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Abstract The law of the iterated logarithm for discrepancies of {#¥x} is proved for
6 < —1. When 6 is not a power root of rational number, the limsup equals to 1/2.
When 6 is an odd degree power root of rational number, the limsup constants for
ordinary discrepancy and star discrepancy are not identical.
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1 Introduction

A sequence {ay} of real numbers is said to be uniformly distributed mod 1 if

1
S k=N (@)eld )} >a=d, (N oo,
forall0 < a’ < a < 1, or equivalently

%#{k <N | (&) €[0,a)} = a, (N — o0),
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34 K. Fukuyama

for all 0 < a < 1, where (x) denotes the fractional part x — [x] of a real number x.
We can easily see that these convergences are uniform in ¢’ and a, and hence we use
the following discrepancies Dy {ax} and D} {ax} to measure speed of convergence:

1
Dyfax) = sup  |="{k <N |(a) €ld',a)}— (a—d)

0<a’<a<1

)

%#{k <N | (&) €[0,a)} —a

Dy{ax} = sup

0<a<l1

One of the most well known results on asymptotic behavior of discrepancies is Chung—
Smirnov theorem [13,29], which asserts the law of the iterated logarithm

o NDyUY o NDRIUY 1

lIim ——— = lim ——— = —,

N—oco /2N loglogN N— /2NloglogN 2

for [0, 1]-valued uniformly distributed i.i.d. {Uy}. By various studies on lacunary
series, it is known that a sequence {n;x} behaves like uniformly distributed i.i.d. when

{ny} diverges rapidly. Actually Philipp [28] proved the following bounded law of the
iterated logarithm by assuming the Hadamard gap condition ngy1/ny > g > 1:

1 ——  NDy{nix} 1 664
< Tim 2N (e — 2 ) ae
42 ~ N—oo /2NloglogN ~ /2 q'?—1

Beside of a result by Dhompongsa [14] stating that the limsup equals to % when {n;}
satisfies very strong gap condition

log(ng+1/nk)

b k 9
loglogk o0, (k= o0)

any concrete value of limsup for exponentially growing sequence was not determined
before the recent result below on divergent positive geometric progressions {0%x}.

Theorem 1 [15,16,19] For 6 > 1, there exists a constant Xy such that

— NDy{6*x} — ND}{6*x}
lim ——— = lim —————= = %y, a.e
N—oo /2N loglogN  N—oo /2N loglog N
When 0 satisfies
0" ¢Q (neN), (1)

then

2o

N =
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Metric discrepancy results for alternating geometric progressions 35

When 0 > 1 does not satisfy the condition, we write 0 in the following way:

0= ’/E wherer = min{n e N | 0" € Q}, p,q €N, and ged(p, q) = 1.
q
(2)

In this case we have

bS]

S}
+
—_

3

< Xy <

R —
R —
<
S}
|
—

We can evaluate Xy in the following cases:

1 I

s ’ if p and q are both odd;

2V pg —1

1 I

2 i 1’ especially if p is odd and q = 1;
p —

1 -2
%, ifp>4isevenand q = 1;
p—

ifp=2andq =1;

N =

ifp=5andq = 2.

°| 9| §
[\®] [\ e}

The proof of the above theorem is given in [15] except for the proof of the inequality
% < Yy in (3), which is proved in [19].

In this paper we consider a sequence {6¥x} for 6 < —1, i.e., a divergent alternating
geometric progression. When 6 < —1 does not satisfy (1), we can write 6 in the
following way:

0= —\’/E where r = min{n e N | 0" € Q}, p,q € N, and ged(p, q) = 1.
q
(4)

Now we are in a position to state our result.

Theorem 2 For 6 < —1, there exist constants Xy and Z‘g‘ such that

— NDy{6* — ND%{6*x
lim & =Xy, and lim # =X;, ae
N—oo /2N loglog N N—oo /2N loglog N

@ Springer



36 K. Fukuyama

When 0 satisfies (1), then

Yo =2X) = l 5)
0 = «g = 2~
Suppose that 0 is given by (4). then we have
1
5 < Xy < Xy, (6)

where X\g| is a limsup constant for the law of the iterated logarithm for discrepancies
of {|161Fx} whose existence is proved in Theorem 1.
Moreover we can evaluate Xy and X in the following cases.

1. Ifr is even, then

Yo =X; = Xp. @)
2. Ifr, p, and q are odd, then
2o = 2o ®
3. Ifrisodd, p > 4iseven, and g = 1, then we have (8).
4. Ifrisodd, p =5, and g = 2, then we have (8).

5. Ifrisodd, pisodd, and g = 1, then we have

_1\/p(p3+2p2—p+2)

I F = ©)
CT2V =D+ 13
It is bigger than % if p =3, and less than % otherwise.
6. Ifrisoddand pq is even, then we have
Xy = ! (10)
7. Ifr, p, and q > 3 are odd, then we have
¥ < L an

We can easily derive a simple fact below.

Corollary 1 Suppose that 0 < —1. We have Xj # Xy if and only if 6 is given by (4)
with odd r.

Our results show the first examples of sequences for which two limsups in the law
of the iterated logarithm for ordinary discrepancy and star discrepancy are distinct
constants.
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Metric discrepancy results for alternating geometric progressions 37

We already have examples given by Aistleitner [3,4] in which two limsups are not
equal on a set of positive measure and at lease one of these is not a constant. If we
consider Erd6s—Fortet sequence {(2]‘ — 1)x}, itis known [24] that these limsups are not
equal a.e. and the limsup for star-discrepancy is not a constant a.e. These sequences
{nixx} has strong dependence which make the limsup non-constant.

In our theorem a geometric progression {#¥x} is asymptotically stationary and its
dependence is rather regular. This is the reason why we have constant limsups for both
discrepancies. It is very interesting, even in the case of such regular dependence, we
have possibility that these limsups are distinct.

We can also find a construction of irregular sequences with non-constant and iden-
tical limsups [18].

As to sufficient conditions to make two limsups equal to %, the Chung—Smirnov
constant, Aistleitner [1,2] gave almost optimal results. We can also prove existence
of a sequence {nyx} of arbitrarily slow divergence speed of ny4| — ng, for which we
have the Chung—Smirnov constant %

There are various sequences having constant limsups different from % They are
mainly given as variations of geometric progressions, and limsup constants are given
as modifications of constants for geometric progressions. If we randomize the common
ratio of geometric progression or replace the common ratio by periodic sequence, we
[25] still can prove the law of the iterated logarithm for discrepancies and investigate
limsup constants. It is also possible to investigate the union of finitely many geometric
progressions.

