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Abstract In this paper, we consider a new length preserving curve flow for closed
convex curves in the plane. We show that the flow exists globally, the area of the region
bounded by the evolving curve is increasing, and the evolving curve converges to the
circle in C* topology as t — oo.
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1 Introduction

In this paper, we study a nature flow for closed convex curves in the plane. This flow
preserves the length of evolving curves and then it is a non-local curve flow. We shall
obtain the entropy estimate and integral estimates for the evolution flow to get a global
flow. Then we show that it converges to a circleatt — oo in C* sense. We remark that
our method is similar to the one used in [7], where the authors have studied the curve
shortening flow which shrinks to a point at finite time. Since our flow has different
nature, we must give some detail. Curve shortening flow has been studied extensively
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58 L. Ma, A. Zhu

in the last few decades (see [3,4,7-9,13,16] for background and more references). It
can be showed that the convexity of curves along the curve shortening flow is pre-
served and the curves become more and more circular before they collapse to a point.
Other flows for curves have also been proposed. One may see Andrews’s papers (see
for example, [1]) and Tsai’s papers [18] for more flows for curves. As showed by Gage
[6], some non-local flows for convex curves are also very interesting. In a very recent
paper [17], Pan and Yang have considered a very interesting length preserving curve
flow for convex curves in the plane of the form

9 (1) = L KU)N
FYLA ’

where L, N, and k are the length, unit normal vector, and the curvature of the curve
y (t) respectively. They have proved that the convex planar curve flow will become
more and more circular and converges to circle in the C* sense. Apparently it is inter-
esting to study planar curve flows which preserve some geometry quantity, such as the
area of the region bounded by the curve. For an area-preserving planar curve flow, one
may see [14]. In [10], the author has studied a higher dimensional volume-preserving
flow for hyper-surfaces.
The main result of this paper is the following theorem.

Theorem 1.1 Suppose y (u,0) is a convex curve in the plane R*. Then there is a
unique maximal curve flow y (t) := y(u, t) of convex curves satisfying the following
evolving equation

%y(t) = (k —a())N, (1.1)

where k is the curvature of the evolving curve y(t) and

1 1
a(t) = —/k2ds = — / k2ds.
2 2w

y (1)

The flow exists globally and is length preserving. Furthermore, the flow y (t) converges
in C™ to the circle of fixed length L as t — oo.

We point out that the local existence and uniqueness of the flow (1.1) follows in
the similar way as in Theorem 3.4 in [11] or using the trick of supporting function of
convex curve. By now, this part is standard and we omit the detail. The uniqueness
follows also from lemma 32.14 in the book of Kriegl and Michor [12]. We remark
that for a(t) = ZT” in (1.1), where L is the length of the curve y (), the evolution
equation (1.1) is an area-preserving flow, which has been studied by Gage in [6]. In
below, we shall denote |, () by [ for the evolving curve y(¢) and use C to denote
various uniform positive constants.

The paper is organized as follows. In section 2, we introduce necessary formulae
for the flow (1.1). In section 3, we obtain key estimates about the curvature of the
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On a length preserving curve flow 59

evolving curve flow (1.1). We show that the evolving curve is a convex curve and the
flow does not blow up in finite time. We also obtain the theorem 1.1 in the C? case.
In the last section, we show the C*° convergence of the flow.

2 Preparation

First of all, we derive basic formulae for our curve flow (1.1) for closed convex planar
curves. We denote the evolving curve by y (¢) := y(u, t). We let T and N be the unit
tangent vector and the (inward pointing) unit normal vectors to the evolving curve.

Lemma 2.1 Let w = |y|. Then we have
w; = —kk —a(?))w,

and

a0 a0
—_—— — — — = k(k —oz)—
ot ds  0s Ot

Proof Note that
= Ivul®.
Then we have

WW; = <Yy, Viu> = <Vu, ((k —a)N)y> = w2(k —a)<T, Ny>.

