Monatsh Math (2012) 168:523-543
DOI 10.1007/s00605-011-0366-5

The first moment of Salié sums

Benoit Louvel

Received: 2 July 2011 / Accepted: 1 December 2011 / Published online: 16 December 2011
© The Author(s) 2011. This article is published with open access at Springerlink.com

Abstract The main objective of this article is to study the asymptotic behavior of
Salié sums over arithmetic progressions. We deduce from our asymptotic formula that
Salié sums possess a bias towards being positive. The method we use is based on the
Kuznetsov formula for modular forms of half-integral weight. Moreover, in order to
develop an explicit formula, we are led to determine an explicit orthogonal basis of
the space of modular forms of half-integral weight.
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1 Introduction
For an odd integer c, the Salié sum is defined as

o= > (2)e(mEE),

x (mod c¢)
xx~'=1 (mod ¢)
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524 B. Louvel

As usual, for z € C, we write e(z) = exp(2mwiz). We use the subscript K> in order
to distinguish the Salié sums from the Kloosterman sums, defined analogously, but
without the presence of the Jacobi symbol (x/c).

Classically, these sums have been investigated over the set of primes. For a prime
P, one has, by a classical theorem of Salié, that

2

K>(m,n; p) =2cos (47[7)() Z e (y;) , x2 =mn (mod p). (1)

v (mod p)

From the equidistribution of roots of quadratic congruences modulo prime moduli
(proved in [5]) and from (1), follows that for given m and n, the angles of Salié sums
K>(m, n; p) are equidistributed with respect to the uniform measure.

In this paper, we investigate the distribution of the sums K5 (m, n; ¢), when ¢ runs
over the set of integers. Individually, these sums are well understood. One can gener-
alize (1) to any modulus ¢ and show that Salié sums satisfy the individual bound

|K2(m, n; ¢)] <29/, 2)

where w(c) is the number of distinct prime divisors of c. Nevertheless, as for most
of (complete) exponential sums, the understanding of the behavior of these sums as
function of the moduli c¢ is a difficult problem. Using methods of analytic number
theory, one might expect to catch important properties of Salié sums by looking at
their L-function, but it turns out that, due to a twisted multiplicativity, the L-function
has neither a functional equation nor an Euler product, rendering the investigation of
Salié sums very involved.

One way these sums can be approached is by the analytic theory of automorphic
forms. It is known that Kloosterman sums (or their twists) appear as Fourier coeffi-
cients of Poincaré series. In 1987, in his breakthrough paper [10], Iwaniec succeded
in proving a new upper bound for the Fourier coefficients of modular forms of half-
interval weight, by estimating sums on Salié sums. This leads naturally to the problem
of studying Salié sums on average, and more precisely to detect cancellation among
these sums. Inspired by the work of Livné and Patterson [13], where the authors study
the first moment of cubic exponential sums, we obtain a complete determination of
the first moment of Salié sums over arithmetic progressions. A crucial point for us is
that the L-function associated to Salié sums possesses an exceptional pole, related to
the minimal eigenvalue of the Laplacian operator. It should be emphasized that this
phenomenon is reminiscent to the situation in [13], and ultimately lies at the heart of
the problem.

We study the distribution of the normalized Salié sums K»(m, n; c), for fixed m
and n, when ¢ runs over an arithmetic sequence ¢ = 0 (mod D). One of the principal
consequences of our main theorem is that, in most cases, the Salié sums K, (m, n; c)
exhibit much cancellation and that, in the remaining cases, our formula shows a defin-
itive bias for the Salié sums towards being positive.

As usual, we write d | b* if d is supported by b, i.e. if d is a product of primes
dividing b, and (a, b*°) for the greatest divisor of a supported by b. For a positive
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integer d, we denote by x4 the primitive quadratic character corresponding to the
field extension Q(\/E) /Q. Let us define the symbol €., for odd integers c, by €, = 1
if c = 1 (mod 4), and ¢, = i if ¢ = 3 (mod 4). One easily sees that the numbers
Ky (m, n; )€, are real.

Theorem 1 Let D and f be odd positive integers, mutually coprime and let x be an
even primitive Dirichlet character modulo f. Letm,n € Z. Let ¢ > 0 and let X > 1.
If x # xyp, orifm < 0orifn <O, then

Ka(m,n;c) _ 3/44¢
—————€x()=0(X .
X T a=o(r)

c=0 (mod D)

If x =xyandm,n > 0, then

K .
> B @ =cw. fmmx+0 (x3re),
O<c<X ﬁ

¢=0 (mod D)

for some real number C (D, f, m, n). Assume that m and n are of the form

m=tfs>m"
n=tfsn",
for some positive integers t, s, m', n’ satisfying the following conditions:
() 1 is square-free, t = 1 (mod 4), s is supported by t and s*t3|D,
(i) (m',t)y= @' 1) =1,
(iii) (m', D) = (n/, Dy), where D = DtDoDlz, where D; = (D, t*°) and Dy is
square-free.