In [26], Hardy—Littlewood—Pdlya sequences are investigated. In [22], it is shown
that the set of constants for arbitrary subsequence of positive diverging geometric
progression {Qkx} coincides with the interval [%, 2]

In [27], it is proved that any real number bigger than or equal to % can be a limsup
constant for some sequence satisfying the Hamadard’s gap condition. It is also proved
in [19] that any positive number less than % can be a limsup constant for some sequence
with bounded gaps. By these two results, we see that any positive number can be a
limsup constant for some strictly monotonously increasing sequence of integers.

Before closing introduction, we mention results relating to permutations of
sequences. In [17] it was found that the limsups are not invariant under permutations of
sequences, and this phenomenon is studied extensively by Aistleitner—Berkes—Tichy
[5-9]. See also [10-13].

2 Preliminary

Suppose that f is a real valued function defined on R satisfying

1 1
fx+1) = f(x), /f(x)dx:O /fz(x)dx < 00, (12)
0 0

and suppose that f is of bounded variation over [0, 1]. Put
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38 K. Fukuyama

1
2(.6) =/f2(x)dx,
0

if 0 satisfy (1),
o2(f,6) = /f (x)dx+2z/f<p £ (g ) dx,
k=19
if 6 is given by (2), and
o2(f,6) = /f <x>dx+2Z/f(( D7 pha) £ (b dx,
k=179
if 6 is given by (4). We can verify that o2( £, §) is well defined and

dlim o%(f1.0) = o(f,0), (13)

where f; is a dth subsum of the Fourier series of f.If f is a trigonometric polynomial
satisfying (12), we can prove

1 N
lim D x)| =0(f.0), ae. (14)

lim ——————
N—oo /2N loglog N o

We can prove these by simplifying the proof given in [22]. The full proof of these also
can be found in [21].
For a, a’ € R satisfying0 < a —a’ < 1, we put

Iy o(x) = Z lla/,a)(x +n) and Ta/’u(x) =1y q(x) —(a— a),

nez

where 1, ,) is the indicator function of [a’, a). If 0 < a’ < a < 1, we see I ,(x) =
114.4)({x)). By this notation, we can write the discrepancies as below:

Zlo alar)|.

DN{ak} = sup

O<a<l1

Dn{ar} = sup

0<a’<a<1

1 <o
_Zla’,a(ak) 5
Nk:l

We use the following result in case when @ (n) = n. It can be proved by modifying
the method of Takahashi [30] and Philipp [28].

Proposition 1 [23] Let {ny} be a sequence of real numbers satisfying

ny #0, [ngs1/nkl >q>1 (k=1,2,...), (15)
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Metric discrepancy results for alternating geometric progressions 39

and w be a permutation of N, i.e., a bijection N — N. Then for any dense countable
set S C [0, 1), we have

i NDN{}’lw(k)x} 1
im — sup  lim
N—oo /2ZNT0gI0g N §54/—qes N—oc /2N log logN

~a’,a(”w(k)x)

N
1 ~
= su Iim ——— | ,
0=ar st N0 \/IN Toglog N Z ot
(16)

— ND{ngux} —

lim ZoNTo ™A =sup lim E Oa(nw(k)x)

N—oo /2N loglog N  ;csN—oo ./ZNloglogN

1
= sup lim —————
0<a<1 N—oc /2N loglog N

ZTO,a(nw(k)x) ,
k=1

Jor almost every x € R. If we denote the d-th subsum of the Fourier series ofﬁfaga by
1 4.q, we have

N

1
Zla (M (k) X)

im ———
N—oo /2N loglog N

N
= lim m Zla’,a;d(nw(k)x)

1
d—oo N—oo /2N loglog N P

for almost every x € R.

We prove later that o (”I’a/,a, 0) is continuous with respect to (a’, a) € T2. By Prop-
osition 1 and relations (13) and (14), we can prove

— NDy{#* ~

lim & =Xg:= sup oy, 0), ae,

N—o0 /2N loglog N 0<a’'<a<l a7
—— ND}{0"x}

=X, = sup a(fo,a,e), a.e.

lim ———
N—oo /2N loglog N 0<a<l

We here verify next two important properties of Ta/’a. When 0 <a —d' < 1, we
have

Ty = | T@@: i) < (a). s
@), if(a") > (a),
Ty a(x) = To, () (x) — To, (ary (). (19)

Actually, by 0 < a —a’ < 1, there exists an integer m satisfyingm <a’ <a <m+1
orm—1<a <m <a<m+ 1. Inthe first case we have (a’) < (a) and I/ ,(x) =
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40 K. Fukuyama

AI'<a/),(a>(x). In the second case we have (a’) > (a) and >’ 7 1|y o)(x + 1) = 1 —

ZneZ l[a,a’-i-l)(x + n) which produces I/ (x) = — I o41(x) = — I(a),(a/)(x) by
m <a < a +1 < m+ 1. Here we have verified (18). The formula (19) can be easily
verified by (18).

To evaluate o (I 4, 0), we use the following functions. For x, y, &, n € [0, 1), put

V(x,6) = x NE —XE,
V,y, &) =V, &)+ Ve, —Vx,n) —V(y,&).

Clearly we have

v(xv yvé,;_’ 77) = V(sv n,x, y) = _V(y7x7§ﬂ 77) = _V(X, ) 77s‘§) (20)

and
~ 1

We have proved the next lemma in [15] in case a = b and a’ = b’. Although we
can prove the next version in the same way, we give a proof for reader’s convenience.

Lemma 1 Let u and v are relatively prime positive integers. Then we have

1 ~
/L,’a Ty porydt = L) WZ)Q (wb'), (vb)) .
0

fora,a’,b, b’ withO <a—a <land0<b-10" < 1.