Using

Ny = —kT,
we have

= —k(k —a)w
Then,

39 993 9 (1)
ards odsor or \w/ du

= k(k — o).

Recall that ds = wdu. Then we have
(ds); = wydu = —k(k — a)ds.

We shall use this formula later.
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60 L. Ma, A. Zhu

Lemma 2.2

0 0
—T =09d,kN, —N = —04kT.
ot ot

Proof By a direct computation, we have

Cp= 2 28 k-
ot " aras’ T asar! oy

=0d((k —a)N)+kk —a)T
= 93kN.

Note that

0 0 0 ad
0=—<T,N>=<—T,N>+<T, —N> =0k +<T, —N>.
ot ot ot or

Then we have
0
—N = —04kT.
ot

O

We denote the angle between the tangent of the evolving curve and the X-axis by
0. Then we have

cost = <T, X>

and the curvature of the curve is given by

0

=35

k

For convex curves we can use the angle 6 of the tangent line as a parameter [2]. We
may write the curvature k = k(0) in terms of this parameter.

Lemma 2.3
06
ok
Jat
Proof Note that
.00 oT
—sin— = <—, X> = 0;k<N, X>.
ot ot
Since < N, X >=cos (¢ + 5) = — sin6. The lemma follows immediately. O

We can derive the important evolution equation for the curvature.
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On a length preserving curve flow 61

Lemma 2.4
9 k= o2 + K2k — )
ot s '

Proof Just do the computation.

D0, 20, k(k — a)ds = 3%k + k*(k — ).
at ds as ot
O
Note that [ kds = 27 along the flow. Hence, we get
Lemma 2.5
ad
E/kds =0.
We remark that another proof of above fact is below through using lemma 2.4.
Proof
i/kds = / 9 kds + ks = / 32k + k2 (k — a) — k> (k — a)ds = 0.
ot ot ot
O
Using lemma 2.5, we derive
Lemma 2.6 The length L of the evolving curve is preserved under the flow.
Proof
%L = / %du = / <T, yis>ds
= / <T,((k—a)N)g>ds = —/k(k —a)ds
=—/kzds+o¢/kds=2na—/k2ds=0.
O

Another important fact for us is the following.

Lemma 2.7 The area A(t) of the domain bounded by the curve y (t) is increasing.
That is,

d
—A@t)=aL — 27 >0
dt
and the equality occurs only when k is a constant, i.e. the curve is a circle.
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Proof Since

—2A(t) = / <y, N>ds,

we have

ZdA(t) / d N>d —I—/ N dd
) = —<< > < >—0daS
dt a v s Y, ar®’

=/<(k—(x)N,N>ds+/<y,—Bs(k—o:)T>ds
+ / <y, N> (—k(k — @))ds
:/(k—a)ds —/ 8s(k—a)<y,T>ds—/<y,N>k(k—a)ds
=/(k—a)ds+/(k—a)(<T,T>+k<)/,N>)ds
—/<y,N>k(k—oz)ds

= 2/(k —a)ds =2Q2n — La).

Note that

1 2 4n?
2na:/k2dsz—(/kds) :L.
L L

We remark that from the Cauchy-Schwartz inequality, the equality occurs only when
k is a constant, i.e. the curve is a circle. Then we have

2r —al <0,

which implies the result wanted. O
We now consider the growth of o = «/(¢).

Lemma 2.8
1 2 1 3
o = —— [ (kg)°ds + — | k”(k — a)ds.
T 21
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On a length preserving curve flow 63

Proof Do the computation.

1 1
o = —/kk,ds — —/k3(k —a)ds
T 2

l/k(k” + K2 (k — a))ds — L/k3(k — a)ds
T 2

1 /(ks)zds + L/k3(k — a)ds.
T 2

The lemma follows immediately. O

3 Long time existence

In this section, we derive key estimates of the curvature k of the evolving curve y (¢).
We firstly work with the general curve flow of convex curves with

ad
Ey:(k—a)N—i—nT 3.1

where the function n will be given later.
Similar to results in the section above, we can compute the following basic formulae
of the flow (3.1).

