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Abstract  Asplund and Griinbaum proved that Miquel’s six-circles theorem holds
in strictly convex, smooth normed planes if the considered circles have equal radii.
We extend this result in two directions. First we prove that Miquel’s theorem for cir-
cles of equal radii (more precisely, a generalized version of it) is true in every normed
plane, without the assumptions of strict convexity and smoothness, and give also some
properties of the circle configuration related to this theorem. Second we clarify the
situation if the circles of the corresponding configuration do not necessarily have equal
radii.
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1 Introduction

In [1] it is proved that the known (six-circles) theorem of Miquel (cf. [12, p. 424])
holds in an arbitrary strictly convex, smooth normed plane if the considered cir-
cles have equal radii. In [10] the same statement is extended to all strictly convex
normed planes, without the assumption of smoothness. In the present paper we extend
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Miquel’s theorem for circles of equal radii to all normed planes. We also give some
further properties of the corresponding configuration of circles. In Sect. 4, we prove
that if Miquel’s theorem (without the assumption of equal radii) holds in a strictly
convex, smooth normed plane, then this plane is Euclidean. For that reason we intro-
duce the notion of inversion in such a plane. Note that our definition of inversion is
different to that given by Stiles [16], and that these two definitions only coincide in the
Euclidean case. Essential for our considerations in Sect. 4 is the fact that any strictly
convex, smooth normed plane can be viewed as a Mobius plane; see [15] (note that
the notion of “Mobius plane” is used in the sense of Benz’ terminology, cf. [6]). A
brief overview to this approach is given in Sect. 2.

2 Strictly convex, smooth normed planes as Mobius planes

Let M be a two-dimensional real vector space equipped with norm || - ||. Usually M is
called a normed (or Minkowski) plane. The elements of M will be called either vec-
tors or points, depending on the type of consideration. In the sequel, the line through
two points pi, po € (M, || - ||) is denoted by (p1, p2), the line segment with end-
points p1, p2 by [p1, p2], and the ray emanating from p; and passing through p»
by [p1, p2). A normed plane (M, || - ||) is said to be strictly convex if its unit circle
C:={x € M: ||x|| = 1} is a strictly convex curve, i.e., does not contain a non-degen-
erate line segment. If C has a unique supporting line at each point, then (M, | - ||)
is called a smooth plane. Every homothetic copy of the unit circle C is said to be a
(Minkowskian) circle in (M, || - ). Referring to incidence properties of circles and
points in normed planes, the following facts are known; see, e.g., [11, Proposition 14,
Proposition 41, and Lemma 13].

Theorem 2.1 The following properties hold in a normed plane (M, || - |)).

1) If (ML, |I-1) is strictly convex, then through any three non-collinear points passes
at most one circle.

@) If ML || - ) is smooth, then through any three non-collinear points passes at
least one circle.

(i) If ML, || - ) is strictly convex, then two circle have at most two intersecting
points.

Let a formal point at infinity co be added to the plane M, and let all lines of M pass
through oo. Let B = M U {oo} and € be the set of all circles and lines of (M, || - |)).
We call the elements of B generalized points, and the elements of € generalized cir-
cles. We say that two generalized circles from € touch each other if they have exactly
one common generalized point. If two generalized circles intersect in more than one
generalized point, we say that they intersect properly. Note that two intersecting lines,
treated as elements of &, intersect properly, and that two parallel lines touch each other.
In [15] it is proved that the geometric structure (3, €) induced by a strictly convex,
smooth normed plane satisfies the following axioms:

M1. Any three different generalized points of ‘B3 are contained in precisely one
generalized circle.
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M2. For any generalized point p € ‘B on a generalized circle P € ¢ and any
generalized point g ¢ P there exists exactly one generalized circle Q through
g with QN P = {p}.

M3. There are four generalized points not on a generalized circle, and each gener-
alized circle contains at least three generalized points.