Proof First we prove in the case a’ = b’ = 0, in which we have 0 < a, b < 1. Since
the integrand has period 1, we have

1

[Toatwoson
0
| votuesl 1~ B
= 22 / Lo (u(t + /i + koDl (0t + j/ i+ k/v))d.
k=0 j=0

By To.q(u(t+j/u+k/v)) =To.a (et +k/v)) and To p (0t +j/ +k/v) = Top (0(1+
j/w), we have [i To (ut)lop(v)dt = [) T()A(t)dt/uv, where I'(1) =

Vo To.a(u(t 4 k/v)) and A(r) = 5.‘;3 To.,(v(r + j/1)). Since  and v are rel-
atively prime, the transforms k +— @k on Z/vZ and j — vj on Z/uZ are bijective.
We therefore have
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Metric discrepancy results for alternating geometric progressions 41

v—1 n—1
r@) =2 Toa(ut +k/v) and AW =D Topi+j/u).
k=0 j=0

Note that both of 1/ and 1/v are periods of I" A. Since p and v are relatively prime,
there exist integers P and Q such that | = Pu + Qv. Thus 1/uv = P/v+ Q/un is
also a period, and hence

1 1/pv
/ To.o(ut)lop(vt) dt = / L (1)A(r)dr.
0 0

ByO <t < 1/uvand 0 < k < v —1, we have 0 < ut + k/v < 1. Hence
Ipa(ut + k/v) = 1if and only if ut + k/v € [0,a),ie.,0 < pvt +k < va =
[va] + (va). The last condition holds if and only if 0 < k < [va ], or k = [va] and
uvt < (va). Therefore

I'(t) = [va]l + 10, (wa)/uv) () — va = 1o, (way/uny (@) — (va), (0 =<t < 1/uv).

In the same way we can prove

A1) = 110, wpy /(@) — (vb), (0 <t < 1/pv).
By integrating I" A over [0, 1/uv), we have

1

/ To.a(un) o p(ve) dt =

0

V({ua), (vb))
v '

By using (19) and by noting (u(a)) = (ua) etc., we can verify (22) as below:

1 1

1
/ Ty o (DT p(v1) di = / To, (@) ()Xo, (v0) d1 + / 1o, 0y (D)o ) (V1) dt
0 0 0

1 1
/0 (o, gy (v1) di — /o (i) To, oy (v1) dt
0

0
_ Vua), (b)) + V({ud'), (vb/)) - V((lw} (vb')) — V({na'), (vb))

If0<a—da <land0 < b — b < 1,by (22) we have
1
/ Lo oLy p(1)dt = V({@'), (a), (b)), (b)). (23)
0

@ Springer



42 K. Fukuyama

Hence we have

1

1
V((d'), (), (), (a) = /E’,a(t) dr = /T%,a_a/(f) dt=V(a—ad,a—d),
0 0
if0<a—a < 1,and

V((a'), (a), (a), (@) =V({a—d'),(a—d") (a,a" €R),

since we have (a) = (a’' + (a — a')).
By noting V(x, y, x,y) = V(y, x, y, x), we can show

Vi, y,x, ) =V(x =yl lx =y =lx —y[ = |x —y[*, (x,y €0, ).

Although we essentially proved the next lemma in [15], we give here a simple proof
for it.

Lemma 2 Forany x,y, &, n € [0, 1), we have

V(x,y,&n) < V((y —x), (n— &), (24)

and

V(x,y,6 )| <

FNg

Proof Letus assume that0 <a —a’ < land 0 < b —b" < 1. Since Iy , = 1 holds
on [0, 1) with measure a — a’, and Iy , = 1 holds on [0, 1) with measure b — b’, we
have

1

/Ia’,a(t)lb’,b(t)dt <(a—d)nb-0).
0

By adding —(a — a’)(b — b’) to both sides and by noting (23), we have

1
Vi a b b)= / T oy (1) dt <V(a—a' . b—1)
0

Hence, thecase 0 < x <y < land0 < & <1 < 1lis already proved. If 0 < y <
x<land0 <& <np<l,weseethat0 <y+1—x <land (y+ 1) =y, and
hence by (22) and the above inequality we have

1
Vix, ., 77)=/Tx,y+1(fﬁ§,n(f) At < V(4 1—x&—m=V({y—2x). & —n)).
0
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Metric discrepancy results for alternating geometric progressions 43

The other cases can be proved in the same way. The second inequality is clear from
(20), (21), and (24).

By denoting o (’Ivar’a, ) by 09.4.4, we here give a series expansion of 092_ o o Firstly,
let us consider the case when 6 satisfies (1). Then we have

1

2 12 ~
GQ;u’,a:/ o a(t)dt la —a'| —|a —d|
0

4

where the equality holds if and only if a — a’ = % Clearly o0y, 4 is continuous with
respect to (a’, a) € T2. Hence by (17), we have (5).

Secondly, let us consider the case when 6 is given by (4).

If r is even, then we have 0g.,' s = Ojg|.a’,a- We have already proved in [15] that
0l9):a’ a 1S continuous with respect to (a’, a) € T2. Thus the equality (7) follows from
17).

From now on we assume that r is odd.

Since we have Ly ,(—1) = iy 1o (¢) if {(—1) # (a), (a’), we have fa/,a(—t) =
’Ivl_a,l_a/ (1) a.e. and hence we have

1

1
/Ta/,a(_pzk_lx)fa’,a(QZk_lx) dx = /T]fa,]7a’(p2k_1x)ﬂfa/,a(q2k_1x) dx
0 0

— (pq)%{/‘((_pzk—la)’ <_p2k—la/)’ <p2k—1a/>’ (p2k—la>)

and
Gez;a’,a = ‘7(9/ a, a’ a)
+ZZ( STtV (=Pl (=p* ) (g ). (g )
1
T omgw (P (pa). (g, <q2"a>))- (25)

Therefore by applying (24) and by noting ((A) — (B)) = (A — B) for A, B € R, we
have

IA

- 1
Va—d,a—d)+2)] anpk(a —a)), (¢ @—a")

k=1

_ 2 2
= O910.a-a' = o)

and by taking the supremum for a and a’, we have Xy < X)g, i.e., the upper bound
estimate part of the inequality (6). Since V(x v,&,n) is bounded and
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44 K. Fukuyama

V{(=p)ka'y, (=p)ka), (g*a’), (g¥a)) isuniformly continuous with respectto (a’, a)
€ T2, we see that 0(92‘a’ . is also uniformly continuous in (a’, a).
By putting @’ = 0, and by noting

V((=p*1a).0,0, (g™ @) = —V((=p*a). (g*a))

and
V(0. (p*a). 0. (g*a)) = V((p™a). (g™ a)).
we have
0F0q=V(a. a) +2§ %v«(—mkm, (g"a)). (26)

k=1

For 0 < x,y < 1, we can verify V(x,y) = V(1 — x, 1 — y). Hence we have

V{(—=p)*(1 = a)), (¢ —a))) = V(I — (=p)*a), 1 — (¢*a))
= V({((—=p)a), (gFa)),

and thereby we have

069;0,a = 06:0,1—a 27
We here prepare a lemma.
Lemma 3 Let p > 2 be an integer. For 0 < a < % and 0 <t < 1, it holds

a(l —2a)

=Vt a) + lV((—pl% a) <
p p

where equality holds if and only ift = 1 — %.

