conclude: if j > 1 the expression ®y¢sA(w, s, my) fs,» has a pole of the
first order (if additionally p(1) > p(a"-’++a"-")). If j = 0, this expression has a
pole of the first order or the pole of second order if p(i + 1) > p(1). But the last
condition on w € W says that there is only one such w, namely w = wy. To conclude:
®ugsA(w, s, my) 5,0 for w # wo has apole of at most the first order for s = %
and for w = wy it has a pole of the second order.
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Now we analyze ®,esA(w, s, 7y) f;,. We prove that all these operators are holo-

ap,j+1+as,j
7

morphic for s = . This, in turn, proves that the mapping fq, ;+q, ;41 >
KS RS\

(s — W)zE(fs, ')|S=a,1j+n,_j+1 is well-defined and non-trivial (cf. (26), (27)).
Recall that ’

Span (ky) s—i1 szl N
Tsv = Indpgo(kv) (V'™ 2 @ Qv " 2 Qv 2 Q-

a; j*l

Qv 2 @AV @+ ® Ak V™ X o (o)),

where o (¢p), 1s not (necessarily) a principal series subquotient, and we decompose
each A(w, s, m,) into a product of generalized rank-one intertwining operators cor-
responding to the decomposition of w (cf. Lemma 2.1.2 and Theorem 2.1.1 of [20]).
So it is either study of G L;-case (with Levi isomorphic to GL; x GLj) or study of
the intertwining operator acting on a maximal Levi subgroup GL| x Spa,, (because
w(fp) = Op). The exact description of the action of the elements of the Weyl group is
given, for example, in [17, (3.15) and (3.16)], where the action is first described for cer-
tain elements w; € W;, and then the action of all other elements in W is described
using “shuffles”, as is explained in loc.cit). According to this description, we are
only interested (in GL| x G L case) in intertwining operator x; X x2 — X2 X X1,

-5

. i=1
where x is one of the characters 1; ,v , Mt,vvi(”' 2 ), and x» one of the

i1 ar,j =1

characters f4; yV™ " 2 ..., eV 2, A1V, oL, Ak V%, Or vice-versa, or x is
i—1

A

one of the characters u; ,v*~ 2 ,..., ut,vvs_tTﬂ_l and x> one of the characters
i—1, . i—1 R

e VIS D v ESTT) (or vice-versa). In both cases we have holomor-

phy of intertwining operators (for archimedean and non-archimedean) places. Now

we are left to prove the holomorphy of intertwining operators

il (e i=l
eV’ T T T o (go)y = oy T T ) ) (o),

i—1 ’ _ i—1
eV’ T X (Bo)y — e O T ) X o (o). (28)

Assume now that v is non-archimedean. We prove that these intertwining operators
are holomorphic, by embedding the representation o (¢), into induced representation,
using the cuspidal support of o (¢o),, and then these intertwining operators are viewed
as the restrictions of the intertwining operators on these induced representations. We
actually observe that these (new) intertwining operators are holomorphic. We do that
by estimating the cuspidal support of the representation o (¢),. The representation
cr(qso)v is tempered and has the same cuspidal support as o (¢p),. We recall that,
for an irreducible admissible representation 7 of a symplectic group there exists a
representation 7" of an appropriate general linear group and the unique irreducible
supercuspidal representation 7., of a symplectic group such that

T > 7 X Teusp- (29)
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We call 7.5, the partial cuspidal support of 7.

If  is tempered representation, by the classification of discrete series (and tem-
pered representations) of classical groups by Moceglin and Tadié [14], we can attach
to it a finite multiset, called the Jordan block of this tempered representation. The
Jordan block consists of pairs consisting of a cuspidal representation of general linear
group and a positive rational integer. Together with the partial cuspidal support (and
another parameter, called the ¢-function), the Jordan block describes how this tem-
pered representation is embedded in a parabolically induced representation, similarly
to the way in which Jordan blocks of negative representations describe the embed-
ding of that unramified representation in a principal series representation (cf.(2)). We
then define support of the Jordan block of a tempered representation 7, denoted by
supp(Jord(sr)), in an analogous way to the way in which support of a Jordan block is
defined for unramified representations (cf. Definition 2.1), but now the sum in this def-
inition runs through (p, a) belonging to the Jordan block (p is an irreducible cupsidal
representation, as explained above). .

Although we do not know explicitly the partial cuspidal support of o (¢9), just by
knowing its Jordan block, we know that

supp(Jord (o ($0)veusp)) € supp(Jord (o (o))

Form the definition of the Jordan block (more details in [14]) it follows that if an
irreducible cuspidal representation of a general linear group, say p, is in the cuspidal
support of a representation 7’ in a situation of (29), then p is in supp(Jord) (7). This
means that, when we embed a(qgo)v in the representation induced from the cuspidal
one, all the exponents will be smaller (by an absolute value) of the exponents in
;L,,Uv“%“, e u,,vv”%. This means that all the intertwining operators in (28)
are holomorphic.

For v € § archimedean we proceed as follows. To some local Arthur parameter v,
we can attach parameter ¢y, like in the proof of Proposition 5.5 (so, in our notation, we
form the parameter ¢ (¢), ). To this new parameter we attach a (non-tempered) packet,
like in Proposition 7.4.1 of [1]. In the proof of that proposition, there is a claim which
says that every member of Arthur packet o (¢pg), has a (Langlands) parameter smaller
(or equal) to the Langlands parameter (or linear form) of ¢ (4,),. But exponents

in this form vary from —%, el a""z_l, k = 1,...,1, and are strictly smaller
of exponents in g, ,v*~ 2 */, ..., w;,v"T 7 . This means that all the intertwining
operators in (28) are holomorphic at archimedean places, too. O

Now the rest of the proof (i.e., the conclusion in which we argue that the rep-
resentation thus realized in the space of square-integrable automorphic forms
A(Sp2, (k)\Sp2, (A)) really has Arthur parameter equal to o (¢)) is analogous to the
argument in the third section.
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