It is clear that M2 is really essential. Axiom M1 follows from Theorem 2.1, and M3
is trivial. According to Benz’ terminology, a geometric structure (I3, €) with 3 a set
and € a set of subsets of P satisfying M1, M2, and M3 is called a Mobius plane.
Therefore each strictly convex, smooth normed plane appears to be also a Mobius
plane. Here we give some notions referring to Mobius planes that are necessary for
our considerations. For more facts from the geometry of such planes we refer to [4],
[7], and the survey [6]. Let ¥ = (I3, €) be a Mobius plane. The elements of 3 are
called generalized points, and the elements of € are the generalized circles of . A
set of generalized circles having a unique common generalized point form a parabolic
bundle. If the following statement (F) holds in a Mobius plane X, then X is called an
(F)-plane:l

(F) Every generalized circle that touches three different generalized circles of a
parabolic bundle belongs to the same bundle.

It is easy to check that every strictly convex, smooth normed plane is an (F)-plane.
If the set of the generalized points of a Mobius plane (3, €) is homeomorphic to a
2-sphere S? in R? and every generalized circle of € is homeomorphic to a 1-sphere
S, then (B, €) is said to be a spherical Mébius plane. Due to the natural homeomor-
phisms between M U oo and S? and between each Jordan curve and S, every strictly
convex, normed plane is also a spherical Mdbius plane. For a comprehensive study of
spherical planes we refer to [17] and [18]. All the mentioned facts referring to strictly
convex, normed planes considered as Mobius planes we summarize in the following

Theorem 2.2 Every strictly convex, smooth normed plane is a spherical Mobius plane
and, in addition, an (F)-plane.

Let (I3, €) be a Mobius plane and pp, p2, p3, pa € *B. The generalized points
P1, P2, P3, pa are said to be concyclic if there exists a generalized circle C € €
containing them. Let pyp, ..., pg be eight generalized points. To every generalized
point p;,i = 1,...,8, we assign a vertex of a cube. Consider the six quadruples of
generalized points that correspond to the vertices of each facet of the cube, e.g.,

(p1, P2, P3, P4), (p1, P2, P5, P6), (P2, P3, P7, P6),
(p3, P4, p8s p7)s (P1> P4, P85 P5)s (P55 P6»> P15 P8)- (D

If five of the quadruples in (1) are concyclic, then this configuration is called a Miquel
configuration. If all six quadruples in a Miquel configuration are concyclic, we say
that in the respective Mobius plane (53, €) Miquel’s theorem holds. The plane (I3, €)
is then said to be a Miguelian Mobius plane.

1 Coming from the German word “Fihrte”.
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Let X and X’ be two Mobius planes. If there exists a one-to-one correspondence
o : ¥ — X’ mapping concyclic generalized points into concyclic generalized points,
and non-concyclic generalized points into non-concyclic ones, then ¥ and X’ are
called isomorphic and o is said to be a homography from % to ¥'. Clearly, the isomor-
phism between Mdbius planes is an equivalence relation. Note also that if a Mobius
plane is an (F)-plane, then all planes isomorphic to it are (F)-planes, too.

We mention that a class of Mdbius planes can be constructed in an algebraic way.
Let F and E D F be commutative fields and [[E : F] = 2. One can consider the
elements of E U {oo}, where oo is a formal symbol, as generalized points and define
generalized circles (usually called chains) as sets

p—r p—x
q—r'q—x

x € EU {o0}] e]FUoo},

where p, ¢, and r are three pairwise different points from E. Then the so-defined inci-
dence structure is a Mobius plane (see [0, § 2]) and we denote it by Mo(F, E). Note
also that in the classical case F = R, E = C, and Mo(T, E) is the inversive plane.

3 Miquel configurations of circles of equal radii

In Sect. 2 a Miquel configuration is defined for points of a Mobius plane. But such a
configuration can also be defined for an arbitrary normed plane (M, || - ||). The follow-
ing theorem is related to Miquel configurations of circles of equal radii in a strictly
convex normed plane (M, || -|); see [10, Theorem 4.2]. In fact, this was already proved
by Asplund and Griinbaum [1], but under the assumption that, in addition, the plane
M, || - |D is smooth.