Proof Put h(t) = —pV(t,a) + V((—pt),a). Fort < a, we have

p

h’(t):—p+pa+pa+{(; <pRa-1) <0.

Thus A (t) strictly increases on [0, a] and h(t) < h(a) fort < a. For t > a, we have

—p I(Za—l)p<0, (—pt) <a,
0

h'(t) = pa + pa + =
(1) = pat pa { 2pa > 0, (—pt) >a

Hence 1/(t) < 0 on (1 — %, 1) and 2'(tr) > O on (1 — %, 1 - %). Hence we have

h(t) < h(l — %) =a(l —2a)on (1 — %, 1) and have equality only if t = 1 — %
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Metric discrepancy results for alternating geometric progressions 45

Assume thata <t < 1 — % and take a positive integer k satisfying 1 — % <
t+ % < 1. Since —pV (¢, a) strictly increases in ¢ € [a, 1), we have —pV (t,a) <
—pVi(r + %,a). Clearly we have V((—pt),a) = V((—p(t + §)>,a) and hence
h(t) < h(t + g) <a(l - 2a).

By assuming that p and g are coprime positive integers, we put

—1

By g1(a) = ——=V((=p**a), (¢¥ V' a)) + —55 V((pPa), (g7 FPa)).
P-4 (pq)21+1 (pq)21+2
Then we have
o0
02 ) a0a = Via.a)+2>" B, g(a). (28)
1=0
It is clear from 0 < V(a', a) < JT that
1
Bp g:i1(a) < W (29)
Therefore we have
02 ) g0a < a(l —a) + 2By g.0(a) + -+ 2By 411 (a)
1
) 30
T - ) <0
for L =0, 1,2, ..., and especially we have
2 <a(l ! =h 31
0 p/qi0a S all —a) + 27— 1(a), (31)
1
2
0 p/q:0a = all —a) +2B) 4.0 + 22— 1) (32)
When g = 1, by applying Lemma 3, we have
1 1
Bp.1:(a) = Wﬂl(l —2a), (a€(0,3)), (33)
where the equality holds if and only if (—p?*la) =1 — % Thus we have
02 e < a(l —a) + 2By 1:0(@) + -+ 2By 1;1-1(@)
2 1
+ma(l —2a), (a€(0,3)) (34)
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46 K. Fukuyama

for L =0,1,2,..., where the equality holds if (—p21+1a) =1- % holds for every

1. Especially, for a € (0, %), we have

2

a—p;O,a

<a(l —a)+

1 —2a),
P 1a( a)
o2 poa <l —a) +2Bp 0@ +

2
ma(l — 261)

3 Proof of the equality (8)

Firstly suppose that 0 satisfies (4) with g = 1, even p > 4, and odd r. In this case
have 09.¢/.¢ = 0 p;a’ 4 It is proved in [15] that

> h p=2
=0,04a, Wherea,=———.
p p907ap p 2(p _ l)
Note that (p¥a,) = a,. If we put
~/ p - P p—2 1 1

Do T2 oD 2D 2 2oy

we can verify

and

V((—p*Tap). (—p*71a,) . (@)). (ap)) = V(@ ap. d).dp) = Vap. ap),

V((p™ay). (p™ap). (@), (@) = V(@) dp. @,y ap) = Viap. ap).

Hence by (25), we have

Q

o0
1
2 R R
—pidyap Viap,ap) +2 2 ,Fv(ap’ ap) =0p0.4, = 2p-
k=1

Since we have already verified ¥'_, < X, we see that

Xop= O—p:a,.ap = Op;0,ap = 2p.

(35)

(36)

, we

Secondly, suppose that p, g, and r are all odd. It is shown in [15] that ¥/, =

Up/q;0,1/2~ ‘We have
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Metric discrepancy results for alternating geometric progressions 47

p)f=p-—qg+gt
k=2

k
=q" +k¢" 1 (—p- q)+Z()q( p—a)*"
i=0
_ k k—1
=q — kg (p+q) mod2(p+q)

since p + ¢ is even. Put

1 1 1
(3/ = —— and a O EEEE——
P4 2(p +q) " e
Because of G, g — d),, = 3
1
( (apq pq)) = z
is clear. We have
2k 2k 2k
P =_1 — kg1 = 4 mod 1,
2(p+q)  2p+q) 2(p+q9)
thereby (p*a), ) = (¢**a,,) and (p*™apq) = (g% apq).
Similarly,
_ 2k—1 2k—1 2%k — 1 2k 2k—1 2k—1
p _ 4 | )a~ _ 4 L4 mod 1,
2p+q)  2p+9q) 2 2(p+9) 2

and thereby (—p*~'a) ) = (¢*'a,,) and (—p*~'a,,) = (g™ a),,).
Hence we have
V(=p*apg), (—p™ 1, ). (a™ T a, ) (@™  apg))
—V(< k= 1~;;q>’<q2k_1apq>:(QZk_la;;q>’<q2k lépq»
= Vg™ N apg =y ) (@ @pg —ap)) =V (3, 3)
= V{p* ) ™)

Vp™a, ). (p™apg). (¢%a), ), (@™ ape))
=V<<q2ka;q> (@™ apq). (a™a),). (g™ apg)
= Vg™ @pq — a),)). <q2"<apq —a, ) =V(33)
= V({(p*1). (g% %)
which yields
o
02 iy iy = V(3 D)+ kZ (P 3) 40" ) = o) 10012 = Zpsa-
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Since we have already verified X'/, < X/,, we see that

Xplg = Opqiilg.dpg = Op/q:0.1/2 = Xp/q-

Lastly, suppose that r is odd, p = 5, and ¢ = 2. In this case 0.4 ¢ = 0_5/2.0/ a-
It is shown in [15] that 25/2 = 05/2:0,1/3- Note that

V((5H5), 2% 5) = vsHT ), @2 ) = 5.