Lemma 3.1 Commutator:
0;05 — 050 = k(k — )5 — 15 0s.
The growth of tangent:
T = (0s(k —a) + kn)N.
The change of angle:
0:0 = 95k + kn.
Length invariant:
;L = 0.

Area growth:
0;A = /(a —k)ds.
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The computation is omitted.

We now take 1 such that 9,6 = 0, i.e. n = —dpk. Then by changing the space
variable we can transform away the tangential component, without changing the shape
of the curves (see also the proof of Theorem 4.1.4 in [7]).

Remark 3.1 Along the flow (3.1), the length is also preserved, and the variation of
area is the same as the case when 1 = 0.

The evolution of the curvature of the evolving curve is given below.

Lemma 3.2
ok
— = K23k + K> (k — ).
ot
Proof
0k = 050,60 + k(k — )50 — 93090
= 05 (05k + kn) + k(k — a)d;0 — dynk
= 9%k + nogk + k> (k — o).
Since 3—‘5 = k, we have d; = kdyg. Substituting d; = kdy and n = —dpk into the

above equality, we have

dk = kg (kdgk) + kdpk(—dgk) + k> (k — )
= K202k + k(8pk)* — k(dpk)? + k> (k — )
= K20k + K2 (k — ).

Then the proof of the lemma is completed. O

One of the main results in this section is below.

Theorem 3.1 Convexity is preserved along the flow (3.1). In fact, for any finite T €
(0, 00) such that the curve flow exists on [0, T], we have that k(t) is uniformly bounded
from below by a positive constant on the interval [0, T].

Proof Fix any finite T € (0, 0o) such that the curve flow exists on [0, 7']. By a direct
computation, we have, for t € (0, T],

1 A 27t 1 A 27t 1 A 276\\?
O ENENE.2 WPEVEY LN IVEY P (O 0 ) R
kK L L k L L k L L
(3.2)

For any ¢ < Ty, where Ty € (0, T1] is the first time such that k(7p) = 0 (which implies

that % — % — % blows up at Tp), we have k(¢) > 0. Take any € > 0 small enough.
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On a length preserving curve flow 65

Suppose the maximum of % — % — % attains at (xo, tp) € y x [0, Tp — €]. Assume

that 79 > 0. Then we have, at (xg, t9), —k < O,

o (1 A 2mt
I l(xo.t0) = 0,

1 A 2wt
k>33 (— -= - —) lxo.t0 < 0,

k L L
and
3 1A 27\\?
2k’ | 99 : I lx0.20 = O.

All these relations imply a contradiction with (3.2). Then, % — % — % attains its
maximum at 7y = 0, which implies that

1 A 2nt 1 A(0)

- — — — — < max -—.

k L L — ¢ |k(0,0) L

This implies that k(¢) > m := ¢(t), where C; > 0 and C, > 0 are uniform con-
stants independent of € > 0. This implies that 7y does not exist. Hence, the convexity
is preserved along the flow on [0, T'] and k(¢) is uniformly bounded from below by a
positive constant on the interval [0, T]. O

Following [7], we now do the entropy estimate.

Theorem 3.2 [ logk(8, t)d6 is non increasing along the flow and there is a uniform
bound for [logk(6, 1)d8 along the flow.

Proof
3
a/mgk(e, 1)do = /kagk + k(k — a)db

2w 2w
= / —(09k)*> + (k — a)?dO + a/(k —a)do.
0 0
By definition, we have f02 T (k —a)d6 = 0. Using the Wirtinger inequality, we have

8271
— [ logk(®,t)do <O.
8I/Og( )do <
0
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Therefore,
21 2
/10gk(9,t)d9 g/logk(G,O)dQ.
0 0

Based on the entropy estimate above we can derive the following result.