Theorem 3.1 In a strictly convex normed plane (M, || - ||), let there be given a Miquel
configuration

(p1, P2, P3, P4), (P1, P2, P5, Pe), (P2, P3, P7, P6),
(p3, p4, ps, p7), (P1, P4, P8, ps), (Ps, P6s P7, P8)-

If the first five quadruples are concyclic such that the corresponding circles are dif-
ferent, but all have equal radii A, then the points ps, ps, p7, pg lie on a circle of the
same radius A; see Fig. 1.

In order to extend this theorem to an arbitrary normed plane we need some further
facts. Let (M, || - ||) be a normed plane with unit circle C. According to Theorem 2.4 in
[2] (see also [11, Proposition 22]) the intersection Z of two circles p + AC and ¢ 4+ uC
in (ML, || - ||) can only have the following forms:

G =0,
(i) Z=p+rC=q+ ucC;
(iii) Z consists of two closed, disjoint segments (one of them or both may be reduced
to a point) lying on the opposite sides of the line G through p and g;
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Fig. 1 Miquel’s theorem in a
strictly convex normed plane

(iv) T consists of two segments (one of them or both may be reduced to a point)
with common point p; or py, where {p1, p2} = G N (p + AC).

Note thatif A = pand p # ¢, (iii) or (iv) occur (see Fig. 2) ifand only if || p —¢ || < 2A.
In these two cases we say that the circles p + AC and g + AC intersect. If the plane
is strictly convex, then the intersection of p + AC and g + AC consists of exactly two
points if and only if ||p — ¢|| < 2A.If ||[p — ¢q|| = 2A, then (p + AC) N (g + AC)
consists of exactly one point.

In a normed plane, let the circles p 4+ AC and ¢ + AC intersect and their intersection
consist of the segments Z; and 7, (possibly degenerate). If the point | belongs to 7,
we call the point

rn=ptq—n

the conjugate of r1 with respect to the circles p + AC and q + \C. If the intersec-
tion of both the circles consists only of one point (i.e., in (iv) the two segments are
reduced to points that coincide), then this point is the conjugate of itself. Clearly,
we have ro € I, and ry is the conjugate of rp. If the plane is strictly convex and
(p+A2C)N (g +AC) = {r1, rp}, then r| and r, are conjugates of each other.

Let there be given a circle x + AC. Let the points py, ..., p4 be placed on x + AC
in this order. Then the monotonicity lemma (see, e.g., [11, § 3.5]) implies that
lpi — pi+1ll < 2xfori = 1,...,4 and ps = p;. Therefore the circles p; + AC
and p;+1 + AC intersect. Clearly the point x belongs to (p; + AC) N (p;+1 + AC) for

Fig. 2 The intersection of two circles having equal radii
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everyi = 1,...,4. Let y; be the conjugate point of x with respect to p; + AC and
Pi+1 + AC. We call the configuration of circles

y1+AC, ...,y +AC, x +AC (2)
the Miquelian configuration induced by the points p1, ..., pa.

Remark 3.1 If (2) is the Miquelian configuration induced by the points p1, ..., pa
which lie on x + AC, then we can speak about the conjugate point of p;;; with
respect to the circles y; + AC and y;41 + AC, where y5 = y;. Indeed, since y; €
(pi +2C) N (pi+1 + AC), we have that p;, pi+1 € y; + AC, which yields p;y| €
(i +20) N (Yig1 + A0).

Theorem 3.2 In a normed plane (M, || - ||) with unit circle C, let there be given a
circle x + AC. Let the points p1, ..., pa be placed in this order on x + AC, and let

y1+AC, ..., y4+AC, x +AC 3)

be the Miquelian configuration induced by the points py, ..., pa. prz/'+1 is the con-
jugate point of p; 11 with respect to y; + AC and y; 1 + AC, then the points p; lie on a
circle of radius A, wherei =1, ...,4, ps = p|, ps = p1, and ys = y;; see Fig. 3.