Putd = 5 and @ = £. Then we have ((=5)%a) = a, (—5)%@) = @, (2%a) =
a', (23@'y = a, and see that all values below equal to %:
V{((=5)%a), (—5)%a), 2%a), 2%a) =V (5. & 4. &)
V{(=9)%Ha), (=51, @%Ha), % Hay =V (%, 8. £. 19,

—_
—_

V(((_5)6k+2&/>’ ((_5)6k+25>, (26k+25/)’ <26k+2a)) — ‘7

oo

V(((_5)6k+3&)’ <(—5)6k+36~l/>, (26k+36~1/), <26k+36~l)) — f/:

)

)
—
o —|

N

V(((_5)6k+4&/>’ ((_5)6k+4&>’ (26k+4&'/)’ <26k+4a)) — V

-
Bl
S
Bl

|=
N

N
58]
N
IS
&
SN— S—" SN—" SN—" S—" S—"

N
)
)

Therefore we have 0_5/2.0,1/3 = 05/2,0,1/3 = X5/2. Since we have already proved
X 5,2 < Xsp,wehave X 5,5 = Xs)5.
4 Proof of the evaluation (9)

Let r be odd, p > 3 be an odd integer, and g = 1. In this case we have Xy = ¥_,.
Put

p 1 1 . 2p+1
bp=s———=-———— and b,=-——.
2p+1) 2 2(p+1D 2(p+1)

We can easily verify that (—pb,) = b}, and (—pb/,) = b,. We have

2
p°+2p / P
Vb, b)) = —~ V®¥, b,)=—"—,
Cr b0 =40 VO =00
1 2
2[+1 / /

B, 1.(b,) =—V®b., by +—V({(—pb.) b)) = — .
V4 p,l,l( ») ( ») P (=p p) p) 4(P+1)2
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We prove

p(PP+2p* —p+2)

o0
25 =02 00, = Vibpbp) +2 " Bpuiby) =

s 4p— D(p+1)3
L =pP+4p+l < p=5s,
Ap-Dp+13|>4 p=3
By (27) and cont1nu1ty of a_p 0. in a, it is enough to prove UEP;OJI < Uzp;o,hp for

all0 <a < j. By applying (35), we have

2
<
U—p;O,a - pz —1

((p* + Da — (p* +3)a?) = hu(a).

Because of ((— p)zl“bp) = b; =1- l%, the equality holds in the above inequality
whena = b, ie., UEI’;Osbp = hy(bp).

PP+l

Since hy(a) is increasing for a < 55709

—1_ 2 ;
=27 35 and since we have

1 2 (p—17
P el I by, = A > 0,
2 2p7+3) 2(p2+3)(p+ 1)

we see that iy (a) is increasing for a < b,. Hence we have

O’Ep;o,a < hi(a) < hy(bp) = GEp;O,bp’ (@ < by).

Note that < bp. If <a< %, we have
p+1 p —1 p+1
- __F __ g - _ Pty
2 ) T TPEETT T
Hence [—pa] = —%(p + 1) and (—pa) = —pa + %(p + 1). By (—pa) —a =

%(1 —2a)(p+1) >0, we have V({(—pa),a) = a(pa — %(p — 1)) and

p—1

1
B 10<—a(a——)+—a(1—a),
" 2p P>

where the equality holds for a = b,,. Hence for £ pl <a< %, by (36) we have
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2 0w <all—a)—2 ( —p_1)+—2 (1—a)+ ————a(l - 2a)
o” . <a(l—a)—2a\la— a(l —a a(l —2a
P 2p p? pA(p*—1)

1
= o @' =P+ pa = Gpt = p’ +2a%) = hu(@).

where the equality holds for a = b,. Note that 3 p* — p?> +2 > 0. Since hy(a) is
- 2p*—p*+p -
decreasing fora > 3 Gr 1) and since we have

p=1_ 20 -p+p _pPP?-2p-D+20° -1 _
2p 2@p*-p2+2) 2p@Bp* = p* +2)

0

for p > 3, we see that iy (a) is decreasing for ’;—_pl <a< %, and hence forb, <a < %
Thereby we have

02 0.0 S hu@ < huby) =02 o, . (b <a<y).

5 Proof of (10)

When 2 | pg, we have ((—p)k%) = 0 or (qk%) = 0 for k > 1, and thereby
1

O—Ep/q;(),]/Z = V(%, %) = %. Therefore X* =~ > 5 is trivial, and it is sufficient

%
to show 2_p/q

I 1 1 1 dJ 1 1 1
=|lz-—-——F— = an =\l =)
T2 phvdh 2 T2 T 20k gh 2

Clearly we have Iy D Ix41 and I D Ji.

rlq
< % to prove (10). We divide the proof into three parts. Put

5.1 The case when p > 4 is even and ¢ > 3 is odd

By using p > 4, we have 2(p* + ¢%) < 4p* < p**1 v 2¢**1) and J; D Ity 1. For
k > 1, we have

k k k

p p q-—1
(—pka)z—pka+7, (pka)zpka—?+l, (qka)zqka— 7 (a € Iy).

We can verify (—p?*la) < (¢**'a) on Jy41. Therefore we have

—1 20+1 20+1 1y (1 1
(pq)—ZH—lV((_p a),{g” " a)) = — —at3 §+W_a
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for a € Jy11, and hence for a € I 5. By applying V(a’, a) < a(l — a’), we have

1
(pq)21+2

<q21+2(1)(1 _ (p2l+2a>)
(pq)21+2

1 1 1
= a—z—f-m z—a

V((p*'Ta), (¥ a)) <

for a € I4+>. Hence we have

1 1 1 1
By giu(a) < -2 (5 + W - W - ll) (5 - a) <0, (ae€ ).

Suppose that L > 1.Fora € I, we therefore have B, 4.1(a)+---+Bp 4. 1-1(a) <0
and, by (30) we have

1 1 1 1 1
2
O plgi0.a = @l —a) —4 (5 - a) (5 T i a) L (i — )
= hy(a).