Theorem 3.3 Assume that the curve flow exists on [0, T). Then for any § > 0, we
can find a constant C(T) > 0 such that k(0,t) < C(T) except on intervals of length
less than or equal to 6.

Proof If k > C(T)ona <6 <band b —a > §, then

2
/log k@,t)d0 > §log C(T) + 2m — 8) log kpin(t)

0
> 8logC(T) + 2m — §)loge(T),

where ¢(T) is the lower bound of k on [0, T'). Using the fact that f02” logk (0, t)do is
non-increasing, we know that C(7T') is bounded above. O

Along the flow we have the following inverse Poincare type inequality.

k2
J () = fer

for some uniform constant D which depends only on the initial curve y (0).

Lemma 3.3 We have

Proof Compute,

2
i/ﬁ—af—(%)de
at 360

ok 9%k
:2/@—@@%—@@—2

96 900t
=2/@—a+%mame—g/w—awﬂw

:2/@—&+%@%%9+%ﬂ@ﬂ%i/mw.
Note that

yﬁ%:/ﬁ%:hm
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Then we have

! / k- — (2% 2d9 2 / (k +82k)2k2d9
R — ju— _— = — .
ot 30 0

Integrating the above inequality, we have

, (kD)) 2 (kO
/(k(t)—a(t)) — (W) do z/(k(O)—a(O)) — (W) do = —D.

By this we have

2
/(% )d@ < /(k(t) —a)?+D < /k2d0 +D.

This completes the proof.

Theorem 3.4 Iffoh log k (60, t)d6 is uniformly bounded on [0, T), then k(0, t) is uni-
formly bounded on st x [0, T).

Proof For any given §, by theorem 3.3, we have k < C(T') except on intervals [a, b]
of length less than §. On such an interval

¢8k a2\’
k(@) = k(@) + / 26 < C(T)+JE( / (ﬁ) de)

1/2
< C(T)+«/5(/k2d9+D) .

Assume that & attains its maximum at ¢. Then we have

12
kax < C(T) + /3 (2nk2 n D) .

max
By choosing § small, we have

2C%(T) 428D

K2, < < 4C*(T).
max — l _ 4]'[8 — ( )
O
Lemma 3.4 [fk is bounded, then % is bounded.
Proof
3 0pk = k>9pk 4 2kdgkdgk + 3k>dpk — 2akdgk.
Since k is bounded, « is bounded. Then dpk grows at most exponentially. O
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In the following, we will use k/, k”, etc, to denote the derivatives of y(¢) with
respect to the variable 6.

Lemma 3.5 Ifk and k' are bounded, then [;™ (k"Y*d6 is bounded.
Proof By the Holder inequality, we have

5 2 2
n / k' )*do = 4 / k&K + K2k — ) do
0 0

2
=12 / k2K KK+ 2kK K+ 3K2K — 2akk )de

0
2

=12 / K222 + 2kk ()&
0
2

+240 / Kk (k)K" do
0

g ua

+3K2% ()K" do

2 2
<C / kK H2do + ¢, / Kk H)2de
0 0

2w
+240Cs / k2K H)2de.
0

By the bound of &, k', we see that fozn (k")*de grows at most exponentially. O

Lemma 3.6 Ifk, k, and fozn (k")*do are bounded, then so is fozn k")2de.
Proof Note that

9 21
9 k/// 2d6
50 (k)

0

2
=2 / K" k2K + 6 — ak?) do
0

2
_ _2/ kz(k////)z T 4kk/k///k//// + 2k(k//)2k
0
+2(k/)2k//k//// + 3]{2]{//]{//// + 6k(k/)2k

"

a2k —2akk k" db

mn

a
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(k)*

<y | &6 + ¢, / (k')*do + Cs k—z(k”)zde

5 1o ' (k) "y
+Cy [ K2k )7d0+Cs [ (k)'d6 +Co | —5-d6+C7 [ (k) do.