Then, one has

C(D. f.m.n) = %ﬁ (f’" ! ) m'. Dy [T+pH"

b ! pIDf
<[Ta-p™H™" [T a-pH" 3)
plt p|D1/(m’,Dy)

Moreover, if m and n are not of the form described above, then C(D, f,m,n) = 0. In
particular, C(1, f,m,n) > 0.

Let us now mention some other problems related to Theorem 1. Consider the sum

2xt
S tsy= > e (7) _ @

x (mod c¢)
xl=m (mod c¢)
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526 B. Louvel

These sums are related to Salié sums by the formula

d e
S(m, t:c)= Y \/;a/dKz (m d—z;c). (5)

d|(¢,c)

From (5) and Theorem 1, we obtain the following corollary.

Corollary 1 Let m, £, ¢ € Z. Then for any ¢ > 0, one has

> Sm, t:¢) = Cm, X + Opg (x3/4+8) ,
<X

with

0 if m is not a square
C(@m, ) =

8 yol) ¢ -
—X= ifmisasquare.

Here, o (£) is the sum of the divisors of £.

A similar result to Corollary 1 is given in [9, Theorem 1], where the author obtains a
control on the dependence on £ of the error term, but only in the case where m is not
a square. Note that recently, Duke, Imamoglu and Téth have conjectured in [6] that

d‘l/ZZS(d,m;c) sin(@) KL o1(m)Try(1), (6)

c>0

where Try(1) is a trace of singular moduli; for example, if d > 1 is a fundamen-
tal discriminant, then Tr4(1) = L(1, xp). Theorem 1 could also be applied to the
asymptotic distribution of Dedekind sums, using the connection between Salié sums
and Dedekind sums; this has been studied for example by Vardi in [19].

Let us now give some indications on our proof of Theorem 1. For a congruence
subgroup I' C I'g(4), one can define exponential sums K4 1 (m, n; c), which are asso-
ciated to two cusps of I'. The geometric Salié sums K, r(m, n; c) appear as Fourier
coefficients of non-holomorphic Poincaré series, and therefore one can relate sums
of geometric Salié sums with the spectrum of Maal} forms of weight 1/2, using the
Kuznetsov trace formula. The geometric side of the trace formula is the easiest to
deal with: we can choose in an appropriate way the cusps of the congruence subgroup
I' = To(4Df), so that one can relate the geometric Salié sums to the classical Salié
sums Kj(m, n; c). The spectral side of the trace formula is more subtle to handle. A
specific feature of Maal} forms of weight 1/2 is to have an exceptional eigenvalue
located at .. = 3/16. We will show that square-integrable Maal forms with respect to
the exceptional eigenvalue 1 = 3/16 are in bijection with modular forms of weight
1/2. As aresult of independent interest (Theorem 2), we are able to obtain an explicit
orthogonal basis for the space of modular forms of half-integral weight. This result
then allows us to finally obtain an explicit expression for the spectral side of the trace
formula.
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Remark 1 In principle, Theorem 2 could be used to complete a result of Blomer in
[1]. There, the author studies the eigenvalues of Hecke eigenforms over quadratic
polynomials and obtains a formula for their asymptotic behavior. In the case where
the eigenform is chosen to be a Poincaré series, one can get an explicit expression for
the asymptotic constant appearing in [1, (1.4)], by means of our Theorem 2.

Finally, in order to illustrate the rate of convergence of sums of Salié sums, some

numerical examples for Theorem 1 are presented in Sect. 5. For a related discussion on
this subject, concerning the distribution of Salié sums and other arithmetical functions,
we refer to [15].
Notations For acomplex number z, we define its argument to be in the interval [0, 27 [.
The greatest common divisor of a and b is denoted by (a, b) = gcd(a, b), i is the
Mobius function and ¢ the Euler function. Let y be a Dirichlet character of modulus
f-By x xa, we mean the primitive character associated to the product of x and x;. We
denote the conductor of the primitive character associated to x x4 by fy; thus in par-
ticular, f) | f, with equality if and only if x is primitive. For any element g = (¢5),
let g'(z) = (cz + d)~2 and x(g) = x(d). In this paper, x will always be an even
character.

2 Modular forms of half-integral weight

Asusual, H = {z € C : J(z) > 0} is the upper half-plane and I'g(4N) is the congru-
ence subgroup modulo 4N. Let « : T'g(4) — {%1, £i} be the multiplicative system
for the group I'g(4) defined by

Y @Y (v (2) = k()9 (z), Vy e Tod),Vz € H, (7

where 9(z2) = 2,7 e(n’z). The Jacobi symbol (u/v) is defined, for v odd, as exten-
sion of the Legendre symbol (u/p) defined for any prime p # 2, with the additional
condition that (0/v) = 1. More precisely, and for v positive and u 7# 0, we define
(u/v) multiplicatively in v and we set (u/ — v) = (u/v) (see [3], Exercise 1). The
symbol « satisfies k (y) = k(—y), and, if y = (¢5) € T'¢(4) with d > 0, then, with
the convention that arg(z) € [0, 27| for z € C, we have

cy i ifc>0
K(”)Z(E)z 8"[1 ife <0 ®

Formula (8) has been proved in several places, but with different choices of notations
(seee.g. [12] or [18, (1.9)—(1.10)]). Let o be the multiplier factor of weight 1/2, i.e.