Proof Without loss of generality we assume that x = (. Since the points pq, ..., pa
induce the Miquelian configuration (3), we have

Yi=pi+pi+1, i=1,...,4 4)

On the other hand, the points p; 1 and p; 4 are conjugate with respect to y; + AC and
Yi+1 + AC. Therefore we get

pit1 + Py =yi+yie, i=1,....4 (5)

Thus, from (4) and (5) we obtain
Pyl =Vi+Viel — pix1 =Ppi + Piv1 + pira=p1+ -+ ps— pir3. (6)
where pe = p2, p7 = p3. Hence |Ipj | — (p1 + -+ pa)l = [ pi3ll = A o
Fig. 3 Miquel’s theorem in a

normed plane that is not strictly
convex
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On Miquel’s theorem and inversions in normed planes 341

Fig. 4 A special case of
Theorem 3.2

Remark 3.2 If the plane (M, || - ||) in Theorem 3.2 is strictly convex, then p;; and
P; 1 are the intersection points of y; +AC and y; 41 +AC. In such a case, Theorem 3.2
appears to be a reformulation of Theorem 3.1. However, restricted to the strictly con-
vex case, Theorem 3.2 is more general than Theorem 3.1. If the points p; and p3
are opposite with respect to x 4+ AC, then from (4) we have ||y; — y2|| = 2A and
lys — y4ll = 2A (under the assumption that x = 0). This means that y; + AC and
y2 + AC, as well as y3 + AC and y4 + AC, have exactly one common point. In other
words, if two pairs of circles corresponding to the quadruples in Theorem 3.1 have
only one point in common, Theorem 3.1 is also true; see Fig. 4.

In order to present further properties of Miquelian configurations, we need more
facts from the geometry of triangles and quadrangles in normed planes. Let (M, || - ||)
be a strictly convex normed plane with unit circle C. Let py, pa2, p3 be three points
on a circle x + AC. The circle %(pl +p2+ p3—x)+ %C is called the Feuerbach
circle of the triangle pip,p3. This circle passes through six “remarkable” points,
namely the midpoints of the sides of pjpsp3, and the midpoints of the segments
[p,pil,i = 1,2,3, where p = p; + p2 + p3 — 2x. This fact was proved by
Asplund and Griinbaum in [1, Theorem 5] for planes that, in addition, are smooth,
but it holds also for strictly convex normed planes without smoothness assumption;
see [9]. Note that in the Euclidean case the point p coincides with the orthocenter of
the triangle pi p> p3, and that there the circle %( p1+p2+p3—x)+ %C is known as
nine-point (or Feuerbach) circle of the triangle pi p> p3. Further on, we consider four
points pp, ..., ps placed on a circle x 4+ AC. Then, according to Theorem 4.8 in [9],
the Feuerbach circles of all four triangles derived from {py, ..., p4} have a common
point p = %(p[ + p2 + p3 + psa) — x, and their centers lie on the circle p + %)\C.
This circle is called the Feuerbach circle of the inscribed quadrangle pyp2p3pa. If
we consider the Miquelian configuration induced by the points py, ..., ps, then also
the points p, ..., p, determined by Theorem 3.2 lie on one circle. Therefore we can
also speak about the Feuerbach circle of the quadrangle p' p’, psp;.