By the bounds of %, kK, ||k”||4, we see that foz 4 (k”/)zd@ grows at most exponen-
tially. O

Corollary 3.1 Under the same hypothesis as above, k" is bounded.

Proof Recall the well-known fact that for any one dimensional smooth function f,
we always have that

mwuﬁsc/uV+f?

We apply this to k' to get the desired estimate. O

Lemma 3.7 Ifk, k', and k" are uniformly bounded, then so are k" and all the higher
derivatives of k.

Proof We compute

a n 4 "
—k =K’k +k>—Ka)
at
= k%KY + 6kk k™" + (8kk + 6k % + 3k> — 2ak)k
+(6k (k)2 +18kk kK + 6(K)? — 6ak'k).

Since k, k/, k”, o are bounded, K’ grows at most exponentially. Similarly, we can
show that for any n > 3, the derivative k™ is bounded on any finite intervals. O

Then we have
Theorem 3.5 The curve flow does not blow up in any finite time.

Proof By the above analysis, the curvature of the evolving curve does not blow up in
any finite time. This implies that the curve flow does not blow up in finite time and it
exists globally. O

We now recall the following inequality from [5].

Theorem 3.6 For any closed, convex C? curve y in the plane, we have

L
< / K*ds,
0

where L, A and k are the length of the curve, the area it encloses, and its curvature
respectively.

T

2|
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Theorem 3.7 Ifthe convex curve y (t) evolves according to (3.1), then the isoperimet-
ric deficit L> — 41 A is decreasing during the evolution process (1.1) and converges
to zero as the time t goes to infinity. Furthermore, the evolving curve converges to a
circle in the Hausdorff sense.

Proof Since the length of the curve is preserved, we have
d(L2 47 A) 4 dA(t) dr(La —27) <0
— —4rA) = -4 — = —4n(La — 27 .
dt dt -

From the above theorem 3.6, we have

d L? 2
L —ana)y < —an (= —27) = - (12— 4n ).
d1 2A A

Note that for any closed plane curve, we have

Then we have
12 d4na) < 8”2(L2 4T A)
—(L* —4x ——(L" — 47 A).
dt - L2

Hence,

5 82
L*— 4w A(t) < Cexp _Ft ,

and as t — 00, we have
L? —47A — 0.

. . 2 2
By the Bonnesen inequality (see [15]), LT —4dr > ”T(rou, — rin)?, we have
rour — Fin — 0, as t — o00. Then the evolving curve converges to a circle in the
Hausdorff sense. O

4 C* convergence

In this section, we shall complete the proof of Theorem 1.1. We shall use the argument
in Sect. 5 in the work [7] to prove the C*° convergence of the curve flow. The differ-
ence between our work with [7] is that Gage and Hamilton have used the normalized
curvature for the curve-shortening flow in the plane, which satisfies a similar evolution
equation as our curvature flow.
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On a length preserving curve flow 71

Define, for w € (0, 7],
ki = sup{blk(©) > b on some interval of length w}.

Using similar argument as in Lemma 5.1 in [7] we have the following geometric
estimate.

Lemma 4.1

1
Kw)(Z =1

3

Ky Orin(t) < 7=

where i, and vy are the radii of the largest inscribed circle and the smallest circum-
scribed circle of the curve defined by the curvature function k(;t) respectively. The
function K is defined by

_ 2cos(5)
K = s @

Remark 4.1 Since the proof is almost same as in Lemma 5.1 in [7], we omit the detail.
Here we note that the function K (w) is a positive decreasing function of w with
K@) =ocand K(;r) = 0.

From theorem 3.7 in the above section, we know that the curve flow y (¢) converges
to a circle in the Hausdorff sense as t — 00, i.e.

T(Four — Fin)> < L* — 47 A — 0.