(8h) @' = &' (h@)'* W' @ a(g. ), Vg, h e SLyR).
Let N be a positive integer. Recall that any even Dirichlet character x modulo N, of

conductor f dividing N, defines a character on I'g(4N). On the other side, one easily
verifies that the symbol « satisfies
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528 B. Louvel

k(gh) = k(g)k(h)a(g, h), Vg, h € I'o(4N). ©)
The cusps of I'g(4N) are of the form o1 (00) with 0 € SL>(Z). There exists some
positive integer g, such that the subgroup I'y = {y € ['0(4N) : y(a‘l(oo)) =

o1 (00)} is of the form
(£l A,
Fo=0 ( 0 +1)%

with A, = goZ. We define, for each cusp o’l(oo) of I'g(4N), the real number

%y € [0, 1], as
KX (a ((1) qla) 0) =e(—xy).

Lemma 1 Let 0~ '(00) be a cusp of To(4N), and let y, = 0 =' (9" ) o € Ty, for
some ¢ = £1 and n € Z. Then,

KX (Vo) (0, Vo) = kKX (Vo) (Yo, 0~ 1) = e(—ensy).

Let M(N, x) be the space of functions f holomorphic on H and at the cusps of
I'o(4N), which satisfy

VOV f(v(@) =kx()f(z)  VzeH,y e To4N).

With these notations, modular forms have a Fourier expansion of the form

o @V @) =D asome (M) ,

nez o

withay(o,n) = 0if n —x, < 0. The Petersson scalar product on the space M (N, x)
of modular forms of weight 1/2 is given by

(f.g) = / f(2)g@3@) " du(z),
To(4N)\H

where du(z) = y 2 dxdy is the invariant measure.
For a character v, one defines

Py () = D Y(me(n’s).

We introduce an other twist of ¥ (z), namely

Vds.q(2) = D X xa()cg(n)e(dn’s>z). (10)
nez
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Here, ¢, (n) is the Ramanujan’s sum, of which one of the representations is

cam=> M(%) d. (11)

dl(q.n)

The functions ¥4 5 4 (z) can be expressed in terms of ¥y (z) by means of the following
equality, valid for any character ¥:

D W m)cg(me(n’s) = Zu( )mumu 2). (12)
nez jlg

Recall that f; is defined as the conductor of x x4. For any triple (d, s, g) of positive
integers, consider the condition (C) given by

© df?s’q®> | N
d square-free, s supported by f; and g coprime to fy.

Theorem 2 Let N € N be an odd integer. Let x be an even character modulo N. An
orthogonal basis for M(N, x) is given by the set

B = {9454 : (d,s,q) satisfies (C)}.

Moreover,

19d.5.411% = 27 N@ [Ta-pH]Ja+pr™.

plf pIN

Proof In order to simplify notations, let us define

27 N
ad.s) = s% [Ta-prH]Ja+p™.

plfa pPIN

We know from [17, Theorem A] that a basis for M (N, x) is given by the set
= {Dy (tz) : ¥ primitive ; cond(¢)2t|N; Yx:(n) = x(n),Y(n, N) = 1}.

By decomposing 1 = ds’g?, with d square-free, s supported by f; and g coprime to
fa,one has ¥ = x x; = x x4. Therefore, the basis By can be written as

By = {9y,,(ds*q*z) : fids*q® | N}.
We now compute the scalar product of two elements of B;, by using the Rankin—Sel-

berg formula. Let f and g be two elements of M (N, ). Denote by ar(n) and agz(n)
the coefficients of their Fourier expansion at infinity. Let E(z, s) be the Eisenstein
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530 B. Louvel

series of weight zero for I'g(4 N) defined at the cusp oco. Then, by the Rankin—Selberg
method, the following equality holds:

ayr(n)ag(n)

(f.8)=xN [0 +p DResmr | D255 ) (13)

PIN n>l1

Recall that since N is odd, all the primes involved in (13), or in the definition of & (d, ),
are distinct from 2. Note that (13) requires to deal with modular forms, which may be
non-cuspidal. The Rankin—Selberg method for modular forms of non-rapid decay as
been developed by Zagier in [20], where the author also gives several applications of
his main theorem, but none including formula (13). To derive formula (13) from the
main theorem of [20] requires some extra work, however, since a complete proof of
(13) has been given in [4, Theorem2.2], we can dispense with the details.!