Corollary 3.1 In a strictly convex normed plane (M, || - ||) with the unit circle C, let
there be given four points py, ..., pa placed on 1C in this order. Let

y1+AC, ..., y4+AC,AC

be the Miquelian configuration induced by py, . .., ps, and the points p}, ..., p} be
defined as in Theorem 3.2. Then
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() the points in each of the quadruples {y1,y2, y3, ya}, {P1, p2, P5. py}, and
{P}. P5. P3, pa} form a parallelogram whose diagonals intersect in the point
L(p1+ p2+ p3 + pa);

(i) the circles in each of the pairs {y1 + AC, y3 + AC}, {y2 + AC, y4 + AC}, and
{LC, p1+ p2+ p3+ ps+A1C} are symmetric with respect to %(pl +po+p3+pa);

(iii) the Feuerbach circles of the quadrangles pi p p3 p4 and p' p p’ py coincide.

Proof Statement (i) follows directly from (5) and (6). Statement (i) implies (ii). Fur-
ther on, the Feuerbach circle of pj pa p3 pa is %( pi+-+pa)+ %AC . From the proof of
Theorem 3.2 we have that the points p/, ..., p} lie on the circle p;+ p>+p3+ ps+AiC.
Therefore the Feuerbach circle of p| p p5p) is p’ + %AC , where

1 1
P’=E(P'1+P/2+p§+1?§;)—(171-I-P2+P3+P4)=§(P1+P2+p3+1?4),

by (6). O

4 Normed planes in which Miquel’s theorem holds

Let (M, || - ||) be a strictly convex, smooth normed plane, and consider this plane as
a Mobius plane X = (3, €). A homography ¢ in X that is involutory and leaves the
generalized points of a generalized circle C fixed such that no other generalized point
is fixed is called the inversion with respect to the generalized circle C. 1t is clear that
such a homography exists at least for the Euclidean case, and since we will show that
this is the only norm with that property, uniqueness will follow, too.

Proposition 4.1 In a strictly convex, smooth normed plane, let ¢ be an inversion with
respect to the circle C with center x. Then ¢(x) = oo.

Proof Assume that ¢(x) = x’ # oo. Clearly, x # x’. Let (x, x') N C = {py, p2} and
@(00) = y. Then y # x and y # co. We distinguish the following cases:

(1) y € (x, x’). Then the image of (p;, p2) is a circle passing through p{, p2, and
x’, a contradiction.

(2a) y € {(x, x’) and y is interior with respect to C. Consider the circle C; with center

)% and radius M Clearly, C; N C = . On the other hand, ¢(C}) = Ci is

a line through x’. If the point x” is interior with respect to C, then C{ N C # @.

This is not true, and thus we obtain that x’ is exterior with respect to C. Let G

be a supporting line of C through x’, and let G N C = {z}. If 9(G) = C», then

C, is the circle through x, y, z, and Co N C = {z}. Denote by x, the center of

C3. Since (M, || - |)) is strictly convex, the point x> lies on (x, z). Therefore x;

is the midpoint of the segment [x, z]. If the line H supports C» at x, then H is

parallel to G, by the fact that (M, || - ||) is smooth. Let H N C = {q1, ¢q2}. If

@(H) = Cj3, then Cj is the circle through g1, g2, x’. Moreover, G supports C3 at

x"and C; N C3 = @. If ¢ lies in the half-plane bounded by (x, z) and containing

x', the circular arc of C3 between ¢; and x’ has to intersect C3, a contradiction.
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(2b) y € (x, x’) and y is exterior with respect to C. Let C; be the circle with center
)% and radius @, andlet C1NC = {q1, q2}. According to [2, Theorem 2.4]
(cited also in Sect. 3), the points g and g3 lie in the different half-planes with
respect to (x, y). Note that the intersection point of (g1, ¢2) and (x, y) is x’, since
©(C1) = (g1, q2). Thus we get that x’ is interior with respect to C. Consider the
circle C, through x’ and y with center x/% If G supports C; at x’, the points
x and y lie on opposite sides of G. Let C; N C = {t1, t»}. Then the segment
[#1, 2] has to intersect (x, y). Denote the respective intersection point by ¢. Since
@(C2) = (11, 12), the point ¢ has to coincide with x. Due to the fact that t and x
lie in different half-planes with respect to G, again we get a contradiction. O

Remark 4.1 In [16], Stiles defined the inversion with respect to the unit circle C of
a normed plane as a mapping ¢ of M\ {0} onto itself that maps a point x # O onto
the point Wx. He proved that if the inversive image of some line is a circle, then
(ML, || - |I) is Euclidean. Theorem 4.2 below shows that Stiles’ definition of inversion
and ours are only equivalent in the Euclidean case.