Note that we have

<0

4 " piL+a P22 (p2g2 — 1)

(1 1) 1 5 —2(q — Dg* 2 (p*q* — 1) + p?

by —2(q — D(p*q* — 1) + p* < —4(p*q* — 1) + p* < —2p*q* + p* < 0, and we
have

<0

47 " 4giLtd 2pLg2Lva(p2g2 — 1)

(1 1 ) 1 5 —(qg — Dp*(p?¢* - D +4¢*
hwv

by —(¢ — Dp*(p*q* — ) +4q* < —2p*(p*¢* — 1) +q* < —p*q* +q* < 0. Hence
we have verified

—_—

B

1 1
hy (5 Ty (2q2L+2)) =

Since hyy is increasing on Iy, we seethatofp/q;o’a < hy(a) < gfora € b\DI>p+2.

By taking union for L =1, 2, ..., we have azp/q;O,a < hy(a) < }t fora € Ip.
We have

1 1 1
(b ) e 0
2 2p+q 4 4p+q)?  2(p*q>—1)
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by g > 3 and 2(p + q)* < 8p? = 9p? — p? < p*q® — 1. Since hj is increasing on
(0, %), we verified that

1 1 1
2
G—p/q;O,a < l’l[((l) < Z fora € (0, E — m} .
On(t— L 1y— J wehave (—pa) = —pa + £ < ga — &5 = (ga) and
27 2pt) 2 1 p p 7 <4 3 q

Bp g0 < (a— %)(% + i —a)—+ w. Hence by (32), we have

1 1 1 1
2 _
000 = a(l—a)+2 (a — E) (5 + _2q —a) + A=) hy(a),

for a € Ji. Recall that I, C J;. Note that we have

i (1 1) 1 L 1 0
vl-———)- - =——— 4+ ———— <
2 p?) 4 pt plq  20p*¢t - 1)

by 2(p%q®> — 1) > 6p>q — 2 > p*q, and have

Ll 1 3 L 1 .
_——_— — —_——_—_=—— = — —_—— <
YA 2 7 242) T 4T Tagt T 282 T 20022 — D)

by 2(p?¢* — 1) = 8pg* — 2 > 8¢ — 2 > 243. Since we have verified

I 1 1 1
—_——_——_— < _7
Y27 pved) T

and since hy is increasing in a < %, we have
1 1 1 1 1
2 <h — forae(=— _— .
pias0a SIV@ < g lora e T 2 T v egd

Hence we have verified E;‘ = % in this case.

5.2 The case when pisevenand g = 1

Since [p?a] < %pzl — 1 fora < % and [ > 1, we have (p*a) > p*a — %pzz + 1.
Hence we have

%V((pya),a) < %a (1 - (p”a)) <a (% —a), @a<i,1=1. 37

Note that

1 1 1
k=(s-—z), h=(z:-———.5), and LCL
« (2 P 2) « (2 205+ 1) 2) ane kel
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2[+1

Fora € Iyy1, wehave (—p?*la) = —p?*+la+ 1 p?+! Since we have (—p?+la) <

a fora € Jy4+1, we have

1 1
—Wvu—pz’“a» a)=— (5 — a) (1—a), (a€up).

and B, 1.(a) < —3(1 —2a)> < 0(a € Jy41). Hence we have B, 1.1(a) + -+~ +
Bp1;.-1(a) < 0on Jp 1, and by (34) we have

2

2 2 _ _

J—p;o,a Sa(l —a) —(1 —261) +ma(l —20) —a(l Cl)+/’lV[(a)
fora € Jr 1 and L > 1. We have

24+ 2p2L(p?—1) 1 1

h =" F T1-2a)(a— h == —

vi(a) L2 1) ( a)(a—cyp) where cp AT )
and thereby

1
02 0., S Ll —cr) +huler) < 7.

Since a(1 — a) + hvi(a) is increasing in (0, ¢1,), we have

1
02 p0q =l —a)+hv(@) < 7 (@€ o1 N0 cr).
We have
(L 1 _ pt(p*—p—1) -
22042 ) T 2004 pP(p? - D)1+ pPE
by p> — p — 1 > 0 for p > 2. Thus we have o*fp,()a < JT fora € Jor—1\Jar+1 By
taking a union for L = 1, 2, ..., we have afp.oa < ;ll(a e J).

By applying (35), we have

2

T p0a S 3 [P+ D) = (P +3aa = hw(@), (@< 7).
Note that Avy is increasing for a < P 12 Because of
v BIONA =502 T 27 207+

(1 2 ) (1 1 ) p>—2p+1
[N = >O,
2 2(p2+3) 2 2(p+1 202 +3)(p+1)
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1

hvy is verified to be increasing for a < % ~ 37D By noting
(1 1 ) 1 —p*+4p+1
VI\ = — —————_ ) — 7 — —3 < 0
2 2p+DH) 4 4p+D(p-D
2 1

for p > 6, we have o
for even p > 6.
In case p = 4, we have

< }Tfora € (0, %)\Jl and p > 6. Thus we have Efp =5

—p;0,a 2

b 1 491 1

—_ = ——< -
VI\Z) T 604 " %
and hence we have o2 400 < 4—1‘ fora € (0, }1]. Since we have already proved o2 4:0.a
< % fora € J; = (%, %), it is enough to prove 034,0# < }‘ fora e (%, %]. For
a € (3,31, we have [~4a] = —2, (—4a) = —4a + 2, and (—4a) > a. Hence we

have V ((—4a), a) = a(4a—1) and B4 1.0(a) < —}‘a(4a -+ %a(] —a). By using
(36), we have

1 1 1
034;0’(1 <a(l—a)— 5(1(40 -1+ ga(l —a)—+ ma(l —2a)

1 98 \> 982 492 1
= -377(a=- =) + 22 )< <=
120 377 377 30-377 4

fora € (%, % ]. Therefore we have X* 4
In case p = 2,wehave%— m = ;
enough to prove UE2;0,a < %fora < %
For0 <a < %, we have (—2a) > a and V((—2a), a) = a(l — (—=2a)) = 2a>.

Hence we have B 1.9(a) < —a?+ %a(l — a), and by (36), we have

1
21'
3 Ctis

Ol —

2 1 1
and 0904 < 3 for3 <a <

1 1
02000 < a(l —a) —2d* + sall —a) + za(l = 2a)

1 1 5\> 25 25 30 1
=—(=23a>4+10)= - -23(a — = i I
g~ +10) 6( (a 23) +23)_23~6_20~6 4

Hence we have proved X*, = %

5.3 The case when p is odd, ¢ is even

In this case, by ¢ < p, we have

LR T A WA B T W
27 gk 2 2 opkip) TR
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and hence

k k
pr+1 koo k pt—1
7 (pta) =p-a 7

(—pta) = —pla+
qk
(q'a) =q'a =T +1. @el k=

Since (—p**la) < (g%*'a) fora € Jy,1, we have

! 2041 241 ! ! !
_(pq)—ﬂ-HV((_p a),(qg” " a)) = — —a‘f‘i‘i‘m 57 4)

(a € Juy1).