We apply (13) with f = 0, (ds*q?z) and g = ¥, (d's"*q"*z). Then, for any
n > 1, one has ap(n) = 2xxa(m), if n = ds>q*m?, and ag(n) = 2x xa (m'), if
n = d's">q">m'*. Therefore, non-trivial contributions will occur only if d = d’, in
which case (13) gives

(95 14 (d52q%2), Oy 5, (ds"*q"%2))

Z X Xa(m)x xa(m')

-1
=4 N H(l +p7) x Res;— Y (14)
PIN nzl
n=ds?q*m?*
n:ds/zq/zm/z
Non-trivial contributions will occur for integers n of the form n = ds’>q’m? =

ds”q”m", with (m, f;) = (m’, f;) = 1. Since s and s’ are supported by f; and
since ¢ and ¢’ are coprime to fy, this means that s = 5" and n = ds?q%q"*m?/g>,
where ¢ = gcd(q, ¢’). Then, after further simplifications, we obtain from (14) that

xxa(q@) xxa(q"

/

(95 10 (d52q?2), Oy ya (ds?q"*2)) = (g, ") ald,s).  (15)

The orthogonalization of the functions t, ,, (ds*q?z), with ¢ varying, is based on the
following lemma.

Lemma 2 Let U € N. Let V be the finite dimensional C-vector subspace of a Hil-
bert space, with scalar product (-, -). Assume that a basis of V is given by the set
E = {f, : u| U}. Assume that there exists a function g such that g(d) > 0 and

I The proof of [4, Theorem?2.2] contains two errors that luckily neutralize each other. First, in the 5th
display of [4, p. 16], there should be no factor 2 in front of the middle integral (cf. [2, p. 71] and [11,
p. 119]). Second, in the 4th display of [4, p. 17], the right hand side should be multiplied by 2 (cf. [2, p. 66]
and [11, (3.26)]).
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(fus fo) = D g(d), Vu,v|U. (16)

d|(u,v)

Foru | U, let f, = ij w(u/j) fj. Thenthe set E' = {f, : u | U} is an orthogonal
basis of V. Moreover,

roany &) ifu=v
<fu7fv>_[0 it £, A7)

Proof It is clear that E’ C V. Also, it follows from the definition of f; that

(fur 1) ZZM( )M(%) (fis fe), Yu,v|U. (18)

Jjlu kv

We shall make use of the following Mobius inversion formula in two variables:

Fauv)=> > Gd.e) & Gu,v) = ZZ“( )u (£) FGo.(19)

dlu elv jlu klv

for any two functions F, G : N x N — R. Define F (u, v) = (f4, fv) and G(u, v) =
gw)ifu = vand G(u,v) = 0if u # v. Then, by (16), the first equality of (19) is
verified. Thus the second one also holds, which means, by (18), that the vectors fL;
are non-zero orthogonal vectors whose scalar product is given by (17). O

After suitable normalization, and noticing that (u, v) = d(w,v) ¢(d), oneis led to

apply Lemma 2 with f,(z) = a(d, s)’l/quXd(u)z?XXd(ds2u2z) and g(j) = ¢(j).
Using formula (11), one sees that the resulting functions f, are given by f, =
ald, s)~V/ zﬁd, s,u(2). This concludes the proof of Theorem 2. ]

Recall that the symbol €, is defined, for odd integers ¢, by €, = lifc = 1 (mod 4),
and €, = i if c = 3 (mod 4). If d is an odd square-free integer, then y, is a char-
acter of conductor d or 4d, according to if d = 1 (mod 4) or d = 3 (mod 4); more
precisely,

n
xam = (%)
ifd = 1 (mod 4), and

o]0 iradm
e €2 (L) if (4d,n) = 1,

if d =3 (mod 4).

Corollary 2 Let D, f be odd positive integers coprime to each other. Let x be an
even primitive character of conductor f.
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532 B. Louvel

(1) The space M(Df, x) is non-trivial only if f is square-free, f = 1 (mod 4)
and X = x .

(ii) Ifthe space M (Df, x) is non-trivial, an orthonormal basis of M (D, x) is given
by the set{V;f,5 4}, where 1352q%|D, t is square-free, (t, f) = 1,t = 1 (mod 4),
s is supported by t and (q,t) = 1.

Proof Assume that M (Df, x) # {0}. By Theorem 2, there exists some element
Vas.q € M(Df, x), with (d, s, g) satisfying condition (C); in particular, d is an
odd square-free integer such that

fid | Df. (20)

For (i). Let p be a prime divisor of f and let i/ be the p-component of x, say of
order p¢, where ord,(f) = e. Since x is primitive, e > 1. Then fy, the conductor
of x x4, is divisible by the conductor of ¥ xs. Assume that p { d or that ¥ # (-/p).
Then the conductor of v x4 is divisible by p°. Thus p¢| fz and, by (20), one obtains
p28|Df, which contradicts the fact that ord, (Df) = ord,(f) = e. Thus p|d and
Y = (-/p). This shows that f has to be a square-free integer dividing d. Moreover,
since x is even, we conclude that x = x s, with f = 1 (mod 4). This proves (i).