2

out
have r;, (1) > ,/% fort > Tj.
We firstly fix a small w. Then there is a sufficient large time 7> > T such that

We also have nr),, > A(t) > A(0). Hence, for any sufficient large time 77 we

1243

Yout
K(w)( —1) <1/2

for t+ > T». By theorem 4.1, we have &} (t)rin(t) < 2, ie., k(1) <2 21 for

A(0)
t>T.
Then, we have

Theorem 4.1 The curvature k(t) is uniformly bounded along the flow.

Proof We just need to consider the curvature k of the evolving curve y (t) fort > T>.
First we fix a small w < (ﬁ)z. Assume that [a, b] is an interval such that k > k.
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By this, we have |b — a| < w and k(a) = k. For any ¢ € [a, b], we have

¢8k a2\’
k(¢):k(a)+/£d9 5k§';+ﬁ(/ (£) d@)
’ 1/2
gk;+ﬂ(/k2de+0) .

Let k4 denote the maximum value of k. Then

12
kmax < k% + Vw (2nk,§mx n D) < k% + 270/ wkimax + WD.

Combining the above results together, we know that & is bounded uniformly for# > 7>.
]

Since k(6, t) is uniformly bounded, f (9pk)2d0 is uniformly bounded. By this we
know that k(-, t) is equi-continuous. Then for any sequence k(0, t;), we can choose
a sequence k(0, t;,) converging uniformly to k(6, 0o). Note that the evolving curve
converges to the circle in the Hausdorff sense. Then k(6, 00) = const. Since the
sequence k (0, t;) is arbitrary and it has a subsequence which converges to the same
curve with k(6, 00) = const, we know that k(0, t) converges to k(0, 0c0) = const
uniformly.

Using an argument similar to section 5 in [7], we shall give various energy bounds
for the curvature.

Lemma 4.2 ||k, |la are bounded by constants independent of t.

Proof Compute,

% / (kK)4do =4 / KKK + Kk — ) do

2 2
- —12/k2(k’)2(k”)2 - 12/(k’)2k”k3d9
0 0

2
—8a / k)*kdo
0

2 2
<3 / k*(k)2d6 — 8a / (kH*de.
0 0

Since k converges to a constant at # = 0o, «(¢) converges to the constant at t = oo.
Using the Holder inequality, we have

of

< fl2_¢
= Lf 2 f

@ Springer



On a length preserving curve flow 73

for f = fozn (k')*d6, where C; > 0 and C; > 0 are constants independent of ¢. Using
lemma 5.7.4 in [7], we know that ||k'||4(¢) is uniformly bounded. O

Lemma 4.3 ||k” ||2 is bounded by a constant which is independent of t.
Proof Compute,

2

. ORL
)
0
2
= / K (3,k) a6
0
2 2
- / K" (k2K do + / K (3 —atk®)do
0 0
2 2
= / K2k")2do —2 / kk'k' k" do
0 0
2 2 2
-3 / kK" do — 2a / k(k )2do — da / K (kH)2de.
0 0 0

By the Cauchy inequality, we have

2 2 2 2
3, / k")2do < / k'k)2do + C, / K2k )2do — 4o / k(k")2de
0 0 0 0
2
—da / K (k)2ae.
0

We can control the first term by using the inequality in lemma 4.2. In fact,

2 2 2
3 / k"H)2do < C, / K2 (k)2do — 4o / k(k")2ado
0 0 0
2 2
—da / k' (k)2do — C39, / k4o
0 0
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2 2
—Cy / )2k kK3do — Cs / kH)*ae
0 0

2 2w
< Ce—Cy / (k")2de — C39, / (K )*do.
0 0
We denote 02” (k")2d6 by f(r). Then we have

2
& f <Co—Cyf —C3d, /(k’)“de.
0

Multiplying ¢“7" on both sides of the above inequality and integrating, we have

t t 2
" f()lh < Ce / eC7'dr — C3 / €€y, / (kH)*aodt.
0 0 0
Then we have
t 2 2
C , ,
ST F () < C—6ec7f +C3Cq / et / (k)*dodt + c3 / (k)*do + Cg
7
0 0 0

IA

C
C—6ec7f + C3MeCT 4 C3M + Cs,
7

where M is the bound of fozn (k')*d6 which is independent of 7. So 02” (k")2do is
uniformly bounded.
Then using similar argument as in lemma 5.7.8 of [7], we have O

Lemma 4.4 ||k/ |loo converges to 0 as t — oo.