2142 2042

Ifa € Jyy1, thena € I, and 3(p - p) < p?*2a < p*+2. Thus we have
%(p21+2_p) < [p21+2a] < %(p21+2_1) and (p21+2a> — p21+2a_%(p21+2_j)(j —
1,3,...,p). Since a < %, we have ¢?t1a < %qm“, (g%t a) < %q21+1 — 1, and
(¢**a) > g%t a — %qz”l + 1 in turn. Therefore by applying V (a, a’) < a(1—a’),
we have

1 1 j 1
—(pq)2’+2 V(p*+ra), (¢*Fa)) < (a —3 + —2172”2) (5 - a) , (a € Jyyp).

By combining these and by noting 4172+“ - 4p++2 > 0 we have

1 1 j 1
Bp g:i(a) < =2 (—a + 5 + m - m) (E - a) <0, (a€ Jay1).

Hence B, 4:.1(a) + -+ Bp g.1—1(a) < O0fora € Jop_y.If a € I}, then

LV((2)<2>)<(_1+L)(1_)
P pa),{q a)) <\a TS > al.

Because of J; D I}, we see

1 1)\ (1 ,
——V((=pa). (ga) = - (—a T 5) (5 - a), @e ),

and thereby we can conclude

1 1 1 1
Bp,q;()(a) <=2 (—a + E + E - 4_[72) (5 — a) , (ae 12/)
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By (30) we have

11 1)1 1
2
“pfa0a = all=a) =4 (_”TE_W) (E_a)+2p2Lq2L(p2q2—l)

= hvm(a)

fora € Joyp—1 N I}. Note that we have

1 1 1 5
hvi (= — — ==
Vil (2 2(p2LHT ¢ q2L+])) 4 2(p2LAT f g2L+1)2
pRLAT g 2L 20120 o L 202 2L 2142 2022

" 2pq*t(p*q* = 1)

<0

2L41 o 1 2041 2042 20L+1 1 2L+1 20+2 2L—1 2L _ 2L+1

by p PP g gl p2olgil < o p2ltly
pPlgtt? < 1p2H 242 and 1+ 1+ & +1 = ] < 1. Since hyy(a) increases on
D11, we see hyg(a) < % or UEP/Q;O’Q < % fora € (Jop—1\Jar+1) N 12’. By taking
a union for L = 1,2, ..., and by noting that J; D 12’ D J3 D Js D ---, we have

2 1 /
0 /g:0.a <z fora € I,.

2L+2

2 2
Let a € Ji. we have p’a > %pZ — ﬁ,[pza] > %pz — % — 1, and

2
(pza) < pza — %pz + % + 1. Since we have (qza) > qza — %qz + 1 as before,
we have

Ly 2a)(2a))<(a_l+;+i)(l_a)
P = 2 20p+q) p*)\2 :

and

11 1 1 (1
Bpgo@<-2-a+-4+——-————|)|z-a), @el).
pa:0(@) ( 2 4p 4p+a) 2p2) (2 ) et

By applying (32) and these estimates, we have

i <al—ay—4(-atis ! ! LY (L
o . al—a)—4l—a+-+———"————— )|l z—a
P = 2 4p Ap+q 2p7)\2
1
T
= hx(a), (a € Jy).

Note that we have

(Lo LY 1o 1 @0 =D-pp+q)
"2 2p2) 4T a2 2@+ (P — 1
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by ¢*(p*q> = 1) = p(p+q) = 4p*¢® — ¢ = p* — pa = (P’¢* — ) + (P*¢° -
P2 + (2p*q> — pg) > 0. Since hix(a) increases on Ji, we see that UEp/q;O,a < }—‘
on J; N (0, % — # ] and hence on (m, %).

We here use (31). Assume that p/g # 3/2. In this case we have 2(p + ¢)? <
p%q* — 1. Actually, when ¢ > 3, then we have 2(p + ¢)* < 8p* < p?¢?, and when
g=22p+2%—(p?22—1)=—-2p>+8p+9<0forp=>S5.

Since Ay is increasing on (0, %) and satisfies

(1 1 ) 1 —(p*¢* = D) +2(p+qg)?
=1 -= < O,
4 4(p+q)2(p*q> - 1)

< hi(a) < }Tfora € (0, %)\Jl. Therefore we have o2

2
<
we see that o 2 p/a0.a =

—r/q:0,a
jforalla € (0,§) and X* = 3.
Lastly we consider the case p/q = 3/2. In this case we have

L - 0
- T apr(pPgi— 1) 3635

2 2p

h(l 1) 1 —(p*¢*> -1 +2p* —35+18
. _ _

. .. . . 1 2 1
and since hi(a) is increasing in (0, 5), we have 023:0.a < hi(a) < g fora €

(0, %)\Il’. For a € I{\Ji, we have (ga) < (—pa) and hence

L, ~ 1o o1y L I
— ((—Pa)»(qd”——(a—z—i-;)(d—§+5)——a(a—g).

Thus we have B3 2.0 < —a(a — %) + 4—1‘ -32.22 and by (32) we have

2 1 1 , 5 1
0232.04 =all —a) —2a a=3 +m=—3a +§a+%=hx(a).

Since hx(a) is decreasing for a > 15—8, hence fora € (%, %] = Il’\Jl. Hence

i@ < (D) 2120 1
x(@=hx\3) =g =3 @iV

2 1 1 * =1
Therefore 023/2:00a = 7 fora < 5 and 25 =7

6 Proof of the inequality (11)

We assume that p > ¢ > 3 are odd numbers. Since hj increases on (0, %), by (31)
and
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11 1 —(p*> =D +2p>  —9p> +142p?
n{-—-—J)—--= < <0,
2 2p) 4 4p2(p*q* = 1) 4p*(p*q* = 1)
we see that ozp/q;o‘a < % fora € (0, %)\I{.