For (ii) Let ¢ be the square-free integer (necessarily coprime to /) such thatd = ft.
Then x x4 is the primitive character associated to x 1 x y;. From (20), one sees that fy
has to be odd. This implies ft = 1 (mod 4), and therefore r = 1 (mod 4). It follows
that x x4 = x: and that f; = ¢. The condition (C) then translates into the condition
given in (ii). O

3 The Kloosterman—Selberg zeta function

In this section, we shortly describe the geometric Kloosterman sums, their associated
Zeta function, and we obtain Theorem 3, as a special case of the Kuznetsov formula.
Some more notations have to be introduced: for a matrix y = (f Z), leta(y) = a,
b(y)=b,c(y) =candd(y) =d.

Definition 1 Let o~ ! (c0) and 7! (00) be two cusps of T'g(4N). Let m, n € Z — {0}.
Then, for any ¢ € Z, the geometric Kloosterman sum is defined for positive integers
¢ by

Kor(m,nic)= D xk(a(o, yaloy, 1)
y€le\I'/ Tz
le@yr™hl=c

((m—%a)a(ﬁyf_l)) ((n—%r)d((wf—l))
‘ 4o cloyr )¢ gc  cloyth)

One verifies by using Lemma 1 that the geometric Kloosterman sums are well
defined. We associate to the sums K4 ; (m, n; ¢) the Kloosterman—Selberg Zeta func-
tion Zg 1 m n(s) defined by
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ZU,T,m,n(S) = Z M- 21

c>0 <
Although an individual upper bound similar to (2) holds for K, ; (m, n; c), we shall
not go into details here, but only remark (see the first display in the proof of Lemma 3)
that |Kq r(m,n;¢)| < giqo lc|2. This shows that Zo.z.mn(s) is well defined, for
N(s) > 3.

Theorem 3 Let x, 0, T, m,n be as in Definition1. Let u > —1/2 and let X > 1.
Then for any ¢ > 0,

Z Kﬂ,t(ma n;c) - 1

e S ipwcxe T, m, )X /2 +O(X1/4+M+8)’

O<c<X
withc(N, x;0,t,m,n) =0ifm —xy <0orn— x, <0, and otherwise
2(1+i)

¢(N, x;0,7,m,n) = —tl Z af(o,m)ay(t,n),
SEB(N.x)

where B(N, x) is any orthonormal basis of the space M (N, x), defined in Sect. 2.

Proof The argument is taken from [8]: the theory of Poincaré series allows us to con-
tinue meromorphically Zs ¢ ;. m (s) to N (s) > 1 and shows that its poles are located at
s = 2s;, where the s; (1 — s;) are the exceptional eigenvalues of the hyperbolic Lapla-
cian of weight 1/2. We write the spectral parameters s; ass; = 3/4 > sp > --- > 1/2.
The Laplacian operator is

5 N 32 Ly 3
Y\ o2 ay? 2 0x

The space L? (To(4N)\H, 1/2, x«, A;) is the space of Maal3 forms, i.e. of eigenfunc-
tions of the Laplacian, having polynomial growth at the cusps, and satisfying

@f (@) =kx()f(2) VzeH, y eTo@4N).

The eigenvalues can be written A = s(1 — s) with 9i(s) > 1/2. We denote by
L%(N, x,s) the corresponding space of L? (To(4N)\H, 1/2, x«, A;). The Fourier
expansion of f € L>(N, x, s) ata cusp o~ (c0) is given by

(=) (%)
4 —y)e X
9o do

In — x| n—Xxqg
+pr(o,n)W%’S_l/2 (47rq—y el—x).

nez v 9o
n#0

1—s

Jo1(2) F(0712)) = 8521/28%, 001 (0, 0)y

+ 8, 200 f (0, )Wt (1

7

|
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534 B. Louvel

One can derive an asymptotic formula for the K, ; (m, n; ¢) from the analytic proper-
ties of its Zeta function Z; 1 ., (s). Let x, o, T, m, n as above. Let X > 1. Then for
any ¢ > 0,

Z Ka,t(ma n;c)

" = 2Res;=3/2 (Z(yyf‘m’n(s)) X240 (X1/4+5) .

O<c<X

The residues of Z 1., (s) can be expressed as follows:

X
n—_

qz

e A1 i
Ress=2y; (Zormn(s)) = &/ r2si—12 90 ( 9o )
I'(si + sgn(n)/4) —
xI'(2s; — 1) : Z pu(o, m)py (T, n),
Do — senm)/4) 2=

Xo
m

where B(s;) is an orthonormal basis of L2(N, x, s;). There exists an isomorphism
M(N, x) — L*(N, x,3/4), givenby f(z) — u(z) = f(2)3(z)!/*; the injectivity of
the homomorphism is clear since modular forms of weight 1/2 are square-integrable,
and the surjectivity comes from [16, Satz9.1]. Under this isomorphism, the Fourier
coefficients satisfy, forn > 0, the relation p, (o, n) = ay(o, n) (4m(n — }f(,)/qg)*l/“.
This concludes the proof of Theorem 3. O

We conclude this section with a lemma, giving the connection between the geo-
metric and the arithmetic Salié sums.

Lemma3 Let I' = T'g(4Df) with D and f mutually coprime odd integers. Let
o1 (o00) and 171 (00) be the two cusps of T defined by ' = Id and

ol = (;‘) ff) € SLy(Z).