For the proof of Theorem 4.2, we also need the following characterization of the
Euclidean plane, proved in [3].

Theorem 4.1 A normed plane with unit circle C is Euclidean if and only if
. 1
x,yel, inf{llax+(1—a)y|l: 0<a < 1}:5 = x+yeCl.

Theorem 4.2 Let (M, || - ||) be a strictly convex, smooth normed plane, and let there
exist the inversion ¢ with respect to some circle of (M, || - ||). Then the plane is Euclid-
ean.

Proof Without loss of generality we can assume that in (M, || - ||) there exists an
inversion with respect to the unit circle of (M, | - ||). Let p1, p2 be points on C and x
be a point on [p1, p2] such that the segment [p1, p>] supports %C at x. Let H be the
supporting line of C at 2x; see Fig. 5. The smoothness of (M, || - ||) implies that H is
parallel to {p1, p2). Since p(0c0) = 0, the inverse image H' of H is a circle through 0.
On the other hand, ¢(2x) = 2x. Therefore the circle H' passes through 2x. Further
on, the plane (M, || - ||) is strictly convex, and this means that 2x is the unique common
point of C and H. Hence there do not exist common points of H and H’ except for
2x, and the line H appears to be supporting H’ at 2x. Thus the strict convexity of
(M, || - ||) implies that the center of H' lies on (0, 2x). But 0,2x € H’, and there-
fore H' = x + 3C. Let (p1, p2) N (x + 3C) = {q1,42},10,q1) N H = {g}}, and
[0, g2) N H = {g5}; see again Fig. 5. For the points ¢| and ¢} the equations

12x —gqill =1, lI2x — g3l =1 (N
hold. Since the inversive image of any line through 0 is the same line, we have

¢(q1,q2) = {q1,45}. Consider G = ¢(G), where G = (pi, p2). Clearly, G’ is a
circle through 0, p1, p2, ¢/, g5. Thus we obtain that G’ = 2x + C; see (7). Therefore
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Fig. 5 Proof of Theorem 4.2

the quadrangle with vertices 0, p1, 2x, and p; is a metric parallelogram (i.e., a quad-
rangle with opposite sides of equal lengths). But in a strictly convex normed plane
every metric parallelogram is a parallelogram (see [11, Proposition 12]), i.e., we get
that x is the midpoint of [ p1, p2]. Thus, in view of Theorem 4.1 the proof is complete.

O

Theorem 4.3 If Miquel’s theorem holds in a strictly convex, smooth normed plane
(ML, || - |I), then this plane is Euclidean.

Proof Consider ¥ = (M, || - ||) as a Mobius plane. According to the Theorem of Smid
and van der Waerden (see [6, § 5] and [14]), this plane is isomorphic to a M&bius plane
¥’ = Mo(F, E), where I is a commutative field and E is a quadratic extension of F.
Denote by 6 the corresponding homography from ¥ to X'. The plane (M, || - ||) is an
(F)-plane (see Theorem 2.2), therefore X’ is also an (F)-plane. But Theorem 5 in [5]
states that if X’ is an (F)-plane, then EE is a separable extension of F. If C is the unit
circle of (M, || - ||), then let 6(C) = C’. Since E is a separable extension of F, there
exists exactly one homography ¢ of ¥’ being an involution that fixes only the points
of C’; see [8], but also [6, §4.7]. Therefore 6~} Y6 is the inversion with respect to C.
Thus Theorem 4.2 implies that (M, || - ||) is Euclidean. m|

Remark 4.2 Consider four pairs from the set of points p1, ..., pg such that the points
in every such pair are different and every point belongs to exactly one pair, e.g.,

(p1, p2), (p3, P4), (ps, pe), (P71, P8).