Similar to lemma 5.7.9 in [7], we have

Lemma 4.5 Forany 8 € (0, 1) we can choose A so that fort > A,
/ (k')*do > 4B / (k)2de.

The proof of lemma 4.5 is omitted.

. 402 .
Lemma 4.6 There is a constant C1 > 0 such that ||k,||2 < C1e ¢ where C is the
constant such thatk — C ast — oo.
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Proof Compute,
3, / (K)2do =2 / K (k" + Kk — ak?) do
=2 / K2(")2do + 6 / K2(k)2do — 4o / k(k)2de.
Since k — C, ast — oo, we have
3, / (k)2do < —2¢? / (k")2do + 6C2 / (k)2do — 4C? / (k)2do
—8C2B / (k)2d6 + 6C? / (k)do — 4C? / (kH)2do

—4C? / (kH)2de.

IA

IA

So we have completed the proof. In below, we shall obtain good exponential decay
bounds on the low order derivatives. O

Lemma 4.7 Forany 8 € (0, 1), there is a uniform constant C > 0 such that ||k// 2 <
Ce™ 2P,

Proof By a direct computation, we have
a/@?w
=2 / K (k) do =2 / K 2K+ Kk — ) do
=2 / K2k )2do — 4 / kk'k'k'do —6 / K2k'k" do
—4a / k)" — 4a / k(k')2d6
<2 / K2(k")2d6 + 4e / KE(k")2d6 +1/e / k)2 (K )2de
+6(e / (k") + 1/4¢ / K2k )?) — da / 2k de
—da / k(k")2de.
We choose € > 0 small such that
3 / (k')2d6 < C / (k) (k")2do + C, / K> (k' )2d6

—da / )2k do — da / k(k")2de.

@ Springer



76 L. Ma, A. Zhu

Since ||k/||oo convergesto 0,k — C,a — C ast — 00, we have
o / (K'Yd9 < —2€? / (k")2d6 + CrCe .

We denote [ (k")2deo by f (and we may repeat the use of the same f to denote various
quantities in different lemmas). Then we have

O f < —2C%f 4+ CrCe .

Using lemma 5.7.5 of [7], we complete the proof. O

Lemma 4.8 Forany B € (0, 1), we can find a uniform constant C such that ||k” 14 <
Ce P

Proof Compute,
o / (k"y*do
=4 / K VKK + Kk — ) d6

——12 / Kk )2 (k")2do — 24 / Kk (K')*k"d6
-36 / Kk ()K" do — 8a / (k) (k" )*d6 — 8 / k(k')*do

<12 / K22 (k") do + 24 (e / K& 2K + 1/4¢ / (k/)z(k”)“de)
+36 (e / K&K + 1/4¢ / kZ(k’)z(k”)zde)
—8a / k)2 (k")3do — 8a / k(' )*de

<C / (k)2 (k' y*d6 + C, / K> (k)2 (k" )2d6
—8a / (k)2 (k')’d6 — 8a / k(k')*do.

By the Young inequality, we have

/ )2k do < e / )3k do + C(e) / (kH)*de,

/ K22 (K"H)2do < e / (k")*do + C(e) / KK )*de.
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Since ||k/||oo — 0 ast — oo, we have
3, / k")*do < —C, / k"H)*do + C» / kHY*do.
We denote [(k")*d60 by f. Then we have

df < —Cif + Cre .