Then,

Ko (4fm,n;c) =
0 if ¢ # 0 (mod D) or if ¢ is even
epeax ()% (D) (g) Ka(m,n:¢) ifc=0(mod D) andif ¢ is odd.

Proof With our assumptions, the definition of K . (m, n; ¢) can be written as

Kommo= 3w (ot (7)) (o (3))

a (mod ggc)
d (mod g-c)

o ! ((Z ;)‘(EF

((m—x(,)a) ((n—x,)d)
X e e .
Cqo Cqr
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The condition appearing in the sum means that ad = 1 (mod c¢) and that
c(o™! (Z;) ) = 0 (mod 4 f D). With our choice of ¢ and 7, we obtain the con-
ditions ¢ = 0 (mod D) and a = 0 (mod 4 f). Then,

wx(o7! ab @0, 07! ab
cd ’ cd
o — -1 _ a b — -1 _ a b
=K (0 S(=S) (c d))a(a,o S(—=9) (cd))
:W(o_lS)W(—S (i Z)) a(a,a—ls)a(s, _s (‘Cl Z)) .
Let us assume, as we may, thata > 0 et d > 0. Then
7 (o.07's)@ (s, =5 (¢4) = 1.
Since b > 0, we obtain from the definition of « that
g ab _ c d _ —c —d
« cd)) = \\—a=p)) =X a b
—d . -1 d .
=—)egi=—)-)ei.
b )"\ J\p)
Since bc = —1 (mod 4), we have €,(—1/b)i = €,. It remains
ab d a a
() ()~ Gen 01
One computes also
“lqy _ B —a\) _ -8 a))_ (®
w9+ ((5 D) (5D -G
as well as
—1 ab
X0 8) =x(=D), andyx =S\, ))=x(=D).

Finally, we showed that, if c = 0 (mod D),

Ko :(m,n;c) = Z (%)ED(%)Qx(—Dbﬂ—b)e(%)e(nd).

a (mod gsc) o qec
d (mod grc)

ad=1 (mod c)

a=0 (mod 4 1)
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In our case, g» = 4f and g = 1. This leads, after some further simplifications, to
the assertion of Lemma 3. O

4 Asymptotic behavior of Salié sums

In this section we prove Theorem 1. For it, we use the formula of Theorem 3, with
N = Df and o, t chosen as in Lemma 3. The left hand side of the formula of
Theorem 3 is then determined by Lemma 3. For the right hand side, we use our deter-
mination of an orthogonal basis of M (Df, x) given in Corollary 2, i.e. we use the
orthonormal basis formed by the 94 ,(z), where 3 | D, 52 | D /t3, s is supported
by ¢, u? | D/t3, u is coprime to ¢. Recall that one such element ¥y, , () is defined
in (10). Therefore, it remains to obtain the Fourier expansion of ;s ,,(z) at the cusp
o~ (c0) of Ty(4D f); this is done in the following proposition.

Proposition 1 Let o be as in Lemma 3. Let f be an odd square-free integer, f > 0,
f =1(mod 4) and let x = xy. Let D be odd and coprime to f. Then,

'@ W0 @) = D argsulo.me (4 )
m >0 f

where, for m > 0,

ifm & 15272,

0
aifsulO, m) = :
tf.s.u( ) [ (1771) D ( ) cu(m’) ifm = m'%ts?,

Proof The cusp o~ 1(00) is of width 4 f,and %, = 0. From (12), we have
Difsu(2) = D 1 ( ) ( ) 0y (1f5%j2),
Jlu

so that the first step is to study o, (tf s2j%z) at 0~ (00). More generally, we have the

Lemma 4 Let  be an even character of conductor t. Let o be as in Lemma 3, and
let T be such that t*T|D. Then, the Fourier expansion of 0y (T'z) at o No0) is

Sy . (1+i) T
@@y (1107 @) = 5 (f“)emw(zm (4;)

We postpone the proof of Lemma 4 at the end of this section. As a consequence,
withyy = x, and T = tszjz, we have

(@Y (@000 ()

() ()5 () o ()

Jlu
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From 4af = 1 (mod D) follows that ( fa/Dt) = 1. Then,
()5 (2) o (55)

=3 (9)5 () Z )< ()

=3 (5 () () ()

m’>0 j|(u,m’")

-2 () (e (557).

m’'>0

since (u, t) = 1. We conclude by using the fact that r = 1 (mod 4). O

Proof of Theorem 1 Letm,n € Z, m, n positive. Let x = xy with f square-free and
f =1 (mod 4). Let
—1/2
27 D _ _
(D, fi1,5,q) = —ﬁw(q)H(l -pHJJa+p™
sV plr pIDf

By Corollary 2, an orthonormal basis B(Df, x) of M(Df, x) is given by

B(Df, x) = {94}

where ﬁ[,s,q(z) = c(D, fit,5,q)0f5,4(2), and where the parameters satisfy ¢ =
1 (mod 4), 1 is square-free and coprime to f, s | >, (g, 1) = 1 and £3s%g> | D. Let

7 and o be as in Lemma 3. The n-th Fourier coefficient of 9/ q(2) at 771 (00) is

0 ifn &tfs?7?, ”
15,4 (T 1) = 2¢(D, f;t,s,q) ("7/) cqn) ifn = tfsn’?. (22)
By Proposition 1, the mth Fourier coefficient of 9 q(2) at o1 (00) is
ifm & 15272, ’s
Wsa @M = Wy () D, fir.5.q)eqm'y ifm =152 P

Let us fix some ¥/

1.5, € B(D, x) and look at the expression

Aif,s,q (o, 4fm)atf,s,q (t,n).