On I{, we have (—pa) = —pa+ *(p+1) > 1 > ga — 1(g — 1) = (ga) and

11 11 1
B, . < — - -+ — - — 4+ — _—
pa0(@) = (a 2" 2q) (d 2t 217) T

By applying (32), we have

1 1 1 1 1
2 —
O—fp/q;(),afa(l —a)—2 (a ~5 + Z) (a ~5 + Z) + m—hx{(d},

for a € I{. Because of

P+aq o1\ /(1 1 1
hx(a) = —3a> + (3 - DY (I Y (- . S
al@) == +( P )a (2 2q) (2 ) T2

hx has maximum at a =

If p > 2q, then
1 1 2g —
a—|=-——)= d pfO,
2 2p 6pq

and hence &y is decreasing in /{. Thereby we have

2 < hx(a) <h L h(L -2 !
o . a -——— )= ——— )<=
—p/q:0,a = TXRE) = XU 5 2p "\2 2p 4

for a € I{. By continuity, the above estimate can be also proved for a = %, Hence
X< % in this case.

—n/q
If p <2q,
ha() — L = P 4pa +a(p2q? — 1) + 6p%¢”
R 12p2q*(p*q*> = 1)
_PCWw =29+ P’ g~ p) — (P~ @) + 6074 +2pg — P’
12p2¢*(p*q*> = 1)
<0

by 6p2q%> +2pq — p>q> < 6p>q> +2pq — 15p>q> < 0.Hence hxi(a) < hxi(d) < §
fora € I{ and Z‘fp/q < % in this case.

@ Springer



Metric discrepancy results for alternating geometric progressions 59

7 Proof of (6)

Suppose that 0 is given by (4). Because we have already proved Xy < X|g|, we here
prove % < Xy. In case when (8) holds, then by (3), we have % < Xp. Hence we must

prove % < X_p/q4 in the case when one of the p and ¢ > 1 is even, and also in the
case when p =2 and g = 1.

Firstly, assume that p is odd and g is even. We have ((— p)k Ly = 2 and (g %) =0
for k > 1. Put

fild) = VH(=p)ay, (=p)* L), (g*d), (" L)
= V({(=p)*d), (gFa")) — VL, (g*a'))

for k > 1. Since f; is continuous and piecewisely continuously differentiable, and
satisfies fx(0) = 0, we have

a

fild) = / D* futydt,

0

where D f; denotes the left derivative of fi. We have

DT fi(a) = (—p)FA((=p)*ad’y < (¢*a")) — (g*a'))
+¢* A((=p)*a’y > (g*a')) — (—=p)*a'))
—¢*Adg*ay < H =D,

and hence |D% fi.(a')| < p* + %qk

We have D* fi(a') — 3(—q)* asa’ | 0. Actually, it is verified by ((—p)*a’) 1 1
and (g¥a’) | 0if k is odd, and by ((—p)ka’) | 0, (g¥a’) | 0, and ((—p)*a’) > (g¥a’)
for small enough a’ > 0 if k is even. Hence we have

>

K
2
Ze

1 1—1
)kD+fk(a/) Z-,{:i asa’ | 0.

On the other hand, we have

o]

> D@2 > (2+5) = s+
— ok kla)| = 1t )= & PR
ok TPD o\t k-1 pKip-1
Take large enough K satisfying
_ K
2 3 _ 11-1/p

)

+ < -
gk@-1) pKpp-1) "4 p-1
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and take small enough A > 0 satisfying

1i—1/pfk & 1
2=t LT s L btz
4 p-1 = (=rq)

By noting V(i —a/,é a) =4—11—a’2=‘—1¥—f0a 2t dt, we have

< D+fk(r>)
(2> 2 Z I )
( ( 1; k=K+l) (=po)*

1 11—1/pK 1
Z_+_#a/>_
474 p_i 4

2 _
O plga’ 12 = +

=

S — o

for0 < a’ < A. Hence we have X plg >
Secondly assume that p iseven and ¢ > 3 is odd. In this case, we have ((—p)k%) =
0, (¢*}) = %, and

fud) = V({((=p)a), (gfd") = V(=pFa). b, k= D).
We have
D fi(@) = (-p)*AU(-piad) < (g"a')) — (gFa'))
+¢*A((=p)ta)y > (g*a')) — (—=p)d'))
—=pfad=pray <H -5
and hence | DT fi(a')| < %pk + gk
If k is odd, D* fy(a) — $(=p)¥ asa’ | 0, and if k is even, D* fy(a') —

— L(=p)Fasa’ | 0. Therefore

L

-1 1
2 ( Dt f_i(d) + D+f21(a))
; ()P~ (pg)”
1 1—1/g%F 1—1/p*t
*Z( A1 ﬁ): g+1 +2 pP2—1

On the other hand, we have

— (—DT fu_i(a) D+f21(a’)) 3 2
2 .
2 ( (pg) ™ ¥ )T @Eaq—D T

I=L+1
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Take large enough L satisfying

3 2 11—1/¢*
+ < -
?tq—-1 pPp-1D "4 g+1

and take small enough A > 0 satisfying

2t < —
4 qg+1

11— 1/g% 21‘(—D+ﬁFKU_FD+ﬁKD)>1-—Uqu
e (! (pg)* q+1

for0 <t < A. Then we have

2
O p/g:a' 12
L7 2\ (=D* fua®) | D* fult)
=‘+/(—2f+(22+2 Z)( =1 T 2 ))dt
4 = T (Pg) (Pq)
1 11—1/¢7F , 1
42 g+1 4

for0 < a’ < A. Hence we have X pig >
Thirdly assume that p = 2 and ¢ = 1. Since we have

(l-24)- (28} 4.9) =7 (.5.5.9 - %
([0 g). (254 .9) = TG54 9 - 6
(o9 a) (292 9) . 49) = P (4 1 9 =3,
V({25 (28] 5. 8) =T (5.7 9) = 8.
7 ([0 1) (29 8). 1. 9) = VG319 = &,
V(2" 5) (2 5).53) =V (.3 1D = 5

we have

2 10+2 1.6 1 _2 L 10 1+1+ 1+ SANGE
2. — Tz = — > —.
=2,1/7,6/17 19 22971 1978 19 8 82 4

Hence we have ¥_, > —Vfglo > %
Although we conjecture that this is the right value of X'_;, unfortunately we do not

have a proof for it. We shall return to this evaluation in future.
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