By a use of lemma 5.7.5 in [7], we can complete the proof. O

Lemma 4.9 Forany g € (0, 1), there is some uniform constant C such that ||kw [ <
Ce %P1,

Proof Compute,

3, / ,k")2do = —2 / K2k )2d6 — 8 / kKK k" do
—4 / k)2k'K"do — 4 / k()K" do — 6 / KKK ao
~12 / k()K" do — 4a / k(k")2do — 12 / KKK do.
By the Young inequality, we have
o [ (K")?do < —2 / K2k )2d6 + € / K2(k")?do + Ci(e) / (k)*(k")*deo
+C(e) / (k,);i#de + C3(e) / k")*do
+Cs(e) / (k)*do + Cs(e) / K2("H)2do — da / k(K" )2do

+12a (e / k")2d6 + Ce(e) / (k’)z(k”)2d9) .
By the above estimate of k and k", for sufficiently large ¢, we have

3 / k")2do < —Cs / k")2do + Cre P,

The result follows from lemma 5.7.5 in [7]. ]

In fact, the method in [7] can be applied to our case. The high order estimate of
k is similar to [7], so we omit the detail. By now, we have completed the proof of
Theorem 1.1.

Acknowledgements The authors would like to thank Prof. D.Fortunato and the unknown referee for very
helpful suggestions.

@ Springer



78

L. Ma, A. Zhu

References

B

10.
1.

12.
13.
14.

15.
16.

18.

Andrews, B.: Evolving convex curves. Calc.Var.PDE’S 7, 315-371 (1998)

Bonnesen, T., Fenchel, W.: Theorie der Convexen Korper. Chelsea, New York (1948)

Chou, K.S., Zhu, X.P.: The Curve Shortening Problem. CRC Press, Boca Raton (2001)

Chow, B., Lu, P, Ni, L.: Hamilton’s Ricci Flow. Science Press/American Mathematical Society,
Beijing/Providence (2006)

Gage, M.: An isoperimetric inequality with applications to curve shortening. Duke Math. J. 50, 1225-
1229 (1983)

Gage, M.: On an area-preserving evolution equation for plane curves. Contemp. Math. 51, 51C62 (1986)
Gage, M., Hamilton, R.S.: The heat equation shrinking convex plane curves. J. Diff. Geom. 23,
69-96 (1986)

Grayson, M.: The heat equation shrinks embeded plane curves to round points. J. Diff. Geom. 26,
285-314 (1987)

Huisken, G.: Flow by mean curvature of convex surfaces into spheres. J. Diff. Geom. 20, 237—
266 (1984)

Huisken, G.: The volume preserving mean curvature flow. J. Reine Angew. Math. 382, 34-48 (1987)
Jiang, L.S., Pan, S.L.: On a non-local curve evolution problem in the plane. Commun. Anal.
Geom. 16, 1-26 (2008)

Kriegl, A., Michor, P.: The Convenient Setting of Global Analysis. AMS, Mathematical surveys and
Monographs, Vol.53,1997

Ma, L., Chen, D.Z.: Curve shortening in a Riemannian manifold. Ann. Mat. Pura. Appl. 186, 663—
684 (2007)

Ma L., Cheng, L.: A non-local area preserving flow. Preprint, 2008

Osserman, R.: Bonnesen isoperimetric inequalities. Am. Math. Mon. 86, 1-29 (1979)

Perelman, G.: Finite time extinction for the solutions to the Ricci flow on certain three-manifold, math.
DG/0307245, (2003)

. Pan, S.L., Yang, J.N.: On a non-local perimeter-preserving curve evolution problem for convex plane

curves. Manuscr. Math. 127, 469-484 (2008)
Tsai, D.H.: Asymptotic closeness to limiting shapes for expanding embedded plane curves. Invent.
Math. 162, 473-492 (2005)

@ Springer



	On a length preserving curve flow
	Abstract
	1 Introduction
	2 Preparation
	3 Long time existence
	4 Cinfty convergence
	Acknowledgements
	References