From (22) and (23), we see that this expression is non-zero only if n € tf §27?* and
4fm e ts2Z*. Since (2f,1) = 1 and since f is square-free, the second condition
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means m € tf $272; this shows that condition (i) of Theorem 1 is necessary. More-
over, writing m = tfs’m’?> and n = tfs’n'?, since the factor (m’n’/t) appears in
Qif5,q4(0,4fm)afs 4(T, n), we also obtain condition (ii).

Thus the couple (¢, s) is completely determined by m and n, and, writing m =
tfs*m> and n = tfs’n’?, we get

2({/;)5 (f"Z : ) (D, fit,s,q) cq(n')eg(m').

atfvqu(o’ 4fm)al‘f‘5‘q (T5 n) =

Therefore, if we decompose D = D, D’, with D; supported by 7, and D’ coprime to ¢,

D Trsg(o Afmyar (T n)

¥ 5.q€B(Df.x)
2(1 - i)_(fmlnl) 2o
= €D > eD, fi1,5,9) cqg(n)eq(m)
VI ' q*|1D
(l_i)s\/;_(fmlnl) —1\—1 -1
= —& [Ta=pH " [Ta+p™H
S AT pIDf
x > 9(@)  eq()eg(m). (24)
gD’
Let us define
T(m,n;c) =D )~ culme,m). (25)
ulc

Lemma 5 If (m, c¢) # (n, ¢), then T (m, n; c) = 0. If (m, ¢) = (n, ¢), then

Tm,n;c)=Tm,m;c) = (m,c) H Ll
. P —
Plas

Proof Let us first note that 7' (m, n; ¢) is, as a function of ¢, multiplicative. Let us fix
some plc. For a € N, let us denote by e, (a) the order of the prime p in a. We may
assume that e,,(m) < e,(n). Then, from the determination of Ramanujan’s sums at
prime power, we obtain

min(e,(c),ep(m)+1)

T (m.n; pr©) = > @(p") e (m)c,i (n)
i=0

= D48 ()=e —_—
Z fP(P ) ep(c)>ep(m) P) 1— » 1fep(n) - ep(m)

min(ep ©,epm) per(m {1 if e, (n) = e,(m)
i=0 -1
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= PO b [1 et =t
per(© ife,(c) <ep(m) <ep(n)

= p“P(’”)% ife,(n) =ep(m) < e,(c)
0 ife,(m) < ep(c) and ep(m) # ep(n).

Thus for every p|c, a non-zero contribution occurs only if, either e, (m) > e, (c) and
ep(n) = ep(c), ore,(m) = ep(n) < ep(c); these two conditions can be rewritten as
(m, c) = (n, c). O

We conclude the proof of Theorem 1 by combining (24), Lemma 5, Theorem 3 and
Lemma 3. o

Proof of Lemma 4 We shall use a more general theta function. Let , n’ € R. Define
1 )2 ny
URTETS S (YRR (K R
(n.n'.2) Ze(zn—i-z Z)e n+22 (26)
nez
Thenif y = (95) € SLy(Z), z € Hetn, ' € R we have (see [7], Theorem 1.11 p.
81):

0,0, y(2) =cln, ', )z +d)"*0(an +cn' — ac, by +dn' + bd, 2),

with a constant ¢(n, n’, y) satisfying

(an +cn)bd — (abn? + cdn'® + 2beny’)
C(na 7)/, y) =e\|— - C(Oa 07 J/)
4 8
The particular case n’ = 0 gives
0,0, 7(2) = c(1,0,y)(cz +d)' 6 (an — ac, by + bd, 2), 27)
with
nabd  abn?
c(n,0,y)=e| - 13 (0,0, ). (28)

Assume that y € A; Then ac and bd are even, and we have

6(an —ac,bn+bd, z)
_ 1 an —ac 2 1 an —ac
_Ze(z (n+ 5 ) z)e(z (n+ 5 )(br)+bd))
nez
_ 1 any?2 1 an b bd
= EZe(E(n+7) Z)E(E(H-F?)( n+ ))
= (—(bn+bd)) (l (n-l-ﬂ)zz)e(lnbﬂ)
- 2 2 2 ’

ne
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and introducing this in (27) gives, with (28),

2

00,0, () = e (“b” )c(o, 0. y)(cz + d)'/>

X Ze (% (n + ?)2 z) e (%nbn) . 29)

nez

Remark that 6(0, 0, z) is the function 6(z) = >, .7 ei””zz, which is modular for the
group A generated by (%) and (9 7'). In particular, there exists a function x5 on A
such that