These four pairs can be combined as pairs in six ways. Thus we obtain the quadruples

(p1, p2, 3. p4), (p1, P2, P5, Pe), (P1, P2, P7, P3),
(p3. p4, Ps, p6), (P3, P4, P17, P8), (D5, P6s P7. P8)- (8)

If five quadruples in (8) are concyclic, then such a configuration is called a Bundle
configuration. The statement that all six quadruples in a Bundle configuration are con-
cyclic is known as the Bundle theorem. If Miquel’s theorem holds in a Mobius plane,
then also the Bundle theorem holds there; see [6, § 5] and [14]. But the converse impli-
cation is not always true; see again [6, § 5]. In [13] the following theorem is given: if
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On Miquel’s theorem and inversions in normed planes 345

in a strictly convex, smooth normed plane (M, || - ||) the Bundle theorem holds, then
(M, || - |I) is Euclidean. Thus we can derive another proof of our Theorem 4.3.

Acknowledgments The author thanks the referee for her/his helpful and accurate hints.

References

9]

O 0

10.
11.

12.
13.
14.

15.
. Stiles, W.J.: On inversions in normed linear spaces. Proc. Am. Math. Soc. 20, 505-508 (1969)
17.
18.

. Asplund, E., Griinbaum, B.: On the geometry of Minkowski planes. Enseign. Math. 6, 299-306 (1960)
. Banasiak, J.: Some contributions to the geometry of normed linear spaces. Math. Nachr. 139, 175-

184 (1988)

. Benitez, C., Yéaiez, D.: Middle points, medians and inner products. Proc. Am. Math. Soc. 135, 1725-

1734 (2007)

. Benz, W.: Zur Theorie der Mtbiusebenen, 1. Math. Ann. 134, 237-247 (1957/1958)
. Benz, W.: Beziehungen zwischen Orthogonalitits- und Anordnungseigenschaften in Kreisebenen.

Math. Ann. 134, 385-402 (1957/1958)

. Benz, W.: Uber Mébiusebenen. Ein Bericht. Jahresber. Deutsch. Math.-Verein 63, 1-27 (1960)

Benz, W.: Zur Theorie der Mobiusebenen I1. Math. Ann. 149, 211-216 (1963)

. Hoffman, A.J.: Chains in the projective line. Duke Math. J. 18, 827-830 (1951)
. Martini, H., Spirova, M.: The Feuerbach circle and orthocentricity in normed planes. Enseign.

Math. 53, 237-258 (2007)

Martini, H., Spirova, M.: On regular 4-coverings and their application for lattice coverings in normed
planes. Discrete Math. 309, 5158-5168 (2009)

Martini, H., Swanepoel, K.J., Weiss, G.: The geometry of Minkowski spaces—a survey, Part L.
Expositiones Math. 19, 97-142 (2001)

Pedoe, D.: Geometry. Dover Publications, New York (1988)

Santos, F.: Inscribing a symmetric body in an ellipse. Inform. Process. Lett. 59, 175-178 (1996)
Smid, L.J., van der Waerden, B.L.: Eine Axiomatik der Kreisgeometrie und der Laguerregeometrie.
Math. Ann. 110, 753-776 (1935)

Spirova, M.: Circle configurations in strictly convex normed planes. Adv. Geom. (2009, in press)

Strambach, K.: Uber sphirische Mobiusebenen. Arch. Math. 18, 208-211 (1967)
Strambach, K.: Sphérische Kreisebenen. Math. Z 113, 266-292 (1970)

@ Springer



	On Miquel's theorem and inversions in normed planes
	Abstract
	1 Introduction
	2 Strictly convex, smooth normed planes as Möbius planes
	3 Miquel configurations of circles of equal radii
	4 Normed planes in which Miquel's theorem holds
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