Y @Y (y(2) =ke(1)0(z) Yz eH, Yy € A,

Because of kg(—1d) = 1, kg is determined by its values on the elements y = (‘L‘ 2) €
A, with d > 0; for such an element y, and with our choice of the branch of 212 we
have

o7 (26—“) €c for c odd and a # 0
forcoddanda =0

for c even and b # 0

W =1 (@) e {i ife >0

1 ife<0
_—
! TC>0 for c even and b = 0.
1 ifec<0

Thus the constant ¢(0, 0, y) is defined, in the case y € A, as
0(0,0,y(2)) = c(0,0, y)(cz +d)'/?6(0, 0, 2).
Since 6(0, 0, z) = 6(z), we have
(0,0, ) ez + D' = ko )y’ @~

Therefore, we conclude that

2 2
0(n,0,y(z)=e (al;n ) /cg()/))/(z)fl/4 Ze (% (n—l—?) z) e (%nbn) . (30)
nez

Before starting with the computation of the Fourier expansion of 9, (Tfz) at
o} (c0), we merely remark that

. 2fa 1’TB
= \psitr 2
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is an element of A and satisfies

2T
202Tfo ' (2) = 6(2), withz = Y

Now,
9y (Tfa—1 (Z))

2
= > wme (PTfo7' @) = > v Ze((n + ?) ﬂTfo*l(Z))

nez h(t) nez
h
_Zw(h)ze( ( —) &z )) > v (- 0,6z ))
h(t) nez h(t)

and by the formula (30), since Qaf, 1) =1,
o (Tfa_l(z))

=@/ 0@ Xt Te( (n+ 22 )2 <
’ t 2

h(t) nez

= () () ko3I Qaf) D Y Qafh) D e ((m + 2ahf)? ;—2)
h(t) nez !
= ) () (G 2Dy (;2)

since 4af = 1 (mod t). We finally verify that

@) )V = (™ ()~ 1/

v2f
and that
=\ _ in/4 fa
Ko(0) =e (DT)EDT
This finishes the proof of Lemma 4. O

5 Numerical examples

For fixed D, x, m and n, let

1 Ky(m,n;c)__
cCx=- > 27 x(©).
0<cLX ¢
¢=0 (mod D)

@ Springer



542 B. Louvel

0.020 —

0.036 - -
0.018
0.034
0.016
0.032
0.014 B
0.030F | | | | .3 3 | | | | .
0 5.0x10*  1.0x10°  1.5x10°  2.0x10°  2.5x10° 0 5.0x10*  1.0x10°  1.5x10°  2.0x10°  2.5x10°

Fig.1 Leftm=n=1, D=27, f=1.Rightm=n=1, D=45, f=1

0.814 B [
L 0172 -

0.812 [
L 0.170

0.810 [
0.168

0.808 - —

0.166 =

. . . . . . H . . . . . LA
0 2.0x10% 4.0x10* 6.0x10* 8.0x10* 1.0x10° 1.2x10° 1.4x10° 0 2.0x10* 4.0x10* 6.0x10* 8.0x10* 1.0x10° 1.2x10° 1.4x10°

Fig.2 Leftm=n=1, D=1, f=1.Rightm=n=5, D=3, f=5

0.088 — [
[ 0.018 B

0.086 - -
[ 0.016

0.084

0.014

0.082 - L
[ 0.012 —

. . . . . . . . .
0 5.0x10* 1.0x10% 1.5x10° 2.0x10° 2.5x10° 3.0x10° 3.5x10° 0 1x10° 2x10° 3x10°

Fig.3 Leftm =n=5, D=7, f=5Rightm=n=5, D=125, f=1

The following examples (see Figs. 1, 2 and 3) illustrate the convergence of C(X) to
the value C = C(D, f, m, n), given by Theorem 1, and shown in dotted line. Let us
give more details about the exact value C corresponding to each example and about
the ranges for which C(X) has been computed:

— Examplel:m =n=1,D =27, f =1.Then C = 37%)~! =0.03377....
The function C(X) is computed for X < 2.7 - 10°.

— Example2:m=n=1,D =45, f =1.Then C = (6x%)~! =0.01688.. ..
The function C(X) is computed for X < 2.7 - 10°.

— Example3:m=n=1,D=1, f =1.Then C = 8/7% = 0.81057... ..
The function C(X) is computed for X < 1.5 - 10°.

@ Springer



The first moment of Salié sums 543

— Example4:m=n=5,D=3, f=5.Then C =5/(37%) =0.16886. ...
The function C(X) is computed for X < 1.5 - 10°.

— ExampleS:m =n=5,D="7, f =5.Then C = 5/(6712) =0.08443....
The function C(X) is computed for X < 3.5 -10°.

— Example6:m =n =35, D =125, f = 1. Then C = +/5/(157%) = 0.01510... ..
The function C(X) is computed for X < 3.75-10°.
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